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THE BIGGER PICTURE Signal activation in neurons, whereby intricate biochemical pathways and signaling
mechanisms can produce different outputs from subtle changes, constitute complex systems to study. The
output state varies based on activity patterns, reflecting plasticity. From neuroplasticity, neuron signal acti-
vation resembles a ‘‘black-box’’ core with dynamic input-output behavior, integrating and transforming sig-
nals from other neurons with varying transmission patterns. Although the neural mechanisms underlying this
dynamic behavior are not fully understood, they reflect a wide range of neuronal properties. We test this hy-
pothesis from a generalized linear system perspective by constructing computational models of neuronal
activation, which enhances our understanding of the signal-processing properties of generalized neurons.
Our results demonstrate strong performance across various neural network architectures.
SUMMARY
Neuron signal activation is at the core of deep learning and broadly impacts science and engineering. Despite
growing interest in neuron cell stimulation via amplitude current, the activation mechanism of biological neu-
rons has limited application in deep learning due to the lack of a universal mathematical principle suitable for
artificial neural networks. Here, we show how deep learning can go beyond the current learning effects
through a newly proposed neuron signal activation mechanism. To achieve this, we report a new cross-disci-
plinary method for neuron signal attenuation, using the inference of differential equations within generalized
linear systems to enhance the efficiency of deep learning. We formulate the mathematical model of the effi-
cient activation function, which we refer to as Attenuation (Ant). Ant can represent higher-order derivatives
and stabilize data distributions in deep-learning tasks. We demonstrate the effectiveness, stability, and
generalization of Ant on many challenging tasks across various neural network architectures.
INTRODUCTION

Linear systems are the foundation of control theory and are

widely used in engineering and scientific fields. The research

background of linear systems can be traced back to the early

20th century, when the development of control theory began to

attract attention. Early research on linear systems primarily

focused on traditional electrical and mechanical systems, such

as circuits, generators, and mechanical vibration systems.1–3

Researchers have established mathematical models to describe

the dynamic behavior of these systems and used linear differen-

tial equations to characterize their responses. Fundamental con-

cepts such as system stability, controllability, observability, and

performance indicators were proposed, leading to the develop-

ment of many classic system control methods.4,5
Patterns 6, 101117, Janu
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The research on linear systems is continuously advancing,

leading to an expanding scope of inquiry in this field.

Linear systems are increasingly being integrated with areas

such as signal processing6 and system identification.7 As

modern control theory progresses, the study of linear systems

incorporates more advanced methods, such as adaptive

control8 and optimal control.9 This evolution has introduced

the concept of generalized linear systems, which describe

dynamic behaviors using linear differential equations. The

origins of linear system studies can be traced back to the

early developments in control theory. Research in this area

is significant for control and optimization problems in engi-

neering and scientific fields and provides a theoretical basis

and practical methods for solving challenges in practical

applications.
ary 10, 2025 ª 2024 The Author(s). Published by Elsevier Inc. 1
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Figure 1. Generalized constrained biological neuron model with

SISO (single-input single-output), SIMO (single-input multiple-

output), MISO (multiple-input single-output), and MIMO (multiple-

input multiple-output)
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There is a close relationship between generalized linear sys-

tems and linear systems. Generalized linear systems encompass

a broader range of linear systems, which serve as a natural rep-

resentation of objective systems, and offer the ability to describe

a wider range of associated performance characteristics. Linear

systems have superposition and uniformity, which means that

when the input of the system changes, the output of the system

can be obtained through the linear combination of various inputs.

Generalized linear systems have a more general structure while

maintaining linearity and have a broader range of applications

in large-scale systems and singular perturbation theory.10

Generalized linear systems are a natural extension of linear sys-

tems, which have more general performance characteristics

while maintaining linearity. Generalized linear systems have

more prosperous application and research methods than linear

systems and can better describe and control actual systems.

Generalized linear systems constitute a cross-disciplinary

method that plays a vital role in artificial intelligence. They can

describe and process various data types and provide flexible

and efficient solutions for different signal-processing tasks.

Diverse data types, including frequency domain data, can be
Table 1. Similarities and differences of the main activation function

attributes)

Activation function Smooth Zero centered Mean near zero N

ReLU 3 3 3 3

ELU 3 3 3 3

Leaky-ReLU 3 3 3 3

PReLU 3 3 3 3

DRelu 3 3 3 3

Selu 3 3 3 3

GELU U 3 3 3

ACON-C U 3 3 3

Swish-beta U 3 3 3

Mish U 3 3 3

Softmax U 3 3 3

SoftPlus U 3 3 3

Sigmoid U 3 3 3

Sinc U 3 3 3

Tanh U U 3 3

Siren U U U U

Ant U U U U
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modeled and analyzed using generalized linear systems.11

Whether the data are numerical, a classification, or count data,

appropriate models can be established by selecting appropriate

probability distributions and connection functions, making

generalized linear systems widely applicable in data mining, ma-

chine learning, and statistical analysis tasks.

Drawing on the ideas of search-optimization algorithms in ma-

chine learning, linear system reduction has achieved high effi-

ciency and accuracy12; it verifies that generalized linear systems

can extract and represent data features. Selecting appropriate

connection functions and regularization methods can extract

useful features from the original data for subsequent model

training and prediction. This method is beneficial in fields such

as computer vision, natural language processing, and speech

recognition, as it can improve themodel’s expressive and gener-

alization abilities.

Generalized linear systems demonstrate high performance

and broad application value for online robust feedback and iden-

tification tasks.13,14 By establishing appropriate models, input

data can be classified and identified. This method has essential

important applications in tasks such as image classification, text

classification, speech recognition, and sentiment analysis. The

flexibility of generalized linear systems enables them to adapt

to different data types and task requirements.

The system modeling methods using generalized linear sys-

tems have shown the best performance in dealing with unknown

noise and signal jump problems.15,16 This method can carry out

learning and decision making in dynamic environments by es-

tablishing appropriate models and defining appropriate reward

functions. As a powerful signal analysis and system modeling

tool, generalized linear systems could also play an important

role in artificial intelligence. The flexibility and efficiency of gener-

alized linear systems enable them to adapt to different types of

data and task requirements to provide effective solutions.
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Figure 2. Neuron activation in a time-series neural network with

SISO description

Figure 4. Neuron-activation model of Equation 40 with three current

signal range scales
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Conducting in-depth research on the theory and applications of

generalized linear systems can provide strong support for the

development and innovation of artificial intelligence.

The successful application of generalized linear systems in

various engineering fields has led us to introduce this theory

into the realm of computational modeling in neuroscience

(Figure 1). Here, we present a model that describes the attenua-

tion-activation mechanism of biological neurons with general-

ized constraints. This model serves as the activation function

for neural networks, enhancing their learning performance

across various data science applications.

Background
Non-linear transformation is the core of every neural network, as

it enhances the network’s performance by introducing non-line-

arity through activation function f( ). The neuron-activation func-

tion plays a major role in the performance of every neural

network. Although neuroscientists have conducted extensive

tests on the electrical signals of neurons,17–19 the signal

activation process of neurons still lacks a concise mathematical

principle. Currently, in the deep-learning community, the most

successful and widely used activation function is the hand-de-

signed Rectified Linear Unit (ReLU),20–22 which is defined as

f(x) = max(x,0). ReLU has become the default and standard acti-

vation function in almost all learning communities thanks to its

simplicity and consistent performance.23,24

For many years, various neuron-activation functions have

been created to replace ReLU, including Swish,23 Mish,25 Leaky

Rectified Linear Unit (Leaky ReLU),26 Exponential Linear Unit

(ELU),27 Dynamic Rectified Linear Unit (Dynamic ReLU),28 and

Gaussian Error Linear Unit (GELU),29 along with many others.

However, most activation functions proposed to replace ReLU,

either parametric or non-parametric, static or dynamic, are

hand-designed to fit properties deemed to be important and

have functional profiles similar to those of ReLU or share similar

functional properties. Thus, we can consider them as ReLU’s

generalizations or part of the ‘‘the ReLU family.’’

Although the ReLU family is widely used, these strategies have

several drawbacks. The first is that they are unbounded above
Figure 3. Generalized constrained single neuron with MIMO
description
and not saturated on the positive axis, which leads to an internal

covariate shift in the training process.30 The second is that the

positive part is linear or approximately linear, which leads to

not having the ability to accurately capture intricate details in

the underlying signals.31 The third is that ReLU’s generalizations,

especially parametric functions and dynamic functions, lead to

the extra cost of learning tasks.

The ReLU family has similar functional profiles and properties.

They were never beyond the framework set by ReLU. Therefore,

neural networkswith the ReLU family have an upper bound of per-

formance. In this paper, inspired by theories of linear systems, we

break through the old framework of ReLUand propose a newacti-

vation function, which we term Attenuation (Ant). Unlike the ReLU

family, Ant is a zero-centered, non-monotonic, smooth, contin-

uous, bounded above, and bounded below activation function.

Thanks to these properties, Ant can avoid the gradients from van-

ishing, represent higher-order derivatives, and change data distri-

butions in the networks. We have summarized the similarities and

differences of the current main activation functions in Table 1 and

have evaluated the activation properties of Ant.

To evaluate the effectiveness and generalization ability of Ant,

we conduct extensive experiments on various network architec-

tures applied to a variety of challenging domains such as image

classification, two spirals, image fitting, curve fitting, solving
Figure 5. The Ant activation function
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Figure 6. The first and second derivatives of Ant
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partial differential equations (PDEs), solving the exclusive-or

(XOR) problem, semi-supervised text classification, and natural

language processing. Additionally, to evaluate the stability of

Ant, we conduct experiments by increasing the number of neural

network layers. Experimental results show that Ant consistently

outperforms other activation functions on all models and data-

sets, which demonstrates the effectiveness, stability, and good

generalization ability of Ant to match these varying architectures

and domains.

The main contributions of this paper can be summarized as

follows.

(1) A new signal activation function called Attenuation (Ant) is

proposed, which is similar to biological neuron-firing

recording.

(2) Ant has both better accuracy and lower loss in simple and

complex networks than ReLU, ELU, GELU, Selu, Tanh,

Sigmoid, Siren, Swish, and Mish.
Table 2. Comparison results of neuron models

Model name Dimensions Parameters Modeling type

Biologica

Behaviora

CTRNN36 2 8 non-conductance high

H-H37 4 10 conductance high

MCN38 4 9 non-conductance high

Connor39 5 9 conductance high

Chay40 3 11 conductance high

Izhikevich41 2 5 non-conductance high

EIF42 2 7 non-conductance medium

Wilson43 4 8 conductance medium

IFB44 2 11 non-conductance medium

aEIF45 2 9 non-conductance medium

Mihalas46 4 13 non-conductance low

RF47 2 3 non-conductance low

LIF48 1 5 non-conductance low

QIF49 1 3 non-conductance low

Ant 1 2 non-conductance low
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(3) Ant is a much more effective activation function for ad-

dressing many challenging problems in different domains

on various network architectures.
METHODS

The generalized linear system, which is a natural representation

of objective systems, is a powerful tool for describing real

systems and is widely used in science and engineering. It is

more natural and accurate to use the generalized linear system

to portray the black-box problems often encountered in real

systems, and it can effectively describe its potential perfor-

mance and characteristics.

A generalized constrained biological neuron can be treated as a

system limited bymultiple time-domain functions; as shown in Fig-

ure 1, the system can be systematically modeled using a general-

ized linear system. The system has input-output constraints and

unidirectional signaling along with four input-output modes, which

are SISO (Single-Input Single-Output), SIMO (Single-Input Multi-

ple-Output), MISO (Multiple-Input Single-Output), and MIMO

(Multiple-Input Multiple-Output). The SISO mode can describe

the overall input-output of the neuron and can be modeled using

SISO generalized constraints. And for SIMO and MISO modes,

both can be systematically modeled with MIMO generalized con-

straints. Artificial neurons are a reduction of biological neurons un-

dergeneralizedconstraints; theyareabstractionsofbiological neu-

ral behaviors, which can be reduced to a few key characteristics.

(1) Axons exhibit SISO behavior through non-linear transfor-

mation after integrating over all inputs.

(2) Dendrites and synapses exhibit MIMO behavior through

signal non-linear transformation.

The two key characteristics above may seem unrelated

but both are based on the non-linear transformation f(x).

Inspired by this, we simulated, inferred, and demonstrated the

neuron-activation mathematical model using generalized linear
l plausibility

Computational simplicityl diversity Behavioral universality

low 3

low 3
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Table 3. Overview of the experimental data types and hyperparameters

Section Data type Loss function Optimizer

Learning

rate

Batch

size Epoch/iteration

Generalization performance on CNN image Categorical_crossentropy Adam/SGD 0.0001 128 100

Solving two-spirals task spatial data Categorical_crossentropy SGD 0.05 128 1,000

Solving the image-fitting problem image Mseloss Adam 0.01 256 10,000

Solving curve fitting spatial data Mseloss Adam 0.001 100 10,000

Solving the partial differential equation sequential data Mseloss Adam 0.0001 50 10,000

Solving the XOR problem coordinate data Mseloss SGD 0.1 4 1,000

Increasing the number of network layers image Categorical_crossentropy SGD 0.01 128 10

Generalization performance on GNN textual data Sparse_categorical_crossentropy Adam 0.01 256 300

Language translation on Transformer sequential data Crossentropyloss Adam 0.0005 32 20

Text classification on BERT textual data Crossentropyloss RAdam 0.00002 64 10

Emotion recognition on Vision Transformer image Crossentropyloss RAdam 0.00002 16 10

Named entity recognition on LLaMA textual data Crossentropyloss RAdam 0.001 16 10
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systems and differential equations. The system modeling pro-

cess is built on the generalized constrained biological neural

model and the constraints of the two key characteristics

mentioned above. In a research approach different from that of

neuroscientists, we obtained a mathematical model for neuronal

activation. The explanation of the derivation process of the pro-

posed model is as follows.

System modeling: SISO description
The SISO description is a system modeling method after inte-

grating all the inputs, which can describe the potential behaviors

and characteristics of the system from a macroscopic point of

view and can obtain time-domain mathematical equations that

can directly characterize the system behavior. Neuron activation

is responsible for introducing non-linearity to biological neural

networks. The process of neuron activation in generalized con-

strained neural networks can be realized as y = f(x), where x is

the input and y is the output of the activation function f(x). Each

connected neuron in neural networks with a single input and a

single output can be viewed as a SISO system. Almost all

SISO systems observed in practice become non-linear.

Generally, the analysis of non-linear systems is difficult. How-

ever, it is possible to approximatemost of the non-linear systems

by linear systems for small-signal analysis. Thus, we can

consider two connected neurons in a neural network as a linear

system. From the perspective of generalized linear system anal-

ysis, a neuron can be illustrated by a black-box system with one

input and one output. The process of signal activation by con-

nected neurons in a time-series neural network can be simply

shown as in Figure 2.
Table 4. Testing accuracy of different activation functions on seve

Model Dataset Ant ReLU ELU

VGG7 CIFAR-10 0.8476 0.8352 0.826

CIFAR-100 0.5711 0.5161 0.5310

Fashion-MNIST 0.9435 0.9404 0.9326

ResNet18 ImageNette 0.8148 0.7552 0.7508

ResNet34 0.8189 0.7850 0.6968

ResNet50 0.8290 0.7651 0.6902
There are two different neurons of the same type in Figure 2.

Inside the neuron, there is a function f(x) with the input signal

as the independent variable, while outside the neuron there are

functions x(t) and y(t) with time t as the independent variable.

These functions describe the input-output relationship of neu-

rons of the same type across two dimensions.

To eliminate the differences between different types of signals

and consider a more general form, here we consider x(t) and y(t)

as generalized signals. Of course, they can both be concretized

by potential differences or other types of signals. For example,

Abbott et al.19 measured the firing signals of thousands of inter-

connected biological neurons, and their inputs and outputs were

recorded as potential difference signals. Of course, the types of

signals used in such experiments can also be other types, which

are determined by different neuroscience experiments and will

not be discussed in depth here. As shown in Figure 2, we discuss

a simplified time-series neural network with only two neurons of

the same type and establish a SISO description. When two neu-

rons are independently connected without the participation of

other neurons, the connection between two adjacent neurons

can be regarded as the axon of a biological neuron. The axon

serves as the output channel of the neuron and can transmit

the signal generated by the neuron to other neurons without

loss. Therefore, we can equivalently regard the input of the cur-

rent neuron as the output of the previous neuron.

As shown in Figure 2, we consider a connected neuron system

with two neurons as a time-series neural network, x(t) is the input

signal of the current neuron system, and y(t) is the output signal

of the current neuron. As mentioned above, x(t) is also the output

signalof thepreviousneuronwithout anyoutput fromothers. Thus,
ral image classification datasets across various CNN models

Leaky-ReLU GELU ACON-C Swish-beta

0.8327 0.8204 0.8251 0.8146

0.5348 0.5094 0.5440 0.5073

0.9352 0.939 0.9275 0.9386

0.7225 0.7679 0.7676 0.7850

0.6846 0.7070 0.7326 0.7366

0.7152 0.7355 0.7712 0.7704
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Table 5. Testing loss of different activation functions on several image classification datasets across various CNN models

Model Dataset Ant ReLU ELU Leaky-ReLU GELU ACON-C Swish-beta

VGG7 CIFAR-10 0.4800 0.8093 0.9802 0.8767 0.9491 0.9528 0.9558

CIFAR-100 1.5927 3.5994 3.5364 3.1913 3.5617 2.3949 3.4485

Fashion-MNIST 0.1898 0.3326 0.412 0.3466 0.3522 0.3631 0.3853

ResNet18 ImageNette 0.6748 1.3999 1.8977 1.7121 1.7156 1.2048 1.7970

ResNet34 0.7370 1.3796 2.3710 1.8986 1.6620 1.6305 1.5718

ResNet50 0.7578 1.3502 3.2350 1.8488 1.3850 1.9859 1.5091
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xðtÞ = yðt � 1Þ: (Equation 1)

In the SISO system, input is equal to output plus variation. Tak-

ing the current neuron as an example, the signal variation is ob-

tained by subtracting its output signal y(t) from its input signal x(t):

DyðtÞ = xðtÞ � yðtÞ = yðt � 1Þ � yðtÞ: (Equation 2)

Assuming the ideal case of a neuron with a constant activation

time, the activation time of a single neuron can be set to 1, i.e.,

concerning normalizing all the activation time to it, calculate

the differentiation on y(t) with discrete calculus:

dy

dt
= lim

Dt/1

Dy

Dt
=
yðt � 1Þ � yðtÞ

1
= yðt � 1Þ � yðtÞ: (Equation 3)

Thus,

dy

dt
= yðt � 1Þ � yðtÞ = xðtÞ � yðtÞ (Equation 4)

or

dy

dt
+ yðtÞ = xðtÞ: (Equation 5)

It proves convenient to use a compact notationD for the differ-

ential operator d=dt. Thus,

dy

dt
= DyðtÞ: (Equation 6)

With the notation, Equation 5 can be expressed as

DyðtÞ + yðtÞ = xðtÞ (Equation 7)

or

ðD + 1ÞyðtÞ = xðtÞ: (Equation 8)

As mentioned above, a neuron system can be specified by

Equation 8.
Table 6. Comparison of Ant and ReLU on ImageNet2012 dataset ac

Model Dataset

Ant

FLOPs(G) Params(M) Top-1 accuracy

ResNet18 ImageNet 2012 2.2347 11.1339 0.6359

ResNet34 4.2719 21.3521 0.6773

ResNet50 4.7688 23.5854 0.7046

ResNet101 8.4501 42.6484 0.7254

ResNet152 11.3848 57.1676 0.7291
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According to the theories of linear systems, determine the unit

impulse response h(t) for neuron system specified by Equation 8.

This is a first-order system having the characteristic polynomial

l+ 1: (Equation 9)

The characteristic root of this system is l = � 1. Therefore,

ynðtÞ = ce� t: (Equation 10)

The initial condition is

ynð0Þ = 1: (Equation 11)

Setting t = 0 in Equation 10 and substituting the initial condition

just given, we obtain

c = 1: (Equation 12)

Therefore,

ynðtÞ = e� t: (Equation 13)

Thus, the unit impulse response h(t) for the neuron system

specified by Equation 8 is

hðtÞ = ynðtÞmðtÞ = e� tmðtÞ: (Equation 14)

The function mðtÞ in Equation 14 is the unit step function, which

is defined by

mðtÞ =
�
1 tR0
0 t < 0

: (Equation 15)

We can learn from the theories of linear systems, the system

response being the sumof its responses to various impulse com-

ponents. If we know the system response to an impulse input, we

can determine the system response to an arbitrary input (x).

Therefore, we determine the system response to unit impulse

response hðtÞ by Equation 14:

yðtÞ = hðtÞ � hðtÞ = e� tmðtÞ � e� tmðtÞ: (Equation 16)
ross different depths of ResNets

ReLU

Top-1 loss FLOPs(G) Params(M) Top-1 accuracy Top-1 loss

1.6342 2.2347 11.1339 0.6252 2.0138

1.7779 4.2719 21.3521 0.6627 2.1354

1.9287 4.7688 23.5854 0.6919 2.3403

1.9589 8.4501 42.6484 0.7055 2.4251

2.1826 11.3848 57.1676 0.7146 2.6136



Figure 7. Comparison results of testing accuracy and testing loss

for different activation functions (C10, CIFAR-10; C100, CIFAR-100;

FM, Fashion-MNIST; I-R18, ImageNette-ResNet18; I-R34,

ImageNette-ResNet34; I-R50, ImageNette-ResNet50)

Figure 8. Comparison results of testing accuracy and testing loss

for Ant and ReLU on ImageNet
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The convolution integral of two functions hðtÞ and hðtÞ is de-

noted symbolically by hðtÞ � hðtÞ. We can learn from convolution

integral that, the system response y(t) specified by Equation 8 is

yðtÞ = te� tmðtÞ: (Equation 17)

If we know the system response to an impulse input, we can

determine the system response to an arbitrary input (x). That is,

as long as we know the system response to an impulse input,

we completely know this system. Thus, we consider Equation 17

can represent the SISO neuron system specified by Equation 8.

Asmentioned above, we apply Equation 17 as a systemmodel

in a SISO description, so Equation 17 can be expressed as

fðtÞ = te� tmðtÞ: (Equation 18)

The SISO description can only characterize the behavior and

characteristics of the system at a macro level. If a more accurate

systemmodel is desired, the system needs to bemodeled from a

micro level using the MIMO description method.

System modeling: MIMO description
The SISO mostly deals with the external description of the sys-

tem. For neuronal systems with multiple input-output mode con-

straints, the SISO description is inadequate, and we need to use

theMIMOdescriptionmethod to deal with an internal description

of the system for micro-level system modeling.

The most suitable method for modeling MIMO systems at pre-

sent is state-space analysis, which can determine all possible
system outputs based on system inputs and system initial states

as well as all possible system initial states based on system in-

puts and system outputs. It is an internal description method

of the system and can provide mathematical models of great

generality for MIMO system modeling.

For the SIMO, MISO modes included in Figure 1 can all be

modeled using the MIMO description method. A single-neuron

system with multiple input and output constraints is represented

as shown in Figure 3, where the system can be treated as a black

box with a set of observable input variables x1ðtÞ;x2ðtÞ, ., xjðtÞ
corresponding to another set of observable output variables

y1ðtÞ;y2ðtÞ,., ykðtÞ, and we can establish the state-space equa-

tion of this system to solve for the system state function f(x).

Thus, we can establish the state-space equation

_f = Af+Bx; (Equation 19)

Xk
n = 1

ynðtÞ = f

 Xj

m = 1

xmðtÞ
!
; (Equation 20)

where f is the state variable,A andB are the parameter variables,

which vary with time, x is the input variable, and y is the output

variable. Equation 20 is the generalized constrained prerequisite

of the state-space equation from Figure 3. Now multiplying both

sides of Equation 19 by Laplace transform e�At, we obtain

e�At _f = e�AtAf+ e�AtBx (Equation 21)

or
Patterns 6, 101117, January 10, 2025 7



Figure 9. Feature maps of different layers

activated by ant and ReLU in ResNet (red

pixels represent positive features with high

response, while blue pixels represent nega-

tive features with low response)
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e�At _f � e�AtAf = e�AtBx: (Equation 22)

Calculate the differentiation on the left side of Equation 21:

d

dt

�
e�Atf

�
=

�
d

dt
e�At

�
f + e�At _f= � e�AtAf + e�At _f:

(Equation 23)

Compared with Equation 23, it can be seen that the left side of

Equation 22 is

d

dt

�
e�Atf

�
: (Equation 24)

Hence,

d

dt

�
e�Atf

�
= e�AtBx: (Equation 25)

Integrating both sides of Equation 25 from 0 to t yields

e�Atf
��t
0
=

Z t

0

e�AtBxðtÞdt (Equation 26)
Figure 10. Training points of two-spirals task
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or

e�AtfðtÞ � fð0Þ =
Z t

0

e�AtBxðtÞdt: (Equation 27)

Hence,

e�AtfðtÞ = fð0Þ+
Z t

0

e�AtBxðtÞdt: (Equation 28)

Multiplying both sides of Equation 28 forward by another Lap-

lace transform eAt, we have

fðtÞ = eAtfð0Þ+
Z t

0

eAðt� tÞBxðtÞdt: (Equation 29)

The first term on the right side of Equation 29 represents the

zero-input component, and the second term represents the

zero-state component. The result of Equation 29 can be approx-

imated using the definition of matrix convolution in a generalized

linear system, so Equation 29 can be approximated as

fðtÞ = eAtfð0Þ+ eAtBxðtÞ: (Equation 30)

Since the limit of convolution integral on the right side of Equa-

tion 30 is from 0 to t, all elements on the right side implicitly have

the multiplicative term mðtÞ:

fðtÞ = eAtfð0ÞmðtÞ + eAtBxðtÞmðtÞ= ½fð0Þ + BxðtÞ�eAtmðtÞ:
(Equation 31)

This is the desired solution to the state-space equation. In the

next step, we will combine the SISO description and the MIMO

description to solve the final system state function f(x).

Combined modeling: SISO and MIMO
We take the system state function f(x) described by SISO and

MIMO as a neuron-activation function with generalized con-

straints, and thus we need to solve the generalized solutions of

the parameter matrices A and B jointly by the two description

methods.

Two of the key mathematical models are Equation 18 and

Equation 31, and comparing the two equations above, we obtain

a joint system:



Table 7. Testing accuracy, loss, and average convergence time of different activation functions on two-spirals task

Task Ant ReLU ELU Leaky-ReLU GELU ACON-C Swish-beta

Accuracy two spirals 0.9820 0.7518 0.9690 0.9740 0.9730 0.5095 0.9620

Loss 0.0613 0.3772 0.0787 0.0799 0.1161 – 0.0956

Time (s) 0.0031 0.0283 0.0125 0.0076 0.0143 – 0.0145
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te� tmðtÞ = ½fð0Þ + BxðtÞ�eAtmðtÞ: (Equation 32)

From Equation 20, the joint system satisfies homogenei-

ty; thus,

te� t = ½fð0Þ + BxðtÞ�eAt: (Equation 33)

Therefore,

t = fð0Þ+BxðtÞ
e� t = eAt : (Equation 34)

From Equation 34 we find that

A = � 1
B = ½t � fð0Þ�=xðtÞ : (Equation 35)

The zero-state response of the system is 0, and xðtÞ is the unit

time input when t converges to the minimum discrete time 1;

thus, xð1Þ = mð1Þ = 1. Therefore,

B = 1
fð0Þ = 0

: (Equation 36)

From Equation 35 we obtain

t = BxðtÞ: (Equation 37)

Thus, the system state function f(x) can be described as

f ½xðtÞ� = xðtÞe� xðtÞm½xðtÞ�: (Equation 38)

When t is a time constant, Equation 38 is approximately

reduced as

fðxÞ = xe� xmðxÞ: (Equation 39)

We take Equation 39 as the generalized constrained neuron-

activation mechanism with a signal range scale parameter t.

As an activation mechanism, Equation 39 can be expressed as

fðxÞ = xe� x=tmðxÞ: (Equation 40)

The neuron-activation mechanism, which has a high degree of

similarity between the mathematical waveform of Figure 4 and

the biological neuron-firing recording shown in Figure S9D of Ab-
Table 8. Image-fitting precision of different activation functions

(intersection-over-union thresholds based on pixel values)

Activation function mAP AP50 AP75

Ant 65.019 79.407 67.174

ReLU 36.821 59.195 39.398

Siren 48.616 67.759 52.927
bott et al.,19 is highly intuitive and interpretable from the perspec-

tive of the generalized linear system. It can be seen that this acti-

vation mechanism induces a gradual decay of the input signal

over time, which brings the system close to a zero-input steady

state as a resting (non-signaling) neuron32 for the next input.

The waveform shown in Figure S9D of Abbott et al.19 is a

neuron-firing recording with potential differences as input and

output signals, and it contains some obvious pulse signals.

The pulse neuron model is a simplified and abstract representa-

tion of biological neurons. It studies the functions and mecha-

nisms of the nervous system by simulating the pulse-firing

behavior of neurons. It is a neural model that takes potential

difference as input and pulse or pulse frequency as output.

The proposed Ant model and its applications do not involve

pulse-related content. Ant establishes a neuron model with a

generalized abstract signal as the input-output relationship,

and this generalized abstract signal can be a potential difference;

for example, Figure 4 is the result of concretizing the generalized

abstract signal as a potential difference. As can be seen from the

comparison, the output waveform of Ant has a highly similar po-

tential difference waveform to that of the biological neuron-firing

recording, with themain difference being that the potential differ-

ence waveform of the neuron-firing recording has multiple pulse

spikes, whereas the output waveform of Ant is smoother and has

no pulse spikes. This suggests that Ant has some biological

plausibility in terms of mainstream signaling with the main char-

acteristics of biological neuron-firing recording.

According to the activation function’s writing habit, changing

the styles of expression, Equation 40 can be expressed as

fðxÞ =

�
xe� x=t xR0
0 x < 0

: (Equation 41)

In reality, the input x is positive but in the artificial neural network,

input can both be positive and negative. So, taking the activation

function zero-centered, we obtain

fðxÞ =
�
xe� x=t xR0
xex=t x < 0

: (Equation 42)

To recap briefly, Ant is defined as

fðxÞ = xe� jx=tj: (Equation 43)
Table 9. PSNR of different activation functions on image fitting

Image Ant ReLU Siren

Cat 70.485 63.975 66.589

Dog 66.924 64.107 65.819

Helmholtz_imag 76.881 60.978 69.053

Helmholtz_real 74.915 59.572 64.808
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Figure 11. Examples of different activation functions on im-

age fitting

Figure 12. Loss curves of different activation functions on image fittin
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For diversified data-standardization methods, t can be set as

the maximum value within the signal range. We set it to 1 in the

experimental section of this paper when the input range has

been appropriately normalized to [�1,1] by default; when t =

1, the first derivative of Ant is

f 0ðxÞ =

� ð1 � xÞe� x xR0
ð1+ xÞex x < 0

; (Equation 44)

and the second derivative of Ant is

f 00ðxÞ =

� ðx � 2Þe� x xR 0
ðx + 2Þex x < 0

: (Equation 45)

The graph of Ant is shown in Figure 5. The first and second de-

rivatives of Ant are shown in Figure 6. As shown in Figure 5, Ant is

very unlike the ReLU family. Ant is a zero-centered, non-mono-

tonic, smooth, continuous, bounded above, and bounded below

activation function. From Ant’s mathematical model and its func-

tion curve, it can be seen that Ant performs exponential attenu-

ation operations on the strength of all input signals, and the

attenuation amplitude has a direct relationship with the strength

of the input signals, i.e., the larger the signal strength, the larger

the attenuation amplitude, and the smaller the signal strength,

the smaller the attenuation amplitude. The attenuation is the
g



Figure 13. The curves fitted by different activation functions (blue line represents the original training data, and red line represents the fitting

result)
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feature most distinctive from all other activation functions. Signal

attenuation promotes the data distribution of the artificial neural

network to be stabilized and helps the neural network to

converge to the optimal solution, which is also the essential

reason why Ant brings performance enhancement to deep-

learning tasks.

As we know, in order to preserve gradient, the ReLU family is

unbounded above on the positive half. Because of this property,

the ReLU family members do not saturate in the positive half-

axis, so they have two strengths: effectively avoiding gradient

vanishing and speeding up network convergence. However,

this property also leads to two weaknesses. The first is internal

covariate shift in the training process,14 a phenomenon espe-

cially obvious in deep architecture. Thus, most networks with

the ReLU family need batch normalization to reduce internal co-

variate shift, which makes network architectures more compli-

cated. The second is that the positive part is linear or approxi-

mately linear, which means their second derivative is zero

everywhere; these architectures do not have the ability to accu-

rately capture intricate details in the underlying signals.15

Different from the ReLU family, Ant is not only bounded below

but also bounded above. At first sight, Ant would saturate and

vanish of gradient when x > 6 and x < �6. Actually, however,

when the input becomes large (x > 1) in the training process,
Table 10. Testing loss and average convergence time of different a

Ant ReLU ELU

Loss 0.001684 0.007156 0.082822

Time (s) 11.4886 15.1071 19.9651
Ant will decrease the large input to obtain a small output. The

larger the input, themore likely it is to be decreased. Then, during

the next iteration, the input will tend to 0 and the gradient will tend

to 1. Similarly, when the input becomes small (x < �1), Ant will

increase the small input to obtain a large output, and the smaller

the input, themore likely it is to be increased. During the next iter-

ation, the input and the gradient will then also tend to 0 and 1,

respectively. This property we can call attenuation. Because of

this property, Ant function has several advantages.

(1) The first advantage is the mean near zero. The deeper the

network, the more near to zero is the mean. The zero-

mean activation function enables the gradient to be closer

to the natural gradient, thereby enhancing the learning ef-

ficiency.11,33 Figure 19 shows this property in the XOR

experiment.

(2) The second advantage is gradient preservation. In the

training process, by decreasing the large input and

increasing the small input, the vast majority of inputs

would fall inside the domain of � 6% x%6. As shown

in Figure 6, the domain of gradient is [�0.135,1] when �
6% x%6. As |x| increases, the gradients are able to

flow and tend to 1 during the iterative process of training.

Ant function can prevent the gradients from vanishing and
ctivation functions on curve fitting

Leaky-ReLU Mish Siren

0.006850 0.055355 0.003517

16.8931 42.9088 17.4966
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Figure 14. Comparison results of testing

loss, and average convergence time for

different activation functions on

curve fitting

Fig
ger
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has good gradient-preserving properties. The experi-

ments on increasing the depth of network on convolu-

tional neural network (CNN) and deep neural network

(DNN) architectures show this property.

(3) The third advantage is attenuation. As mentioned above,

because of the attenuation property, the vast majority of

inputs of Ant function would fall inside the domain of �
6% x% 6 and meanwhile, the vast majority of outputs

would fall inside the domain of � 1=e% y%1=e. The

attenuation property determines the data distribution in

the networks, reduces the internal covariate shift, and ac-

celerates network training, which is the normalization ef-

fect caused by attenuation. Because of this property, net-

works with Ant function can perform well with batch

normalization, which can be seen in all experiments.

(4) The fourth advantage is zero centering. We can learn from

Figure 5 that Ant is a zero-centered activation function. It

has been long known that neural networks can learn faster

if activation functions in hidden layers are centered

around zero.34,35 Cun et al.34 presented strict proof of

the zero-centered property of effective activation func-

tions. Neural networks with Ant have faster convergence

speed than neural networks with other activation func-

tions, which can be seen in the results of the XOR

experiment.

(5) The fifth advantage is smoothness and continuity. Ant is a

smooth and continuous function. Having a smooth and

continuous profile helps make gradients flow and makes

it easier to optimize. Meanwhile, Ant is capable of repre-

senting higher-order derivatives and fine details. The ex-
ure 15. Positions of collocation points and boundary data of Bur-
s’ equation
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periments on image fitting, curve fitting, solving PDEs,

and natural language translation show this property.

(6) The sixth advantage is non-saturation and absence of

dead neurons. At first sight, it appears that saturation oc-

curs at both ends of the Ant function, just as in Sigmoid,

but in reality this saturation rapidly disappears as the

network is trained and iterated. The Sigmoid function is

monotonically increasing at both ends, and since there

is no attenuation operation, the Sigmoid will continue to

grow at both ends and will saturate so badly that the

gradient tends to zero. However, Ant is different, as dis-

cussed in the second property about gradient preserva-

tion; when |x| grows, due to the attenuation operation, in

the next iteration the output of Ant will tend to be near

zero, and thus the saturation will disappear. After attenu-

ation, the output range is � 1=e% y%1=e; within this

range there are few zero values and the gradient is close

to 1, and almost no dead neurons exist.
Comparison of different neuron models
The research on neuron models has a long history, traced back

to the end of the 19th century. With the cross-fertilization of com-

puter science, mathematics, physics, and other multi-disci-

plinary disciplines in the later period, the research on neuron

models has continued to develop. It has not only made signifi-

cant breakthroughs at the theoretical level but has also had a

far-reaching impact on practical applications. Neuron models

are mainly classified into two types. The first is the non-conduc-

tance model, which centers on using abstract mathematical

language to depict the input and output mechanisms of

neurons without considering the detailed physiological structure

of neurons. The second type is biophysical-level models, or

conductance models, which aim to simulate neuronal behavior

by reproducing the precise electrophysiological properties of

neuronal cell membranes and constructing their conductance

channels.

We selected 14 representative neuron models, including

CTRNN,36 to compare with the Ant model, and the comparison

mainly includes five aspects: model dimension, model parame-

ters, modeling type, biological plausibility, and computational

simplicity. The comparison results are shown in Table 2, from

which it can be seen that Ant belongs to the non-conductance

model, which mainly adopts the generalized linear system to

describe the neuron’s input and output mechanisms and does

not take into account the specific physiological structure of neu-

rons. Ant can simulate fewer neuronal behaviors, so the behav-

ioral diversity of Ant is low, but since Ant is computationally

modeled from a variety of input-output mechanisms, it has a



Figure 16. Solutions of Burgers’ equation of

Ant and Tanh activation functions

ll
OPEN ACCESSArticle
high input-output behavioral universality. Compared with other

neuron models, Ant has the following two characteristics.

(1) Ant has low behavioral diversity and high behavioral uni-

versality compared with other neural models, which can

simulate various input-output mechanisms of biological

neurons.

(2) Ant has only one dimension and two parameters, themost

simplified mathematical description among the currently

known neuron models, and this simple computational

model has good potential for application.
RESULTS AND DISCUSSION

Experimentally, to test the effectiveness and generalization abil-

ity of Ant, we evaluate it on different network architectures and

deep-learning tasks. Network architectures include CNN, DNN,

graph neural network (GNN), and Transformer. Deep-learning

tasks include image classification, two-spirals task, image

fitting, curve fitting, solving PDEs, solving the XOR problem, tex-

tual classification, and natural language processing. We also

conduct experiments by increasing the number of neural
Figure 17. Loss curves of Ant and Tanh activation function on solv-
ing Burgers’ equation
network layers to evaluate the stability of Ant. All input data in

these experiments are approximately normalized to the range

of [�1,1] through transformations of the signal range scale pa-

rameters. All the experimental datasets and their detailed infor-

mation can be found in Table S1.

We compare Ant against several baseline activation functions

in these experiments by replacing the activation functions. We

select the basic Adamor stochastic gradient descent (SGD) opti-

mizer and avoid using a range of complex optimization strate-

gies, aiming to minimize the interference of a ‘‘bag of tricks’’

and fairly demonstrate the different learning performances of

each activation function. For training, we follow the common

practice and train all models on the Tesla P100 GPU and report

the standard top-1 accuracy, top-1 loss, and other evaluation

metrics. To ensure a fair comparison, we use the average result

from multiple experiments as the final outcome, and all results

are calculated based on multiple independent runs. The mean

validation accuracy, mean validation loss, and other mean met-

rics are given in the corresponding experimental results. All hy-

perparameters are set according to the actual situation of

different application tasks, either general parameters or default

parameters, because the parameters set in this way are more

general and universal. All parameters are shown in Table 3.

These default parameters are also the best hyperparameters

for traditional activation functions, which can prove the effective-

ness and universality of Ant under ordinary parameter settings.

Our results show that Ant exceeds other functions on all tasks,

which demonstrates the effectiveness, stability, and good gener-

alization ability of Ant to match these varying architectures and

challenging domains.
Generalization performance on CNN
We first conducted several comparison experiments to evaluate

the proposed Ant on CNN architectures, including models

VGG750 and ResNets51 with different depths (e.g., ResNet18,
Table 11. Testing loss and average convergence time of Ant and

Tanh activation functions on solving Burgers’ equation

Ant Tanh

Loss 1.5248e�04 4.1813e�02

Time (s) 117.7511 412.3585
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Figure 18. A simple neural network structure designed for solving

the XOR problem with the input x1 and x2
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ResNet34, ResNet50, ResNet101, ResNet152). We choose stan-

dard CIFAR-10,52 CIFAR-100,51 Fashion-MNIST,53 ImageNette,54

and the challenging ImageNet201255 datasets for all CNN exper-

iments. There are numerous factors that could affect CNN’s per-

formance. To highlight the role of the activation function, we elim-

inated the bag of tricks, effectively reducing the interference of

tricks on network performance without chasing state-of-the-art

results. To minimize the impact of image augmentation on the re-

sults, no image augmentation was applied to the small datasets,

while only basic image augmentation was used for ImageNet.

As the layers increase in the ImageNet experiment, the degree

of overfitting often intensifies due to the growing number of pa-

rameters. To mitigate the effects of overfitting, employing basic

image augmentation is actually beneficial. This includes adjust-

ments to the aspect ratio, scaling, cropping, flipping, color jitter-

ing, and the addition of noise. In training, we use a uniformly

distributed randommethod to select channel locations and estab-

lish appropriate positive and negative feature ratios for activation,

ensuring both comprehensiveness and sparsity of the features.

Meanwhile, we choose ReLU, ELU, Leaky-ReLU, GELU,

ACON-C,56Mish, and Swish-beta as baseline activation functions

to compare against.

The experimental results are shown in Tables 4, 5, and 6,

and the comparison results in Figures 7 and 8 are especially

more obvious. We can see from the results that Ant consis-

tently outperforms other activation functions by unique perfor-

mance with the highest validation accuracy and the lowest

validation loss simultaneously achieved on all models and da-

tasets with the same FLOPs and params. The results also

show the stability of Ant to match increasing the number of

layers on CNN architectures. As seen in Figure 9, the number

of positive features activated by Ant is significantly higher than

that of ReLU, and the positive features activated by Ant are all

almost in the cat’s foreground. In contrast, the positive fea-
14 Patterns 6, 101117, January 10, 2025
tures activated by ReLU are concentrated in the background

and local foreground. Additionally, on visual perception,

each layer of the feature map activated by Ant can see the

outline of the cat while, on the contrary, ReLU finds it difficult

to see the outline of the cat in the third- and fifth-layer net-

works. The experiments prove that Ant has better stable per-

formance in CNN architectures for image classification due to

its strong stability in the flow transmission of positive features

in deep networks.

Generalization performance on DNN
Additionally, we evaluate the generalization performance of the

proposed Ant on DNN architectures. Ant activation function

can easily be extended to other challenging deep-learning

tasks, and we show its generalization performance by experi-

ments on two spirals, image fitting, curve fitting, PDEs, and

the XOR problem. Meanwhile, we test the stability of Ant to

match increasing the number of neural network layers on

DNN architectures.

Solving the two-spirals task

The two-spirals task is a benchmark task for non-linear classi-

fication.57,58 The dataset consists of two spirals, each with

2,000 sample data points in a 2D Cartesian space (Figure 10).

The objective is to classify sample points close to each of the

spirals by using only the (x,y)-Cartesian coordinates. In this

section, we evaluate Ant and several baseline activation func-

tions in a two-spirals task on a simple feedforward neural

network consisting of an input layer (2 neurons), two fully

connected hidden layers (4 neurons in the first hidden layer, 3

neurons in the second hidden layer), and an output layer (2 neu-

rons). The results are shown in Table 7. We can learn from the

results that Ant consistently surpasses other activation func-

tions with the highest mean validation accuracy and the lowest

mean validation loss.

Solving the image-fitting problem

Ant is capable of represent fine details. In this section, we

demonstrate that Ant can represent fine details on image

fitting. We choose ReLU and Siren as baseline functions to

compare against four natural images including cat, dog,

Helmholtz_imag, and Helmholtz_real. We choose a feedfor-

ward neural network consisting of an input layer (2 neurons),

two fully connected hidden layers (256 neurons in each hidden

layer), and an output layer (3 neurons) as experimental

network architecture.

Standard evaluationmetrics includingmean average precision

(mAP), AP50, AP75, and mean of the peak signal-to-noise ratio
Figure 19. Accuracy and loss curves of

different activation functions on the XOR

problem



Figure 20. Comparison results of testing accuracy, loss, and average convergence time for different activation functions
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(PSNR) are reported in Tables 8 and 9, respectively. We also plot

loss curves of fitting images in Figure 12. As seen in Figure 12,

the training loss of Ant converges in very stable manner, while

the training loss of ReLU fluctuates greatly. Ant representation

enables accurate representations of natural image signals due

to its smooth, continuous, and non-monotonic properties. The

results demonstrate that Ant performance is better than that of

ReLU and Siren with both the highest evaluation metrics and

mean PSNR and the lowest mean loss. Meanwhile, we offer

some examples of fitting images in Figure 11. As seen in Fig-

ure 11, Ant accurately reproduces intricate details such as whis-

kers and hairs better than ReLU and Siren.

Solving curve fitting

Curve fitting is a process of generating a curve that best repre-

sents the characteristics of a system using the input dataset. It

is the basis of any analytical, comparative, or growth-related sta-

tistics.59 In this section, we benchmark Ant against ReLU, ELU,

Leaky-ReLU, Mish, and Siren activation functions on curve

fitting. The neural network used in the experiment consists of

an input layer (1 neuron), a hidden layer (1,000 neurons), and

an output layer (1 neuron).

To illustrate the capability of curve fitting, we use a complex

function curve with varying amplitude, which is defined as y =

1.8 * sin(3 * x)/x. Curves fitted by different activation function net-

works are shown in Figure 13.We can see from Figure 13 that the

average error for all the curves is considerably low, while the

curve plotted by Ant is smoother and closer to the original curve

than other functions. The loss of function curve fitting is reported

in Table 10 and Figure 14, in which we can see that Ant consis-

tently has the lowest mean test loss compared with other activa-

tion functions.

Solving the partial differential equation

As mentioned above, Ant can prevent the gradients from

vanishing. The derivative of Ant is well behaved and can

represent fine details. In this section, with a well-behaved de-

rivative, we demonstrate how Ant can be employed to tackle

complex boundary value issues for time-series data, such

as PDEs.

To demonstrate the performance of Ant for problems pertain-

ing to the solution of PDEs, wewill use the Burgers’ equation as a
Table 12. Testing accuracy, loss, and average convergence time o

Ant ReLU ELU L

Accuracy 1.00 0.75 0.75 0

Loss 0.0123 0.1720 0.1709 0

Time (s) 1.4124 9.6506 10.3233 9
canonical example, adopted from Raissi et al.60 In a single

spatial dimension, the Burger’s equation coupled with Dirichlet

boundary conditions takes the form of

mt +mmx � ð0:01=pÞmxx = 0;
x˛ ½�1;1�; t˛ ½�1;1�;
mð� 1; xÞ = � sinðpxÞ;
mðt; � 1Þ = mðt; 1Þ = 0:

(Equation 46)

This PDE arises in various disciplines such as traffic flow, fluid

mechanics, and gas dynamics, and can be derived from the

Navier-Stokes equations.61

We construct a neural network approximation of the solution

of non-linear PDEs and proceed by approximating mðt; xÞ with

a DNN mqðt;xÞ, where mq denotes a function realized by a neural

network with parameters q.

mqðt; xÞzmðt; xÞ: (Equation 47)

We assume that the training data Nr as well as the initial

time and boundary data Nt and Nb are generated by random

sampling from a uniform distribution of x and t (x˛ ½ � 1; 1�;
t˛ ½ � 1; 1�). Here, we choose training data of size Nt = Nb =

50 andNr = 10,000, respectively. As shown in Figure 15, we illus-

trate the training data (blue circles) and the positions where the

boundary and initial conditions will be enforced (crossmarks; co-

lor indicates value).

In this experiment, we assume a feedforward neural network

followed by eight fully connected hidden layers each containing

20 neurons and each followed by an activation function. We train

the model for 5,000 epochs (which takes approximately 2 min)

with Adam optimizer, and the learning rate is fixed to 1e�4.

The solutions to Burgers’ PDEs plotted by Ant and Tanh are

shown in Figure 16. We can see from the results that Ant and

Tanh are capable of representing higher-order derivatives, while

ANT outperforms Tanh in capturing fine details. The solution sur-

face plotted by Ant is smoother and makes the least error

compared to the solution surface plotted by Tanh. Themean vali-

dation loss of Ant and Tanh is reported in Figure 17 and Table 11,

where we can see that Ant has a lower mean validation loss

than Tanh.
f different activation functions on the XOR problem

eaky-ReLU GELU Swish-beta Mish

.75 1.00 1.00 1.00

.2061 0.2061 0.0255 0.02030

.5815 3.8929 2.7708 3.1512
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Figure 21. Testing accuracy of different activation functions with

increasing depth of the network on the MNIST dataset
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Solving the XOR problem

The XOR classification task represents a general learning

cognitive challenge. This type of pattern classification is well

studied in comparative experimental psychology and is consid-

ered as a common categorization benchmark in machine

learning or artificial neural networks.62 The XOR problem

cannot be solved by a simple perceptron63; we need a neural

network with at least one hidden layer to solve the problem.

Here, we define a simple neural network, shown in Figure 18,

to solve the XOR problem.

As shown in Figure 18, the neural network consists of an input

layer (2 neurons), a hidden layer (1 neuron), and an output layer

(1 neuron). The structure of the neural network is very simple so

that we can test the limiting performances of activation

functions.
Figure 22. Data distribution of Ant and ReLU in different layers at diffe
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For this task, we choose ReLU, Leaky-ReLU, GELU, Swish-

beta, and Mish activation functions to compare against. The re-

sults are shown in Figures 19 and 20, and Table 12. The results

show the strong performance of Ant. ReLU and Leaky-ReLU

have low accuracy in the experiments. GELU, Swish-beta, and

Mish have the same accuracy as Ant, but Ant has a faster

convergence speed and lower loss.

Increasing the number of network layers

The depth of the network has significant effects on the perfor-

mance of different activation functions. In this section, we

show the stability of Ant when increasing the depth of the

network on DNN architecture. In the experiment, our experi-

mental setup and dataset are the same as for Mish, except

that we do not use the batch normalization layers.

As shown in Figure 21, both Swish and ReLU exhibit a sig-

nificant drop in accuracy beyond the 15th layer. Meanwhile,

Swish markedly decreases in accuracy after 21 layers,

whereas Ant’s performance is stable without a decrease in ac-

curacy during the experiment because of its stable data distri-

bution and stable gradient distribution, which are shown in

Figures 22 and 23, respectively. As seen in Figures 22 and

23, the Ant network has a uniform distribution of data in

different layers during the training process, and the gradient

distribution in different layers is also very stable, with almost

no gradient explosion and gradient vanishing. Under the

same training conditions, the amount of data in the ReLU

network reduced significantly in different layers during the

training process, and the gradient distribution is not stable

enough, shown by obvious large gradient fluctuation. The

experiment results prove the stability of Ant in increasingly

large networks with both stable data distribution and gradient

distribution.

Generalization performance on GNN
We explore the generalization ability of Ant on GNN architecture

such as the graph convolutional network (GCN).64,65 GCN has
rent training times (blue is Ant, red is ReLU)



Figure 23. Gradient distribution of Ant and ReLU in different layers at different training times (blue is Ant, red is ReLU)
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become a standard and powerful deep-learning approach for

text-classification problems on graph-structured data. Recently,

GCN has shown strong performance in various application areas

on real-world datasets.66,67

In the experiment, we use a 2-layer (each with 32 neurons)

GCN with a 64-dimensional hidden variable for comparing

different activation functions. We choose a standard citation

network dataset, Cora, for semi-supervised text classification

on GCN architecture. The results are shown in Table 13 and

Figure 24. We can see from the results that Ant outperforms

Tanh and other functions in improving the average validation ac-

curacy by 4.5% and decreasing the average validation loss by

21%. This shows the strong performance of Ant on GCN

architectures.
Generalization performance on Transformer
Language translation on Transformer

Transformer68 is a self-attention-based neural network

architecture, which mainly processes sequence data through

encoding and decoding structure and attention modules

and has a wide range of applications in multiple fields of

deep learning.69 In this paper, we select a natural language

translation task to test the activation effect of Ant in the Trans-

former model consisting of three encoders, three decoders,

eight encoding multi-head attention modules, and eight de-

coding multi-head attention modules. Since the Transformer

architecture consists of multiple block units, each block con-

tains multi-head attention and a feedforward network, and the

feedforward network is a non-linear feature space containing

a large number of parameters that is responsible for memo-

rizing patterns and relationships. For this reason, we test the
Table 13. Testing accuracy, loss, and average convergence time

of different activation functions on the Cora dataset

Dataset Ant Tanh Selu Softmax Sigmoid

Accuracy Cora 0.8679 0.8050 0.8408 0.8366 0.7913

Loss 0.5358 0.8156 0.6293 0.6613 0.8937

Time (s) 4.0900 4.1860 5.6295 5.4192 5.1701
performance of Ant by just replacing the activation

functions (including ReLU, GELU, Swish, and Mish) in the

feedforward network layers. The dataset chosen for the

experiment is Multi30K, which is an extension of the Flickr30K

dataset with 31,014 English descriptions and 155,070

German descriptions, respectively; the detailed information

of the dataset is shown in Table S1. The experimental param-

eters are set up by choosing the common parameter values

of peers, and the specific parameters are shown in Table 3.

The evaluation metrics are PPL, Bleu, and Meteor. The

experimental results are shown in Table 14 and Figure 25,

Ant outperforms the other four activation functions in the

Transformer model. In terms of model complexity, Ant has

the smallest PPL score compared to other activation func-

tions, and Ant’s translation results on the test set are

closest to standard results. On German-English translation,

Ant’s Bleu metric is 0.68 higher compared to the other activa-

tion functions, indicating that Ant has the highest translation

accuracy. In the English-German bilingual translation task,

Ant’s Meteor metric ranks first with 74.912, which proves

that Ant’s translation semantics are more accurate than

those of other activation functions. The comparison results,

which can be seen clearly in Figure 25, show that Ant is a

strong candidate activation function in the Transformer

architecture.

Text classification on BERT

BERT70 is an improved Transformer-based model with a wide

range of applications in natural language processing.71 To

test the performance of Ant on the BERT model, we use the

BERT model to perform fine-tuning experiments on the GoE-

motions dataset, a large sentiment-labeled dataset for senti-

ment analysis that contains rich textual data for training and

evaluating the performance of sentiment analysis models. The

experimental results are shown in Table 15, demonstrating

the effect of different activation functions on the model

performance.

It is observed that ReLU performs well on this task with an

accuracy of 0.7556. The performance of ReLU activation func-

tion is in the middle to upper range of all activation functions,

which indicates that it provides a better classification perfor-

mance when dealing with the sentiment analysis task on
Patterns 6, 101117, January 10, 2025 17



Figure 24. Comparison results of testing accuracy, loss, and average convergence time for different activation functions on Cora
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GoEmotions, especially on the micro-F1 score, which usually

means that the model has a more balanced overall perfor-

mance when dealing with samples in the dataset. GELU slightly

underperforms ReLU on the GoEmotions dataset, with an ac-

curacy of 0.7418. GELU function attempts to improve the per-

formance of ReLU by introducing the properties of a normal

distribution but does not show a significant advantage on the

GoEmotions dataset, and, in particular, underperforms ReLU

on the macro-F1 score.

The performance of Swish on this task is also noteworthy.

Swish attempts to optimize the performance of ReLU by

introducing a weighting factor, especially when dealing

with non-linear relationships. On GoEmotions, Swish

function performs well on the micro-F1 score, which

suggests that it provides better classification performance,

especially when distinguishing between different emotion

categories.

Mish has suboptimal performance on GoEmotions. Mish

further optimizes the performance of Swish function by intro-

ducing an additional linear correction term. Mish outperforms

Swish in test accuracy, and the macro-F1 score is

slightly higher than that of Swish, which indicates that the

Mish function’s overall performance is slightly higher than

that of Swish.

Finally, Ant performs best on the GoEmotions dataset with an

accuracy of 0.7595, which is 0.925% higher than the average of

the other four activation functions, as shown in Figure 26, Ant is

optimal in all three evaluation metrics. Ant introduces the atten-

uation and gradient-preservation properties, which will further

optimize the BERT model’s learning ability. Among all the acti-

vation functions, Ant performs well on the micro-F1 score,

which indicates that it can provide optimal classification

performance.
Table 14. Natural language translation results based on

Transformer architecture

Activation

function

Multi30k German-English Multi30k English-German

PPL Bleu Meteor PPL Bleu Meteor

ReLU 5.592 37.199 75.108 4.420 34.345 74.503

GELU 6.740 37.069 74.799 4.422 35.179 74.646

Swish 5.531 37.760 74.971 4.384 35.356 74.832

Mish 5.591 37.485 74.931 4.398 35.436 74.699

Ant 5.508 38.003 75.127 4.378 35.531 74.912
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Emotion recognition on Vision Transformer

Vision Transformer72,73 is also an improved Transformer-based

model, which has performed excellently in the field of computer

vision. To test the performance of Ant on Vision Transformer, we

use Vision Transformer to perform fine-tuning experiments on

the FER2013 dataset, which is used for emotion recognition

and contains rich images of human face expressions for training

and evaluating the performance of the emotion recognition

model. A 20% slice of the dataset was used to accommodate

the GPU memory. The experimental results are shown in Ta-

ble 16, demonstrating the effect of different activation functions

on the model’s performance.

We obtained a set of experimental data after trying different

activation functions in Vision Transformer and testing it on the

FER2013 dataset. These data provide us with information

about the impact of different activation functions on model per-

formance, mainly in two key metrics: test accuracy and

test loss.

We can see that Ant has the most outstanding performance,

with an accuracy of 0.9895, significantly higher than the accu-

racy of other activation functions. This result indicates that Ant

can extract the facial expression features in FER2013 more

effectively, which significantly improves the emotion recogni-

tion accuracy. This is closely followed by Mish with an accu-

racy of 0.9782, which also shows a high level of performance.

The accuracy of ReLU activation function is 0.9765, which is

comparable to that of Mish but slightly lower than the first

two. The accuracy of Swish and GELU activation functions

is 0.9747 and 0.9712, respectively, which is relatively low,

suggesting that the two activation functions perform well in

Vision Transformer but do not perform as well as Ant

and Mish.

From the perspective of test loss, Ant also performs the

best, with a loss rate of only 0.0692, meaning that the model

has the least uncertainty in prediction and the best fit. Mish

has a loss rate of 0.0710, which is slightly higher than that

of Ant but still exhibits lower loss. ReLU has a loss rate of

0.0751, which is not much different from that of Mish. The

loss rates of Swish and GELU are 0.0963 and 0.1025 respec-

tively, which are relatively high, indicating that the model does

not fit the dataset as well as Ant and Mish under these two

activation functions.

From the three indicators of test accuracy, test loss, and

the confusion matrix shown in Figure 27, we can conclude

that Ant outperforms other activation functions in



Figure 25. Comparison results of testing

PPL, Bleu, and Meteor for different activa-

tion functions on Multi30k
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distinguishing the two highly similar expressions, disgust

and anger, and Ant has the most superior application in

Vision Transformer. It not only significantly improves the

accuracy but also reduces the loss rate because Ant has

zero-centering and gradient-preserving properties, which

give it better discriminative ability when dealing with similar

expressions.

Named entity recognition on LLaMA

LLaMA74–76 is a large languagemodel, based on the Transformer

architecture, which has shown excellent performance in the field

of natural language processing. To test the performance of Ant

on LLaMA, we use LLaMA to perform fine-tuning experiments

by substituting different activation functions on the CoNLL

2003 dataset, which consists of Reuters news data over 10 years

and contains rich textual data of named entities. A 50% slice of

the dataset was used to accommodate the GPU memory. The

experimental results are shown in Table 17, which demonstrates

the effect of different activation functions on the performance

of LLaMA.

From the perspective of test accuracy, Ant has the most

outstanding performance with an accuracy of 0.9676, signifi-

cantly higher than that of other activation functions. This indi-

cates that Ant is more effective in improving the performance

of the model when dealing with CoNLL2003, especially in terms

of accuracy for the named entity recognition tasks. This is

closely followed by GELU with an accuracy of 0.9637, which

also performs quite well. ReLU has an accuracy of 0.9621,

similar but slightly lower than that of GELU. Swish and Mish

have relatively low accuracy of 0.9615 and 0.9602, suggesting

that both activation functions perform less well than Ant, GELU,

and ReLU.
Table 15. Multi-label text-classification results based on BERT

Activation function Accuracy F1 score (micro) F1 score (macro)

ReLU 0.7556 0.8243 0.7553

GELU 0.7418 0.8160 0.7421

Swish 0.7463 0.8201 0.7474

Mish 0.7578 0.8232 0.7502

Ant 0.7595 0.8270 0.7562
From the view of test loss, Ant also performs the best with a

loss rate of 0.1061, which indicates that the model has less un-

certainty in prediction and fits better. GELU has a loss rate of

0.1155, slightly higher than that of Ant. ReLU has a loss rate of

0.1147, similar to that of GELU. Swish and Mish have relatively

high loss rates of 0.1158 and 0.1256, respectively, which may

indicate that these two activation functions do not fit the model

as well as Ant and GELU when dealing with the CoNLL2003

dataset.

Among other measures of model performance, such as

precision, recall, and F1 score, Ant also performs well. The

F1 score is the reconciled average of precision and recall,

thus Ant has the highest F1 score of 0.7758, which indicates

that not only is it accurate but it also handles the entity recog-

nition task, and it also contributes significantly to the recall

improvement. The F1 score of GELU activation function is

0.7435, which is slightly lower than that of Ant but still better

than other activation function scores. The F1 score of ReLU

activation function is 0.7470, and the F1 scores of Swish

and Mish are 0.7290 and 0.7410, respectively, which are rela-

tively low.

Combining the test accuracy, test loss, and other evaluation

metrics, we can conclude that Ant has a superior effect on

LLaMA. As can be seen from the comparison in Figure 28, it

not only significantly improves the accuracy, precision, recall,

and F1 score of the model but also maintains a low loss rate,

due to the zero-centeredness and attenuation properties of

Ant, which gives it a better detailed semantic feature extraction

ability and semantic recognition ability when dealing with

CoNLL2003.
Conclusions and limitations
In this work, we propose an attenuation-activation mechanism,

called Ant, by introducing generalized linear system theory for

computational modeling of neurons. The proposed mechanism

facilitates the precise representation of intricate signals in the

deep-learning framework. Unlike the ReLU family, Ant is a

zero-centered, non-monotonic, smooth, continuous, bounded

above, and bounded below activation function. Because of

these features, Ant can prevent gradients from vanishing,
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Figure 26. Comparison results of testing

accuracy, micro-F1, and macro-F1 for

different activation functions on GoE-

motions
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represent higher-order derivatives, and change data distribu-

tions in the networks. Neural networks with Ant have faster

convergence speed, stronger representation capability, and

simpler structures than neural networks with other activation

functions.

We ran several experiments on CNN, DNN, GNN, and Trans-

former architectures to test Ant’s stability and generalization

ability for various challenging learning tasks. Experimental re-

sults show that Ant has stronger stability and higher generaliza-

tion ability than other activation functions. Ant performs well in all

tasks in general, proving its effectiveness. Furthermore, Ant is

very unlike the ReLU family, and we expect that the Ant activa-

tion function proposed in this paper brings significant progress

to applying deep learning in multiple fields of science and

engineering.

Ant has the property of attenuation over the full input range,

and this attenuation property motivates artificial neural net-

works with data-distribution stability and gradient-preserving

characteristics. Ant displayed good performance in DNN

among the applications of different neural network architec-

tures. Nonetheless, Ant also has limitations. On one hand, it

uses generalized linear systems and differential equations to

describe the input and output mechanisms of neurons and

does not consider the specific physiological structure of neu-

rons; therefore, Ant has low neuron behavioral diversity. On

the other hand, due to the application requirements, we fixed

the time domain as a constant during the theoretical deriva-

tion, resulting in the loss of the cumulative effect of neuron

signal attenuation over time. In future research, we plan to
Table 16. Emotion recognition results based on Vision

Transformer

Activation function Accuracy Loss

ReLU 0.9765 0.0751

GELU 0.9712 0.1025

Swish 0.9747 0.0963

Mish 0.9782 0.0710

Ant 0.9895 0.0692
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study the cumulative effect of signal attenuation in the time

domain.
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Figure 27. Confusion matrix for different activation functions on FER2013
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Table 17. Named entity recognition results on LLaMA

Activation

function Accuracy Loss Precision Recall F1 score

ReLU 0.9621 0.1147 0.7182 0.7781 0.7470

GELU 0.9637 0.1155 0.7182 0.7707 0.7435

Swish 0.9615 0.1158 0.7113 0.7732 0.7410

Mish 0.9602 0.1256 0.7111 0.7478 0.7290

Ant 0.9676 0.1061 0.7526 0.8006 0.7758

Figure 28. Comparison results for different activation functions on

CoNLL2003

ll
OPEN ACCESS Article
REFERENCES

1. Sun, Z. (2010). Stability of piecewise linear systems revisited. Annu. Rev.

Control 34, 221–231. https://doi.org/10.1016/j.arcontrol.2010.08.003.

2. Basin, M., and Maldonado, J.J. (2014). Optimal controller for uncertain

stochastic linear systems with poisson noises. IEEE Trans. Industr.

Inform. 10, 267–275. https://doi.org/10.1109/TII.2013.2248160.

3. Tsuburaya, T., Okamoto, Y., Fujiwara, K., and Sato, S. (2014).

Performance of preconditioned linear solvers based on minimum residual

for complex symmetric linear systems. IEEE Trans. Magn. 50, 557–560.

https://doi.org/10.1109/TMAG.2013.2281410.

4. Zhou, B., and Li, Z.Y. (2015). Truncated Predictor Feedback for Periodic

Linear Systems With Input Delays With Applications to the Elliptical

Spacecraft Rendezvous. IEEE Trans. Control Syst. Technol. 23, 2238–

2250. https://doi.org/10.1109/TCST.2015.2411228.

5. Xu, F., Li, Z., Nie, Z., Shao, H., and Guo, D. (2019). New Recurrent Neural

Network for Online Solution of Time-Dependent Underdetermined Linear

System with Bound Constraint. IEEE Trans. Industr. Inform. 15, 2167–

2176. https://doi.org/10.1109/TII.2018.2865515.

6. Rego, F.F., Pascoal, A.M., Aguiar, A.P., and Jones, C.N. (2019).

Distributed state estimation for discrete-time linear time invariant systems:

A survey. Annu. Rev. Control 48, 36–56. https://doi.org/10.1016/j.arcon-

trol.2019.08.003.

7. Vargas, A.N., Agulhari, C.M., Oliveira, R.C.L.F., and Preciado, V.M. (2022).

Robust Stability Analysis of Linear Parameter-Varying Systems With

Markov Jumps. IEEE Trans. Automat. Contr. 67, 6234–6239. https://doi.

org/10.1109/TAC.2021.3132231.

8. Yang, N., Li, Y., and Shi, L. (2022). Proportional Tracking Control of

Positive Linear Systems. IEEE Control Syst. Lett. 6, 1670–1675. https://

doi.org/10.1109/LCSYS.2021.3130638.

9. Batmani, Y. (2023). A Decentralized Event-Triggered State-Feedback

Control Technique for Continuous-Time Linear Systems. IEEE Trans.

Syst. Man Cybern. Syst. 53, 2828–2836. https://doi.org/10.1109/TSMC.

2022.3219872.
22 Patterns 6, 101117, January 10, 2025
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