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Abstract
Let X be a chemical reaction process, modeled as a multi-dimensional continuous-time
jump process. Assume that at given times 0 < t1 < · · · < tn , linear combinations vi =
Li X(ti ), i = 1, . . . , n are observed for given matrices Li . We show how the process that is
conditioned on hitting the states v1, . . . , vn is obtained by a change of measure on the law of
the unconditioned process. This results in an algorithm for obtaining weighted samples from
the conditioned process. Our results are illustrated by numerical simulations.

Keywords Chemical reaction processes · Doob’s h-transform · Exponential change of
measure · Guided process

Mathematics Subject Classification 60J27 · 60J28 · 60J74

1 Introduction

Chemical reaction networks are used to study awide class of biological, physical and chemical
processes that evolve over time. For instance, one can think of the transcription of genes
to mRNA and then the translation to protein, the kinetics of a virus or the dynamics of
chemical components reacting with each other. The forward evolution of such processes
can be described in different ways: (i) a system of ordinary differential equations, see e.g.
Feinberg (2019), (ii) a system of stochastic differential equations, see e.g. Fuchs (2013) or
(iii) continuous-time Markov jump processes, as in Anderson (2007). It is the third option
that we consider in this paper.

1.1 Chemical reaction networks

Chemical reactions are described as linear combinations of chemical components merging
into each other. Typically, one denotes a reaction in which components A and B are merged
into C and D by

A + B → C + D. (1.1)
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More generally, a chemical reaction network consists of:

• a Species set S = {S1, . . . , Sd}which consists of the chemical components whose counts
we model;

• a Reaction set R. A reaction � ∈ R is modeled as
∑

k νk�Sk → ∑
k ν′

k�Sk . We charac-

terize � by the change of counts of the species ξ� = (
ν′
k� − νk�

)d
k=1.

For example, in (1.1), the species set is {A, B,C, D} and ξ is given by (−1,−1, 1, 1). Let
S ⊆ Z

d≥0 denote the state space of the reaction system. A vector in S is of the form (xk)dk=1,
where xk denotes the species count of type Sk . We study a Markov process X = (X(t))t≥0
on S that models the evolution of species counts over time. That is, at time t , the k-th element
of X(t) is given by #Sk(t). We assume that the initial state X(0) = x0 of the process is
known. At a given time t , the time until a reaction of type � takes place is given by τ�. When
reaction �̂ = argmin

�∈R
τ� occurs, the process jumps at time t + τ

�̂
to X

(
t + τ

�̂

) = X(t) + ξ
�̂
.

The reactions are assumed to occur according to an inhomogeneous Poisson process with
intensity function that we refer to as the reaction rate. A more detailed description of the
stochastic model is given in Sect. 2. The process X evolving on the chemical reaction network
is referred to as the chemical reaction process.

1.2 Statistical problem

Suppose at fixed times 0 < t1 < · · · < tn , we observe v1, . . . vn , where vk = Lk X(tk) with
Lk ∈ R

mk×d andmk ≤ d , k = 1, . . . n. Not assuming L to be the identity matrix is for exam-
ple important in applications where the measuring device cannot distinguish two or more
species, so that only sums of their counts are observed. We will assume the rows of each Lk

to be linearly independent. Typically reaction rates are unknown and we wish to infer those
from the data. Suppose the reaction rate depend on a parameter vector θ . Likelihood-based
inference for θ is hampered by the lack of closed-form expressions for the transition probabil-
ities of X . However, if the process were observed continuously over time, the problem would
be easier. Therefore, it is natural to employ a data-augmentation scheme where we iteratively
sample X on [0, tn] conditional on v1, . . . , vn and θ and then update θ conditional on X . In
this paper, we focus on the first step, sampling from (X | Lk X(tk) = vk, k = 1, . . . n). It is
a key objective of this paper to show rigorously how this can be done efficiently. Note that a
simple rejection sampling scheme where we discard all paths contradicting the observations
is valid but very inefficient in most settings.

1.3 Approach: conditioning by guiding

Our approach builds on earlier work in Corstanje et al. (2023) for general Markov processes
in case of a single observation. Let us highlight the main points. The law of the process X ,
conditioned to be in a given state at fixed times, is obtained through Doob’s h-transform. That
is, there is a function h : [0, T ] × S → R+ that depends on the transition probabilities of X
which induces a change of measure. Under the new measure, Ph , the process is conditioned
to hit the observed states at times of observation. Since h is typically unknown, we replace it
by a fully tractable function g : [0, T ] × S → R+ that itself induces a change of measure to
a measure Pg . Under certain conditions, Ph is absolutely continuous with respect to Pg and

dPh

dPg
(X) = 1

h(0, x0)
F(X). (1.2)
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Here, F is known in closed form, depends on g but does not depend on h. Weighted samples
of the conditioned process can therefore be obtained by sampling under Pg . The argument
for making the above precise is not too hard in the case where g is bounded and bounded
away from zero. However, some natural choices we discuss and have been proposed in the
literature require a more delicate argument.

1.4 Related literature

Statistical inference for chemical reaction processes has received considerable attention over
the past decade. In this section we summarise related work, while in the next section we
highlight contributions of this paper. Rathinam and Yu (2021) consider the setting where one
observes a subset of the species counts continuously over time and wants to filter the latent
species counts.Reeves andBhat (2022) parametrisemodel transition rates byneural networks,
while assuming all trajectories are fully continuously observed. Parameter estimation is then
done by gradient ascent to maximise the log likelihood.

In this paper, we consider discrete-time observations and therefore the works below are
more closely related to ourwork.Warne et al. (2019) give an introduction to chemical reaction
processes and consider estimation for discrete-time partial observations with Gaussian noise
focussing onApproximateBayesianComputation. Fearnhead (2008) andGolightly and Sher-
lock (2019) are probably closest related to our approach. The common starting points of these
works is a slightly informal computation that reveals how the reaction rate of the chemical
reaction processes changes upon conditioning the process on a future observation (we present
this argument at the start of Sect. 3). While the reaction rate for the conditioned process is
intractable, it can be approximated and this simply boils down to choosing g as above. Fearn-
head (2008) approximates g using Euler discretisation of the Chemical Langevin Equation
(CLE) assuming the process is fully observed without error. Golightly and Sherlock (2019)
consider conditioning on a partial observation corrupted by Gaussian noise. Their choice of
g is based on the linear noise approximation to the CLE. This is shown to outperform the
approach of Fearnhead (2008) and earlier work in Golightly and Wilkinson (2015).

Georgoulas et al. (2017) construct an unbiased estimator for the likelihood using random
truncations and computation ofmatrix exponentials. This in turn is used to exploit the pseudo-
marginal MCMC algorithm (Andrieu and Roberts 2009) for parameter estimation. Building
upon this work Sherlock and Golightly (2023) introduce the minimal extended statespace
algorithm and the nearly minimal extended statespace algorithm to alleviate the problem of
choosing a proposal distribution for the truncation level, as required in Georgoulas et al.
(2017).

Alt and Koeppl (2023) consider the same setting as we do and derive approximations to
the filtering and smoothing distributions using expectation propagation.

1.5 Contribution

We provide sufficient conditions on g such that (1.2) holds true. We extend the result in
Corstanje et al. (2023) for a single complete observation to multiple partial observations
in the context of chemical reaction processes. Moreover, we discuss a variation of the next
reaction algorithm by Gillespie (1976) for sampling from a class of reaction networks with
unbounded time-dependent reaction intensities.

The proposed methods fit within the framework of Backward Filtering Forward Guiding
(van der Meulen and Schauer 2020), drawing strongly on techniques for exponential changes
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of measure as outlined in Palmowski and Rolski (2002). This enables us to construct a guided
process that at any time takes into account all future conditionings.

Compared to Fearnhead (2008) andGolightly and Sherlock (2019), we consider the setting
of multiple future conditionings (rather than one), without imposing extrinsic noise on the
observations. Moreover, we derive the conditioned process and likelihood ratio in (1.2) on
path space. Sufficient conditions on g to guarantee absolute continuity are given in Theorem
3.4. It turns out that the choices for g in Fearnhead (2008) and Golightly and Sherlock (2019)
satisfy the assumptions of this theorem. In numerical examples we show that flexibility in
choosing g is particularly beneficial in cases where some of the components of the chemical
reaction process have counts that vary monotonically over time.

1.6 Outline

We introduce stochastic chemical reaction processes in Sect. 2 and discuss examples that we
will study. In Sect. 3, we describe the approach of conditioning chemical reaction processes
by guiding and present conditions on g such that Ph is absolutely continuous with respect to
P
g . In Sect. 4 we consider various choices for g. Conditions for equivalence of Ph and Pg are

discussed in Sect. 5. In Sect. 6 we present methods for simulation of conditioned chemical
reaction processes together with numerical illustrations. We end with a discussion section.
The appendix contains various proofs.

1.7 Frequently used notation

Throughout, we assume that we have an underlying probability space (�,F,P). For a
stochastic process X , we use the notation Xt = {X(s) : s ≤ t}. Given L ∈ R

m×d withm ≤ d
and v ∈ R

m , we denote the inverse image of v under L by L−1v = {x ∈ R
d : Lx = v}.

For functions f1(t, x) and f2(t, x) of time and space, we say that f1 ∝ f2 if there exists a
differentiable function κ of time such that for all t, x , f1(t, x) = κ(t) f2(t, x). Derivatives
with respect to a variable representing t , say ∂/∂t are denoted by ∂t . We denote by

An = {Lk X(tk) = vk, k = 1, . . . , n}, (1.3)

a set of conditionings. If a measure μ is absolutely continuous with respect to ν, we write
μ 	 ν.

2 Chemical reaction processes

We construct a stochastic process to model the dynamics of the chemical reaction network
described in Sect. 1.1 following Chapter 1 of Anderson and Kurtz (2015). Let X be a Markov
process on S such that the i-th component of X(t), Xi (t), represents the frequency of species
Si at time t . A reaction � is represented through a difference vector ξ� ∈ S and an intensity
λ� : [0,∞) × S → [0,∞). We assume

P

(
X(t + �) − X(t) = ξ� | F X

t

)
= λ�(t, X(t))� + o(�), � ↓ 0, (2.1)

where F X
t = σ(Xt ). The jump probabilities specified in (2.1) correspond to a process

with jumps (ξ�)�∈R and jump rate functions (λ�)�∈R. Throughout, we impose the following
assumptions on the network.
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Assumption 2.1 (λ�)�∈R and (ξ�)�∈R are such that

(2.1a) λ�(t, x) ≥ 0 for all t ≥ 0, x ∈ S and � ∈ R.
(2.1b) For all � ∈ R, ξ� ∈ Z

d is such λ�(t, x) > 0 implies x + ξ� ∈ S for all t ≥ 0 and
x ∈ S.

(2.1c) For all t ≥ 0 and x ∈ S,
∫ t
0

∑
�∈R λ�(s, x) ds < ∞.

For a stochastic process X(t), let TK = inf{t : |X(t)| ≥ K } and T∞ = limK→∞ TK . Let X
be the jump process with jumps (ξ�)�∈R and jump rate functions (λ�)�∈R satisfying

X(t) = x0 +
∑

�∈R
ξ�Y�

(∫ t

0
λ�(s, X(s)) ds

)

, 0 ≤ t < T∞, (2.2)

where (Y�)�∈R are independent, unit rate Poisson processes. We assume the process to be
non-explosive: P(T∞ < ∞) = 0. For f : [0, T ] × S → R with f (t, ·) finitely supported for
every t define

(L f )(t, x) =
∑

�∈R
λ�(t, x) [ f (t, x + ξ�) − f (t, x)] , (2.3)

By Theorem 1.22 in Anderson and Kurtz (2015), there exists a filtration (Ft )t≥0 such that
for all such f

D f (t) := f (t, X(t)) −
∫ t

0
(∂s + L) f (s, X(s)) ds

is an (Ft )-martingale. That is, X is the unique solution to the martingale problem for A :=
∂t + L.

2.1 Distribution of reaction times

To the �-th reaction, we associate a reaction time τ�, with distribution specified by

P (τ� > � | X(t) = x) = exp

(

−
∫ t+�

t
λ�(s, x) ds

)

, t ≥ 0,� > 0, x ∈ S. (2.4)

If λ� is constant in time, it follows from (2.4) that τ� | X(s) = x ∼ Exp (λ�(x)). This
implies that the time τ = min�∈R τ� that the first reaction occurs satisfies τ | X(s) = x ∼
Exp

(∑
�∈R λ�(x)

)
.

If the reaction times are inhomogeneous in time and Assumption 2.1 is satisfied, similarly
the time for the first reaction to occur has distribution (2.4) with intensity function

∑
�∈R λ�.

Moreover, the probability distribution of the first reaction in any subset R ⊆ R also satisfies
(2.4) with intensity function

∑
�∈R λ�.

2.2 Chemical master equation and chemical Langevin equation

Denote the transition probabilities of (2.2) by p. That is p(s, x; t, y) = P

(X(t) = y | X(s) = x). The Kolmogorov forward equation yields the chemical master equa-
tion given by

∂t p(s, x; t, y) =
∑

�∈R
λ�(t, y − ξ�)p(s, x; t, y − ξ�) −

∑

�∈R
λ�(t, y)p(s, x; t, y),
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with initial condition p(s, x; s, y) = 1{y = x}. It is well-known, see e.g. Li (2020) that
the chemical reaction process can be approximated by solutions to the Chemical Langevin
Equation (CLE), which is the SDE

dY (t) = bCLE(t, Y (t)) dt + σCLE(t, Y (t)) dW�(t), Y (0) = x0 (2.5)

where (assuming the reactions to be numbered 1, . . . , B)

bCLE(t, x) =
B∑

�=1

λ�(t, x)ξ�

σCLE(t, x) = [
ξ1 . . . ξB

]√
diag(λ1(t, x), . . . , λB(t, x))

(2.6)

and W is an independent RB -valued Brownian motion.

2.3 Examples

Example 2.2 (Pure death process) Our simplest example models a population of initial size
x0 in which an individual dies in a time interval (t, t + �) with probability c� + o(�) for
some constant c > 0 and � small. Such a process is modelled as chemical reaction process
with just one specie and one reaction, namely λ1 : (t, x) 
→ cx with ξ1 = −1.

Example 2.3 (Gene Transcription and Translation (GTT)) A stochastic model for the process
in which information is encoded in DNA and transferred to mRNA is described in Section
2.1.1 of Anderson and Kurtz (2015). The basic model considers the three species Gene (G),
mRNA (M) and Protein (P) in the set S = {G, M, P}. We consider four reactions.

(1) Transcription: G → G + M with rate constant κ1.
(2) Translation: M → M + P with rate constant κ2 > 0.
(3) Degradation of mRNA: M → ∅ with rate constant dM > 0.
(4) Degradation of protein: P → ∅ with rate constant dP > 0.

Let X(t) be the count vector at time t of species counts (G, M, P). In this example (2.2)
translates to

X(t) = x0 + Y1

(∫ t

0
κ1X1(s) ds

)
⎛

⎝
0
1
0

⎞

⎠+ Y2

(∫ t

0
κ2X2(s) ds

)
⎛

⎝
0
0
1

⎞

⎠

+ Y3

(∫ t

0
dM X2(s) ds

)
⎛

⎝
0

−1
0

⎞

⎠+ Y4

(∫ t

0
dP X3(s) ds

)
⎛

⎝
0
0

−1

⎞

⎠

, (2.7)

where Y1, Y2, Y3, Y4 are independent unit rate Poisson processes. A realization of this process
can be found in Fig. 1.

Example 2.4 (Enzyme kinetics) The standard model for describing enzyme kinetics, see e.g.
Bersani et al. (2008), where a substrate binds an enzyme reversibly to form an enzyme-
substrate complex, which can in turn deteriorate into an enzyme and a product. We thus
model Substrate (S), Enzyme (E), Enzyme-substrate (SE) and Product (P) in the species set
S = {S, E, SE, P} and consider of the following reactions.

S + E
κ1�
κ2

SE
κ3−→ P + E (2.8)
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Fig. 1 Realization of (2.7) using κ1 = 200, κ2 = 10, dM = 25, dP = 1 and initial position x0 = (1, 50, 10).
Note that the gene count is constant in this process. Therefore it was omitted from the figure

Equivalently:

(1) S + E → SE with rate constant κ1.
(2) SE → S + E with rate constant κ2.
(3) SE → P + E with rate constant κ3.

Then the reaction rates corresponding to the above listed three reactions are given by

(1) λ1(x) = κ1x1x2 and ξ1 = (−1,−1, 1, 0).
(2) λ2(x) = κ2x3 and ξ2 = (1, 1,−1, 0).
(3) λ3(x) = κ3x3 and ξ3 = (0, 1,−1, 1).

Here (x1, x2, x3, x4) refer to species counts of (S, E, SE, P). Interesting aspects of this
example are firstly that the fourth component (P) only appears in reaction (3) where 1 is
added and therefore is monotonically increasing and secondly that there are absorbing states
such as x = (0, x2, 0, x4)where the process is killed as all reaction rates are zero.A realization
of this process can be found in Fig. 1.

3 GuidedMarkov processes

3.1 First ideas

We first provide some intuition on how the dynamics of a chemical reaction network change
upon conditioning on a future event. Let E denote some event later than time t , for example
{X(T ) = v}. For t ∈ [0, T ), � > 0 and x ∈ S and y = x + ξ�,

P (X(t + �) = y | X(t) = x, E) = P (X(t + �) = y, E | X(t) = x)

P (E | X(t) = x)

= P (E | X(t + �) = y, X(t) = x)P (X(t + �) = y | X(t) = x)

P (E | X(t) = x)

= P (X(t + �) = y | X(t) = x)
P (E | X(t + �) = y)

P (E | X(t) = x)
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Fig. 2 Realization of the forward process of Example 2.4 using κ1 = 5, κ2 = 5, κ3 = 3 and initial position
x0 = (12, 10, 10, 10)

Taking the limit � ↓ 0, this suggests that if X is conditioned on the event E then it is a
chemical reaction process with adjusted intensities

λh� (t, x) = λ�(t, x)
h(t, x + ξ�)

h(t, x)
, (3.1)

where h(t, x) = P (E | X(t) = x). The process with intensities λh� (t, x) has generator

Lh
t f (x) =

∑

�∈R
λh� (t, x) ( f (x + ξ�) − f (x)) . (3.2)

To sample the conditioned process, the function h is required which is rarely available
in closed form. The general idea behind the construction of what we call a guided chemical
reaction process is to replace h by a suitable tractable substitute g. This gives a process with
rates λ

g
t . Discrepancies between the true conditioned process and the guided process can

be accounted for by evaluating the likelihood ratio of their measures on path space. In this
section we will establish sufficient conditions on g for this approach to be valid.

As shown below, conditioning the process corresponds to a change of measure. To see
this connection, a direct computation shows that Lh

t f as defined in (3.2) can be expressed in
terms of Lt :

Lh
t f (x) = 1

h(t, x)
[Lt ( f h)(t, x) − f (x)Lt h(t, x)] . (3.3)

This operator is strongly connected to exponential changes of measure studied in Palmowski
and Rolski (2002) and Corstanje et al. (2023) for a wider class of Markov processes.

3.2 Guiding by a change of measure

We assume x0 to be known and that E = {LX(T ) = v} is observed for some known v ∈ R
m

and a matrix L ∈ R
m×d of full row rank withm ≤ d . In casem = d , we assume without loss

of generality that L = I . Additionally, we assume P(LX(T ) = v | X(0) = x0) > 0. The
extension to multiple observations will follow in a straightforward way in later sections. Let
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A denote the infinitesimal generator of the space-time process (t, X(t)). That is (Ag)(s, x) =
lim�↓0 �−1

E [g(s + �, X(s + �)) − g(s, X(s)) | X(s) = x], for those g (that map to R)
for which the limit exists. Such g are said to be in the domain of the generator, denoted by
D(A). While D(A) is implicitly defined, as part of the definition of A, we can find a more
explicit expression on a smaller set of functions. For those functions A = ∂t + L, where L
is defined in (2.3). From this, one can see that if there are finitely many reactions, bounded
functions that are differentiable with respect to their time-argument are in the domain. For
suitable g : [0, T ) × S → R define

Eg(t) = g(t, X(t))

g(0, x0)
exp

(

−
∫ t

0

Ag

g
(s, X(s)) ds

)

, t ∈ [0, T ). (3.4)

Definition 3.1 We write g ∈ G if g ∈ D(A) is a strictly positive function and there exists a
filtration (Ft , t ≥ 0) such that (Eg(t), t ∈ [0, T )) is a martingale adapted to (Ft , t ≥ 0).

As F X
t = σ(Xt ) is a sub-σ -algebra of Ft for all t ≥ 0, (Eg(t), t ∈ [0, T )) is a martingale

with respect to (F X
t , t ≥ 0) as well whenever g ∈ G. In Lemma 3.3, we give an explicit

condition under which g ∈ G.
Let g ∈ G and let Pt denote the law of the process X restricted toF X

t for t ∈ [0, T ). Since
(Eg(t), t ∈ [0, T )) is a martingale with respect to (F X

t , t ≥ 0), we can define a new family
of consistent probability measures measures {Pg

t : t ∈ [0, T )} by
dPg

t = Eg(t) dPt , t ∈ [0, T ). (3.5)

Since {Pg
t : t ∈ [0, T )} is consistent, there exists a measure P

g
T such that for all t , we

have P
g
T

∣
∣F X

t
= P

g
t and, by Theorem 4.2 of Palmowski and Rolski (2002), the process

t 
→ f (t, X(t)) − ∫ t
0

(
∂t f + Lg

t f
)
(s, X(s)) ds is a martingale under Pg

T for any function
f : [0, T ) × S → R finitely supported in x and differentiable in t . Hence, under Pg

T , X is
a chemical reaction process with the same jumps as under P but with adjusted intensities
λ
g
� (t, x) = λ(t, x)g(t, x + ξ�)/g(t, x). For the reader’s convenience we have summarised

some of the main arguments of Palmowski and Rolski (2002) for establishing this connection
in Appendix D.

Definition 3.2 The guided process induced by g on [0, t] is defined as the process X under
P
g
T .

Some authors refer to this process as the twisted process (see e.g. Moral (2017)). Upon
denoting the transition probabilities of X by p, i.e. P(X(T ) ∈ A | X(t) = x) =∑

y∈A p(t, x; T , y) for A ⊆ S, it follows from Example 2.4 of Corstanje et al. (2023)
that the conditioned process (X | LX(T ) = v) is obtained by taking g = h with

h(t, x) =
∑

ζ∈L−1v

p(t, x; T , ζ ), (3.6)

where L−1v = {y ∈ S : Ly = v}. We recall our assumption h(0, x0) > 0, as otherwise
conditioned paths have probability zero. Note that h is bounded and satisfies Kolmogorov’s
backward equation:Ah = 0. By Proposition 3.2 in Palmowski and Rolski (2002), h ∈ G and
thus we can define the probability measure Ph

t by

dPh
t = h(t, X(t))

h(0, x0)
dPt , t ≤ T .

Intuitively, Ph
t gives more mass to paths where h(t, X(t)) is large.
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Unfortunately, h is intractable as the transition probabilities p are only known in closed-
form in very specific cases including Example 2.2. To resolve this, consider another function
g ∈ G that acts as a tractable substitute for h. Then, as a consequence, the process X is
tractable and can be simulated under the measure Pg

T . Moreover, for t < T ,

dPh
t

dPg
t
(X) = Eh

t

Eg
t

= h(t, X(t))

g(t, X(t))

g(0, x0)

h(0, x0)
�

g
t (X), (3.7)

where

�
g
t (X) = exp

(∫ t

0

Ag

g
(s, X(s)) ds

)

. (3.8)

To evaluate �g , a direct computation yields

Ag

g
(s, x) = ∂s log g(s, x) +

∑

�∈R

(
λ
g
� (s, x) − λ�(s, x)

)
. (3.9)

Eq.3.7 becomes particularly useful if it can be evaluated in t = T as well. As h(T , x) =
1{Lx=v}, this only depends on the choice for g. We present a class of functions that can
subsequently be used for this purpose in Theorem 3.4.

Lemma 3.3 Suppose g ∈ D(A) is a strictly positive function such that for some positive
constant C

∫ T

0

∑

�∈R
λ�(s, X(s))

(
g(s, X(s) + ξ�)

g(s, X(s))
− 1

)2

ds < C,

P-almost surely, then g ∈ G.
Proof The proof is inspired by the proof given in Example 15.2.10 in Brémaud (2020) and
Lemma 19.6 in Liptser and Shiryaev (2013).

It suffices to show thatE
[
Eg(T )

] = 1.ByLemma3.1ofPalmowski andRolski (2002), Eg

is a local martingale. Let {σn}n be a localizing sequence for Eg . Then, if (Eg(t), t ∈ [0, T ])
were uniformly integrable, then

E
[
Eg(T )

] = lim
n→∞E

[
Eg(T ∧ σn)

] = E
[
Eg(0)

] = 1

We proceed to show uniform integrability. Given t ∈ [0, T ], suppose a trajectory X has
jumps at times t1, . . . , tN . Set t0 = 0 and tN+1 = t . Then

Eg(t) = g(t, X(t))

g(0, x0)
exp

⎛

⎝−
N∑

j=0

∫ t j+1

t j
∂s log g(s, X(t j )) ds −

∫ t

0

Lg(s, X(s))

g(s, X(s))
ds

⎞

⎠

= g(t, X(t))

g(0, x0)

N∏

j=0

g(t j , X(t j ))

g(t j+1, X(t j ))
exp

(

−
∫ t

0

Lg(s, X(s))

g(s, X(s))
ds

)

=
N−1∏

j=0

g(t j+1, X(t j+1))

g(t j+1, X(t j ))
exp

(

−
∫ t

0

Lg(s, X(s))

g(s, X(s))
ds

)

=
N−1∏

j=0

g(t j+1, X(t j+1))

g(t j+1, X(t j ))
exp

(

−
∫ t

0

∑

�∈R
λ�(s, X(s))

(
g(s, X(s) + ξ�)

g(s, X(s))
− 1

)

ds

)

(3.10)
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From (3.10), it is easy to verify that

Eg(t)2 = Eg2(t) exp

(∫ t

0

∑

�∈R
λ�(s, X(s))

(
g(s, X(s) + ξ�)

g(s, X(s))
− 1

)2

ds

)

By Lemma 3.1 of Palmowski and Rolski (2002), Eg2 is a local martingale and, since it is

bounded from below, it is a supermartingale with E

[
Eg2(t)

]
≤ 1. Hence, for all n,

E
[
Eg(T ∧ σn)

2]

≤ E

[

Eg2(T ∧ σn) exp

(∫ T

0

∑

�∈R
λ�(s, X(s))

(
g(s, X(s) + ξ�)

g(s, X(s))
− 1

)2

ds

)]

≤ eC

Therefore supn E
[
Eg(T ∧ σn)

2
]

< ∞. ��
Theorem 3.4 Define h is as in (3.6) and let g : [0, T ] × S → R be such that the condition of
Lemma 3.3 is satisfied. Then

dPh
T

dPg
T

= g(0, x0)

h(0, x0)

�
g
T (X)

g(T , X(T )
1{LX(T )=v}. (3.11)

Proof The form of the Radon-Nikodym derivative follows from (3.7) upon noting that for
t ↑ T ,

h(t, X(t)) = E [1{LX(T ) = v} | Ft ] → E [1{LX(T ) = v} | FT ] = 1{LX(T ) = v}.
��

The following proposition is often helpful in establishing that the condition of Lemma 3.3 is
satisfied for a given g.

Proposition 3.5 Suppose g : [0, T ] × S → R is such that for all x the map t 
→ g(t, x)
is bounded from above and bounded away from zero. Then the condition of Lemma 3.3 is
satisfied.

Proof Since we assume throughout X to be nonexplosive, we have that almost surely the
maps t 
→ g(t, X(t)+ ξ�)/g(t, X(t)) are almost surely bounded on [0, T ] for all � ∈ R. The
result now follows upon noting that

∫ T
0

∑
�∈R λ�(s, X(s)) ds < ∞ by Assumption (2.1c). ��

Corollary 3.6 The likelihood of x0 based on the observation v is given by

h(0, x0) = g(0, x0)E
g
T

[
�

g
T (X)

g(T , X(T ))
1{LX(T )=v}

]

. (3.12)

Proof This follows immediately upon integrating (3.11) with respect to P
g
T . ��

Note that g ≡ 1 satisfies the condition inLemma3.3. This choice simply yields the original
forward process. Sampling the conditioned process in this way is however very inefficient
when P (LX(T ) = v) is low.

The lemma below shows that the law of the guided process does not change when g is
multiplied by a function only depending on time.
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Lemma 3.7 (Invariance under time scaling) Suppose g ∈ G and let c : [0, T ] → R+ be a
differentiable function. Then Ecg(t) = Eg(t).

Proof Since c only depends on time
∫ t

0

A (cg)

cg
(s, X(s)) ds =

∫ t

0

[

∂s log (c(s)g(s, X(s))) + Ls (cg)

cg
(s, X(s))

]

ds

=
∫ t

0
∂s log c(s) ds +

∫ t

0

[

∂s log g(s, X(s)) + Ls g

g
(s, X(s))

]

ds

= log c(t) − log c(0) +
∫ t

0

Ag

g
(s, X(s)) ds.

.

From this, we get Ecg(t) by negating the right-hand-side, taking the exponent and subse-
quently multiplying by c(t)g(t, X(t))/(c(0)g(0, x0)). It is easily seen that the terms with c
cancel out. ��

The following proposition is useful for numerical evaluation of the likelihood of a sampled
guided process.

Proposition 3.8 Suppose 0 = t0 < t1 < · · · < tN−1 < tN = T , x0, . . . , xN ∈ S and

x(t) =
N−1∑

j=0

x j1[t j ,t j+1)(t).

Then, with α j (s) := g(s, x j+1)/g(s, x j )

g(0, x0)

g(T , x(T ))
exp

(∫ T

0

Ag

g
(s, x(s)) ds

)

=
⎛

⎝
N−2∏

j=0

1

α j (t j+1)

⎞

⎠ exp

⎛

⎝
N−1∑

j=0

∫ t j+1

t j

∑

�∈R
λ�(s, x j )

[
α j (s) − 1

]
ds

⎞

⎠

Proof This is a consequence of (3.10). ��

4 Choices for g

It remains to specify the maps (t, x) 
→ g(t, x) satisfying the assumption of Lemma 3.3.
Moreover, to be of any use, the event {LX(T ) = v} needs to get positive probability under
P
g
T .
In this section we show the following:

• Sect. 4.1: The choices for g in Fearnhead (2008) and Golightly and Sherlock (2019), both
based on the chemical Langevin equation, lead to absolute continuity.

• Sect. 4.2: A guiding function based on the transition density of a scaled Brownian
motion yields absolute continuity while being computationally very efficient. It satis-
fies Pg

T (LX(T ) = v) > 0. In subsection 4.2.1 we show how g can be extended to the
case of multiple partial observations.

• Sect. 4.3: For processes with monotone components a specific choice for g can overcome
certain problems arising in the aforementioned choices.

In the following, C denotes a positive definite matrix.
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4.1 Choices based on the chemical Langevin equation

Consider the CLE given in (2.5). Set aCLE = σCLEσCLE
′. Fearnhead (2008) proposed to

choose g based on the Euler discretization of the CLE. This gives

gF(t, x) = N (
v; L(x + bCLE(t, x)(T − t)), LaCLE(t, x)L ′(T − t) + C

)
, (4.1)

As the assumption of Proposition 3.5 is satisfied we obtain P
h
T 	 P

gF
T .

Golightly andSherlock (2019) propose to infer g by using theLinearNoiseApproximation
(LNA) to the CLE. Here, we discuss their specific choice called “LNA with restart”. For
notational convenience, write b = bCLE and σ = σCLE and again set a = σσ ′. Given t < T
and x ∈ S, we denote by zT |(t,x) and VT |(t,x) the solutions at time T of the system of ordinary
differential equations

dzs|(t,x) = b(s, zs|(t,x)) ds

dVs|(t,x) =
(
Vs|(t,x)

(
Jb(s, zs|(t,x))

)′ + Jb
(
s, zs|(t,x)

)
Vs|(t,x) + a

(
s, zs|(t,x)

))
ds

where s ∈ [t, T ], subject to the initial conditions are given by zt |(t,x) = x and Vt |(t,x) = 0.
Here, Jb denotes the Jacobian matrix of b (having component (i, j) given by ∂bi/∂z j . The
guiding term then is given by

gLNAR(t, x) = N (
v; LzT |(t,x), LVT |(t,x)L ′ + C

)
. (4.2)

Absolute continuity P
h
T 	 P

gLNAR
T follows by the same argument used for gF.

4.2 Choosing g using the transition density of a scaled Brownianmotion

For fixed σ ∈ R
d×d define the process X̃ by d X̃(t) = σ dW (t), where W is a standard

Brownian motion. Denote a = σσ ′ and assume that a is such that LaL ′ is strictly positive
definite. We derive g from backward filtering the process X̃ with observation V | X̃(T ) ∼
N (L X̃(T ),C). Let q denote the density of the N (0,C)-distribution. The density of V ,
conditional on X̃(t) = x is given by u(t, x) := ∫

p̃(t, x; T , y)q(v − Ly) dy. It follows from
the results in Mider et al. (2021) that u(t, x) ∝ g(t, x) where

g(t, x) = exp

(

−1

2
x ′H(t)x + F(t)′x

)

. (4.3)

Here, for t ≤ T , H(t) and F(t) satisfy the ordinary differential equations

dH(t) = H(t)aH(t) dt, H(T ) = L ′C−1L

dF(t) = H(t)aF(t) dt, F(T ) = L ′C−1v
. (4.4)

These differential equations can be solved in closed-form:

H(t) = z(t)H(T ) and F(t) = z(t)F(T ), (4.5)

with z(t) = (I + H(T )a(T − t))−1

Note thatwe have not yet specified σ . Depending on its choice, gmay be radically different
from h. Nevertheless, it can be used as a change of measure to condition paths of X on the
event {LX(T ) = v}.
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Theorem 4.1 Let g be defined by (4.3) and (4.4). Then Ph
T 	 P

g
T with

dPh
T

dPg
T

= g(0, x0)

h(0, x0)
exp

(∫ T

0

Ag

g
(s, X(s)) ds

)

exp

(

−1

2
v′C−1v

)

1{LX(T )=v}. (4.6)

Proof It follows from theorems 2.4 and 2.5 in Mider et al. (2021) that if we define

M(t) := (
C + LaL ′(T − t)

)−1
,

then H(t) = L ′M(t)L and F(t) = L ′M(t)v and therefore

g(t, x) ∝ exp

(

−1

2
(v − Lx)′M(t)(v − Lx)

)

. (4.7)

The proportionality is up to a differentiable time-dependent function and hence does not
affect the change of measure by Lemma 3.7. By Lemma C.1, g is bounded from above
and bounded away from 0. Since g is smooth in t and well-defined in T , we clearly have
continuous differentiability of the maps t 
→ g(t, x) for all x ∈ S on [0, T ]. The result thus
follows from Proposition 3.5 and Theorem 3.4. ��

Theorem4.1 is only of interest when the guided process has a positive probability of hitting
v at time T . This is ensured by Theorem 4.2 for which the proof is deferred to Appendix A.

Theorem 4.2 P
g(LX(T ) = v) > 0

A convenient choice for the matrix C has computational advantages.

Definition 4.3 Let ε > 0 and set C = εLaL ′. The corresponding g in (4.3) is denoted by gε.

Lemma 4.4 The inducedmeasurePgε

T is the lawof a chemical reaction processwith intensities
λ
gε

� (t, x) = α
gε

� (t, x)λ�(t, x), where

α
gε

� (t, x) = exp

(

−d(v, L(x + ξ�))
2 − d(v, Lx)2

2(ε + T − t)

)

, (4.8)

with d the metric given by

d(x, y)2 = (y − x)′(LaL ′)−1(y − x). (4.9)

Proof This result follows by substituting the expression for g in (4.7) into the definition of
α
g
� (t, x) and rewriting in terms of the metric d . ��
This implies that only one matrix inverse, (LaL ′)−1, needs to be calculated. By Eq.4.8,

the intensity of the guided process either becomes very large or small depending on whether
L(x + ξ�) is closer or further away from v than Lx with respect to the metric d , which has
intuitive appeal. Also note that ε appears only in the denominator at T + ε, which implies
that the choice C = εLaL ′ imposes the conditioning at at time T + ε instead of T , thereby
precluding explosive behaviour in (4.7) as t ↑ T .

Remark 4.5 Ideally, we would like to have Pg (LX(T ) = v) = 1. For g = gε as in Lemma
4.4 this is not guaranteed. Essentially, the choice C = εLaL ′ yields a process where LX(t)
hits v at time T + ε. Since the intensities are bounded from below and above, there is a
positive probability of at least one reaction occurring in (T , T + ε) resulting in LX(T ) �= v.
In Sect. 5 we discuss the case where ε = 0, which does yield P

g(LX(T ) = v) = 1.
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Remark 4.6 Comparing gF, gLNAR and gε , it is likely that gε will deviate most from h. In
particular when the drift and diffusion coefficient of the CLE are nonlinear, gε will likely
deviate from h the most leading to the guided paths deviating from the conditioned paths.
However, from a computational point of view gε is most attractive, as can be seen from (4.8).
Moreover, in Sect. 6 it turns out that simulation of the guided process is simplified in case of
gε .

Remark 4.7 In dimension 1, we derive a better intuition for the choice for a from (4.8) and
(4.9). A small choice leads to a higher guided intensity, and thus a process arriving around
v quickly and likely to stay near v, while a large value of a leads to trajectories that remain
unaffected by α

gε

� until t approaches T . Ideally, we mimic trajectories under Ph and thus a
good choice of a ensures g(0, x0)�

g
T (X)1{LX(T ) = v}/g(T , X(T )) is large (with �

g
t (X)

defined in Equation (3.8)). This can be verified using Monte-Carlo simulation sampling X
under Pgε . Alternatively, a simple choice for a is aCLE(0, x0) or, if we have a complete
observation, a = aCLE(T , v).

4.2.1 Extension to multiple observations

We now extend Theorem 4.1 to a result for multiple observations. Consider observations
vi = Li X(ti ), i = 1, . . . , n where 0 = t0 < t1 < · · · < tn and assume without loss of
generality that Li ∈ R

mi×d are of full column rank with mi ≤ d and Li = I when mi = d .

Proposition 4.8 Let p denote the transition probabilities of X and define for t ∈ [tk−1, tk)
and x ∈ S

h(t, x) = P (Li X(ti ) = vi , i = k, . . . , n | X(t) = x)

=
∑

ζk∈L−1
k vk

· · ·
∑

ζn∈L−1
n vn

p(t, x; tk , ζk)
n−1∏

i=k

p(ti , ζi ; ti+1, ζi+1).
(4.10)

Then h ∈ G and the change of measure (3.5) induces (X | Lk X(tk) = vk, k = 1, . . . , n).

Proof This result is obtained upon following Example 2.4 of Corstanje et al. (2023) using
the delta-dirac distribution μ(ζk) = δ(vk − Lkζk). ��

We deduce the form of g from Mider et al. (2021) in a similar way compared to a single
observation. We consider an auxiliary process X̃ that solves the SDE

d X̃(t) = σ(t) dW (t), X(0) = x0, t ∈ [0, tn), (4.11)

where σ(t) = ∑n
k=1 σk1[tk−1,tk )(t) and ak = σkσ

′
k are positive definite d × d matrices for

k = 1, . . . , n.
For each observation k, we consider Vk | X(tk) ∼ N (0,Ck) where Ck is an mk × mk

covariance matrix. Suppose qk denotes the density of the N (0,Ck)-distribution. Then the
transition density of X̃ satisfies for t ∈ [tk−1, tk),

∫

p̃(t, x; tk , ζk)qk(vk − Lkζk)

n−1∏

i=k

p̃(ti , ζi ; ti+1, ζi+1)qi+1(vi+1 − Li+1ζi+1) dζk · · · dζn

∝ exp

(

−1

2
x ′H(t)x + F(t)′x

)

=: g(t, x).
(4.12)
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Here, the expressions for H and F can be found by backward solving a system of equations
given by

H(tn) = L ′
nC

−1
n Ln

F(tn) = L ′
nC

−1
n vn

and for t ∈ (tk−1, tk), k = 1, . . . , n

dH(t) = H(t)ak H(t) dt, H(tk) = Hk := L ′
kC

−1
k Lk + H(tk+)

dF(t) = H(t)ak F(t) dt, F(tk) = Fk := L ′
kC

−1
k vk + F(tk+)

(4.13)

Finally, we let H and F be a right continuous modification of the solution to (4.13), i.e.
setting H(tk) = H(tk+) and F(tk) = F(tk+), k = 1, . . . , n − 1. This system can be
solved in closed form: H(t) = zk(t)Hk , F(t) = zk(t)Fk , where, for k = 1, . . . , n, zk(t) =
(I + Hkak(tk − t))−1.

Remark 4.9 Alternatively, following the computations in Section 2 of Mider et al. (2021), g
can be expressed as

g(t, x) ∝ exp

(

−1

2
(v(t) − L(t)x)′ M(t) (v(t) − L(t)x)

)

, (4.14)

where, the proportionality is up to a time-dependent function and for t ∈ [tk−1, tk)

L(t) =
⎛

⎜
⎝

Lk
...

Ln

⎞

⎟
⎠ and v(t) =

⎛

⎜
⎝

vk
...

vn

⎞

⎟
⎠

and M(t) = M†(t)−1 with M†(t) a block matrix with entries

M†(t) =
(
Ci1{i = j} +∑i∧ j−1

l=k Lial+1L ′
j (tl+1 − tl) + Liak L ′

j (tk − t)
)n

i, j=k
,

t ∈ [tk−1, tk). While this representation of g is useful in most proofs, it is computationally
more demanding as the matrix dimensions of H(t) and F(t) are d ×d , while M(t), L(t) and
v(t) have dimensions that increase with the amount of observations.

Using Lemma C.2, the proof of Theorem 4.1 can be repeated for a result like Theorem
4.1 for each observation k to find that Ph

tn 	 P
g
tn with

dPh
tn

dPg
tn

= g(0, x0)

h(0, x0)
exp

(∫ tn

0

Ag

g
(s, X(s)) ds − 1

2

n∑

k=1

v′
kC

−1
k vk

)

1An . (4.15)

The term exp
(
− 1

2

∑n
k=1 v′

kC
−1
k vk

)
results from evaluating each fraction g(tk, x)/g(tk−, x)

on the set {Lkx = vk}.We can repeat Theorem4.2 for each observation to obtainPg (An) > 0.
However, similar to Remark 4.5, we generally do not have Pg (An) = 1.

4.3 Choosing g to guide a process withmonotone components

Theorem 4.1 shows that choosing g using the transition density of a scaled Brownian motion
yields a process that is absolutely continuous with respect to the conditioned process. How-
ever, depending on the network, this might not always be a desirable choice.
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Consider for instance Example 2.4. Here, the fourth component of the process (P) is
monotonically increasing as it only appears in reaction 3, where 1 is added, which can also
be seen in Fig. 2. Let us for simplicity assume a complete observation at time T , that is
X(T ) = vT . Clearly, if X4(t) = vT ,4 for some t < T , reaction 3 cannot occur anymore
for the process to satisfy the conditioning. However, λ

g
3(t, X(t)) �= 0 for the choices of g

discussed so far. This can lead to trajectories that don’t satisfy the conditioning, which in
turn means a low acceptance ratio when sampling.

Alternatively, we choose an auxiliary process X̃ = (Z̃ , Ỹ ), where Z̃ is the R
3-valued

process that solves d Z̃(t) = σ dWt and Ỹ is a homogeneous Poisson process with intensity
θ̃ . We stick with the notation x = (z, y) ∈ R

4 with z ∈ R
3 and y ∈ R, and denote

vT = (zT , yT ). Similar to earlier computations, we deduce that

g(t, (z, y)) = exp

(

− d(zT , z)2

2(T + ε − t)

)
(
θ̃ (T − t)

)yT −y

(yT − y)! exp
(
−θ̃ (T − t)

)
, (4.16)

where ε > 0 and

d(zT , z) =
√

(zT − z)′a−1(zT − z).

This choice satisfies the assumption of Lemma 3.3.

5 Choosing g so that Ph and P
g are equivalent

By (4.15), the measures Ph and P
g are equivalent when P

g (An) = 1, as all other terms in
the Radon-Nikodym derivative are nonzero. In this section we propose a choice for g which
yields equivalence of themeasuresPh andPg under an additional assumption on the network.

By Remark 4.5, the choice C = εLaL ′ can be interpreted as imposing a condition of
hiting v at time T + ε. Therefore, intuitively, equivalence can be achieved upon artificially
setting all elements in the matrices Ck equal to 0. In this case, g(tk, x) becomes ill-defined
whenever Lkx �= vk and boundedness of g is lost, rendering the earlier proofs invalid. To
utilize this choice for g and show equivalence, we build on earlier work in Corstanje et al.
(2023). Proofs of results in this section are given in Appendix B.

5.1 Absolute continuity

The initial conditions for the differential equations (4.13) for the functions H and F appearing
in (4.12) are not defined as the matrices C1, . . . ,Cn are not invertible, but we can still obtain
an equivalent of (4.14). Observe that for t ∈ [tk−1, tk),

∫

p̃(t, x; tk , ζk)δvk (Lkζk)

n−1∏

i=k

p̃(ti , ζi ; ti+1, ζi+1)δvi+1(Li+1ζi+1) dζk · · · dζn

∝ exp

(

−1

2
(v(t) − L(t)x)′M(t)(v(t) − L(t)x)

)

=: g(t, x),
(5.1)

where L , v and M are defined in Remark 4.9 but with C1, . . . ,Cn = 0 and we define
g(tk, x) = g(tk+, x) for x ∈ L−1

k vk .
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Theorem 5.1 Let g be defined by (5.1). Then Ph 	 P
g with

dPh
tn

dPg
tn

= g(0, x0)

h(0, x0)
exp

(∫ tn

0

Ag

g
(s, X(s)) ds

)

1A[Xtn ], (5.2)

where

A[Xtn ] =
{

sup
0≤s<tn

∑

�∈R
λ
g
� (s, X(s)) < ∞

}

.

To show that Pg
tn (A[Xtn ]) > 0, we require Proposition 5.2, combined with the observation

that the proof of Theorem 4.2 can be repeated with this choice for g upon observing that∑
�∈R λ

g
� stays finite on the sets {Lkx = vk}.

Proposition 5.2 An ⊆ A[Xtn ] with An as defined in (1.3).

Remark 5.3 To see that the reverse inclusion generally does not hold, consider a process
conditioned to hit v at time T . If LX(t) = u �= v for t ∈ (T − ε, T ] where u is such that no
reactions exist such that d(v, L(u + ξ�)) < d(v, Lu), it can be shown that t 
→ g(t,u+ξ�)

g(t,u)
is

bounded and therefore such trajectories are included in A[XT ].

5.2 Equivalence

Lemma 5.1 shows that Ph is absolutely continuous with respect to P
g on the set A[Xtn ].

For simulation purposes, equivalence would be preferable. It follows from (5.2) that this is
indeed the case if Pg

(
A[Xtn ]) = 1. This can be shown if the network also satisfies a greedy

property.

Assumption 5.4 For k = 1, . . . , n, define the metric dk on R
mk through (B.6) and suppose

that d1, . . . , dn are such that for all k, t ∈ [tk−1, tk) x ∈ S \ L−1
k vk , there is a reaction � ∈ R

such that λ�(t, x) > 0 and dk(vk, Lk(x + ξ�)) < dk(vk, Lkx).

Intuitively, Assumption 5.4 is satisfied when there is always a reaction available that takes
the process closer to the first desired conditioning given being in state x at time t . The
choice for g will then guarantee that eventually, the path will jump to this point closer to
the conditioned state and will therefore hit the observation in finitely many reactions. This
argument is formalized in Theorem 5.5.

Theorem 5.5 Suppose Assumption 5.4 is satisfied. Then Pg
tn (An) = 1.

Corollary 5.6 It follows from Proposition 5.2 and Theorem 5.5 that, under Assumption 5.4,
P
g
tn (A[Xtn ]) = 1.

The choice for g described in this section has two advantages. The first being that the
set A[Xtn ] on which absolute continuity is obtained is larger than An and the second being
that an additional assumption yields equivalence. However, a representation such as (4.12)
is not available in this case. When evaluating (4.12), the matrix products and inversions are
computed for matrices of size d × d , while (4.14) requires matrix computations where the
size increases with the amount of observations. We thus conclude that from a theoretical
point of view we may prefer the construction in this section, but for computational purposes
(4.12) should be preferred, especially in case n is large.
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6 Simulationmethods

In this section we discuss methods for simulating the guided process on [0, T ]. This is a
Markov jump process with time-dependent intensity. In case ‖LX(t)−v‖ is large for t close
to T , this intensity may blow up.

Simulating a Markov jump process is easy when intensities do not depend on time. In this
case, given a state x at time t , we simply simulate reaction times τ� ∼ Exp(λ�(x)) for each
reaction, set �̂ = argmin�∈R τ� and move t ← t + τ

�̂
and X(t + τ

�̂
) ← X(t) + ξ

�̂
. When R

contains many reactions, one could alternatively use Gillespie’s algorithm, see e.g. Gillespie
(1976, 1977), which first samples the reaction time and subsequently the reaction that takes
place at that time.

To extend this method to chemical reaction processes with time-dependent intensities, we
have to sample reaction times satisfying (2.4). In general this is hard and therefore therefore
we consider a Poisson thinning step. This gives Algorithm 1. The efficiency of Algorithm 1
will depend on whether sharp bounds λ̄� can be derived.

Algorithm 1: Next reaction method for time-inhomogeneous rates with a Poisson thin-
ning step

Input: x ∈ S and t ≥ 0 and an upperbound λ̄� for λ�(·, x).
Result: The next reaction �̂ ∈ R and the corresponding reaction time τ

�̂
from the state (t, x).

1 for � ∈ R do
2 Set t∗ = t ;
3 Sample τ∗

�
∼ Exp

(
λ̄�

)
and set t∗ ← t∗ + τ∗

�
;

4 Sample U ∼ Unif(0, 1) ;
5 if U ≤ λ�(t

∗, x)/λ̄� then
6 Accept, set τ� = t∗ − t ;
7 else
8 Reject and return to line 3 ;
9 end

10 end
11 Set �̂ = argmin�∈R τ� ;

12 return �̂ and τ
�̂
.

6.1 Simulation of the guided process for underlying processes with
time-homogeneous intensities

In many applications, such as the examples in Section 2.3, the intensities λ�, � ∈ R of the
underlying process only depend on the state x and don’t have a direct dependence on t .
Here we consider this case and present a method for simulating the guided process in such
a scenario. Note that if the underlying rates are time-dependent, but bounded, these upper
bounds can easily be included in the thinning step.

123



    8 Page 20 of 35 Statistical Inference for Stochastic Processes             (2025) 28:8 

6.1.1 Special case: guided process induced by g"

We consider the guided process with λ
gε

� = α
gε

� λ�, where α
gε

� is defined in Eq.4.8. As the
map t 
→ α

gε

� (t, x) is monotone, given (t, x), an upper bound can be found at either (t, x) or
(T , x). Unfortunately, the upper bound at T is typically far from sharp, hampering efficiency,
especially when ε is chosen to be small. To resolve this issue, we employ Algorithm 2. In
lines 7–18, λgε

� (·, x) is increasing in time. Thus we can choose δ such that t + δ < T and use
that, on the interval [t, t+δ], λgε

� (·, x) is upper bounded by λ
gε

� (t+δ, x). Hence, on [t, t+δ],
we apply the thinning property for an inhomogeneous Poisson process with rate λ

gε

� (·, x)
and, if no reaction occurs in this interval, we move t to t + δ. Typically, once LX(t) = v for
t near T the map s 
→ g(s, x + ξ�)/g(s, x) will be decreasing for choices of g considered
in this article. If at line 7 LX(t) �= v and T − (t + δ) ≤ ε we reject the sampled path for
specified small ε > 0.

Algorithm 2:Next reaction method with a Poisson thinning step for guided rates where
the original intensity is independent of time
Input: x ∈ S and t ≥ 0.
Result: The next reaction �̂ ∈ R and the corresponding reaction time τ

�̂
from the state (t, x).

1 Set R+ = {� ∈ R | λ�(x) > 0} as the set of possible reactions to occur;
2 for � ∈ R+ do

3 if s 
→ g(s,x+ξ�)
g(s,x) is decreasing in s on [t, T ) then

4 Apply lines 3-9 of Algorithm 1 with λ̄� = λ
g
�
(t, x);

5 else
6 Set t∗ = t and tstart = t ;
7 Choose δ > 0 such that t + δ < T ;

8 Sample τ∗
�

∼ Exp
(
λ
g
�
(t + δ, x)

)
and set t∗ ← t∗ + τ∗

�
;

9 Sample U ∼ Unif(0, 1) ;
10 if t∗ > t + δ then
11 Set t ← t + δ and return to line 7
12 else
13 if U ≤ λ

g
�
(t∗, x)/λg

�
(t + δ, x) then

14 Accept and set τ� = t∗ − tstart ;
15 else
16 Reject and return to line 8
17 end
18 end
19 end
20 end
21 Set �̂ = argmin�∈R+ τ� ;

22 return �̂ and τ
�̂
.

6.1.2 Choice of ı

We now explain that δ can be chosen such that a minimum acceptance rate is attained.
The acceptance rate of a proposed time τ� is given by

η = λ
gε

� (t + τ�, x)

λ
gε

� (t + δ, x)
(6.1)
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A direct computation yields that

η = exp

(
d(v, L(x + ξ�))

2 − d(v, Lx)2

2(T + ε − t − δ)
− d(v, L(x + ξ�))

2 − d(v, Lx)2

2(T + ε − t − τ�)

)

, (6.2)

Upon solving (6.2) for δ, we find that

δ = T + ε − t −
(

2 log η

d(v, L(x + ξ�))2 − d(v, Lx)2
+ 1

T + ε − t − τ�

)−1

Now τ� is not known when choosing δ, but since τ� ≥ 0, we obtain the desired acceptance
rate η by choosing

δ ≥ T + ε − t −
(

2 log η

d(v, L(x + ξ�))2 − d(v, Lx)2
+ 1

T + ε − t

)−1

. (6.3)

6.2 Simulation studies

Julia written code for the simulation examples of this section is available in Corstanje (2023).

6.2.1 Death model and comparison to Golightly and Sherlock (2019)

We consider the pure death process of Example 2.2 and estimate the distribution of X(T )

conditional on X(0) = x0. For convenience, we denote by gv the guiding term g chosen for
the conditioning X(T ) = v. By Corollary 3.6, for any v ∈ S

p(0, x0; T , v) = gv(0, x0)E
gv

[
�

gv

T (X)

gv(T , X(T ))
1{X(T )=v}

]

Hence, for large N , we can estimate p(0, x0; T , v) by sampling X1, . . . , XN from P
gv

using
Algorithm 2 and computing

p̂(v) = 1

N

N∑

i=1

gv(0, x0)
�

gv

T (Xi )

gv(T , Xi (T ))
1{Xi (T )=v} (6.4)

It is a well-known result that X(T ) ∼ Binom
(
x0, e−cT

)
, so we will use this mass function

for comparison. In the following experiment, we use (6.4) to estimate the mass function of
the Binom

(
x0, e−cT

)
-distribution with x0 = 50, T = 1 and c = 1/2. We consider four

choices for g:

• gF as in (4.1) with C = 10−5 for v < 32 and C = 0.3 for v ≥ 32 (we comment on this
choice of C below).

• gLNA from the LNA method with restart as in (4.2), with C = 10−5.
• gε chosen using a scaled diffusion as in (4.4). We took ε = 10−5. For a given value of v,

the tuning parameter a = σ 2 appearing in gε was chosen as 2.5(x0−v). This was found to
be roughly the optimum of the map a 
→ gv(0, x0)Egε�

gv

T (X)1{X(T )=v}/gv(T , X(T )),
where the expectation was estimated using 100 forward simulated paths and v was taken
to be the 1%, 50% and 99%-quantiles of X(T ).

• g chosen using the density of a reversed (decreasing) constant rate Poisson process with
rate constant θ . We took θ = cv (this choice ensures equivalence by Theorem 4.2 of
Corstanje et al. (2023)).
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Table 1 Mean squared errors of
the estimates from Fig. 3 for each
of the methods

Method Mean Squared Error

Fearnhead 1.5 · 10−5

LNA (with restart) 6.5 · 10−6

Diffusion guiding term 2.1 · 10−5

Poisson guiding term 4.0 · 10−7

For forward simulation under Pg we employed Algorithm 2 where for gε , δ was chosen
according to (6.3). For the other choices of g such a closed form expression cannot be
derived, and for t < T we simply took δ = T−t

2 . This does not affect the validity of the
algorithm, only the acceptance probability of a sampled reaction time.

Results: We took Monte-Carlo sample size N = 15000. The estimated probability mass
functions are depicted in Fig. 3. This figure confirms that Ph

T 	 P
g
T for all choices of g

considered. The percentages of paths conditioned on X(T ) = v and actually ending in v are
depicted in Fig. 4 for a range of values of v. We now comment on the choice of C for the
Fearnhead guiding term. For C = 10−5 we noticed that conditioning on high values of v

caused the guided process to jump very closely to T with high probability. This resulted in
numerical instability when computing the integral appearing in �

g
T . For that reason, we took

a larger value of C in case v is large. A side effect of that is that there is less strong forcing
to hit v at time T which explains the lower fractions of paths ending in v for v ≥ 32.

We observe that the overall error of the Poisson guiding term is lowest and the diffusion
guiding term performs particularly well for low values of v for which the process has to make
a lot of jumps. However, when conditioning on high values, the amount of sample paths that
end up in the correct state is low, leading to a larger variance of p̂(v) defined in Eq.6.4.
The performance of the Poisson guiding term is explained due to the typically lower guiding
term, which is exactly 0 when the conditioning is reached at a time prior to T . This property
is not shared by the other choices considered.

In Table 1 we report the mean squared errors 1
#v

∑
v(q(v) − p̂(v))2, with q denoting the

probability mass function of the Binom(x0, e−cT )-distribution.

6.2.2 Gene transcription and translation

We consider the GTT -model presented in Example 2.3. Figure5 contains realizations of the
process X under Pg conditioned to hit (1, 11, 56) at time T = 1. We used guiding induced
by gε with ε = 10−5 and a = aCLE(0, x0). The plot shows 10 sampled trajectories. Out of
1000 more trajectories sampled, all of these end in the correct point X(T ) = (1, 11, 56).

Next, from a simulated forward path we chose 15 times at random and saved the values of
randomly chosen components of the process. Taking these values as observations we show
in Fig. 6 multiple realisations of the guided process. Out of 1000 simulated trajectories we
found that all of those passed through all partial observations.

6.2.3 Enzyme kinetics

As described in Example 2.4, this is a very interesting example as it contains a monotone
component as well as absorbing states, where no more reactions can occur. For example, the
state X(t) = (0, 20, 0, 32) can be reachedwith a sequence of reactions from x0, but no further
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Fig. 3 Estimates of the probability mass function of X(T ) | X(0) = x0 using the guiding functions f from
the LNA method, a scaled diffusion and a Poisson process. The upper barplot is the true density. For each v,
we estimated using (6.4) with N = 15000

Fig. 4 The percentage of paths ending in the point of conditioning (v) versus v for the four methods considered
(with the same settings as in Fig. 3)
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Fig. 5 Realization of a guided process starting from x0 = (1, 50, 10) conditioned to be at (1, 10, 50) at time
T = 1 of the GTT -model from Example 2.3 with κ1 = 100, κ2 = 10, dM = 25 and dP = 1. The thick line
is the original (unconditioned) process

Fig. 6 Realization of a guided process through 15 arbitrary observations, with the same settings as in Fig.5

reactions are possible in this state.We use this example to compare various guiding terms.We
choose the starting point x0 = (12, 10, 10, 10) and parameters (κ1, κ2, κ3) = (5, 5, 3). We
consider three scenarios in which the LNA method with restart, the guiding term obtained
from a scaled diffusion presented in Sect. 6.2.3 and the guiding term in which one of the
components is replaced by a Poisson guiding term as presented in Sect. 4.3.

• Scenario A: The process is conditioned to be at xT ,0.01 = (0, 15, 5, 27) at time T = 1.
27 is the 1% quantile of X4(T ), determined through forward simulation.

• Scenario B: The process is conditioned to be at xT ,0.5 = (0, 19, 1, 31) at time T = 1.
31 is the 50% quantile of X4(T ), determined through forward simulation.

• Scenario C: The process is conditioned to be at xT ,0.99 = (0, 20, 0, 32) at time T = 1.
32 is the 99% quantile of X4(T ), determined through forward simulation and xT ,0.99 is
also an absorbing state of the process.
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Fig. 7 Percentages out of 100 trajectories that satisfy the conditionings set in scenario’s A, B and C

Table 2 Mean Squared Error (MSE) of the estimates from Figs. 8, 9 and 10 for each of the methods

Method MSE scenario A MSE scenario B MSE scenario C

LNA (without restart) 8.8 · 10−6 2.3 · 10−3 1.3 · 10−3

Diffusion guiding term 9.0 · 10−6 1.8 · 10−3 1.6 · 10−3

First we simulate 100 trajectories of each process and check the percentage of paths
that satisfy X(T ) = xT ,q for q = 0.01, 0.5, 0.99. We used the same scheme for simu-
lating the guided process as for the death process. For the diffusion guiding term, we took
a = aCLE(0, x0). For the Poisson guiding term, the auxiliary process fromwhich g is obtained
contains a scaled diffusion in the 3 components and a Poisson processes in the third compo-
nent. The diffusion is scaled by a matrix a, in which we used the first three rows and the first
three columns of aCLE(0, x0). The intensity of the Poisson component was taken as λ3(0, x0),
which is a lower bound of the reaction intensity for the reaction that induces the monotone
component. The results are summarised in Fig. 7.

Similar to the death process in Fig. 3, we see that the diffusion guiding term and the LNA
guiding term strugglewhen themonotone component is conditioned not tomakemany jumps.

We used the same method as for the death processes to estimate p(0, x0; T , v) for sce-
nario’s A, B andC. In each scenario, we computed p̂ through (6.4). In each scenario, wemake
200 estimates for p(0, x0; T , v) by computing p̂ with N = 1000 processes and we compared
the LNA method (without restart cf. Section 4.3 of Golightly and Sherlock (2019)) with the
diffusion guiding term with ε = 10−5 and a = 100aCLE(T , xT ,q) for q = 0.01, 0.5, 0.99.
For the LNA method we assumed extrinsic noise C = 2000I , C = 500I and C = 200I for
scenario’s A, B and C, respectively. Histograms of the estimates are given in Figs. 8, 9 and
10. The MSEs of the estimates are summarised in Table 2.
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Fig. 8 Histograms of 200 estimates for p(0, x0; T , v) in scenario A using the LNA method without restart
(top) and and the diffusion method (bottom). The true value was estimated using 10,000 forward simulations

7 Discussion

In this paper we have provided sufficient conditions for constructing valid guided processes,
where “valid” refers to the law of the true conditioned process being absolutely continuous
with respect to the law of the guided process induced by g with the laws as defined in Sect. 3.
We have presented various choices of g and conclude that among those there is no best
choice in terms of closeness to the true conditioned process and computational cost. When
used within a sequential Monte Carlo or Markov chain Monte Carlo algorithm, a mixture of
proposals may be beneficial. The inherent discreteness of chemical reaction processes makes
it a hard problem, but it works to our advantage in the sense that guided processes can be
constructed on [0, T ]where g(T , x) is well defined. This is accomplished by using a guiding
term derived from conditioning a diffusion process that is observed with (small) extrinsic
noise. The guiding term defined in Sect. 4.3 has the additional advantage that monotonicity
can be exploited for simulating paths of the guided process efficiently.

In the analogous problem of continuous-discrete smoothing for diffusion processes (see
e.g. Mider et al. (2021), Beskos et al. (2008), Golightly and Wilkinson (2008)) there exists a
simple random-walk like MCMC-sampler on path space to update guided processes: the pre-
conditioned Crank-Nicolson scheme. Unfortunately, we are not aware of a similar construct
for chemical reaction processes.
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Fig. 9 Histograms of 200 estimates for p(0, x0; T , v) in scenario B using the LNA method without restart
(top) and and the diffusion method (bottom). The true value was estimated using 10,000 forward simulations

Appendix A Proof of Theorem 4.2

The proof relies on the existence of a chain of reactions that result in the conditioning
LX(T ) = v. We formalize this in Definition A.1.

Definition A.1 For x, y ∈ S, we say that y can be reached from x within a time interval
(a, b) ⊆ (0, T ), denoted x ↪→ y in (a, b), if there is a finite collection {�1, . . . , �I } ⊆ R of
reactions and a partitionU1, . . . ,UI of disjoint intervals for (a, b) such that y = x+∑I

i=1 ξ�i

and for all the set i , supp λ�i

(
x +∑

j<i ξ� j

)
∩Ui is of positive Lebesgue measure.

Since we consider a process conditioned on LX(T ) = v, we can assume there exists an
xT ∈ S such that LxT = v and x0 ↪→ xT in (0, T ).

Proof of Theorem 4.2 Notice that, given any t < T ,

P
g (X(s) = xT for all s ∈ [t, T ] | X(t) = xT ) = exp

(

−
∫ T

t

∑

�∈R
λ
g
� (s, xT ) ds

)

.

Now it can be shown that
∑

�∈R λ
g
� is bounded through Lemma C.1 and Assumption

Assumption (2.1c) that the right hand side is strictly positive and hence, it suffices to show
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Fig. 10 Histograms of 200 estimates for p(0, x0; T , v) in scenario C using the LNA method without restart
(top) and and the diffusion method (bottom). The true value was estimated using 10,000 forward simulations

that Pg (∃t < T : X(t) = xT ) > 0. In the remainder of this proof, we show this by showing
that the probability that the chain of reactions described in Definition A.1 connection x0 to
xT occurs is positive.

Let �1, . . . , �I be the collection of reactions described inDefinitionA.1 and letU1, . . . ,UI

be the respective partition of (0, T ). For the first reaction to occur, we denote by T (1)
� the

reaction time for each reaction � ∈ R and let L1 be the first reaction to occur. That is,

L1 = argmin
�∈R

T (1)
� , where P

g
(
T (1)

� > t
)

= exp

(

−
∫ t

0
λ
g
� (s, x0) ds

)

.

Note that,
{
T (1)

�1
∈ U1, T

(1)
� > sup U1 for all � ∈ R \ {�1}

}
⊆
{
T (1)

�1
∈ U1, L1 = �1

}

and thus

P
g
(
T (1)

�1
∈ U1, L1 = �1

)

≥
(

1 − exp

(

−
∫

U1

λ
g
�1

(s, x0) ds

))

exp

⎛

⎝−
∫

U1

∑

�∈R\{�1}
λ
g
� (s, x0) ds

⎞

⎠ .
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Since λ
g
�1

(·, x0) has support inU1, the first term is nonzero, while the second term is nonzero
by Assumption (2.1c).

For the second reaction, we set

L2 = argmin
�∈R

T (2)
� where P

g
(
T (2)

� > t | L1

)
= exp

(

−
∫ t

T (1)
L1

λ
g
� (s, x0 + ξL1) ds

)

.

Through similar reasoning, we deduce that

P
g
(
L2 = �2, T

(2)
�2

∈ U2, L1 = �1, T
(1)
�1

∈ U1

)

= P
g
(
L2 = �2, T

(2)
�2

∈ U2 | L1 = �1, T
(1)
�1

∈ U1

)
P
g
(
L1 = �1, T

(1)
�1

∈ U1)
)

≥
(

1 − exp

(

−
∫

U2

λ
g
�2

(
s, x0 + ξ�1

)
ds

))

exp

⎛

⎝−
∫

U2

∑

�∈R\{�2}
λ
g
� (s, x0 + ξ�1) ds

⎞

⎠

×
(

1 − exp

(

−
∫

U1

λ
g
�1

(s, x0) ds

))

exp

⎛

⎝−
∫

U1

∑

�∈R\{�1}
λ
g
� (s, x0) ds

⎞

⎠ .

Upon iteratively repeating this process, we find

P
g
(
Li = �i , T

(i)
�i

∈ Ui , i = 1, . . . , I
)

≥
I∏

i=1

⎛

⎝1 − exp

⎛

⎝−
∫

Ui

λ
g
�i

⎛

⎝s, x0 +
∑

j<i

ξ� j

⎞

⎠ ds

⎞

⎠

⎞

⎠

× exp

⎛

⎝−
∫

Ui

∑

�∈R\{�i }
λ
g
�i

⎛

⎝s, x +
∑

j<i

ξ� j

⎞

⎠ ds

⎞

⎠ .

The right hand size is strictly positive as a finite product of nonzero terms. Therefore
P
g (∃t ≤ T : X(t) = xT ) > 0, which finishes the proof. ��

Appendix B Proofs for Sect. 5

Theorem B.1 (Theorem 3.3 of Corstanje et al. (2023)]) Suppose that there exist a family of
Ft -measurable events {A j [Xt ]} j for each t ∈ [0, tn) so that the following assumptions hold.
(B.1a) For all j s ≤ t , A j [Xt ] ⊆ A j+1[Xt ] and A j [Xt ] ⊆ A j [Xs].
(B.1b) For all k and s ∈ [0, tk) and x ∈ S,

lim
t↑tk

E [g(t, X(t)) | X(s) = x] = E [g(tk, X(tk))1{Lk X(tk) = vk}] ,

Moreover, E [g(t, X(t)) | X(s)] is P-almost surely bounded for all t .
(B.1c) For all k = 1, . . . , n,

lim
j→∞ lim

t↑tk
E
h
t

[
g(t, X(t))

h(t, X(t))
1A j [Xt ]

]

= E
[
g(tk, X(tk))1{Lk X(tk) = vk}1A[Xtk ]

]

h(0, x0)
,

where A j [Xtk ] = ∩t∈[0,tk )A j [Xt ], A[Xt ] = ⋃
j A j [Xt ] and A[Xtk ] =

∩t∈[0,tk )A[Xt ].
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(B.1d) For all fixed j , �g
t (X)1A j [Xt ] is Pg-almost surely uniformly bounded in t.

Then for any bounded measurable function f ,

E

[

f (X)
E [g(tk, X(tk))1{Lk X(tk) = vk}]

h(0, x0)
1A[Xtk ]

]

= E
g
[

f (X)
g(0, x0)

h(0, x0)
�

g
tk (X)1A[Xtk ]

]

(B.1)

for k = 1, . . . , n. In particular, for k = n,

E
h [ f (X)1A[Xtn ]

] = E
g
[

f (X)
g(0, x0)

h(0, x0)
�

g
tn (X)1A[Xtn ]

]

. (B.2)

Proof The proof of Theorem 3.3 of Corstanje et al. (2023) can be followed with the new
limits in (B.1b) and (B.1c) for each of the limits t ↑ tk . ��
Proof of Theorem 5.1 The proof utilizes Theorem B.1 with

V (t, x) =
∑

�∈R
λ
g
� (t, x) and A j [Xt ] =

{

sup
0≤s<t

V (s, X(s)) ≤ j

}

. (B.3)

Then (B.1a) is satisfied by construction. Lemmas B.3-B.5 prove the remaining conditions. ��
Lemma B.2 The map g, defined in (5.1), is such that g ∈ G and for all k = 1, . . . , n and
x ∈ S,

lim
t↑tk

g(t, x) =
{
g(tk, x) if Lk x = vk

0 otherwise
. (B.4)

and ∂t log g(t, x) ≤ 0 for all (t, x) ∈ (0, tn) × S.

Proof Through a direct computation using the Schur complement, it can be derived that as
t ↑ tk ,

(v(t) − L(t)x)′M(t)(v(t) − L(t)x) = dk(vk, Lkx)2

(tk − t)
+ o(tk − t), (B.5)

where dk is the metric on R
mk defined as

dk(x, y) =
√

(y − x)′
(
Lkak L ′

k

)−1
(y − x), x, y ∈ R

mk . (B.6)

whichyields (B.4). Sincev and L are piecewise constant and dM
dt = M(t)

(
Liak L ′

j

)n
i, j=k

M(t)

is positive semidefinite, ∂t log g(t, x) ≤ 0. ��
Lemma B.3 For all k = 1, . . . , n, s ∈ [0, tn) and x ∈ S,

lim
t↑tk

E [g(t, X(t)) | X(s) = x] = E [g(tk, X(tk))1{Lk X(tk) = vk} | X(s) = x] .

Proof By dominated convergence and Lemma B.2

lim
t↑tk

E [g(t, X(t)) | X(s) = x]

= lim
t↑tk

∑

y∈S
g(t, y)p(s, x; t, y)

=
∑

y∈S
g(tk, y)1{Lk y = vk}p(s, x; tk , y)

= E [g(tk, X(tk))1{Lk X(tk) = vk} | X(s) = x] .

��
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Lemma B.4 For all k = 1, . . . , n,

lim
j→∞ lim

t↑tk
E
h
[
g(t, X(t))

h(t, X(t))
1A j [Xt ]

]

= E
[
g(tk, X(tk))1{Lk X(tk) = vk}1A[Xtk ]

]

h(0, x0)
.

Proof Upon defining Z(t) = g(t, X(t)), it follows from dominated convergence and Lemma
B.2 that for any bounded continuous function f ,

lim
t↑tk

E f (Z(t)) =
∑

x∈S
lim
t↑tk

f (g(t, x)) p(0, x0; t, x)

=
∑

x∈S
f (g(tk, x)1{Lkx = vk}) p(0, x0; tk, x)

= E f (g(tk, X(tk))1{Lk X(tk) = vk}) .

Hence,

Z(t) � g(tk, X(tk))1{Lk X(tk) = vk} as t ↑ tk . (B.7)

Now

E

[
Z(t)1A j [Xt ]

]
= E

[
Z(t)1A j [Xtk ]

]
+ E

[
Z(t)1A j [Xt ]\A j [Xtk ]

]

By (B.7), the first term tends toE
[
g(tk, X(tk))1{Lk X(tk) = vk}1A j [Xtk ]

]
as t ↑ tk .Moreover,

1A j [Xt ]\A j [Xtk ] ↓ 0 as t ↑ tk and thus the second term tends to 0 by Slutsky’s theorem. Hence,
by (3.5)

lim
j→∞ lim

t↑tk
E
h
[

Z(t)

h(t, X(t))
1A j [Xt ]

]

= 1

h(0, x0)
lim
j→∞ lim

t↑tk
E

[
Z(t)1A j [Xt ]

]

= 1

h(0, x0)
lim
j→∞E

[
g(tk, X(tk))1{Lk X(tk) = vk}1A j [Xtk ]

]

= E
[
g(tk, X(tk))1{Lk X(tk) = vk}1A[Xtk ]

]

h(0, x0)
.

��
Lemma B.5 For all j ,

sup
t<tn

exp

(∫ t

0

Ag

g
(s, X(s)) ds

)

1A j [Xt ] ≤ exp( j tn).

Proof Since A = ∂t + L,
Ag

g
(s, x) = ∂s log g(s, x) + Lg

g
(s, x).

Note that

Lg
g

(s, x) =
∑

�∈R

λ�(s, x) (g(s, x + ξ�) − g(s, x))

g(s, x)
= V (s, x) −

∑

�∈R
λ�(s, x) ≤ V (s, x).

By Lemma B.2, ∂t log g ≤ 0 and hence, for all t < tn and on A j [Xt ],
∫ t

0

Ag

g
(s, X(s)) ds =

∫ t

0
∂s log g(s, X(s)) ds +

∫ t

0

Lg
g

(s, X(s)) ≤ j t ≤ j tn .

��
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Proof of Proposition 5.2 By (B.5),

lim
t↑tk

g(t, x + ξ�)

g(t, x)
=

⎧
⎪⎨

⎪⎩

g(tk ,x+ξ�)
g(tk ,x)

if Lkx = Lk(x + ξ�) = vk

0 if dk(vk, Lkx) > dk(vk, Lk(x + ξ�)

∞ if dk(vk, Lkx) < dk(vk, Lk(x + ξ�)

. (B.8)

And therefore

lim
t↑tk

λ
g
� (t, x) =

⎧
⎪⎨

⎪⎩

λ�(tk, x)
g(tk ,x+ξ�)
g(tk ,x)

if Lkx = Lk(x + ξ�) = vk

0 if dk(vk, Lk(x + ξ�)) > dk(vk, Lkx)

∞ if dk(vk, Lk(x + ξ�)) < dk(vk, Lkx)

. (B.9)

Now, for t ∈ [tk−1, tk), define Bk
t = {Lk X(s) = vk for all s ∈ [t, tk]}. Then it follows that

for all k and t ∈ [tk−1, tk),

Bk
t ⊆

{

sup
tk−1≤s<tk

∑

�∈R
λ
g
� (s, X(s)) < ∞

}

.

Hence

An =
n⋃

k=1

⋂

tk−1≤t<tk

Bk
t ⊆

n⋃

k=1

{

sup
tk−1≤s<tk

∑

�∈R
λ
g
� (s, X(s)) < ∞

}

= A[Xtn ].

��
Proof of Theorem 5.5 Observe that the result follows immediately if we show that for k =
1, . . . , n, Pg(Lk(X(tk) = vk) > 0. Now note The probability distribution of the next reaction
time τ satisfies, for tk−1 < s < t < tk and x ∈ S,

P
g (τ > t | X(s) = x) = exp

(

−
∫ t

s

∑

�∈R
λ
g
� (u, x) du

)

.

Note that in (B.9), the convergence/divergence is at an exponential rate and therefore, by
(B.9) and Assumption 5.4,

P
g (τ > tk | X(s) = x) = 0

for all s < tk whenever Lkx �= vk . Hence, if Lk X(s) �= vk for any s < tk , X jumps before
time tk with probability 1. Since this holds for any s < tk , X jumps an infinite amount of
times if Lk X does not hit vk .

We now consider the jumps that take Lk X closer to vk with respect to the metric dk . Let

τ+ = inf{t ≥ s : dk(vk, Lk X(t)) < d(vk, Lk X(s))}.
Then the distribution of τ+ satisfies for any x such that Lkx �= vk and tk−1 < s < t < tk ,

P
g(τ+ > t | X(s) = x) ≤ exp

(

−
∫ t

s

∑

�∈R
λ
g
� (u, x)1{dk (vk ,Lk (x+ξ�))<dk (vk ,Lk x)} du

)

.

By Assumption 5.4, there are nonzero entries in this summation that tend to∞ exponentially
as u ↑ tk and thus

P
g (τ+ > tk | X(s) = x) = 0
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for any s < tk and Lkx �= vk . In other words, for any s < tk and Lkx �= vk ,

P
g (∃t ∈ [s, tk] such that dk(vk, Lk X(t)) < d(vk, Lkx) | X(s) = x) = 1.

Now S is a discrete lattice and thus any set S∩ K , where K ⊆ R
d is compact, contains only

finitely many points. Hence, since Lk X keeps jumping with probability 1 to points strictly
closer to vk if it does not hit vk , it must hit vk with probability 1 and thus

P
g (∃t ∈ [s, tk] such that Lk X(t) = vk | X(s) = x) = 1

for any x with Lkx �= vk . Since this obviously also holds for Lkx = vk , we have by the law
of total probability

P
g (∃t ∈ [s, tk] such that Lk X(t) = vk) = 1. (B.10)

Now denote the collection of events Bs = ⋃
s≤t≤tk {Lk X(t) = vk}, s ∈ [tk−1, tk]. By (B.10),

P
g(Bs) = 1 for all s. Since Bs ↓ {Lk X(tk) = vk} as s ↑ tk , we have by monotonicity of

measures that Pg(Lk X(tk) = vk) = lims↑tk Pg(Bs) = 1. ��

Appendix C Additional Lemmas

Lemma C.1 Let g be defined by (4.7). Then for all x, g(t, x) is bounded and bounded away
from zero uniformly in t.

Proof Note

(v − Lx)′M(t)(v − Lx) ≥ λmin(M(t)) |v − Lx |2 = (
λmax(M

†(t))
)−1 |v − Lx |2 .

Since for all symmetric matrices A, B,

λmin(A) + λmin(B) ≤ λmin(A + B) ≤ λmax(A + B) ≤ λmax(A) + λmax(B),

we have that
(
λmax(M

†(t))
)−1 ≥ (

λmax(C) + λmax(LaL
′)(T − t)

)−1
.

Now LaL ′ is positive definite and thus the right hand side is decreasing in t . Hence, a lower
bound is given by

(
λmax(C) + Tλmax

(
LaL ′))−1. We conclude

g(t, x) ≤ exp

(

−1

2
|v − Lx |2 (λmax(C) + Tλmax

(
LaL ′))−1

)

.

In a similar way, we can show

g(t, x) ≥ exp

(

−1

2
|v − Lx |2 λmin(C)−1

)

.

��
Corollary C.2 (Multiple observations) Let g be defined by (4.14). Then for all x, g(t, x) is
bounded and bounded away from zero uniformly in t.

Proof The proof of Lemma C.1 can be repeated using, for t ∈ (tk−1, tk],

|v(t) − L(t)x |2 =
n∑

j=k

∣
∣v j − L j x

∣
∣2 ∈

⎡

⎣|vn − Lnx |2 ,

n∑

j=1

∣
∣v j − L j x

∣
∣2

⎤

⎦ .

��
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Appendix D Change of generator under change of measure

Here, we briefly recap the argument given in Section 4.1 of Palmowski and Rolski (2002).
Fix g and define {P̃t , t ≥ 0} by

dP̃t

dPt
= Eg(t) := g(t, X(t))

g(0, x0)
exp

(

−
∫ t

0

Ag

g
(s, X(s)) ds

)

,

whereA is the generator of the space-time process under P. We aim to show that under P̃ the
generator of this process is given by Ã where gÃ f = A( f g) − fAg. For this, it suffices to
prove that

D̃ f (t) := f (t, X(t)) −
∫ t

0
(Ã f )(s, X(s)) ds

is a local martingale under P̃. To show this, by Lemma 3.1 in Palmowski and Rolski (2002)
D̃ f (t) is a local P̃-martingale if and only if Ẽ f (t) is a local P̃-martingale, where Ẽ f (t) is
defined as E f (t) but with A replaced by Ã. To show that Ẽ f (t) is a local P̃-martingale, it
suffices to show that Ẽ f (t)Eg(t) is a local P-martingale (Cf. Lemma 4.1 in Palmowski and
Rolski (2002)). Straightforward calculus gives

Ẽ f (t)Eg(t) = E f g(t),

which is indeed a local P martingale.
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