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A B S T R A C T

This article concentrates on the non-Newtonian fluid flow over the oscillating surface. The rate of heat conduction
of the fluid is enhanced by taking nanofluids in it. The two-phase nanofluid flow model is revealed. The flow is
explored in the existence of oblique stagnation point flow. The analysis is incorporated for the Riga plate in the
existence of an oblique stagnation point. Riga plate is well-known as an electromagnetic actuator contains per-
manent magnets and a spanwise aligned array of alternating electrodes attached on a plane surface. The
dimensional equations satisfying the stated assumptions of the fluid flow are presented utilizing the Navier-Stokes
equation. Fourier law is incorporated in the evaluation of heat flux. The analysis is examined in the fixed frame of
reference. The obtained partial differential equation will be critically examined suitable similarity transformation
will be chosen to convert these flow developed equations into higher non-linear ordinary differential equations
(ODE) and these equations of motion are tackled by mathematical techniques like bvp4c method in Maple. From
this study, it is determined that due to the effect of the Riga parameter the velocity field enhances, and also due to
the effects of Casson parameter the velocity field increases. The effect of immerging of parameters is mentioned by
tables and graphs. Moreover, the flow behavior is also confirmed by streamlines. The Casson fluid parameter
makes to get faster the fluid velocity. The system heats up by the impact of Joule heating and dissipation.
1. Introduction

The analysis of nanofluids is getting to obtain the attention of in-
vestigators due to superior thermal conductivity and wide applications in
the engineering and industrial purposes like microscale and macro heat
transfer, transportation and biomedicine, nuclear reactors, etc., given by
Choi et al. [1]. Nanofluids have filled the usual convection of a
two-dimensional cavity. Hoghoughi, G et al. [2] explored various models
that are compared by the physical properties of nanofluids. The nano
liquid discoveries beneficial applications in manufacturing, cooling of
electronic devices, heat exchangers, transportation, paints, biomedicine.
Yu, Q., et al. [3] explored the nanofluids are predictable to be used in
current engineering problems involving into polymerase chain reaction
efficiency, solar collectors, radiators, and electronic cooling system. A
vital source of thermal characteristics and natural convection fluid flow is
associated with buoyancy driven flows contained by an enclosure
explored by Purusothaman et al. [4]. A similar investigation has been
conducted by many researchers [5,6,7].
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In current years, non-Newtonian fluids are often encountered in
numerous industrial and physical progressions because the analyses of
non-Newtonian fluids have been inspired expressively. Frequent fluids
treated as non-Newtonian fluids including drilling mud, clay coating,
paints, fruit squash, shampoos, polymer fluxes, blood, and certain oils,
etc. Shen [8] demonstrated that as compared to Newtonian fluid flow, the
constitutive performance of non-Newtonian fluid flow is normally more
complex. According to their physical behavior, the non-Newtonian fluids
are divided into many branches one of the important branches is Casson
fluid or shear-thinning fluids. For this type of fluids, the visible viscosity
displays declining manners against applied shear stress. The mutual and
vital illustration of such fluid is human blood is given by Khan et al. [9].
In the current past, many investigators have been contributed to the
research of non-Newtonian fluid [7,10].

The fluid motion occurs on all compact bodies moving in a fluid
known as stagnation point flows. The stagnation region encounters the
maximum rates of mass deposition, the maximum heat transfers, and the
uppermost pressure explored by Heimans et al. [11]. Stagnation point
ugust 2020
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Figure 1. Physical intention of the flow problem.

Figure 2. Impression of W on F
0 ðηÞ.

Figure 3. Result of β on F
0 ðηÞ.

Figure 4. Result of M on F
0 ðηÞ.

Figure 5. Result of w on F
0 ðηÞ.

Figure 6. Impact of M and β on velocity Component Goðη).
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Figure 7. Effect of β and M on velocity component GoðηÞ.

Figure 8. Inspiration of γ and M on GoðηÞ.

Figure 9. Result of ϕ and β on temperature.

Figure 10. Plots exposing f ðηÞ; f 0 ðηÞ; f 00 ðηÞfor M ¼ 1:5; β ¼ 0:5; γ ¼ 0:5:
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flows with heat flow facet are fairly apparent in crystal puffing, paper
manufacture, revolving fibers, melt spinning process, and continuous
molding given by Mehmood et al. [12]. In the prediction of skin-friction
moreover, heat transfer or mass transfer close stagnation areas of bodies
in great speed movements, radial diffusers, drag decline, the project of
thrust compartment, transpiration cooling, drag decrease, and thermal
oil repossession the stagnation point flow with several physical posses-
sions has great physical significance given by S. Nadeem et al. [13]. Such
kind of topic has been studied by researchers [14,15,16].

The magnetic field holds a significant place in fluid mechanics due to
the sophisticated improvement in the thermophysical properties of a
fluid. Astrology and field like earth science use these fluids which proved
to be poor electric conductors. Therefore, an external agent is suggested
to improve conductivity via the heat transfer process and related ther-
mophysical characteristics. A magnetic bar can be that external agent or
maybe permanently fixed magnets with alternate electronics. Such as
experiment was first carried out by Gailitis and Lielausis et al. [17].
Ahmad et al. [18] report laminar fluid over the Riga plate which is
supported by theoretically that this efficient agent reduces skin friction.
Some fruitful research has been studied on this topic [19,20,21,22,23,24,
25,26,27].

The current study analysis uses the fixed frame of reference and non-
Newtonian fluid with the two-phase flow model on the oscillating plate.
Figure 11. Time dependent flow.



Figure 12. The consequence of M and γ on Skin friction.

Figure 13. Deviation of Pr and ϕ on Nusselt number.

Figure 14. Stream lines for β ¼ 1:

Figure 15. Stream lines for β ¼ 2.
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Heat transfer is shown for Cu nanoparticles. It is perceived that the
occurrence of Cu nanoparticles reduces the Skin friction coefficient
whereas heat transfer develops. The Casson fluid parameter makes to get
faster the fluid velocity. The partial differential equations for vacillating
2D flows are simplified in a fixed frame by considering the supposed form
of solutions. The coupled differential equations are tackled by a mathe-
matical technique like the bvp4c method in maple. The influence of
several parameters such as Casson parameter, Riga parameter, Hartmann
Number on skin friction, temperature, and velocity profile. Moreover,
flow performance is also demonstrated by streamlines.
Figure 16. Stream lines for β ¼ 3:



Figure 17. Stream lines for β ¼ 4:

Figure 18. Stream lines for M ¼ 2:

Figure 19. Stream lines for M ¼ 4:

Figure 20. Stream lines for M ¼ 6:
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2. Mathematical equations for non-Newtonian fluid flow

Consider two-phase flow model for non-Newtonian fluid with Riga
plate, unsteady, incompressible state flow. The plate vacillating in its
own plan and the flow of the nanofluid distract obliquely on it. The fluid
is in the upper half of the plane y � 0. The equations are defined as

τij ¼ � pij þ

8>><
>>:

2
�
uB þ pyffiffiffiffiffi

2π
p

�
eij π > πc

2
�
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>>;; (1)
5

∂u
∂xþ

∂v
∂y ¼ 0; (2)
∂u
∂t þ u

∂u
∂xþ v

∂u
∂y¼ νnf

�
1þ 1

β

��
∂2u
∂x2 þ

∂2v
∂y2

�
� 1
ρ
dp
dx

þ πJ0M0

8ρf
exp

�
�π
a
y
�
; (3)

∂v
∂t þ u

∂v
∂xþ v

∂v
∂y¼ νnf

�
1þ 1

β

��
∂2u
∂x2 þ

∂2v
∂y2

�
� 1
ρ
dp
dx
; (4)

αnf

�
∂2T
∂y2 þ

∂2T
∂x2

�
¼ u

∂T
∂x þ v

∂T
∂y þ ∂T

∂t : (5)



Figure 21. Stream lines for M ¼ 8:

Table 2. The impact of γ and Pr on Nusselt number.

γ Pr � θðηÞ
0.1 7.5 0.674924

0.12 0.831899

0.14 1.082955

0.1 7.5 0.665935

8.5 0.857260

9.5 0.888969
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Where jo is the current density width of magnetic, electrodes is a and Mo

the magnetization of permanent magnets.
The continuity Eq. (1) implies the occurrence of a stream function ψ

like as

u¼ ∂ψ
∂y ; v ¼ �∂ψ

∂x : (6)

Implementing the Eq. (6) on Eqs. (3), (4), and (5) and eliminate the
pressure using pxy ¼ pyx, yields

νnf

�
1þ 1

β

�	r4ψ

þ ∂ðψ ;r2ψÞ

∂ðx; yÞ � πJ0M0

8ρf
∂
∂y exp

�
�π
a
y
�
� ∂ðr2ψÞ

∂t ¼ 0; (7)

αnf

�
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∂y2 þ
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�
� ∂ψ

∂y
∂T
∂x �
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∂t þ

∂ψ
∂x

∂T
∂y ¼ 0: (8)

3. Fixed frame of reference for the phase flow model

Conferring to [16] we consider that

ψ ¼ k½xf ðyÞþ gðyÞ�; (9)

where k is a parameter. We examine that about the plate is oscillating at
the point y ¼ 0, and the fluid engaged at the upper half plane y > 0. The
Table 1. The impact of γ and M on Skin friction coefficient.

γ M 1
2
Cf Re ¼ F

0 ð0Þ þ F 00ð0Þ

0.1 0.1 -0.839302

0.11 - 0.937015

0.12 -1.053934

0.1 0.1 -0.829415

0.2 -0.933832

0.3 -1.026499
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flow function is given by [16], ψ ¼ 1
2 γy

2 þ xy. The boundary conditions
are given below

gðyÞ ¼ 0; gyðyÞ ¼ 0; f ðyÞ ¼ 0; f
0 ðyÞ ¼ 0; at y ¼ 0;

gyðyÞ ¼ γy; f
0 ðyÞ ¼ 1; as y → ∞:

(10)

Where the γ is dimensionless and implementing (9) on (7), we obtain
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Integrating Eqs. (11) and (12) with respect to y and exhausting
boundary conditions (10), we get
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In order to obtain the dimensionless form of Eqs. (5), (10), (13), and
(14), we get
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Table 3. Verification of results for f 00ð0Þ.

M [43] Present Study

0.0 1.232593 1.232598

0.16 1.295369 1.295389

0.64 1.467975 1.467977

1.0 1.585329 1.585356
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F
0 ð∞Þ¼ 1; Fð0Þ ¼ 0; F

0 ð0Þ ¼ 0; (21)
G
0
oð∞Þ¼ γ; Goð0Þ ¼ 0; G

0
oð0Þ ¼ 0; (22)

G
0
1ð∞Þ¼ γ; G1ð0Þ ¼ 0; G

0
1ð0Þ ¼ 0; (23)

θoð∞Þ¼ 0; θoð0Þ ¼ 1; (24)

θ1ð∞Þ¼ 0; θ1ð0Þ ¼ 1: (25)

Where the Parameter M ¼ πJ0M0
8ρf

is the modified Hartman number. For

M > 0; Lorentz force is þve in x-direction, and -ve in x-direction for M <

0. The thermal diffusivity of the nanofluid is discovered by αnf , and
ðρCpÞnf the heat capacity of nanofluid, ks; kf the thermal conductivity of
solid portions and base fluid υnf is kinematic viscosity of the nanofluid
which is shown by [16],

μnf ¼
μnf

ð1� ϕÞ2:5�ð1� ϕÞρf þ ϕρs
�;

ρnf ¼ ϕρs þ ð1� ϕÞρf ;

αnf ¼ knf	
ρCp



nf

;

	
ρCp



nf ¼ ϕ
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s þ ð1� ϕÞ	ρCp



f ;

knf
kf

¼ �2ϕ
	
ks � kf


þ 	
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�ϕ
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þ 	
ks þ 2kf


 :

(26)

The Skin friction number can be exalted as

Cf ¼ τw
1
2ρf U

2
w

; (27)

the shear stress is stated by

τw ¼ ∂u
∂y


y¼0

: (28)

Dimensionless form of Eq. (27), obtain

1
2
RexCf ¼ 1

ð1� ϕÞ2:5
h ffiffiffiffiffi

Re
p

F
00 ð0ÞþG

00 ð0Þþ εG00ð0Þeit
i
; (29)

where Re ¼ sx2
υf
; is the local Reynolds number.

The stream function is in dimensionless form

ψ* ¼ ψ
νf

¼ xFðηÞ þ GðηÞ: (30)

Showing in Figure 1 an angle α with the plate is generating by the
streamline and the slope of straight line can be found by setting ψ* ¼ 0 as
ψ ¼ 1

2 γy
2 þ xy where η ¼ �2

γ x which gives slope ¼ �2
γ . Hence the γ

(shearing parameter) and α (impinging angle) relationship is
7

α¼ tan�1 �2
γ

: (31)

� �

The Nusslet number Nu is accessible as

Nu¼ xqw
kf ðTw�T∞Þ; (32)

heat flux is calculated by

qw ¼ � knf
∂T
∂y


y¼0

: (33)

Dimensionless form of Eq. (32) given by

ðRexÞ�
1 =

2Nu¼ knf
kf

�
θ
0 ð0Þþ εθ0ð0Þeit�: (34)

4. Solution procedure

Numerical solution of the Eqs. (16), (17), (18), (19), and (20) is
attained using BVP solution technique manufactured in Maple software.
It can be predictable that foremost system (16–20) has one-way coupling
i.e., f ðyÞ special effects G0ðyÞ;G1ðyÞ, θ0ðyÞ and θ1ðyÞ but not vice versa.
Also, for minor values of Ω, a series solution of Eqs. (18) and (20) has
been gained, followed as

G1ðyÞ¼
X∞
n¼0

ðiΩÞnχnðyÞ; and θ1ðyÞ¼
X∞
n¼0

ðiΩÞnϑ1nðyÞ: (35)

Taking the solution of real part only, as the form

G1ðyÞ¼ χoðyÞ �Ω2χ2ðyÞ þΩ4χ4ðyÞ⋯ (36)

Using Eq. (35) in Eqs. (18) and (23) we get
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χ
0
nð0Þ¼ 0; χnð0Þ ¼ 0; χ

0
nð∞Þ ¼ 0; n ¼ 1; 2; 3⋯ (40)

For Eq. (20), the series solution can also be explicated similarly.

θ1ðyÞ¼
X∞
n¼0

ðiΩÞnϑ1nðyÞ: (41)

For minor values of Ω considering the real part only, we get

θ1ðyÞ¼ ϑ10ðyÞ �Ω2ϑ12ðyÞ þΩ4ϑ14ðyÞ⋯ (42)

We have perceived that ϑ10ðyÞ ¼ θ0ðyÞ and solving θ0ðyÞ by direct
integration we get

θ0ðyÞ¼ Jnf ð∞;PrÞ � Jnf ðy;PrÞ
Jnf ð∞;PrÞ ; (43)

where

Jnf ðy;PrÞ¼
Z y

0
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@� Pr
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ρCp



nf	

ρCp



f

Z s

0
f ðηÞdη

1
Ads: (44)

Finally, the series form solution of the temperature Eq. (20) becomes
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1 knf
ϑ

00
1n þ

ρCp nf	 
 	
fϑ

0
1n � ϑ1ðn�1Þ


¼ 0; (45)

pr kf

	 

ρCp f

ϑ1nð0Þ¼ 1; ϑ1nð∞Þ ¼ 0; n ¼ 1; 2; 3⋯ (46)

The thermophysical properties of base fluid and nanoparticle are
composed of [16].

5. Results and discussion

The above equations are solved by bvp4c method in maple and the
current portion studies the performance of several flow parameters.
Figure 2 expresses the performance for some values of dimensionless
parameter W and Casson parameter β on velocity component F 0ðηÞ.
When the values of W rise the velocity field reduces and the boundary
layer also decrease. Figure 3 displays when β varies for two values and
the modified Hartmann number M rises then the velocity field enhances
and the thickness of the boundary layer declines. ForM > 0, Lorentz force
is positive and negative for M < 0 and M produces resistive type force in
the boundary layer and that boundary layer reduces the motion of the
fluid. If the Casson parameter β and modified Hartmann number M in-
crease, then the velocity boundary layer viscosity develops solvent. On
the other way, for Casson fluid it is noted that the velocity boundary layer
viscosity is higher as compared to that of Newtonian fluid. Figure 4
explored when modified Hartmann number M vary for two values and
the Casson parameter β is also rising then the boundary layer decreased
and the velocity field increased and the behavior of the fluid convert
Newtonian to non-Newtonian because it is noted that in non-Newtonian
fluid the forces spread quickly then Newtonian fluid due to fact the radial
velocity rises as β rises. The Lorentz force increases which attacks fluid
flow by physically rising M. Hence velocity profile increases. Figure 5
displays the action for different values of β andW on velocity component
F 0ðηÞ. When the values of W rises then the velocity field also raises and
the boundary layer declines. Figures 6 and 7 discoveries the impact of the
velocity profile GoðηÞ by changing β and M fixing the other parameters.
Figure 8 shows the performance of the velocity component GoðηÞ by
varies γ and M. Figure 9 shows that by adding nanoparticle the thermal
boundary layer and the thermal conductivity escalate therefore the
temperature profile enhances by increasing ϕ and β. It is clearly observed
that the temperature profile is increasing the function of nanoparticle
volume fraction. Figure 10 shows the action of velocity and velocity
gradient ðf ðyÞ; f 0 ðyÞ; f 00 ðyÞÞ is designated for M ¼ 1:5; β ¼ 0:5; γ ¼ 0:5;
and it achieves the boundary conditions. Figure 11 shows the presence of
the non-dimensional time t on uðη; tÞ in a fixed frame of reference
respectively. It is perceived that uðη; tÞ is an oscillation. Figure 12
explored the disparity in Skin friction by changing γ: Figure 13 shows the
effect of ϕ and Pr on Nusselt number. Increment arose due to increases of
Pr. Figures 14, 15, 16, 17, 18, 19, 20, and 21 validate the impact of β and
M on stream lines. Table 1 is made to examine the impact of γ and M on
Skin friction and expresses the value of Skin friction increases due to
increases in the value of the parameter. Table 2 is made to demonstrate
the effect of γ and Pr on Nusselt number. This table illustrate when all
parameters increases the value of Nusslet number also increases. Table 3
is made to validate the results.

6. Conclusion

The two-phase model for non-Newtonian nanofluid with Riga plate
covering thermophoresis and Brownian motion effects is selected for
investigation.

The resulting ideas are worth mentioning...

� The velocity field rises for F 0 ðηÞ, and the velocity field rises and the
boundary layer decreases.
8

� Temperature profile θðyÞ drops with non-Newtonian parameter β, and
ϕ:

� By increasing the M and thermal stratification the thermal boundary
layer is dejected.
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