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ARTICLE INFO ABSTRACT

Keywords: In this study, micromechanical modeling will be performed for composite materials containing
Thermal and electromagnetic properties fillers oriented randomly in the matrix. The purpose of this study is to derive more general
Ellipsoidal filler and explicit solutions for the effective thermal and electromagnetic properties of such composite
Ar.usmmpy . materials without restricting the properties and shapes of the fillers. For this purpose, it is assumed
Micromechanics

that the physical properties of the filler are the same anisotropic properties as orthorhombic
materials, and the shape of the fillers is ellipsoidal. This model is analyzed by micromechanics
combining the Eshelby’s equivalent inclusion method with the self-consistent method or the
Mori-Tanaka’s theory. Solutions of the effective thermal and electromagnetic properties both for
composite materials containing many kinds of fillers with different shapes and physical properties
and for polycrystalline materials can be also derived. Using the obtained solutions, the effect of the
shape, the anisotropy, and the volume fraction of the filler on the effective thermal conductivity
is examined for the carbon filler / polyethylene and the two types of quartz particles (and voids) /
polyethylene. As a result, for the carbon filler / polyethylene, it is found that the effective thermal
conductivity of the material when the shape of the filler is flat is about 20% higher than that when
the shape of the filler is fibrous. Furthermore, when the shape of the carbon filler is flat, the result
when the carbon filler is assumed to be isotropic is significantly different from that when the filler
is assumed to be anisotropic. From the above, when the filler is oriented randomly in the material,
it is found that simultaneously considering not only the shape of the filler but also its anisotropic
properties is important to accurately evaluate the effective physical properties of the composite
material. For two types of quartz particles (and voids) / polyethylene materials, the experimental
result agrees better with the result of the Mori-Tanaka’s theory than that of the self-consistent
method, even if the volume fraction of the filler is more than 50%. From the above results, it is
found that the analytical solutions of this study can generally explain the experimental results
and can be applied to actual materials.

Self-consistent method
Mori-Tanaka’s theory

1. Introduction

Most of the practical composite materials in which fillers are dispersed in the matrix are produced by pressing and heating SMC
(sheet molding compound) or BMC (bulk molding compound) placed in a mold. Short fibers, particles, and flakes are used as fillers of
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SMC or BMC. This molding method is already widely used in industrial products. In recent years, the movement to apply 3D printing
technology to the fabrication of parts made from composite materials is progressive, since there is little material loss and parts
with complicated shapes can be manufactured. For example, fused deposition modeling (FDM) as one of the 3D printing technology
can produce a part made from a composite material by stacking resin filaments containing metal or ceramic fillers. By using this
molding technology, it is possible to create parts with optimal values of mechanical, thermal, and electromagnetic properties [1].
In these composite materials, from the view point of material design, the properties of the entire material should be homogeneous
and isotropic. Therefore, composite materials are manufactured in such a way that the fillers are oriented randomly and dispersed
uniformly in the resin matrix. The development of analytical tools that can accurately and quickly obtain the effective physical
properties of composite materials containing such randomly oriented fillers will play increasingly an important role in the future.

There are many analytical studies on the thermal and electromagnetic properties of two-phase composites composed of fillers
and a matrix [2]. For these material properties, approaches based on homogenization theory and numerical analysis such as the
finite element method are available. Some analyses use the finite element method for effective thermal conductivity and dielectric
constants of the materials containing spherical fillers or fibrous ones [3] [4]. However, such numerical approaches require a huge
number of element divisions to represent the three-dimensional structure of materials, and it takes a long time to calculate these
effective physical properties of the materials. In addition, it has the disadvantage that the influence of the shape of the filler on the
effective physical properties of a material cannot be easily handled. Therefore, homogenization theory may be an available analytical
method for the design of practical materials. As homogenization theories used widely, there are the variational principle, the Mori-
Tanaka’s theory [5], the self-consistent method [6], the differential scheme [7] and so on. Using the variational principle, Hashin
et al. derived solutions for the upper and lower bounds of the effective magnetic permeability for multiphase composite materials
in which fillers are randomly oriented in the matrix [8]. Benvaniste derived the effective thermal conductivity of a particulate
composite, by using the generalized self-consistent method and the Mori-Tanaka theory [9]. As the analysis using the Mori-Tanaka’s
theory, Hatta et al. derived the solution of the effective thermal conductivity of composite materials when the filler is isotropic and
its shape is spheroidal [10]. In this analysis, Hatta et al. applied the Eshelby’s equivalent inclusion method to problems of heat
conduction and derived the Eshelby’s tensor for these problems [11] [12]. Regarding the analysis using the self-consistent method,
Kanaun et al. derived the solution of the effective thermal and electromagnetic properties when the physical property of the filler
is isotropic and its shape is spherical [13]. However, these analyzes are limited to cases where the physical properties of fillers are
isotropic and their shapes are spheroidal or spherical.

Regarding the shape of the filler, experimental results have been reported that the thermal conductivity of the composite material
varies significantly due to the subtle differences in the shape of the filler [14] [15] [16]. Regarding the anisotropy of fillers, there
are some fillers whose properties are anisotropic, depending on their structure resulting from the manufacturing method of fillers.
Carbon fibers are the typical example [17] [18]. Therefore, it is desirable to derive an analytical solution of the effective properties
of composite materials that can handle simultaneously arbitrary shapes and anisotropy of fillers.

From the above, the purpose of this study is to obtain more general solutions to the effective thermal and electromagnetic
properties of composite materials containing filler oriented randomly in the material. In this analysis, without loss of generality, it
is assumed that the physical properties of the filler are the same anisotropic properties as orthorhombic materials, and the shape
of fillers is arbitrary ellipsoidal. This model is analyzed by micromechanics combining the Eshelby’s equivalent inclusion method
with the self-consistent method or the Mori-Tanaka’s theory. In addition, the analysis of effective thermal and electromagnetic
properties for composite materials containing many kinds of fillers whose properties and shapes are different from each other and for
polycrystalline materials will be also performed. Furthermore, by using solutions obtained in this analysis, it is performed to calculate
the effect of the shape, the anisotropy, and the volume fraction of fillers on the effective thermal conductivity, and to examine the
usefulness of derived solutions by comparing these analytical results with experimental ones.

2. Analysis of effective thermal and electromagnetic properties of composite materials containing ellipsoidal fillers
oriented randomly

In this chapter, effective thermal conductivity, permittivity (dielectric constant), electrical conductivity, and magnetic permeabil-
ity of composite materials containing ellipsoidal fillers oriented randomly are examined. The ranks of tensors related to fields and
physical properties in these problems are all the same, that is, the tensor of fields is first-order and that of property is second-order.
Moreover, the constitutive equation and equilibrium one are expressed in the same form. Thus, by this analogy, if one of these
physical properties can be solved, all other properties can be automatically found by a simple substitution of symbols [19]. Here, we
take the dielectric problem as an example.

2.1. Analysis by the self-consistent method

2.1.1. Analytical model

Fig. 1 shows a composite material containing randomly oriented ellipsoidal fillers in the matrix, and the fillers are shown as the
shaded area. Fillers are classified according to their orientation, and regions of fillers and the entire material are denoted by Q(i) and
D respectively. A global coordinate system “x; is taken along the direction of the dielectric flux D acting externally on the material,
and a local coordinate system L()x; is taken along the direction of the principal semi-axis of a filler Q(i) as shown in Fig. 1. From
now on, we will add ¢ or 2O to the left shoulder of the symbols for field quantities to indicate that they are quantities related to the
global coordinate system or the local coordinate one. All fillers have the same ellipsoidal shape, and the axial length of fillers in the
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Fig. 1. Composite material containing many ellipsoidal fillers oriented randomly.
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Fig. 2. Model smeared out with unknown effective dielectric constant in the Fig. 3. Model smeared out with unknown effective dielectric constant in the
global coordinate system. local coordinate system.

direction of 1®x; is denoted by a?. In addition, all fillers have the same permittivity as an orthorhombic material, as shown in the
following equation

el 0 0
2= 0 22 o |, M
0 0 gbe

The permittivity of the matrix is denoted by £P and it’s isotropic. In addition, the eigen electric field Ef’Q is given in the region
of filler Q(i), and its magnitude is assumed to be the same for all fillers. This electric field corresponds to the residual strain in the
elastic problem, but we do not mention what the source of this is. f(; is the volume fraction of filler Q(i) in the material, and f is
the total volume fraction of fillers. That is, f =Y, fq).

Fig. 2 shows the model in which the material surrounding a filler Q(i) shown in Fig. 1 is replaced by a material with unknown
effective permittivity £2. Note that the property of the entire material is macroscopically isotropic because the fillers are randomly
oriented in the material. Furthermore, the external dielectric flux GD? in Fig. 2 is transformed into L(“D? that is the quantity in the
local coordinate system “®x; taken along the direction of the principal semi-axis of the filler Q(i). This model is shown in Fig. 3.
Analysis of the model in Fig. 2 requires coordinate transformation for the Eshelby tensor that appears in the equivalent equation
shown later, and cannot derive smartly the solutions of the equivalent equation. Therefore, in this analysis, the model in Fig. 3 will
be used as the analytical model.

2.1.2. Analysis of effective permittivity
The equivalent equation for the filler Q(/) shown in Fig. 3 is given by

L(i)D? + L(i)D?o - 539{L(”Ej + (Sﬁ_ljk) L(i)E:*Q(i)_'_ L(i)E;FQ(i)}

3
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- L(i - Qi
:‘Sij ED{ (I)Ej +(Sﬁ_ jk) L(:)Ez* (/)} , 2
Qi)
i
that substitutes for the difference in permittivity between the filler and the matrix. That is,

where LOD® is the eigen dielectric flux in the region Q(), LVE, is the sum of the eigen electric field Efg and the unknown

equivalent eigen electric field L(")E‘.*Q(")

L(")EI.**Q(") is expressed as
LOpr® - gy LoD (3)

Since the eigen electric field E{’Q is usually considered to be a quantity given along the direction of the principal semi-axis of Q(i),
the left shoulder of Efﬂ is not attached with ) representing the local coordinate system. The unknown quantity to be derived is
the equivalent eigen electric field L(i>Ef9(i), but to simplify the derivation of Eq. (2), L(")Ei**ﬂ(") in Eq. (3), that is sum of E;”Q and
L(f)E;‘Q(i), will be obtained as the unknown quantity.

S,.S} is the Eshelby tensor of region Q and given by

S0 0 H? 0 0
=10 s2 o |=| 0 HP o0 |. “4)
0 0 s2 0 0 HP

Hl.Q is called the geometrical factor and the relation H 19 + H? + H? =1 holds [20]. Geometrical factors for various shapes of filler
are given in Appendix A. I;; is the identity matrix, and YE, is the electric field occurred over the material by “’D?. Substituting

Egs. (1) and (4) into Eq. (2), and solving for the equivalent eigen electric field, we obtain

L(i)E;"*Q(f) _ —A?(L(i)fl _ L?Efﬂ) , (5)
where
DQ
€ 1
9= 11 i A2 = ) (6)
L gpa_gD L8+ H2 -1

11

Components 2 and 3 can be found by substituting 2 or 3 for subscript 1 in Egs. (5) and (6). The total electric field L<")Ei’”’“’ in region
Q(i) in the local coordinate system is given from Egs. (2), (4) and (5) as follows:

L(i)El{oral - L(i)fi + S[_sz L(f)E;_k*EZ(D )

SOl = () - HRAQ) LOE + [ HEASEP (7a)
The total dielectric flux L(”Dl’.”’”’ in the region Q(i) in the local coordinate system is obtained from Egs. (1), (2) and (7a) as follows:

L) protal = LORY 4. LOpo = Egg(ui) E;atal _ Efg) )

o Mopral = D2 (1 - HPAY) ME, - (1 - LEHRADEN | (8a)
Representing Egs. (7a) and (8a) as matrix form,

Lgtotal — pQ LOE _ prREr (7b)

Lipyotal — ¢DQ(LiRiotal _ Ry = DO {PQ LG — (pr — I)Epﬂ} ) (8b)

where I is the identity matrix, and P and P are given by

P20 0 P00
Pe=l 0 P2 0| . P%=| 0 P 0| . (9a)
0o 0 P2 0 0 }73”3"
ED Hf} gDQ

11

_ . (9b)
Q_DQ o\=D

H2eP2 4 (1 - HY)E

Q _ Q4Q _ PQ_ 1 QpQ 40 _
Pl =1-H AT = P11 =-L{H A7 =

H2eP2 4 (1 - HOE”

Next, we consider equations of coordinate transformation for the electric field and dielectric flux from the global coordinate
system to the local coordinate one, or vice versa. Let “E and D denote the electric field and the dielectric flux in the local coordinate
system, and “E and “D denote them in the global coordinate system. Then, equations of coordinate transformation are expressed by

LE=1%E , Ip=1°p, (10a)
CE=I"LE=I"T'E |, Sp=rtp=1"'1p, (10b)

where [ is the matrix of coordinate transformation and ’ represents the transpose of matrix. Fig. 4 shows the spherical coordinate
system expressed in Euler angles, where 0, ¢, and y are the zenith, azimuth, and rotation angles of a filler. In the case of the y-
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Fig. 4. Spherical coordinate system expressed by Euler angles.

convention, the coordinate transformation is performed by first rotating an azimuth angle ¢ around the z-axis, then a zenith angle 6
around the y-axis, and finally a rotation angle y around the z-axis again. The matrix of coordinate transformation in the y-convention
1 is given as follows [21]:

Ly 1y Iis cosy siny O|[cos@ O —sinf|[ cos¢p sing O
I=|1ly 1y Iy |=|-siny cosy O 0 1 0 —sing cos¢ O
I3 13 I3 0 0 1[[sin6 O cosé 0 0 1
cos @ cos g cosy — singsiny cos @ sin ¢ cosy + cos g siny —sinfcosy
=| —cosfcospsiny —singcosy —cos @ sin¢gsiny + cos ¢ cosy sinfsiny | . 1
sin @ cos ¢ sin @ sin ¢ cos @

Using the relation of Eq. (10), the transformation for the total electric field LOE"'@ and the total dielectric flux L®D/" in Egs. (7b)
and (8b) to the global coordinate system are expressed as

GEtotal — {l(i)}—l PQ l(i) GE_ {l(i)}—l PpQEpQ , (7C)
GDmml — {I(i) }—1 EDQ PQ l(i) GE _ {l(i) }—l £Dﬂ (Ppﬂ _ I)EpQ . (8¢)

From Egs. (7¢), (8¢c), and (11), taking the su_mmation of the total electric field and the toEﬂ dielectric flux of all fillers and the matrix
yields the macroscopic total electric field °E and the macroscopic total dielectric flux D as follows:

n n
GE — z f(i) GEtotal + (1 _ z f(i)) GEm
i=1 i=1
n 2z 27

! f///sinﬁ(l_l P21 9E - 7! P”QEPQ)d6d¢dv/+(1—f)GEm
00 0

B

1 p—
= 5f(Pﬁ+P§§+J!>§§)GE+(1—f) GE™, 12)

n n
6P = 2 N (1 _ Z f(i)) Gpm
i=1 i=1
n 2m 2n
= 8%;“ / / /sina(r'em P GE — 171¢P2 (pr2 I)E”Q>d0 dddy +(1— £)°D"
. 0O 0 0
1 —
= gf(e{’]" PO +eD2 PR+ €22 POCE+(1- £)°D" . 13

Note that from Eqs. (12) and (13) the integral concerning the eigen electric field EP® vanishes as a result. °E” and D" in these
equations are the total electric field and the total dielectric flux of the matrix respectively, and the following relation between them
holds.

GD;" = Eueu GE;" or GD"=¢P GE" (14)

About Egs. (12) and (13), if °E™ and D" are eliminated using the relation of Eq. (14), then the relation between ¢E and D can be
obtained as follows:

— 1 —
D= [eP+ 37 { PREDR - D)+ PRERR - eP)+ PREDR - D) || OE. as)

On the other hand, °E and D have the following relation through the effective permittivity ° of the material.
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D=z GE (16)

By equating Eq. (15) with Eq. (16) and using Eq. (9), the effective permittivity £ is finally obtained as

DO _ D pQ _ D DpQ _ D
ED—5D+leD fn "¢ + Ep "¢ n £33 — ¢ a7
- 3 Q_DQ Q\=D Q,_DQ Q=D Q_DQ Q=D [~
H1 £ +(1—H1 )e H2622 +(1—H2)£ H3533 +(1—H3)£

Note that Eq. (17) is an equation for the unknown 27, so it is necessary to find the value of £° by numerical calculation.
2.2. Analysis by the Mori-Tanaka’s theory

In this section, we perform the analysis using the concept of the Mori-Tanaka’s theory. In this theory, the surrounding of a filler
Q(i) in the composite material shown in Fig. 1 is smeared out by unknown interaction dielectric flux D;. This point is different from
the self-consistent method. Therefore, in the models in Figs. 3 and 4, the unknown permittivity £° in the shaded area is replaced
by the known permittivity e of the matrix, and the unknown interaction dielectric flux D; acts on the entire material. Let Ef’ and
E; denote the external electric field and the interaction one corresponding to D? and D;, respectively. Referring to Eq. (2), the
equivalent equation for the filler Qi) is given by

L0 4 L7 4 Li _  DQLO L0 | L) p Q L() Q00 | L(i) p*Q()
(I)Di + Lu D, + (I)D?O =) { Ej + (I)EJ_ +(Sjk ) (I)Ek + (!)Ej }
L(i i) £ i) Qi
=6, eP{"VED + LOE, 4 (59 — 1,,) LOE; ) 18)
Relations between D? and E?, D, and E; are as follows:
0 0 5 7
D} =5,;¢"E) , D;=6,e"E;. 19
Comparing Eq. (18) with Eq. (2), Eq. (18) is a simple replacement of Eq. (2) as follows:
DY - D°+D, , E, - E'+E , & - . (20)

Therefore, since the following analysis is the same as that in the previous section with the replacement shown in Eq. (20), the form
of obtained solutions is the same. However, it is noted that the unknown permittivity £ that appears in the coefficients L? and A?
in Eq. (6) and the coefficients Pﬁ and Pl” 19 in Eq. (9) is replaced with the known permittivity ¢ of the matrix. From the above,
referring to Egs. (12) and (13), the macroscopic total electric field OFE and the macroscopic total dielectric flux GD of the material
are obtained as follows:

—_ 1 ~
TE=<f(PR+ PR+ P2)CE" +°E) + (1 - /)°E"

3
1 o
={§f(Pﬂ+P2%+P3‘§)+(1 —f)}(GEO +OR) , [e30)
—_ 1 ~
‘D= 3 FEP? P+ e PR+ 22 PY(CEY +9E) + (1 - /)“D"
1 ~
= { 37D P+ €22 PR +eDR PR+ (1- e JOE +9B) (22)

where E” and “D” in the above equation are the total electric field and the total dielectric flux of the matrix. Unlike Eq. (14), these
are given by the sum of the external field and the interaction field, and have the following relations:

CEr=CE+°E, , “DI'=9D)+°D,.
“Dl'=6,;eP 9ET or D" =P OE". (23)

Eq. (23) is used to derive Egs. (21) and (22). Eliminating (E" +5E) in Egs. (21) and (22) and obtaining the relation between ¢E and
@D, and equating this with Eq. (16), the effective permittivity is finally obtained as follows:

DQ D DQ D DQ D
leD € £y —E N E33°—€
3 HPeDl+(1-HP)el  HPeDP+(1-HP)el  HPeD24+(1-HP)eP

= (24)

a-f+Lr ED{ 1 ! ! }
Q. DO (1_ g, D Q. DO, 1_ g, D Q. DO (1_ gD
3 HReP2 4 (1-HDeD  HRL2+(1-HY)eD  H2eD2+(1-HP)e

From this derivation process, in the Mori-Tanaka’s theory, the effective permittivity can be obtained directly without solving the
unknown interaction fields ¢ D; and ¢ E;. This point differs greatly from the self-consistent method. Interaction fields ¢ D; and CE;
are obtained from the condition that the sum of the internal dielectric flux over the entire material is zero. D in Eq. (22) is given by
the sum of the dielectric flux acting externally “D° and the total internal dielectric flux. Therefore, the total internal dielectric flux
obtained by subtracting °D° from €D must be zero. Therefore, from Eqgs. (22) and (19), the interaction electric field E is obtained
as
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Gﬁ _ GDO =0

1L .pQ po, DO pQ , DO pQ
oo f{l—%D(eH Plit+ey Py +eg P33)} G0
~C%E= : E°. (25)

1L Do pe, .DQ pQ , .DQ pQ
l_f{l_&s_p(eu Pli+eyn  Phteg P33)}

The interaction dielectric flux D, can be derived by substituting Eq. (25) into the second equation of Eq. (19).
2.3. Solutions for special cases

2.3.1. A case where the physical property of the filler is isotropic and its shape is spheroidal

In this section, by using the solutions obtained in Sections 2.1 and 2.2, we show the solution for the special case where the physical
property of the filler is isotropic and its shape is spheroidal. In this case, since £0% = £D? = ¢22 = ¢P? and H? = H* = (1 - H)/2
(see Appendix A) hold, substituting these into solutions of the self-consistent method and the Mori-Tanaka’s theory, Egs. (17) and

(24), respectively, we have

self-consistent method:

£D=5D+fED(eD9—eD){ ] 2 + — 1 — } s (26a)
(EDQ+22D)+5(1—3H39)(51)9_3D) (€P2+287)—(1-3H)(eP2—E")
Mori-Tanaka’s theory:
D(.DQ_ D
0=l 4 e 7 ze) . (26b)

i
(=) (€P9426P) + 3 (eP2-eP)(1-3HR) H{ (eP+26P)~(eP—eP)(1-3HD) | aper

(eP242D) — %(EDQ—ED)(I—ziH?)

The same solution expressed in a slightly different form from Eq. (26b) was derived by Hatta et al. [10]. Furthermore, when the
shape of the filler is spherical, H? =1/3 holds (see Appendix A), so substituting this into Eq. (26) eliminates the term 1 — 3H§2, and
we find immediately to be as follows:
=D, _DQ _ D
self-consistent method: £° =P + M s (27a)
3" + (P2 —€")
D(.DQ _ D

D_ D, 3fev(e e”) . (27b)

3eD + (1 — f)(ePR - D)

The solution of Eq. (27a) is in agreement with that derived by Kanaun et al. [13].

ol

Mori-Tanaka’s theory:

2.3.2. A case where the filler is a void

In this section, we consider the case where all fillers are voids and the inside is filled with air. The permittivity of air is almost
equal to that of vacuum &°. Therefore, the effective permittivity can be obtained by substituting e? = ¢° in Eq. (27).

The solutions of effective permittivity given by Egs. (17), (24), (26), and (27) can be applied to problems of thermal conduction,
electrical conduction, and magnetism. Therefore, it is possible to obtain solutions of effective thermal conductivity, electrical conduc-
tivity, and magnetic permeability from that of effective permittivity. For example, the solution of effective thermal conductivity can
be obtained by simply replacing the symbol £ with the symbol k for thermal conductivity in these equations. Using this analogy,
we consider the effective thermal conductivity, magnetic permeability, and electrical conductivity when the filler is void and filled
with air. A foam metal is one such material. In this material, the thermal conductivity of the metal matrix is more than 10* times
that of air, the magnetic permeability of the matrix is more than 10° times that of air, and the electrical conductivity is on the order
of even greater. For the thermal conductivity of such foam metal, k¥ = 0 holds approximately. Thus, when the thermal conductivity
inside the voids is sufficiently small compared to that of the matrix and can be regarded as zero, the effective thermal conductivity
¥k can be expressed approximately as follows:

self-consistent method: & =k — 1 fk L + 1 + L N (28a)
3 1-H} 1-HP 1-HP

1 1 1 1
=fk + +
3 1-H® 1-H$ 1-H}

A-ptaf| —g g+ —
3" \1-H® 1-H} 1-HP
where k is the thermal conductivity of the matrix. It is interesting that the solution of self-consistent method Eq. (28a), like that

of Mori-Tanaka’s theory Eq. (28b), reduces to be an explicit expression. This approximate solution can also be applied to electrical
conductivity and magnetic permeability for the reason mentioned above.

Mori-Tanaka’s theory: k=k— (28b)
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Ellipsoidal ﬁller Q(iy)

Fig. 5. Composite material containing many ellipsoidal fillers with different physical properties and shapes oriented randomly. If there is no matrix, it becomes a
polycrystalline material.

3. Analysis for composite materials (or polycrystalline materials) containing many kinds of fillers (or crystal grains)
oriented randomly

3.1. Analytical model

Fig. 5 shows a composite material in which many kinds of ellipsoidal fillers (or crystal grains) with different physical properties
and shapes are oriented randomly. The fillers are classified by (i) in terms of their physical properties and shapes. To express this
classification, (i) is added to the right shoulder of the dielectric constant eD () as shown in Fig. 5. Assume that there are n types of

such fillers. Although not shown in Fig. 5, the eigen electric field is smnlarly classified by (i) and expressed as Eipﬂ(i). It is assumed
that the fillers are classified by (j) in terms of their orientations and there are m types. Since all fillers are oriented randomly, there
are m types of orientations for all (i)th fillers. The filler region with physical property and shape (i) and orientation () is represented
by Q(ij), and the volume fraction of Q(ij) is f(;;. As in the previous chapter, if the total volume fraction of all fillers is f, then
f=xr, Z;.":] f(j)- In addition, the model in Fig. 5 becomes to be a polycrystalline material when the matrix does not exist.

3.2. Analysis of effective permittivity by the self-consistent method

As shown in Chap.2, the region around a filler Q(ij) is smeared out with a material of unknown effective permittivity °. The
equivalent equation is solved in the local coordinate system L()x; taken along the direction of the principal semi-axis of Q(ij), then
the total electric field and the total dielectric flux of Q(ij) can be derived as follows by referring to Egs. (7b) and (8b).

L()rotal — p(i) LU)E _ proxi) gri) (29b)
LG)pytotal — ¢ DU (LG)protal _ gpQAi)) — D) {Pg(f) LOE PP _ I)EpQ(i)} . (30b)

where P2 and PP are coefficients obtained by adding (i) to their right shoulders of the coefficients in Eq. (9).
Egs. (29b) and (30b) are transformed into the global coordinate system from Egs. (7c) and (8c) as follows:
GErotal — (D=1 pRD 1U) G — (j1)}~1 prROERD | (29¢)
GDmml - {I(j) }—1 SDQ PQ(!') l(j) GE _ {l(j) }—l EDQ (PpQ(i) _ I)EpQ(i) . (30C)

Using Egs. (29¢) and (30c¢), take the summation of total e_lectric fields and total dielectric fluxes of all_ﬁllers and matrix. Referring to
Egs. (12) and (13), the macroscopic total electric field °E and the macroscopic total dielectric flux D of the material are given by

GE = sz )GEmtal (l_zzf(u)> E"

i=1 j=1 i=1 j=
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where fo= Z;.’;l fap holds for the volume fraction. From Egs. (31), (32), and (14), the relation between GE and °D can be obtained.
Equating this relation with Eq. (16), the effective permittivity ° is finally obtained as

£ — &

(33)

PR _ D £De® D gbe®m _ b }

=P+ E fo U + £22 + 33
= i - - - . . .
3 A Hf)(’)eﬂm’)ﬂl—H?(’))ED HQ(’) D“<'>+(1 HQ('))_D H;l(’)egg(’)+(l—H;1(’))ED

Eq. (33) is the solution for multiphase composites. In the case of polycrystalline materials, since “D” and “E™ are zero or f =1
in Egs. (31) and (32), we have

D20 D20 D)
1 ) 33
fo —— 4 —— + - . 34
Z (i Q(z) DQ(:) (- Q(r))gD HQ(:) DQ(:) (- Q(:))ED HQ(:) DQ(:) (- Q(r))gD
In Eq. (34), if there is only one kind of filler and it is isotropic, that is, in the case of n=1 and 511 = Eé)z = 5%9 = €D then £° that

satisfies Eq. (34) is the only £?. Therefore, it can be seen that Eq. (34) is a physically consistent solution.
3.3. Analysis of effective permittivity by the Mori-Tanaka’s theory

Similar to Section 3.2, we can perform the replacement shown in Egs. (2_0) and (23). Therefore, from Egs. (31) and (32), the
macroscopic total electric field “E and the macroscopic total dielectric flux “D of the material are given by

n
= { % Z Fo PR+ PO+ PR (1 = 1)} OB +9F) (35)
p-{! Z i €B520 PR 1 D0 P20 4 90 p0) | 10 L OR9 45 36)

Eliminating (°E° +CE) in Eqs. (35) and (36) and deriving the relation between “E and ¢D, and equating this with Eq. (16), the
effective permittivity is finally obtained as

DQ(:) D DQ(:) D Dﬂ(r) D
el é Y fn € €y ¢ €33 €
= (@)
3 HQ.(I) DQ(1)+(1 HQ(:))gD HQ([) DQ(1)+(1 HQ(’))ED HQ(:) DQ(:)_l_(1 HQ([))ED

DDy . (37)

(1- f)+ Z fa 1 + 1 + 1
' HPOPW 4 (1-HPD)eD  HYO20 4+ (1-HPD)el  HPO DD+ (1-HPO)eD

In the case of polycrystalline materials, since there is no matrix, substituting f = 1 and taking the limit €” — 0 for Eq. (37), we

have
z 1 1 1
El / <">( H?(” + H;w) + H;!m)
= . (38)
n

=D
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& () Qi) _DQ(i) Qi) DQ(i) Q>i)_DQ(>i)
i=1 Hi ey H,™ ey, Hy ey

In Eq. (38), if there is only one kind of filler and it is isotropic (s 5?29 %9 =eP?), then g = £P?. Therefore, it can be seen that
Eq. (38) is a physically consistent solution like Eq. (34).

4. Numerical calculations and discussions
4.1. Material properties of constituents used in calculations
In this section, using the solutions obtained in Sections 2 and 3, the effective thermal conductivity of composites containing

randomly oriented ellipsoidal fillers is calculated. In this calculation, we assume the same constituents used in the experiments by
Agari et al. [22] [23]. In their experiments, polyethylene is used as a matrix, and short carbon fibers or quartz particles are used as
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Table 1 Table 2
Thermal conductivity of constituents. Combination of constituents of composite materials.
Material Thermal conductivity Filler (& Void) Matrix
(W/(m - K)) Isotropic Carbon (PAN-based)*! Polyethylene
Filler Carbon (PAN-based)*! 4.00 filler Quartz (156 pm)*
Carbon (PAN-based)*? axial 1.60 Quartz (156 um)*? & Void
radial | 0.17 Quartz (156 pm)*? & Quartz (16 pm)
Quartz (16 pm)*? 9.64 Quartz (156 um)*? & Quartz (16 pm) & Void
Quartz (156 um)*? 5.87 Anisotropic Carbon (PAN-based)*?
Matrix Polyethylene*!-2 0.28 filler

1 [23], *2 [22], ¥ [17].

fillers. The thermal conductivities of these materials are shown in Table 1. Agari et al. assume that all of the constituents are isotropic
materials. As shown in Table 1, the thermal conductivity of quartz particles differs depending on their particle size. Table 2 shows
the combinations of constituents of composite materials used in the calculations. For quartz particles, we deal with two types of
composite materials. One is a material containing particles with a diameter of 156 um, and the other is a hybrid material containing
two types of particles with diameters of 156 um and 16 um. These composite materials are made by impregnating the gaps among
particles with resin. If the resin impregnation is not successful, gaps will remain as voids. So calculations are also performed for the
case including voids.

Table 1 lists two types of PAN-based carbon fibers with different thermal conductivity. It is a well-known fact that carbon fibers
are generally anisotropic materials with different physical properties in the longitudinal (axial) direction of fiber and the radial
direction perpendicular to the fiber axis [17] [18]. However, there are few studies that clarify the anisotropic properties of fillers
and investigate the effects of these anisotropic properties on the effective physical properties of composite materials. That is, most
studies assume that the properties of fillers are isotropic. Therefore, in this study, as shown in Table 2, we also assume a composite
material containing anisotropic PAN-based carbon fillers in the polyethylene resin matrix and investigate the coupling effect of the
shape and the anisotropy of the fillers on the effective thermal conductivity of composites.

For composite materials shown in Table 2, the analytical results of effective thermal conductivity are compared with the exper-
imental ones. Hashin and Shtrikman obtained the upper and lower bounds of the effective permeability by using the variational
method [8]. In their analysis, the shape of each phase is arbitrary and the effective physical properties of the entire material are
assumed to be isotropic. We also compare the present results with the upper and lower bound of Hashin et al.

4.2. Analytical results of effective thermal conductivity

4.2.1. The case of isotropic filler

Fig. 6 shows analytical results of the effective thermal conductivity k for the isotropic carbon filler / polyethylene material. This
calculation is performed under the condition that the aspect ratio is continuously changed for each shape of the filler shown in
Fig. A (see Appendix A) while keeping the volume fraction of fillers f constant at 0.15. Fig. 6(a), (b), and (c)~(e) correspond to a
longitudinal elliptic flake, a longitudinal elliptic cylinder, and a spheroid, respectively. The vertical axis of the figure is k/k, which
is dimensionless with the thermal conductivity of matrix k, and the horizontal axis is the aspect ratio of the filler w;. The red line
and the blue line show the result of the self-consistent method (denoted by SC) and the Mori-Tanaka’s theory (denoted by MT). Open
circles, open rectangles, solid circles, and open triangles in Fig. 6(c) and (d) are the experimental results obtained by Agari et al.

The solution of the lower and upper bounds of the effective permeability of multiphase composites obtained by Hashin and

Shtrikman [8] can be expressed as the solution of thermal conductivity E(_) and EH) by the analogy between magnetism and heat
conduction, as follows:

- A — A
K ek =2 =k, + ——. (39a)
1 m
1-—L "
3k, 3k,,
m m—1
fi fi
A= — R [ (395)
= + — i=1 + —
ki—k; 3k ki—ky 3k,

where k; is the thermal conductivity of the ith phase assumed to be an isotropic material, and k, and k,, represent the minimum and
maximum thermal conductivities, respectively. In the special case of a two-phase material, Eq. (39) reduces to

—(= —(+

A 2 (

) S
, k =kt ——mm
1 +f1 2 1 +f2
ky—k, = 3k ky—ky 3k,

(kq <ky). (40)

The results of upper and lower bounds expressed by Eq. (40) are indicated by dashed lines (HS(+), HS(-)) in Fig. 6. From the
figure, it can be seen that the results of SC and MT always exist between the upper and lower bounds regardless of the aspect
ratio of the filler w;. The result of SC is higher than that of MT for any aspect ratio. Fig. 6(c)~(e) shows that the results of SC and
MT asymptotically approach the upper bound, as @; decreases and the shape of the filler becomes flatter. When the shape of the

10
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Fig. 6. Change in effective thermal conductivity k of isotropic carbon (PAN-based)*! / Polyethylene with the aspect ratio of filler. (a), (b), and (c)-(e) show the results
when the shape of the filler is a longitudinal elliptic flake, longitudinal elliptic cylinder, and spheroid, respectively. The red line and the blue one are the results of the
self-consistent method and the Mori-Tanaka’s theory for the three-dimensional random orientation of fillers, respectively. The dashed lines are the Hashin-Shtrikman’s
bounds. In Figures (c) and (d), the experimental results obtained by Agari et al. are also shown by open circles, open rectangles, solid circles, and open triangles.

filler is spherical, the result of MT becomes the same as that of the lower bound, since Eq. (27b) agrees with the lower bound of
Eq. (40) replacing Eq. (27b) with the solution of the effective thermal conductivity and applying kK — k, and k — k,. In addition, it
is interesting that the value of k when the shape of filler is an oblate spheroid (Fig. 6(e)) or longitudinal elliptic flake (Fig. 6(a)) is
about 20% higher than that of long fiber (Fig. 6(c)). In other words, if you want to increase the thermal conductivity of composite
material, flat-shaped fillers are more advantageous than simple circular cross-sectioned fibers that are widely available in the market.
This fact also suggests that it is possible to significantly reduce the volume fraction of fillers by devising the shape of the filler to
obtain the desired value of thermal conductivity.

Next, we consider the reason why the thermal conductivity is higher when flat-shaped fillers are used rather than fibrous-shaped
ones. In the case of fibrous-shaped filler, heat conduction is high only in the longitudinal direction of the fiber. On the other hand,
when the shape of the filler is flat, the heat conduction in two directions in its flat plane is improved at the same time. When the
flat-shaped fillers are oriented randomly, this characteristic appears in any direction. Therefore, it is considered that the thermal
conductivity is higher when the shape of the filler is oblate spheroid or elliptical flake than fibrous shape.

Comparing the analytical results with the experimental ones in Fig. 6(c) and (d), it can be seen that the experimental results are
almost close to the results of SC and MT. Fig. 7 shows the change in effective thermal conductivity k with the volume fraction of
the filler f. Fig. 7(I) shows the result of the self-consistent method, and Fig. 7(II) that of the Mori-Tanaka’s theory. The shape of the
filler is spheroid, and the results of SC and MT are compared with the experimental results [23] for each aspect ratio of w; =45.3,

11
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Fig. 7. Change in effective thermal conductivity k of isotropic carbon (PAN-based)*! / Polyethylene with the volume fraction of carbon fillers f. The shape of the
filler is spheroid. The results of the self-consistent method (red lines in (I)) and the Mori-Tanaka’s theory (blue lines in (II)) are compared with the experimental
results obtained by Agari et al. for each value of aspect ratio w; = 45.3, 21.6, 6, and 1 (denoted by open circles, open rectangles, solid circles, and open triangles
respectively).

21.6, 6 and 1. The line types and symbols in these figures are the same as in Fig. 6. From the figures, regardless of the aspect ratio w;,
the effective thermal conductivity of SC is higher than that of MT even if the volume fraction of the filler is changed. This difference
between SC and MT is clearly due to the difference in the evaluation of interaction among fillers. When the aspect ratio of the filler
is w3 = 45.3, the experimental results are closer to the results of SC, and MT is underestimated. However, when the aspect ratio
decreases and the shape of the filler becomes a sphere of w; = 1, the experimental results are closer to the result of MT than that of
SC, regardless of the volume fraction of the filler. From the above results, although there is some variation in the experimental data
for aspect ratios from w; = 1 to w3 =45.3, the experimental results tend to be closer to the result of MT than that of SC as the aspect
ratio decreases. To investigate this point further, the analysis for the quartz particles / polyethylene material (shown in Table 2) is
performed. Fig. 8 shows the change in effective thermal conductivity k with the volume fraction of the filler f, for the case that
quartz particles with a size of 156 pm are included in the material. Open triangles in the figure are the experimental results obtained
by Agari et al. As shown in Table 2, the effective thermal conductivity is calculated for both materials with and without voids.
Fig. 8(D) is the result when there are no voids in the material, and Fig. 8(II) is the result when the existence of voids is considered. In
Fig. 8(I), as mentioned in Fig. 6, the result of MT completely agrees with that of the lower bound HS(-) regardless of the value of f.
As the value of f increases, there is no significant difference between the results of SC and MT up to around f =0.2. As the value of f
increases from this point, this difference increases. However, as the value of f approaches 1, this difference decreases, and at f =1,
the result of SC agrees with that of MT. For the effective elastic modulus, a similar result is obtained that the difference between the
results of SC and MT is small when the volume fraction of the filler is relatively small [24]. Although the types of effective physical
properties are different, the fact that the tendency is the same for the volume fraction of the filler supports the fact that the results
of this analysis are physically valid.

Fig. 8(I1) shows the change in the effective thermal conductivity when the volume fraction of voids f,,;, is changed as a parameter.
From this figure, regardless of the value of f,,,, the value of SC is larger than that of MT, and this tendency is the same as in Fig. 7.
As f,.iq increases, the values of SC and MT naturally decrease. From Figs. 8(I) and (II), comparing these analytical results with the
experimental ones, the experimental results are close to the result of MT when f,,,;, =0.

Similar to Fig. 8, Fig. 9 shows the result of the effective thermal conductivity for a polyethylene matrix containing quartz particles
with sizes 156 um and 16 um. Two types of quartz particles, 156 um and 16 um, have a volume fraction ratio of 4 : 1. Note that this
calculation cannot take into account the difference between the two particle sizes. Comparing Fig. 9 with Fig. 8, the tendency of
SC and MT for f and f,,;, are the same in both figures. It can be seen that the experimental results are close to the MT results for
fooia =0 even at a high volume fraction exceeding f =0.5.

From the above analytical results, it is proved that the composite material prepared by Agari et al. has almost no voids and is
impregnated with resin throughout the material. Furthermore, from the results in Figs. 6 to 8, it is found that the experimental results
are closer to the results of MT than that of SC when the shape of the filler is spherical.

4.2.2. The case of anisotropic filler

Fig. 10 shows the change in the effective thermal conductivity k of the anisotropic carbon (PAN-based) filler / polyethylene
material with the aspect ratio of the filler. In this calculation, the shape of the carbon filler is spheroidal, and the thermal conductivity
of the filler in the axial direction (x3 axis of the filler) is different from that in the radial one (x; or x, axis of the filler) as shown

12



H. Ono Heliyon 9 (2023) e17445

25.0 6.0
Quartz(156pm)  fppia =0 Quartz(156pm) 5
SC sC 4
20.0 [ MT MT
A Experiment A Experiment \
40
15.0 2
) 22 froia =0.05
on By fooia =0.10
| void s
" 10,0 =
2.0
5.0
X2
X1
0 0 L !
0 0.25 0.50 0.75 1.00 0 0.2 0.4 0.6
f f
(I) No voids (I) Considering the existence of voids

Fig. 8. Change in effective thermal conductivity k of isotropic quartz particle (156 um)*2 / Polyethylene with the volume fraction of quartz particles f. Fig. 8(I) is the
result when there are no voids in the material. Fig. 8(II) is the result when the existence of voids is considered and the volume fraction of voids f,,, is a parameter.
The shape of particles and voids is spherical (w; = 1). The results of the self-consistent method (red lines) and the Mori-Tanaka’s theory (blue lines) are compared
with the experimental results obtained by Agari et al. (open triangles).
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Fig. 9. Change in effective thermal conductivity k of isotropic quartz particles (156 um and 16 um)*2 / Polyethylene with the volume fraction of quartz particles f.
The ratio of volume fraction is 156 ym : 16 um = 4 : 1. Fig. 9(I) is the result when there are no voids in the material. Fig. 9(II) is the result when the existence of voids
is considered and the volume fraction of voids f,,, is a parameter. The shape of particles and voids is spherical (w; = 1). The results of the self-consistent method
(red lines) and the Mori-Tanaka’s theory (blue lines) are compared with the experimental results obtained by Agari et al. (open triangles).

in Table 1. The results of k based on the self-consistent method and the Mori-Tanaka’s theory are indicated by the red solid line
(SC(ani)) and the blue solid one (MT(ani)), respectively. In the figure, the dashed line (SC(iso) and MT(iso)) shows the results when
the thermal conductivity of the carbon filler is assumed to be isotropic, where the value of thermal conductivity in the radial direction
is 1.6(W /(m- K)) same as that in the axial direction. From the figure, it can be seen that there is no significant difference in the results
of k obtained by the self-consistent method and the Mori-Tanaka’s theory when the carbon filler is anisotropic. The same is true for
the results when the carbon filler is assumed to be isotropic. However, it can be seen that the tendency of k with respect to the aspect
ratio of the filler w; differs, depending on whether the carbon filler is treated as anisotropic or isotropic. When the carbon filler is
treated as isotropic, as the value of w; decreases and the shape of the filler approaches a flattened shape, k reaches a minimum at
@ =1 and then increases. This tendency is similar to Fig. 6. On the other hand, when the carbon filler is treated as anisotropic, k
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Fig. 10. Change in effective thermal conductivity k of anisotropic carbon (PAN-based)* filler / Polyethylene with the aspect ratio of filler. The solid red line and the
solid blue one are the results of the self-consistent method and the Mori-Tanaka’s theory respectively, in the case that the thermal conductivity of the filler in the axial
direction (x; axis of the filler) is different from that in the radial one (x, or x, axis of the filler) as shown in Table 1. The dashed lines are the results in the case that
the thermal conductivity of the filler in the radial direction is assumed to be equal to that of the axial direction.

decreases monotonically and takes the lowest value when the shape of the filler is flat. This is because the thermal conductivity of
the filler in the radial direction is about 1/10 of that in the axial direction, as shown in Table 1. Therefore, the surface effect of the
flattened filler mentioned in 4.2.1 tends to lower the k. Comparing the result of the dashed line with that of the solid one, when the
shape of the filler is flat, it is found that the result of the dashed line is about 1.5 times larger than that of the solid line, and the
difference between two results is the largest at this shape of the filler. In the other hand, when the shape of the filler is long fibrous,
the difference between two results is the smallest. In Figs. 6 and 7, the carbon filler was treated as isotropic, but it is assumed that
the filler is actually anisotropic. As a result, there is no significant difference between the analytical results and the experimental
ones, because the shape of the filler is treated as sphere or fibrous that the error is small regardless of whether the filler is treated
as anisotropic or isotropic. Therefore, in the future, it will be necessary to compare the analytical results with the experimental ones
when the shape of filler is flat. From the above, when the filler is oriented randomly in the material, it is very important to consider
not only the shape of the filler but also its anisotropic properties in order to accurately evaluate the effective physical properties
of the composite material. In addition, if the anisotropic properties of the filler are ignored and it is assumed to be isotropic, it is
suggested that there is a possibility that a large error may occur when the shape of the filler is flat.

5. Conclusions

In this study, for a composite material containing anisotropic and ellipsoidal fillers oriented randomly in the matrix, the solution
of the effective permittivity of the material can be derived explicitly by using the self-consistent method (SC) and the Mori-Tanaka’s
theory (MT). In addition, solutions of the effective permittivity both for composite materials containing many kinds of fillers with
different shapes and physical properties and for polycrystalline materials can be also derived. In order to investigate the effect of
the shape, the anisotropy, and the volume fraction of the filler on the effective physical properties of the material, we calculate the
effective thermal conductivities of two types of composites and compare the obtained results with experimental ones.

As a result, for the isotropic carbon filler / polyethylene, it is found that the effective thermal conductivity of the material when
the shape of the filler is flat is about 20% higher than that when the shape of the filler is fibrous, and the experimental results tend
to be closer to the result of MT than that of SC as the aspect ratio decreases. Moreover, we analyze the case in which the anisotropic
properties of the carbon filler are taken into account. As a result, when the shape of the filler is flat, the result when the filler is
assumed to be isotropic is significantly different from that when the filler is assumed to be anisotropic. Therefore, when the filler is
oriented randomly in the material, it is found that simultaneously considering not only the shape of the filler but also its anisotropic
properties is important to accurately evaluate the effective physical properties of the composite material.

For two types of quartz particles (and voids) / polyethylene materials, the experimental result agrees better with the result of MT
than that of SC, even if the volume fraction of the filler is more than 50%. In addition to this, since the tendency of the behavior of
SC and MT with the volume fraction of the particle is the same as those of elastic moduli, the results of this analysis are considered
to be reasonable to some extent. However, doubts remain about the differences between the results of SC and MT. MT uses the
assumption that adding only one filler to the matrix does not affect the field in the material before this addition. When many kinds
of fillers (including voids) exist in a material, it is obvious that the effect of adding one filler in the material on the interaction field
differs depending on the shape and properties of the added filler. The solution based on MT obtained from this analysis does not
consider this point. Thus, it is not clear at present whether the solution based on MT can correctly evaluate the interaction field
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inside the material containing many kinds of fillers. On the other hand, it is a well-known fact that the SC can accurately evaluate
the interaction field for the high volume fraction of the filler.

From the above results, it is found that the analytical solutions of this study can generally explain the experimental results and
can be applied to actual materials. However, it is considered that further investigation is required for the validity of the evaluation
of interaction fields of many types of fillers, which is a subject for future study.
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Appendix A. Geometrical factor

Fig. A shows various shapes of ellipsoidal filler Q. Fig. A(a) is called a longitudinal elliptic flake, which is thin in the x, direction
and elongated in the x5 direction. Fig. A(b) is called a longitudinal elliptic cylinder extended infinitely along the x; axis, and the
cross-sectional shape in the x; — x, plane is an ellipse. Fig. A(c) is a prolate spheroid whose longitudinal direction is the x5 axis,
Fig. A(d) is a sphere and Fig. A(e) is an oblate spheroid and thin in the direction of the x; axis. The nonzero components of the

geometrical factor H; for these ellipsoidal shapes are expressed as

(a) Longitudinal elliptic flake (w3 > 1> w,)

= -2 (F)-E®R)} . HE=-—2{Fl)-o?E®)} . HE=1-w,E®K). (A.1a)
w3—1 co3—1

(b) Longitudinal elliptic cylinder (w; - o , @, <1)

o_ @ 1

=2 He=H® =~ A.1b
S B ltw, ( )
(c) Prolate spheroid (w3 > 1, w,=1)
Q_ @3 2 /2 | Q_pgao_1 Q
Hj _1—W{w3(w3—1)/ —cosh™ w3}, H{=H=>(-H), (A.10)
(d) Sphere (w3 =w, =1)
Q_po_po_ 1
HY=Hf=H}= 3. (A.1d)
(e) oblate spheroid (w3 <1, w,=1)
w _ 1
H?:l—izz{cos lw3—w3(1—w§)1/2} s H?:H?:—(I—Héz), (A.1e)
(1-w3)3/? 2
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where w; in equations are aspect ratios of the filler, given by w, = a5/a%* and w; = a/a}? as shown in Fig. A(a). F(k) and E(k) are
complete elliptic integrals of the first and second kinds, and & is given by

3 a)g—l 172
k= . (A.2)
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