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Exceptional lines and higher-order
exceptional points enabled by
uniform loss

Fanghu Feng, Neng Wang™* & Guo Ping Wang"™*

This study theoretically investigates the realization of exceptional points (EPs) in space-time invariant
Lorentz dispersive media with uniform loss, which contrasts sharply with conventional approaches
that rely on spatial or temporal differential losses. Using the derived full and reduced Hamiltonians,

we reveal that uniform loss in Lorentz dispersive media not only introduces attenuation to the
eigenmodes of the lossless medium but also enables two distinct types of non-Hermitian couplings:
reciprocal and non-reciprocal. Both coupling mechanisms independently contribute to the emergence
of EPs. The EPs manifest as exceptional lines (ELs) in the parameter space, and a fourth-order EP (EP4)
is formed when three ELs intersect at a single point. Remarkably, at the EP4, all eigenmodes exhibit
maximum optical chirality density, presenting potential applications such as chiral sorting. Our findings
provide valuable insights into the mechanisms underpinning the formation of EPs.

In non-Hermitian systems, exceptional points (EPs) emerge when two or more eigenvalues and their
corresponding eigenvectors coalesce!. The unique mathematical and physical properties have spurred extensive
exploration of EPs across various disciplines, including quantum systems®?, acoustic systems*, circuit
systems™!?, and optical systems!!-!%. In optics, the abrupt degeneracy of eigenmodes near EPs gives rise to a host
of intriguing phenomena and applications. These include advancements in laser technology'®?’, exceptional
topological structures*!~%°, and enhanced sensitivity for sensing applications®.

Second-order EPs (EP2s) are initially proposed in systems obeying parity-time (PT) symmetry?’ . However,
precisely balancing gain and loss in optics remains technically challenging. Later, alternative approaches, such
as employing two resonators with differing losses, have been proposed’!*2. Compared with EP2s, higher-order
EPs exhibit more fascinating properties, driving interest in their realizations®*=*. In conventional approaches,
achieving high-order EPs generally requires coupling three or more resonators and meticulously fine-tuning the
loss parameters of each resonator. A recent study has suggested that a uniform loss structure can enable EPs*.
However, this approach still requires spatially nonuniform configurations and the EPs are limited to the second-
order.

Diverging from conventional approaches that rely on spatial or temporal variations in loss, this work achieves
EPs by introducing uniform loss to space-time invariant Lorentz dispersive media. The system’s Hamiltonian
is formulated using Maxwell’s equations and the Lorentz dispersion model, with theoretical investigations
focusing on the interactions between plane wave modes through reduced Hamiltonians. The results reveal that
EPs emerge from non-Hermitian couplings induced by the uniform loss. In addition to conventional reciprocal
couplings, this study reveals the presence of non-reciprocal couplings between plane wave modes with different
polarization states. EPs in this system manifest as exceptional lines (ELs) in the parameter space, making them
inherently robust. When three ELs intersect, they form a fourth-order EP (EP4), where all eigenmodes collapse
into a single mode. Remarkably, the EP4 is characterized by maximum optical chirality density, highlighting its
potential for applications such as chiral sorting.

Methods

Modeling and the Hamiltonian of Lorentz dispersive medium

Consider an isotropic, homogeneous and nonmagnetic (relative permeability is unity) Lorentz dispersive
medium, the relative permittivity at frequency w is given by:
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where wy, wo are the plasmon and resonant frequencies, and v denotes the damping rate. Regarding this
medium, the Maxwell’s equations and the differential equation for the polarization charge P are expressed as:
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where E, H are the electric field, magnetic field, respectively, and eo, j1o are the relative permittivity and
permeability in the vacuum. For simplicity, hereafter, we just let g = o = ¢ = 1, where ¢ is the speed of light
in vacuum. Introducing an identity equation:
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Equations (2-5) can be rewritten into a Schrodinger-like eigenvalue equation as*"**:
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where ? is the identity matrix. Since the medium is isotropic, the eigenmodes are linearly polarized. Without
loss of generality, we assume that the incident wave is a plane wave, and the electromagnetic field is linearly
polarized along the x direction (E = E,Z) while propagating along the z direction (k = kZ). Then, Eq. (6) can
be reduced into:

i = H, %)

where J = (Eq, Hy, Py, 0P,/ 8t)T denotes the state vector,
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represents the full Hamiltonian, Hy denotes the unperturbed Hamiltonian and H, is the non-Hermitian
perturbation matrix.
In the absence of perturbation (y = 0), H.. is null, the eigenfrequencies of this lossless medium are calculated

as:
" _ K1 — Ko Ki—Ko [Ki+Ko K1+ Ko 9)
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where K1 = k? + w} + w3, Ko = /K7 — 4k2w?. And the corresponding eigenvectors are given by @;, of

which the expressions are not shown here for brevity. Note that K71 and Ko are both positive real and K1 > Ko
when k is real, ensuring the realities of w1 2,3,4. Therefore, Ho is a pseudo-Hermitian matrix when k is purely
real. w12 (w3,4) are corresponding to the same polarization mode but propagates along the backward (—z) and
forward (+2) directions, respectively.

We now introduce the rotation matrix which is constructed by the eigenvectors of Ho:

R = (01, 0a, U3, U4). (10)

vicharacterize the four linearly polarized plane wave modes in the lossless limit. Imposing the following
similarity transformation:

H=R' H R (11)

In the  transformed  basis, the  unperturbed  Hamiltonian is  diagonalized  as:
H) = = R Ho R= diag{w1, w2, ws,wa}, while the non-Hermitian perturbation matrix becomes
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where m = — (K2 + Ko)/(4Ko), n = (K2 — Ko)/(4Ko) with K2 = k* — w§ — w}.Therefore, the full
Hamiltonian in the new basis is expressed as:

w1 + imry mry my mry
i = iy wa + imyy iy imy (13)
my ny w3 + tny ny
ny ny my wg + iny

Results
Exceptional lines and higher-order exceptional point
To explore the band dispersions under various parameter modulations, we present the complex eigenfrequencies
in the three-dimensional parameter space (wyp, v, k) by the full Hamiltonian H'in Eq. (13). When we vary wy, 7y
and fix k£ = wo/c, the EPs evolve continuously in the parameter space and form ELs. As shown in Figs. 1a and
b, two ELs of the second order (i.e., EL2,, EL2,) lie in the two-dimensional (2D) parameter space (wp, ). These
two EL2s intersect with each other at the point g (red circles in Fig. 1a and b). This point is a fourth-order EP
(EP4).

For EL2, , which is at k = wo/c, using Eq. (13), we can obtain four eigenfrequencies as follows:

= i (i’y - \/40.1;2,7—72— \/—272 +4 (4w + w?) — 2i’y\/4w§7—’y2> , (14a)
@y = i (w — Vw2 — 42 + \/—272 +4(4w? + w?) — 21’7\/4@7—%) , (14b)
W3 = i (w +4w2 — 42 — \/—2’y2 44 (42 + w2) — 2i’y\/4wf,7—v2) , (14¢)
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The eigenfrequecies are complex generally. Here, we use the tilde symbols to distinguish with real valued w1,2,3,4
in the lossless limit. According to Eq. (14), @1(@2) and @Ws(w4) degenerate when 4wp ¥ =0. Then, the
eigenfrequencies are simplified to:

0 = @3 = i (i’y — 4/ 16w2 — 72> , (15a)
1
(g = Qg = i (w + /16w — ’y2> . (15b)

Therefore, the preconditions of forming an EP2 at EL2, , are k = wo/c, wp = 0.5. According to Eq. (15), EL2,
(EL2,) corresponds to the intersection line of wo and @4 (@1and @3) sheets, with the real e1genfrequenc1es
nonzero when v < 4wo and zero when v > 4wo. At EL2 , the eigenfrequencies satisfy:

1,2
Re[@1] = Re[ws] = — Re[@2] = — Rel@d], (16a)
Im[@;] = %, —1,2,3,4. (16b)

Moreover, according to Eq. (15), the four eigenfrequencies coalesce to a single point (EP4) when v = 4w, with
the eigenfrequencies degenerate to

Re[@:] = 0, Im[@;] = wo,i = 1,2,3,4. (17)

Therefore, the preconditions for the emergence of EP4 are k = wo/c,wp = 0.57,v = 4wp.

In summary, introducing uniform loss (y > 0) into the Lorentzian medium breaks Hermiticity, enabling
non-Hermitian couplings among the linearly polarized plane wave modes. As illustrated in Fig. le—f, the non-
Hermitian couplings drive the coalescence of eigenfrequencies, resulting in the emergence of EPs.

The order of an EP can be rigorously determined through perturbation analysis by evaluating the splitting
of eigenfrequencies under small parameter variations. Near an EP of order N, the eigenfrequencies’ splitting
Aw = w — wgp, where wgp is the eigenfrequency precisely at the EP, exhibits the following power-law
dependence?®3*;

|Aw| = /¥, (18)
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Fig. 1. Exceptional lines (ELs) and higher-order exceptional point (EP) in the parameter space. The four
sheets of different colors represent the four bands. The bule, black and green curves are three intersection
lines among these sheets, denoting exceptional lines of the second order (EL2s), and are labeled as EL2,,
EL2,, and EL2,, respectively. We fix k = wo /c in panels (a) and (b), and fix w, = 2w in panels (c) and (d).
The red triangle p (w, = 0.5y = 0.4wo, k = wo/c) is an arbitrary chosen point on EL2,. The red circle g

(wp = 0.57 = 2wo, k = wo/c) depicts a fourth-order exceptional point (EP4), which is the crossing point of
the three EL2s. (e) Real and (f) imaginary parts of band dispersions with w, = 0.5y and k = wo/c.

where € represents any deviation in &, wp or 7y from their corresponding values at the EP. The derivation of
Eq. (18) can be found in Ref. 26. As shown in Fig. 2, the log-log plots of eigenfrequencies’ splitting | Aw| versus
the deviation of damping rate A+ around pointp and point g are displayed by orange and blue lines, respectively.
Point p is an arbitrary chosen point on EL2. The slop of the orange line is approximately 0.5, confirming that
point p is an EP2. Conversely, the slope of the blue line is approximately 0.25, verifying that the order of point g
is indeed of four.

Optical chirality density

In general, EPs are associated with singular physical phenomena. In this work, we explore the optical chirality
of the eigenstates in the vicinity of the EPs. When loss is introduced in the Lorentz dispersive medium, the
electromagnetic fields usually exhibit optical chirality*®. Optical chirality density is a physics quantity that
generally characterizes optical chiral interactions. The expression of normalized optical chirality density x is
defined as*+%>:
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Fig. 2. Log-log plots of the eigenfrequency splitting | Aw| as functions of the damping rate deviation |A~y|
around point p (orange triangles) and point q (blue circles). The black solid lines represent linear fitting curves,
with the respective slopes indicated.
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Combining Egs. (7) and (19), the optical chirality densities of the four eigenmodes around point p and point g
are calculated, and plotted in Fig. 3a and b, respectively. The electric field () and magnetic field (H,) used to
calculate optical chirality density are derived from the eigenvectors of the full Hamiltonian /. According to the
definition of ¢, Ezand H, are corresponding to the first and second elements of the eigenvectors.

The optical chirality density x; is associated with the eigenfrequency w;. It is evident that the EPs are singular
points for the optical chirality densities. When approaching point p (EP2), the normalized optical chirality
densities rapidly converge to a median value ~ 0.2, as shown in Fig. 3a. The optical chirality densities are doubly
degenerate because the associated eigenstates are just the counter-propagating mode pairs. In contrast, at point p
(EP4), the normalized optical chirality densities of all eigenstates also rapidly converge and reach the maximum
value of 1. This peak value highlights the maximum asymmetry, making it a useful tool in distinguishing the
handedness of chiral molecules, with potential applications in pharmaceutics and synthetic chemistry.

Furthermore, we calculate the optical chirality density under parametric modulation of both ~ and k, as
illustrated in Fig. 3c. Our results show that the optical chirality density can be continuously tuned from its
maximum value of 1 to 0. Additionally, as shown in Fig. 3d, varying « within the range 0 < v < 4w induces a
linear modulation of optical chirality density from 0 to 1, demonstrating a linear tuning regime enabled by the
uniform loss.

Discussion

To further analyze the mechanisms underpinning the formation of EPs, let us pay attention to the first pair
of counter-propagating plane wave modes (i.e., w1,ws2) in Eq. (14). According to the expression of H’, the
dispersion relations of this pair of counter-propagating plane wave modes can be approximated by the following
2 X 2 reduced Hamiltonian when ws 4 are far away from wi, wa:

A w1+ imy imry
Hrea = ( imy wa + imry ) : (20)

Obviously, Eq. (20) reveals that the spatially uniform damping rate (y # 0) not only creates an equal loss to
the forward and backward propagating modes, (i.e., im<y to w1 and w2), but also generates a non-Hermitian
(A = (0,imy;imy,0), A # A') and reciprocal (A = AT) coupling between these two modes. According
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Fig. 3. Optical chirality densities of the eigenmodes around (a) triangle p (EP2) and (b) circle g (EP4) from
Fig. 1, both at k = wq/c. Parameters used are (a) w, = 0.5y = 0.4wo, (b) w, = 0.5y = 2wy. (c) Optical
chirality densities in the -k parameter space, where four eigenmodes (colored sheets) exhibit distinct optical
chiral densities. (d) Loss-controlled optical chiral density modulation under k = wo /¢, wp = 0.57.

to Eq. (20), an EP will appear when v = /8K2(K1 — Ko)/(K2 + Ko). Therefore, EPs can be enabled by

spatially uniform loss in the Lorentz dispersive medium, originated from the non-Hermitian coupling. This is in

sharp contrast with traditional EP engineering based on the following type of Hamiltonian'>!*:
o witim 9
Ht'ra — ( g wa + 172 ) b} (21)

where spatially differential losses (y1 7 <2) are necessary for a Hermitian and reciprocal coupling.
Similarly, the interaction between different polarization modes but propagating along the same direction
(e.g., w1, ws) can be approximated by the following reduced Hamiltonian:

i w1+ emy iy
Hyeq = ( iny w3 + iy ) : (22)

In this scenario, the spatially uniform damping rate contributes unequal losses to the two modes and generates
a non-Hermitian and nonreciprocal coupling. Importantly, EP can also be induced by the spatially uniform loss
according to Eq. (22).

There are two reasons for employing the 2x2 reduced Hamiltonian: first it provides a clearer physical
representation of non-Hermitian couplings, and second it offers a direct way to compare with the Hamiltonian
(i.e., Eq. (21)) in traditional EP2 engineering. While the full 4 x4 Hamiltonian is mathematically rigorous, its
complexity makes it less practical for gaining an intuitive understanding of eigenmode interactions. Based on
the reduced Hamiltonian, we demonstrate that the EP2 can generally be classified into two types according to
the forms of non-Hermitian couplings. Moreover, our reduced Hamiltonian reveals that the EP2s are originated
from a distinguish mechanism.

To illustrate the applicability of the reduced Hamiltonian (e.g., Eq. (20)), we compare the dispersion relation
@1,2(k) obtained from the reduced Hamiltonian with the rigorous results obtained by the full Hamiltonian H’
in Fig. 4 for the given w, and . The eigenfrequencies are complex across the entire band due to the inherent
loss in the medium, which introduces imaginary components to the frequencies. As illustrated in Fig. 4a-b,
due to the ignoring of interactions with the other two bands (&3 4(k)), the band diagram obtained from the
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Fig. 4. (a) The real and (b) the imaginary parts of band dispersions obtained by the full (red) and the
reduced Hamiltonians (blue), with w, = 2wo and v = 2.5wo. EPs A1 and A are located at k = 2.6wo/c and
k = 3wo/c, respectively. (c) Real and (d) imaginary parts of band dispersions obtained correspondingly, with
wp = 2wo. Both EPs A} and Al emerge at k = 20wo /¢, v = 2.01wo.

reduced Hamiltonian deviates from the rigorous results obtained from the full Hamiltonian. However, both
Hamiltonians predict the existence of EP in the band diagram. Moreover, although the location of EP in the
wavenumber is slightly shifted, the frequency of EP is accurately produced by the reduced Hamiltonian.

We note that the discrepancy between the two results can be further reduced by optimizing the values of k
and +, such that @3 4 are significantly separated from &1 2. Here, we let v — 2w, such that &1 and @2 coalesce
and form an EP2 at kK — oo. Around this EP2, the eigenfrequencies are given by

‘ (7 —Vr - 4w§) (23a)

lim & = )

k—oo 2

! (7 V- 4w3) (23b)
5 :

lim &}2 =
k— o0
lergo w3 = —00, (23¢)
lim @4 = oo.
i 7a =0 @

From Eq. (23), it is straightforward that @3 4 > @1,2. As shown in the Fig. 4c-d, the band dispersions obtained
by the full and reduced Hamiltonian accord with each other very well when we choose v = 2.01wo. And an EP2
occurs at a large k (20w /c). The bands for &3 4 are not shown because they are too large in their magnitudes.
However, we should note that when the four eigenfrequencies are in close proximity, their mutual couplings
cannot be neglected, such as the region around the EP4. In this scenario, the use of 2 x2 reduced Hamiltonian
will introduce significant errors.
We note that the formulated Hamiltonian can also be used for calculating the Green’s function, which serves

as a powerful tool for the eigenmode retrieval®. In our case, the dyadic Green’s function is calculated according
to™46:
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where 7 is the left eigenvector of H obtained by:

G = . (25)

Lastly, to advance future research, we propose a possible experimental proposal. Experimentally, a feasible
implementation of Lorentz dispersive media can be achieved by utilizing lattices of metallic split-ring resonators
(SRRs) and rods*”*8. The plasmon frequency w;, can be finely adjusted by varying the filling ratios of SRRs to
the background medium, and the damping rate v can be modulated by modifying the lumped resistors placed
at the outer corners of the SRRs. Notably, by increasing the resistances of the resistors, the damping rate can be
much larger than the resonant frequency and in principle exceed 4wy, enabling the observations of ELs and EP4.
However, since the medium exhibits loss, the exceptional lines (ELs) and higher-order exceptional points (EPs)
are generally located in the complex frequency plane. Therefore, to excite the eigenstates at these ELs and higher-
order EPs, beams with complex frequencies*” must be used.

Conclusions

In conclusion, we theoretically investigate the realization of ELs and EP4 in the band diagrams of a space-
time invariant Lorentz dispersive medium exhibiting uniform loss. We reveal that uniform loss in the Lorentz
dispersive medium induces non-Hermitian couplings between the eigenmodes of the lossless system, offering a
distinctive pathway to EPs distinct from conventional approaches relying on differential loss/gain engineering.
Furthermore, we find that the electromagnetic field exhibits peak optical chirality density at the EP4. Last but
not least, while our study focuses on the photonic system, the theoretical framework can be readily extended to
other physical systems exhibiting Lorentz-type resonances.
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