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ABSTRACT: In China, both vanadium(V) and chromium(VI) are present in
wastewater resulting from vanadate precipitation (AVP wastewater) and from
leaching vanadium−chromium reduction slag. Addressing environmental
preservation and the comprehensive utilization of metal resources necessitates
the extraction and separation of V(V) and Cr(VI) from these mixed solutions.
However, their separation is complicated by very similar physicochemical
properties. This study establishes a method for the dynamic selective adsorption
of V(V) from such mixtures. It evaluates the impact of various operating
conditions in columns on dynamic adsorption behavior. This study examines the
migration patterns of the mass transfer zone (MTZ) and forecasts its effective
adsorption capacity through multivariate polynomial regression and a neural
network (NN) model. The NN model’s outcomes are notably more precise. Its
analysis reveals that C0 is the most critical factor, with Q and H following in
importance. Furthermore, the dynamic properties were analyzed using two
established models, Thomas and Klinkenberg, revealing that both intraparticle and liquid film diffusion influence the rates of
exchange adsorption, with intraparticle diffusion being the more significant factor. Using 3 wt % sodium hydroxide as the eluent to
elute V(V)-loaded resin at a flow rate of 4 mL/min resulted in a chromium concentration of less than 3 mg/L in the V(V) eluate,
indicating high vanadium−chromium separation efficiency in this method. These findings offer theoretical insights and economic
analysis data that are crucial for optimizing column operation processes.

1. INTRODUCTION
The Panxi region of our country boasts abundant vanadium−
chromium resources, including vanadium−titanium magnetite.
Enhancing the overall recovery rate of vanadium and
chromium from vanadium−titanium magnetite has significant
strategic importance for improving the comprehensive
utilization rate of this ore. In the current process of blast
furnace smelting-converter blowing extracting vanadium using
vanadium−titanium magnetite as raw material, due to the
similar chemical properties of vanadium and chromium, most
of the chromium in the raw materials is oxidized along with
vanadium and enriched in the intermediate product�the
vanadium slag�during the converter smelting process.
Subsequently, chromium and vanadium are jointly leached
out, forming a mixed leaching solution containing both
elements.1−3 Efficiently extracting and separating vanadium
and chromium from this solution, increasing the recovery rate
of both elements while also reducing environmental pollution,

presents an important challenge for those working in vanadium
metallurgy.
In recent years, significant advancements have been made in

both domestic and international techniques for extracting
vanadium from vanadium slag leachate. These include
innovative leaching, column percolation, ion exchange,
adsorption, high-pressure pyrolysis, and solvent extraction
methods. Wen4 introduced a novel method that uses sodium
bicarbonate solution for roasting leaching of vanadium−
chromium slag, achieving selective leaching and separation of
vanadium from chromium. This presents a new strategy for the
targeted separation of these elements. Zou5 developed a
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multistep column percolation method, employing a 1.0 M
oxalic acid solution to leach contaminated soil containing
vanadium and chromium three times, with a solution-to-soil
ratio of 0.3 mL/g. This approach resulted in 77.2% vanadium
and 7.2% chromium removal rates. Xin6 prepared a unique
phosphoric acid-functionalized porous composite adsorbent,
SPCCHC, combining chitosan with algae pyrolysis carbon.
This adsorbent efficiently separated vanadium and chromium
from mixed solutions, demonstrating high selectivity and
providing an ecofriendly option for processing such mixtures.
Bian7 used a process involving ammonium chloride pressure
pyrolysis, followed by acid leaching and solvent extraction, to
isolate vanadium, titanium, and iron from vanadium−titanium
magnetite. XRD and SEM-EDS analyses confirmed the
effectiveness of this method in enhancing vanadium capture
through the in situ generation of trivalent/divalent ferric
chloride, facilitating the separation of vanadium and
chromium. Similarly, Liu8 utilized Aliquat 336 in solvent
extraction to separate and recover vanadium and aluminum
from oxalic acid-leached liquid. Luo9 proposed the use of the
ionic liquid trioctyl methylammonium chloride (TOMAC) as
an extractant for an efficient and environmentally friendly
recovery of V(V) from shale leaching solutions, illustrating that
solvent extraction can be an effective and selective method for
separating vanadium and chromium.
The ion exchange method10,11 stands out among various

techniques due to its advantages, such as recyclability, efficient
vanadium and chromium separation, and cost-effectiveness. In
this research, a column exchange technique has been
developed, capitalizing on the different behaviors of vanadium
and chromium in solution to selectively adsorb V(V) from a
mixed solution. The effective adsorption capacity was obtained
using both multivariate polynomial regression and neural
network (NN) models. Furthermore, the dynamic properties
were analyzed using two established models, Thomas and
Klinkenberg, revealing that both intraparticle and liquid film
diffusion influence the rates of exchange adsorption, with
intraparticle diffusion being the more significant factor. This
research offers both technical and theoretical guidance for
enhancing the overall recovery of vanadium and chromium
from wastewater produced during vanadium precipitation as
well as from the leachate of reduced vanadium−chromium
slag.

2. EXPERIMENTAL MATERIALS AND METHODS
2.1. Experimental Materials. Column experiments were

carried out in glass columns equipped with a Dex-V resin.
These columns measured 40 cm in height and had an internal
diameter of 1.5 cm. We employed a macroporous anionic
exchange resin, Dex-V, as the adsorbent. All of the chemicals
utilized in our experiments were of analytical grade. For the
process of resin transformation and regeneration, we used 0.85
M HCl to regenerate the resin and 0.5 M NaOH served as the
eluent for extracting vanadium. The pH levels of solutions
were adjusted using 0.1 M NaOH and 0.1 M H2SO4. In order
to alter the valence states of vanadium and chromium,
NaHSO3 and H2O2 were used as a reductant and a mild
oxidant, respectively. Stock solutions containing 10 g/L V(V)
and 4 g/L Cr(VI) were prepared by dissolving Na3VO4 and
Na2CrO4, respectively.
2.2. Selectively Reducing Cr(VI). To selectively adsorb

vanadium, V(V) and Cr(VI) were first reduced to V(IV) and
Cr(III) by the reductant, respectively. Subsequently, V(IV)

was selectively oxidized to V(V) by a weak oxidant, resulting in
the formation of V(V) anionic groups, while Cr(III) remained
in its trivalent cationic form.1 Subsequently, the pH of the
leachate was adjusted to 3.0.
2.3. Experimental Method and Principle. The study

commenced with a diluted mixture of V(V) and Cr(VI) stock
solutions, utilized as the feed for the column, to investigate the
optimal operating conditions for ion exchange processes. It
aimed to predict the adsorption capacity of the column and
optimize its conditions using nonlinear programming techni-
ques. Following this, the resin-treated eluent with 0.5 M
NaOH underwent several stages, including precipitation,
purification, and roasting, to produce V2O5. The solution,
after vanadium removal, undergoes sequential washing,
precipitation, and roasting to produce Cr2O3. The process
flow for the separation of vanadium and chromium is shown in
Figure 1.

V(V), pretreated through redox reactions in the leachate,
was selectively absorbed by the resin as H2V10O284−,

1,12 while
Cr3+ remained unabsorbed in the solution. The active ion in
the Dex-V resin is Cl−. During adsorption, H2V10O284− ions
move through the resin particle’s surface liquid film layer by
mass transfer, then diffuse into the macropores to exchange
with the mobile Cl− ions on the reactive sites. The replaced
Cl− ions exit the resin particles, moving through the liquid film
layer back into the solution. The absorption process of V(V)
by Dex-V resin can be described as follows:1

+

+

=

H V O 4R Cl

R H V O 4Cl (pH

3.0)

2 10 28
4

(l) (s)

4 2 10 28(s) (l)

(1)

2.4. Column Experiments. A mixed solution of V(V) and
Cr(III) was prepared using stock solutions of V(V) and
Cr(VI). We created mixtures with varying concentrations of
V(V) (2, 4, 6, and 10 g/L) and a constant concentration of
Cr(VI) at 2.4 g/L for the feed solutions. These solutions were
then passed through a column packed with resin at various bed
heights (25, 30, and 35 cm) using a peristaltic pump set to
different flow rates (3, 4, 5, and 6 mL/min). Samples were
continuously collected from the column outlet at regular

Figure 1. Process flow for the separation of vanadium and chromium.
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intervals and analyzed using inductively coupled plasma-atomic
emission spectrometry (Optima 4300 DV, PerkinElmer, USA).
The elution of vanadium-loaded resin occurred when the V(V)
concentration at the column outlet reached 97% of its initial
value using 0.5 M NaOH at a flow rate of 4 mL/min to obtain
the eluent. This data helped predict the optimum operating
conditions for the column.
During the adsorption process, breakthrough curves13,14

(BTCs) were generated, defining the breakthrough time (tBp)
when V(V) concentration at the outlet was 3% of the feed
concentration and the saturated adsorption time (tE) when it
reached 97%.
2.5. Analysis of the Column Data. As the feed solution

flows through the column, vanadium anionic groups move
from the solution into the resin’s active sites, replacing chloride
ions (Cl-). The mass transfer zone (MTZ) gradually moved
downward through the bed. Once the MTZ front reaches the
bed’s bottom, vanadium(V) starts to be detected in the outlet
samples, with its concentration increasing over time. A
breakthrough is identified when the concentration of
vanadium(V) in these samples hits 3% of its concentration
in the feed solution. The methodologies proposed by
Michaels15 and Lukchis16 are suitable for examining how
varying column operating conditions affect breakthrough
behavior and for investigating MTZ’s migration patterns.

2.5.1. Effective Utilization Rate of the Column. The
utilization rate of the column, denoted as η, is essentially the

ratio of V(V) adsorption at the breakpoint (ABp in mg) to its
total adsorption at equilibrium (AE in mg). The fraction of
adsorption capacity, F, is the ratio of the V(V) amount
adsorbed per unit height of the MTZ, AZ (mg), to the total
V(V) quantity passing through the MTZ, Amax (mg).
Theoretically, η is directly related to F, as demonstrated by
the equations below:
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V t

tBp
0
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0
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(2)

= = *A C C dV Q C C dt( ) ( )
V

V

t

t

tZ 0 V 0
Bp

E

Bp

E

(3)

= = ×A C V V C t t Q( ) ( )max 0 E Bp 0 E Bp (4)

= =
*

*
=

A

A

Q C C dt

Q C C dt

C C dt

C C dt

( )

( )

( )

( )

t
t

t
t

t
t

t
t

Bp

E

0 0

0 0

0 0

0 0

Bp

E

Bp

E

(5)

= =
*

* =F
A

A

Q C C dt

C t t Q

C C dt

C t t

( )

( )

( )

( )
t

t
t t

t
t

Z

max

0

0 E Bp

0

0 E Bp

Bp

E

Bp

E

(6)

Figure 2. (a) Description of the MTZ; (b) Variation in V(V) concentration in the solution collected at the column outlet over time.
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where tBp is the breakpoint and tE is the equilibrium point. ABp
and AE are the V(V) adsorption amount of the column at tBp
and tE, respectively. VBp and VE are the volume of the solution
flowing through the column at tBpand tE, respectively.

2.5.2. Height and Migration Rate Analysis of the MTZ.
The MTZ17 typically denotes the area where ion exchange
reactions occur between the zone of saturation and the
unsaturated region. The MTZ’s height indicates the efficiency
of vanadium(V) adsorption by the resin in the column. A
quicker adsorption process results in a shorter MTZ height,18

indicating lower mass transfer resistance. Conversely, a taller
MTZ suggests a slower adsorption rate and higher resistance in
the mass transfer process.19

In an adsorption column, the MTZ typically forms an S-
shaped curve along the column axis. The curve flattens at both
ends, suggesting that the MTZ is expanding and extending its
length. This extension leads to a decreased mass transfer
driving force, due to the reduced concentration gradient at the
MTZ’s front. Furthermore, the resin’s limited adsorption
capacity slows down the rate at which it can adsorb V(V), as
part of the resin has already absorbed some V(V) anionic
groups. However, in the MTZ’s central area, where the resin
first encounters high concentrations of V(V) anionic groups, it
shows strong adsorption capacity. This causes the MTZ curve
to contract. As the adsorption progresses, the MTZ moves
downward along the column. The MTZ’s end, marking the
saturation zone’s bottom, and its front difference define the
MTZ’s height, denoted as Hz, illustrated in Figure 2.
tBp is defined as the moment when the MTZ front reaches

the column’s end, initiating breakthrough behavior. Similarly,
tE marks the time when the MTZ’s end aligns with the
column’s end, resulting in resin saturation within the column.
From this analysis, it is evident that the time (tZ) needed for
the MTZ to traverse a distance equivalent to its height (HZ)
equals the difference between tE and tBp. Consequently, the
MTZ’s migration rate (UZ) can be described by eq 10:

=t t tZ E Bp (9)

=U H t/Z Z Z (10)

When the MTZ descends from the bed’s top to its tail, it
travels a distance equal to the column’s bed height (Hb). The
duration (t) of this process equals the difference between tE
and the MTZ’s initial formation time (tf), as demonstrated in
eq 11. Furthermore, the MTZ’s migration rate (UZ) is defined
in eq 12:

=t t tE f (11)

=U H t/Z b (12)

Based on the equations from 9 to 12, eq 13 can be obtained
as follows:

=H t t H t t/( ) /( )Z E Bp b E f (13)

According to eq 6, we can assess the adsorption capacity for
each unit of MTZ height using parameter F. When F = 1, it
suggests that the resin within the column is nearly saturated at
tBp, resulting in an exceptionally small MTZ height per unit.
This scenario also leads to a prolonged period before the MTZ
front reaches the column’s bottom, implying the MTZ forms
very quickly�practically in no time (tf is almost 0).
Conversely, when F = 0, it indicates a low adsorption capacity
per unit of MTZ height, stretching the MTZ length
considerably and causing the MTZ front to reach the bottom
of the column rapidly. This condition is expected to
significantly extend the MTZ’s formation time (tf is roughly
equal to tZ). Thus, the equation below represents the
correlation between tZ of the MTZ and parameter F:

= =t F t F t t(1 ) (1 )( )f Z E Bp (14)

By combining eqs 13 and 14, the height of the MTZ can be
obtained as

=
+

H
H t t

t F t t

( )

( )Z
b E Bp

Bp E Bp (15)

where HZis the height of the MTZ itself, Hb is the bed height
of the column, tf is the formation time of the MTZ, and tE is
the time required for the resin within the column to reach
saturation adsorption.

2.5.3. NN Model. An NN model20−22 was developed to
predict the removal efficiency of V(V) in column exchange
experiments. The design of the NN model includes several key
components: the input layer, hidden layer, output layer,
connection weights and biases, activation functions, and
summing nodes. Mean square errors (MSE) serve as the loss
function, Prelu is used as the activation function, and stochastic
gradient descent (SGD) is the method for gradient descent.
Computations were carried out using Pycharm software. The
maximum number of epochs for training cycles was set to
2000. The magnitude of the loss, which is used to assess
performance, is defined by eq 16:

=
=n

y yMSE
1

( )
i

n

i i
1

2

(16)

2.5.4. Models for Dynamic Properties. 2.5.4.1. Thomas
Model. The Thomas model22 suggests that ion exchange in the
column operates like piston flow, with isothermal adsorption
following the Langmuir isotherm equation. Intraparticle
diffusion mass transfer is the sole rate-limiting factor,
disregarding liquid phase backmixing effects. The relationship
is derived as follows:

=
i
k
jjjjj

y
{
zzzzz

C
C

k q m

Q
k C tln 1o

t

T o
T o

(17)

where kT (L/min·g) is the rate constant of the Thomas model,
qo (mg/g) is the theoretical maximum adsorption capacity of
the resin, m (mg) is the mass of the numerals, and t (min) is
the adsorption time.
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2.5.4.2. Klinkenberg Model. Assuming that the mass
transfer driving force is linearly related to the concentration
gradient of the liquid phase, and ignoring the effects of axial
backmixing, the following expression can be derived according
to Klinkenberg:23−25

+ + +
Ä

Ç

ÅÅÅÅÅÅÅÅÅÅÅ
i
k
jjjjj

y
{
zzzzz

É

Ö

ÑÑÑÑÑÑÑÑÑÑÑ
C
C

1
2

1 erf
1

8
1

8t (18)

= k k z u( / )((1 ) )g d (19)

= k t Z u( ( / ))g (20)

where ξ is the dimensionless length transformation coordinate,
and τ is the dimensionless time transformation coordinate. kgis
the overall diffusion coefficient, and kfis the external fluid film
mass transfer coefficient. DPis the pore diffusion coefficient
within the particle. According to Henley,25 the following
expression can be derived from the equation for the overall
diffusion coefficient provided:

= +
k k

R
k

R
D

1
3 15g d

P

f

P
2

P (21)

= ScSh 1.09 Re2/3 1/3 1/3 (22)

=Sh
k R
D

2 f P

m (23)

The Sherwood number, denoted as Sh, quantifies the ratio of
the resistance to diffusion at the fluid boundary compared to
the overall mass transfer resistance. The Schmidt number, Sc,
measures the ratio of momentum transfer to mass transfer,
indicating how these two processes compare in fluid flow. The
Reynolds number, Re, represents the ratio of inertial forces to
viscous forces, which is a crucial factor in determining the flow
characteristics of fluids. Dm, with units of m2/s, is the diffusion
coefficient for the adsorbed material in the water-soluble phase.
The density of the liquid phase is represented by ρ in kg/m3,
and RP, expressed in meters (m), is the radius of the resin
particle. These parameters are essential for understanding and
modeling the behavior of particles and fluids in various
engineering and scientific applications.

3. RESULTS AND DISCUSSION
3.1. Effect of Column Operating Conditions on V(V)

Adsorption in Column. 3.1.1. Effect of Flow Rate. At a pH
of 3.0, a mixed solution with a concentration of 4 g/L V(V)
and 2.4 g/L Cr(VI) was passed through a column with a bed
height of 30 cm at flow rates of 3, 4, 5, and 6 mL/min. Figure 3
displays the effects of different flow rates on the BTCs of the
dynamic adsorption of V(V).
Increasing the feed solution flow rate from 3 to 6 mL/min

reduced the empty bed contact time26−28 (EBCT) from 10.4
to 5.2 min. Simultaneously, the Dex-V resin’s adsorption
capacity for vanadium decreased from 168 to 115 mg/g. As
shown in Figure 3, a higher flow rate speeds up both bed
penetration and saturation velocities, leading to quicker
breakthrough times, smaller penetration and saturation
volumes, and a reduced saturation adsorption volume.
Figure 3 illustrates a distinct feature of the BTCs for

vanadium(V) exchange. As the feed solution’s flow rate
increases, the curve’s shape noticeably shifts away from the

classic S-shape. More precisely, the curve’s lower portion
morphs from being concave to convex. This change likely
results from the heightened mass transfer driving force,
prompted by the increased flow rate, which accelerates the
mobility of V(V) anions in the solution. Consequently, the
feed solution spends less time in the exchange column,
enabling V(V) anions to move through the column faster and
exit with the effluent. This rapid transit reduces the chances for
V(V) anions to interact with the resin’s active sites and
participate in exchange reactions. The outcome is a shorter
MTZ and a more noticeable upward bulge in the penetration
curve, a trend that becomes especially evident at lower
exchange capacities.
Figure 3 demonstrates that the BTCs exhibit a smoother

trend at lower flow rates, suggesting that the resin has a higher
adsorption capacity. In contrast, a sharper change in the BTCs
signifies a quicker reach to breakthrough and saturation,
indicating a decreased adsorption capacity of the resin. These
findings align with research conducted by Ma29 and Schaefer.30

Choosing an appropriate flow rate requires balancing several
factors to meet the processing demands and achieve optimal
adsorption efficiency. At flow rates of 3, 4, 5, and 6 mL/min,
the resin’s saturated adsorption capacities were recorded at
168, 148, 138, and 115 mg/g, respectively, with corresponding
saturation times of 613, 557, 507, and 455 min. Below 4 mL/
min, a minor increase in flow rate gradually reduces the
adsorption capacity while significantly decreasing the adsorp-
tion time. Above 4 mL/min, the trend reverses. Thus, a flow
rate of 4 mL/min was chosen for further experiments with
V(V) solution, considering the balance between adsorption
capacity and time.

3.1.2. Effect of Bed Height. At a pH of 3.0, a mixed solution
with 4 g/L V(V) and 2.4 g/L Cr(VI) was passed through
columns of different bed heights (25, 30, and 35 cm) at a
constant feed rate of 4 mL/min. The effects of these varying
bed heights on the BTCs for the dynamic adsorption of V(V)
are illustrated in Figure 4.
According to Figure 4, the BTCs become more S-shaped

and their transitions from start to end are smoother with
increasing bed height. This also results in higher breakthroughs
and total outflow volumes. This effect is due to the larger
amount of Dex-V resin in taller beds, offering more effective
adsorption sites for V(V). Additionally, a taller bed extends the
contact time between the resin and solution phases, leading to
lower V(V) concentrations at the column’s output. As a result,
both the breakthrough and saturation times are extended.

Figure 3. BTCs of V(V) adsorption at different flow rates.
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Furthermore, a greater bed height improves mass transfer and
enlarges the contact area between V(V) anions and the resin’s
active adsorption sites, enhancing the column’s dynamic
adsorption capacity.31,32 However, an excessively tall bed
height increases the resistance, raising both operational costs
and time. Therefore, after evaluating these aspects, a bed
height of 30 cm was selected for subsequent experiments.

3.1.3. Effect of Initial V(V) Concentration. At a pH of 3.0, a
solution containing 2.4 g/L Cr(VI) and varying concentrations
of V(V) at 2, 4, 6, and 10 g/L was passed through a column
with a bed height of 30 cm and a flow rate of 4 mL/min. The
BTCs for V(V) adsorption at these different concentrations are
presented in Figure 5.

In the adsorption process, at the 200th minute, the ratio of
Ct/C0 was observed to be 0.02, 0.18, 0.28, and 0.98 for initial
V(V) concentrations of 2, 4, 6, and 10 g/L, respectively.
However, when the initial concentration of V(V) in the feed
solution is excessively high, there is not sufficient time for the
V(V) anionic groups to diffuse and interact with the resin’s
adsorption sites as the MTZ moves downward through the
column. This results in inadequate interaction with active sites
and diminishes the column’s effective utilization rate.
Figure 5 demonstrates that as the initial concentration of

V(V) increases, the BTCs become steeper, indicating that the
adsorption process reaches saturation more quickly. Further-
more, higher initial concentrations of V(V) result in smaller
breakthrough and saturation volumes. This is due to the larger
concentration gradient of V(V) inside and outside the resin
particle, which enhances the mass transfer driving force for the
anionic groups of V(V),33,34 thereby improving the efficiency
of diffusion mass transfer. Additionally, a higher concentration
of the V(V) feed solution shortens the length of the MTZ,35,36

suggesting that the V(V) concentration affects the break-
through and saturation times by altering the rates of mass
transfer and diffusion efficiency.
A higher concentration of the V(V) feed enhances the

availability of active adsorption sites for reacting with V(V)
anionic groups, leading to quicker adsorption. This results in
earlier breakthrough and saturation times. Moreover, under
identical conditions, the resin’s adsorption capacity increases
with the concentration of V(V). Specifically, the Dex-V resin
reached its maximum adsorption capacity for V(V) at 176 mg/
g with a bed height of 30 cm. This capacity is notably greater
than the best achieved in static adsorption processes (133 mg/
g), obtained at a starting V(V) concentration of 10 g/L and a
flow rate of 4 mL/min. These outcomes align with findings by
Chow37 and Al-Jaser,38 who also reported similar trends in
BTCs with varying initial concentrations of V(V).
3.2. Migration Regularity of the MTZ and the

Optimization of V(V) Dynamic Adsorption Conditions.
3.2.1. Effective Utilization Rate of the Column under
Different Column Operating Conditions. The shape of
BTCs indicates that a higher F value signifies a stronger
adsorption capacity of the resin over time. This implies a
greater adsorption capacity per unit MTZ height, leading to a
smoother BTC trend from the beginning tBp to the end tE.
Theoretically, both increasing bed height and reducing flow
rate enhance column operating conditions, boosting vanadium-
(V) adsorption capacity throughout the process. Conse-
quently, the resin’s V adsorption amount increases from tBp
to tE, indicating a rise in adsorption capacity and column
efficiency per unit MTZ height. Table 1 presents the actual F

Figure 4. BTCs of V(V) adsorption at different bed heights.

Figure 5. BTCs of V(V) adsorption at different V(V) concentrations.

Table 1. Characteristic Parameters of the MTZ

C0 g/L Q mL/min H cm tf min tZ min F AZ g Amax g HZ cm UZ cm/min NZ qEpexp mg/g qBpexp mg/g η%
2 4 30 228 615 0.63 3.10 4.92 30 0.05 1.01 148 53.7 28
6 4 30 132 314 0.58 4.37 7.53 39 0.12 0.77 168 40.7 16
10 4 30 63 209 0.70 5.84 8.34 40 0.19 0.75 176 11.7 5
4 3 30 302 635 0.52 3.99 7.62 37 0.06 0.80 161 60.6 22
4 5 30 161 323 0.50 3.25 6.47 40 0.12 0.76 138 47.1 20
4 6 30 134 250 0.47 2.78 5.99 44 0.18 0.68 115 37.1 18
4 4 25 194 359 0.46 2.63 5.74 40 0.11 0.63 121 32.9 14
4 4 30 216 440 0.51 3.60 7.04 39 0.09 0.78 158 53.5 21
4 4 35 186 455 0.59 4.31 7.28 32 0.07 1.08 190 87.6 33
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values under various operating conditions, confirming the
theoretical predictions.
Table 1 illustrates the relationship between the column

effectiveness and operating conditions. Increasing bed height,
decreasing feed rate, and lowering initial V(V) concentrations
improve column utilization. However, very slow feed rates
increase back mixing, and higher bed heights yield more
resistance, raising costs and extending operation times. Thus, a
comprehensive consideration of factors is crucial in experi-
ments.
The MTZ’s considerable height necessitates a theoretical

bed height significantly larger than the actual MTZ length. Yet,
the actual bed height is reduced below the theoretical
requirement due to heightened bed resistance from increasing
bed height. Consequently, the effective utilization rate remains
modest, peaking at 33% under specific experimental con-
ditions�achieved with a flow rate of 4 mL/min, a bed height
of 35 cm, and an initial V(V) concentration of 4g/L.

3.2.2. Migration Regularity of the MTZ. Figure 6 illustrates
the correlation between the MTZ height and column operating
conditions. The MTZ height diminishes as the bed height
increases, but it elevates with higher initial V(V) concentration
and greater solution flow rates. An increase in flow rate
necessitates a larger MTZ to compensate for V(V)’s reduced
residence time, thereby raising the MTZ’s height. Conversely,
a higher initial V(V) concentration leads to an increase in the
MTZ height to accommodate more V(V) ions through
additional active adsorption sites. Moreover, increasing the
bed height enhances the column’s adsorption efficacy by
offering ample adsorption sites for V(V), which in turn reduces
the MTZ height.
Figure 2 illustrates the MTZ as the area between the two

dotted lines. The top dotted line indicates the boundary where
C/C0 = 0.97, marking everything above this line as the
saturated adsorption zone. Conversely, the bottom dotted line
marks the boundary, where C/C0 equals 0.03. The MTZ’s
migration rate mirrors the downward expansion of the
saturated adsorption zone. From eq 13, we have derived
formulas for both the MTZ’s migration rate (eq 24) and its
migration distance (eq 25):

= =U H t t H t t/( ) /( )t t f b E f (24)

=H H t t t t( )/( )t b f E f (25)

Figure 7 illustrates the correlation between Ct/C0 and the
migration distance of the MTZ during the experiments. With a
constant flow rate of 4 mL/min, once the column resin became
saturated (Ct/C0 = 0.97), the MTZ heights for columns with
bed heights of 25, 30, and 35 cm were recorded as 40, 39, and
32 cm, respectively. Furthermore, the respective migration
distances of the MTZ at saturation were measured at 24.50,
28.75, and 34.75 cm.
The experimental results show that as the value of Ct/C0

approaches 0.97, the migration distance of the MTZ changes,
depending on the bed height; it increases with the bed height.
Theoretically, the MTZ’s front moves downward toward the
bottom of the column. However, if the height of the
nonreactive region, which does not undergo any exchange
reaction, is less than the MTZ’s height, it fails to accommodate
a complete MTZ. As a result, the concentration of V(V) at the
column outlet reaches and then surpasses the breakthrough
value (Ct/C0 = 0.03), eventually reaching the saturation level.
The longer the MTZ within the column, the less efficiently it is

utilized, leading to a shorter MTZ migration distance.
Consequently, this results in a quicker reach of both the
breakthrough and saturation values for the concentration of
V(V) at the column outlet. These findings are consistent with
theoretical predictions.
The column’s efficiency can also be measured by a

parameter known as NZ, besides η. NZ represents the number
of MTUs calculated as the ratio of the bed height to the height
of the MTZ. According to eq 26,39−41 NZ indirectly indicates
the rate at which resin adsorbs V(V):

Figure 6. Trends of the MTZ height and the effective adsorption
capacity with (a) initial V(V) concentration, (b) flow rate of feed
solution, and (c) bed height.
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The concentration change of V(V) in the solution over a
specific period is denoted by C1 − C2. The mass transfer
driving force, expressed as C* − q*, depends on the average
concentration difference of V(V) between the solution and the
resin phases. Nz is then defined as the ratio of C1 − C2 to C* −
q*, as detailed in eq 27. Greater Nz values signify a larger
concentration gradient of the adsorbate per unit of mass
transfer driving force, indicating V(V)’s faster migration from
the liquid to the solid phase during adsorption. Therefore, a
higher Nz value reflects an increased adsorption efficiency of
the resin:

= * *N
C C
C qZ

1 2

(27)

Table 1 demonstrates that the number of mass transfer units
(MTUs) decreases with rising flow rates and initial V(V)
concentrations but increases when the bed height is raised.
The higher flow rate amplifies spatial potential resistance,
accelerating the movement of the MTZ and hastening the
breakthrough and saturation points. Consequently, the residual
concentration of V(V) in the resin’s interstitial spaces grows,
reducing the solute’s concentration gradient and thus the
number of MTUs. Conversely, at a constant flow rate but with
higher initial V(V) concentrations, more resin is needed to
adsorb the additional V(V), enlarging the MTZ and decreasing
MTUs, which diminishes the column’s efficiency.
Increasing the bed height extends the migration distance of

the MTZ, enhancing the interaction between the resin and

V(V). This results in a higher distribution ratio of V(V) across
the solid−liquid phase. Consequently, at the adsorption end
point, less V(V) remains in the column’s solution. Essentially, a
greater number of MTUs correlates to a higher saturated
adsorption capacity of the resin and improves the efficiency of
the exchange column.

3.2.3. Prediction of Effective Adsorption Capacity of the
Column. The effective adsorption capacity of the resin, qBp, is
defined as its capacity at breakthrough. It is calculated with the
equation qBp = ABp/m, where ABp represents the volume (V) of
adsorbate at breakthrough and m is the resin’s mass.
Table 2 shows the resin’s effective adsorption capacity

(qBpexp) under different column operating conditions, including
bed heights, initial V(V) solution concentrations, and flow
rates. The predicted values (qBppre_ MPR) were calculated using
multivariate polynomial regression, as outlined in eq 28:
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where H, C, and Q represent the bed height, initial V(V)
concentration in the solution, and flow rate of the feed solution
passing through the column, respectively.
Figure 8 displays a comparison between the experimental

and predicted adsorption capacities, revealing that the
predicted values closely match the experimental ones. The
correlation coefficient R2 for the fit is 0.993, with a standard
error of 2.53. The significance of eq 28 was assessed using an F
test, with degrees of freedom set at k = 6 for the first and (n −
k − 1 = 2) for the second. At a significance level of α = 0.05,
the critical Fα(6, 2) value is 19.33. However, the computed F
value is 187.09, well above the critical threshold, indicating the
model’s statistical significance with a p-value below α, thus
confirming the regression of eq 20 is significantly valid at the
95% confidence level.

3.2.4. Nonlinear Programming Solver Optimizing the
Column Conditions. Let yC = a − (8.3C + 89.5/C2), yQ = b −
(6.8Q − 27.6/Q), and yH = 2.2H1.5 − 12.5H + m represent
different variables under investigation in our experimental
research. It has been found that the minimal value of yH
corresponds to an H value of 14.3 cm, indicating the start of
our observations within the bed height range labeled H = (25−
35) cm. Notably, all recorded values beyond this point show an
increase, establishing yH as an increasing function in relation to
H. The analysis of yQ’s derivative, being consistently negative,
suggests that yQ decreases continuously as Q increases�a
trend that aligns with our empirical observations. Conversely,
yC’s behavior differs; it increases with C up to a certain
threshold (denoted 0 < C ≪ 2.78) and then starts to decrease

Figure 7. Relationship between Ct/C0 and the migration distance of
the MTZ.

Table 2. Comparison of the Actual Effective Adsorption Capacities of the Resin with Its Predicted Values

operating conditions and the effective adsorption capacities

C0 (g/L) 2 6 10 4 4 4 4 4 4

Q (mL/min) 4 4 4 3 5 6 4 4 4
H (cm) 30 30 30 30 30 30 25 30 35
qBpexp (mg/g) 53.7 40.7 11.7 60.6 47.1 37.1 32.9 53.5 87.6 by experiments
qBppre_MPR (mg/g) 53.8 40.8 9.3 63.3 46.0 38.2 30.8 54.2 85.1 by eq 28
qBppre_NN (mg/g) 53.7 40.7 11.6 60.5 47.0 37.1 32.8 53.4 87.5 by NN model
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Figure 8. Comparisons of the qBpexp and qBppre_ MPR under (a) different initial V(V) concentrations, (b) different flow rates of feed solution, and (c)
different bed heights.

Figure 9. Analysis results of the NN model. (a) Schematic diagram of the NN model. (b) Change of loss values with the number of neurons in the
hidden layer. (c) Relative importance of column operating parameters on the effective adsorption capacity of Dex-V resin.
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when C exceeds this threshold (indicated as C > 2.78). Despite
these theoretical findings, the experimental data presented in
Table 2 do not reveal a clear pattern of increase followed by
decrease for yC. This inconsistency likely stems from the
limited number of data points available, which hampers our
ability to precisely identify the turning points in the yC curve.
As the initial concentration of V(V) increases, a greater

proportion of the resin becomes effective in targeting, thus
improving its adsorption capacity within a certain time frame.
However, a higher concentration of V(V) also extends the
MTZ, causing the breakthrough and saturation times to occur
more swiftly. This shorter breakthrough time limits the total
volume of V(V) that the resin can adsorb. The interplay
between these beneficial and detrimental effects indirectly
explains why yC is not a continuously decreasing function of C.
The column size specified in this study is 1.5 × 40 cm2, with

a design that typically leaves a 3 cm gap at the top between the
column and the bed. The bed height to column diameter ratio
must satisfy the 10 ≪ H/D ≪ 30 requirements. Using
nonlinear programming, the maximum effective adsorption
capacity, qBp, was determined to be 100 mg/g under the
operating conditions of C0 = 2.8 g/L, Q = 4.4 mL/min, and H
= 37 cm.

3.2.5. Analysis Results of the NN Model. A fully connected
model was employed to evaluate the effective adsorption
capacity of the Dex-V resin for V(V). The model consists of an

input layer, hidden layers, and an output layer, as shown in
Figure 9a. The input layer comprises three factors affecting the
resin’s effective adsorption capacity: C0, H, and Q. The output
layer represents the effective adsorption capacity of the resin,
denoted as qBp. The number of neurons in the hidden layer
significantly influences the model’s performance. Figure 9b
demonstrates the relationship between loss and the number of
neurons in the hidden layer; notably, when the number of
neurons is seven, the loss values for training, testing, and
validation are the lowest, all below 0.012. Therefore, an NN
model with seven neurons in the hidden layer can be used to
predict the resin’s effective adsorption capacity. The effective
adsorption capacity predicted using this model, as shown in
Table 2 (qBppre_NN), clearly matches the experimental values
(qBpexp) very closely and is more accurate compared to the
predictions from multiple polynomial regression (qBppre_MPR).
After training, the NN model saves a weight file containing

the connection weight parameters between the neurons.
Following the method described by Kasiri,42 these weight
parameters can be combined to calculate the coefficients
between neurons, allowing for the assessment of the
importance of the three parameters, C0, H, and Q, on the
resin’s effective adsorption capacity.
The relative importance of C0, H, and Q on the resin’s

effective adsorption capacity, as shown in Figure 9c, is 63.39,
8.84, and 27.77%, respectively, indicating that all three are

Figure 10. Theoretical breakthrough curves based on the Thomas model at different operational conditions: (a) initial V(V) concentration, (b)
influent rate, and (c) bed depth.
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significant factors affecting the Dex-V resin’s effective
adsorption capacity. Among them, C0 is the most significant

variable, followed by Q and then H. The higher the initial
concentration, the greater the driving force for solute mass

Table 3. Kinetic Parameters Predicted from the Thomas Model

C0 (g/L) 2 4 6 10 4 4 4 4 4
Q (mL/min) 4 4 4 4 3 5 6 4 4
H (cm) 30 30 30 30 30 30 30 25 35
KT×103 (L/min·g) 5.16 4.57 3.61 2.28 3.40 6.34 4.90 3.99 4.13
q0 (mg/L) 139 159 170 173 159 138 118 124 185
qexp (mg/L) 148 158 168 176 161 138 115 121 190
R2 0.88 0.85 0.84 0.70 0.88 0.81 0.71 0.88 0.88

Table 4. Kinetic Parameters Predicted from the Klinkenberg Model

C0 g/L
Q mL/
min H cm k × 104 (/s) K kf × 105 (/s)

(Rp2/15Dp) /(Rp/
3kf) Sc Sh Dm × 109 (m2/s) De × 1010 (m2/s) Se

2 4 30 5.738 261 7.721 4.6 160.161 7.610 5.580 9.190 0.052
4 4 30 5.419 100 7.721 14.6 160.161 7.610 5.580 2.905 0.054
6 4 30 9.222 77 7.721 10.9 160.161 7.610 5.580 3.900 0.053
10 4 30 6.034 62 7.721 21.7 160.161 7.610 5.580 1.959 0.063
4 3 30 3.303 97 7.016 22.8 160.161 6.915 5.580 1.692 0.048
4 5 30 5.215 87 8.317 19.0 160.161 8.197 5.580 2.409 0.043
4 6 30 5.943 65 8.837 23.8 160.161 8.711 5.580 2.041 0.034
4 4 25 4.010 84 7.721 23.9 160.161 7.610 5.580 1.777 0.042
4 4 35 6.693 125 7.721 9.0 160.161 7.610 5.580 4.701 0.034

Figure 11. Predicted breakthrough curves based on the Klinkenberg model at different operational conditions: (a) initial V(V) concentration, (b)
flow rate of influent, and (c) bed depth.
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transfer, and the higher the frequency of contact between V(V)
and the active sites, making it the most influential variable. The
flow rate Q directly relates to the stagnation time of V(V) at
the active sites, thus affecting the effective adsorption capacity
at a given flow rate, making it the second most effective
variable. The impact of column height is relatively small,
possibly because Dex-V resin is a large-particle resin, with a
sufficiently large number of effective adsorption sites per unit
volume.
3.3. Analysis of Dynamic Properties. 3.3.1. Thomas

Model. The BTCs of the V(V) adsorption process predicted
by the Thomas model are shown in Figure 10 and the
correlation parameters are given in Table 3. The maximum
adsorption capacity of the resin, as predicted by the model, is
relatively close to the actual maximum adsorption capacity.
Data from Table 3 reveal that both metrics rise with

increasing bed height, initial concentration of V(V), and as the
feed rate goes up. The underlying reason is that a higher initial
concentration of V(V) enhances the ions’ ability to overcome
liquid−solid phase mass transfer resistance, resulting in a
greater number of ions exchanging per unit time. Con-
sequently, as the initial concentration of V(V) increases, so
does the observed value, and similarly, the value rises with an
increase in the feed rate. Conversely, a slower feed rate
decreases the height and migration speed of the MTZ,
extending the average retention time of V(V) anions in the
column and improving the resin’s adsorption efficiency.
Therefore, the Thomas model proves to be unsuitable under

slow column exchange flow rates and high initial V(V)
concentrations. Our findings indicate that the Thomas model
fits better when the column exchange flow rate is higher and
the initial concentration of V(V) is lower. This scenario
highlights the significance of intraparticle diffusion on
adsorption rate, aligning with the Thomas model’s assumption
that intraparticle diffusion mass transfer is the limiting factor.

3.3.2. Klinkenberg Model. The analysis results of the
Klinkenberg model are listed in Table 4, and the predicted
BTCs are shown in Figure 11.
The Klinkenberg model predicts an S-shaped BTC, where

the initial slope increases over time. This is attributed to the
resin bed’s inability to maintain a certain height for further
downward migration of the MTZ. Toward the end of the
curve, the slope decreases as adsorption approaches equili-
brium, with the resin’s adsorption potential weakening and the
diffusion rate of V(V) slowing down.
Data from Table 4 indicate that the overall diffusion

coefficient of the adsorption process increases with the initial
concentration of vanadium and the feed rate of the vanadium
solution but decreases as the bed height increases. However,
the standard deviation values are within the range of 0 to 0.1,
suggesting that the Klinkenberg method is apt for analyzing the
dynamic adsorption process of Dex-V resin for V(V).
The ratio of R D/(15 )P

2
P is several to dozens of times higher

than that of RP/(3kf), indicating that intraparticle diffusion has
a significantly greater impact on mass transfer than film
diffusion, and this impact notably increases with bed height.
Consequently, it can be concluded that both intraparticle and
film diffusion are limiting factors for the adsorption rate but
intraparticle diffusion plays a dominant role. As the bed height
decreases and the feed rate increases, the influence of
intraparticle diffusion on the adsorption rate becomes more
pronounced.

3.4. Dynamic Desorption of V. 3.4.1. Effect of NaOH
Concentration on the Dynamic Desorption of V(V). The
dynamic desorption process is related to the flow rate of the
eluate and the concentration (usage) of the eluate. Eluates of
different concentrations of sodium hydroxide (2, 3, 4, 5, 6%) at
the same flow rate (4 mL/min) passing through an exchange
column of 30 cm bed height, the relationship between the
vanadium concentration in the eluate and time is as shown in
Figure 12. The higher the concentration of the eluate, the

steeper the trend of the desorption curve, and the peak is
higher, narrower, and sharper and tends to shift to the left as
the eluate concentration increases. On the contrary, the lower
the concentration of the eluent, the wider the peak of the
desorption curve, and the trend is also more gentle.
The reason for this might be similar to the “Effect of Initial

Concentration on the Dynamic Adsorption of V(V) by Dex-V
Resin” mentioned above due to the increased concentration of
the eluent. On one hand, the concentration of OH− ions
replacing the V(V) anionic groups increases, increasing the
mass transfer driving force, facilitating the diffusion and mass
transfer process of OH− ions on the surface of Dex-V resin and
within the resin particles; on the other hand, the increased
concentration of OH− ions increases their chances of full
contact with the active groups of the resin.
Resins were eluted with sodium hydroxide solutions of 2, 3,

4, 5, and 6% mass concentrations, respectively. When the
concentration of V(V) in the eluate flowing out from the
bottom of the exchange column was detected to decrease to
0.1 g/L, the masses of sodium hydroxide consumed under the
five conditions were 38.5, 40.1, 48.8, 54.2, and 52.5 g,
respectively. The above data indicate that to achieve the same
elution effect, the amounts of sodium hydroxide consumed
under the conditions of 2 and 3% are relatively lower than
those under 4, 5, and 6%, making them more economical. The
difference between the amounts of sodium hydroxide used
under the conditions of 2 and 3% is not significant, but the
latter has a relatively higher elution speed. Therefore,
considering the long-term benefits and taking into account
the cost and time of the eluent, choosing a 3% NaOH solution
as the eluent for this experiment is more economically
reasonable.

Figure 12. Dynamic elution curves for V(V) being released from load
resin at different eluent concentrations.
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3.4.2. Effect of Eluent Flow Rate on the Dynamic
Desorption of V(V). Sodium hydroxide solutions with a mass
concentration of 3% were passed through a V(V)-loaded
exchange column with a bed height of 30 cm at flow rates of 2,
3, 4, 5, and 6 mL/min, respectively. The relationship between
the vanadium concentration in the effluent and time is shown
in Figure 13.

The diagram shows that the slower the flow rate of the
eluent, the more to the right the peak appears and the higher
the peak becomes, with the desorption curve becoming
narrower and sharper. The reason for this phenomenon is
that at a slower flow rate of the eluent, fewer OH− ions that
engage in the exchange reaction with the resin are present over
the same period, slowing the rate at which the saturated zone
within the column moves downward. Hence, the time it takes
for the peak to appear is prolonged. The slower the flow rate,
the longer the average residence time of the OH− ions in the
exchange column, which enhances the effective utilization rate
of the eluent. As a result, the concentration change of V(V)
brought about by a unit volume of eluent is greater, making the
shape of the desorption curve narrower and sharper. When the
V(V) concentration in the eluent is below 0.1 g/L, the
amounts of sodium hydroxide consumed at desorption rates of
2, 3, 4, 5, and 6 mL/min are 37.2, 38.8, 40.1, 52.3, and 59.1 g,
respectively. Although the consumption of sodium hydroxide
at a flow rate of 4 mL/min is slightly higher than at 2 mL/min,
the elution rate is increased by a third. Considering both the
economy and the time of the desorption process, 4 mL/min is
chosen as the elution flow rate for V(V).

3.4.3. Dynamic Desorption Efficiency of the Eluent for
V(V) Sodium Hydroxide. Using 3% sodium hydroxide as the
eluent, the resin loaded with V(V) was eluted at a flow rate of
4 mL/min. The concentrations of vanadium and chromium in
the eluent are listed in Figure 14.
The concentration of chromium in the eluent decreased

hundreds of times. Before the occurrence of breakthrough
behavior in the adsorption process, the solution’s pH was
adjusted to 8.2−8.8 to obtain precipitates of chromium
hydrates. After the resin reached a state of saturated
adsorption, the resin inside the exchange column was washed
with a saturated carbonate solution, and finally, the resin
loaded with vanadium was eluted with sodium hydroxide. The
eluent was directly subjected to an ammonium salt
precipitation-roasting method to extract vanadium. Exper-

imental results indicate that the concentration of chromium in
the eluent is lower than 3 mg/L, demonstrating that the Dex-V
resin has a good effect on the separation of vanadium and
chromium.

4. CONCLUSIONS
In this study, we examined how different operating conditions
of the column affect the adsorption behavior of V(V). We
found that the column’s most efficient use occurred at a bed
height of 35 cm and a feed rate of 4 mL/min, achieving a 33%
utilization rate. At these conditions, the resin’s effective
adsorption capacity was also at its peak, reaching 88 mg/g,
alongside a relatively small MTZ height of 32 cm. As the bed
height increased, both the utilization rate and the adsorption
capacity improved, which can be attributed to a taller bed
supporting longer MTZ formation and migration periods.
The number of MTUs declines with increases in the flow

rate and solution concentration. Higher flow rates and initial
concentrations lead to a lengthier MTZ and quicker migration
of the saturated adsorption zone, prompting an earlier
breakthrough. The resin’s effective adsorption capacity within
the column is denoted by qBp = 129.0 − (8.3C + 89.5/C2) −
(6.8Q − 27.6/Q) + (2.2H1.5 − 12.5H), reaching a maximum of
100 mg/g as determined through nonlinear programming. The
effective adsorption capacity predicted using the NN model is
more accurate compared with the predictions from multiple
polynomial regression. Analysis results of the NN model
indicate that C0 is the most significant variable, followed by Q,
and then H.
Further analysis with the Thomas and Klinkenberg models

confirmed that both intraparticle and liquid film diffusion play
roles in adsorption rates, with intraparticle diffusion being
more dominant. As the bed height decreases and the feed rate
increases, the influence of intraparticle diffusion on the
adsorption rate becomes more pronounced.
When using sodium hydroxide at a concentration of 3 wt %

as the eluent and eluting the resin loaded with V(V) in the
exchange column at a flow rate of 4 mL/min, the chromium
concentration in the obtained V(V) eluate was found to be less
than 3 mg/L. This reflects the method established in this study
has a good vanadium−chromium separation efficiency.
This research provides both practical and theoretical insights

for improving the recovery of vanadium and chromium from
wastewater produced during vanadium precipitation as well as
from the leachate of reduced vanadium−chromium slag.

Figure 13. Dynamic elution curves for V(V) at different desorption
rates.

Figure 14. Dynamic desorption efficiencies of eluents on V(V).
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