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Abstract

Mendelian randomization (MR) method utilizes genetic variants as instrumental variables to infer the causal effect of an exposure
on an outcome. However, the impact of rare variants on traits is often neglected, and traditional MR assumptions can be violated by
correlated horizontal pleiotropy (CHP) and uncorrelated horizontal pleiotropy (UHP). To address these issues, we propose a multivariable
MR approach, an extension of the standard MR framework: MVMR incorporating Rare variants Accounting for multiple Risk factors and
shared horizontal plEiotropy (RARE). In the simulation studies, we demonstrate that RARE effectively detects the causal effects of
exposures on outcome with accounting for the impact of rare variants on causal inference. Additionally, we apply RARE to study the
effects of high density lipoprotein and low density lipoprotein on type 2 diabetes and coronary atherosclerosis, respectively, thereby
illustrating its robustness and effectiveness in real data analysis.
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Introduction
Traditional Mendelian randomization (MR), typically referred to
as univariable MR, is an epidemiological approach that utilizes
genetic variants as instrumental variables (IVs) to infer the causal
effect of an exposure on an outcome [1, 2], provided that fun-
damental assumptions are satisfied (Fig. 1A) [3]. Recently, MR
has become a powerful tool in epidemiology research, leveraging
numerous publicly available genome-wide association studies
(GWASs) summary-level data from large-scale cohort studies or
prospective studies [4–6].

In practical MR analysis, researchers rigorously screen IVs to
ensure compliance with fundamental assumptions, a process that
frequently entails the exclusion of rare variants [7]. Although
rare variants typically account for only a fraction of the her-
itability of traits, their modest effects still play an important
role in trait expression [8–10]. However, there is no existing MR
method accounts for the effects of rare SNPs, which can introduce
estimation bias in causal effect analysis [11–13]. This challenge
arises because low allele frequencies make it difficult for studies

with conventional sample sizes to provide effective estimates,
resulting in greater uncertainty. These increased variances reduce
statistical power and can compromise the precision and reliability
of causal effect estimates when rare variants are directly utilized
in MR analyses. Moreover, the fundamental assumptions may not
always hold in real-data cases and the wide-spread pleiotropy,
including correlated horizontal pleiotropy (CHP) and uncorre-
lated horizontal pleiotropy (UHP), poses significant challenges
[14, 15]. Specifically, UHP is a phenomenon where variants affect
outcome via other pathways not through the exposure, while
CHP describes scenarios where variants affect both exposure
and outcome through a heritable shared factor, commonly to be
unmeasured confounders (Fig. 1A) [15].

With the explosion in the size and scale of data sets from
high-throughput experiments and concomitant genetic data
[16–18], UHP can be partly addressed by extending univariable
MR method to multivariable Mendelian randomization (MVMR)
framework [19]. MVMR incorporates multiple exposures into the
model, which is useful when a set of related risk factors for the
outcome of interest share many commonly associated genetic
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Figure 1. Causal diagram of classic MR and RARE, with an illustrative example. (A) Causal diagram assumed by the classic MR methods. The fundamental
assumptions are: IVs are associated with the exposure (relevance); IVs affect the outcome through the exposure only (exclusion restriction); the exposure
and the outcome are not confounded by unmeasured confounders (exchangeability). (B) An illustration of RARE model. RARE allows the IVs to be
directly associated with the primary exposure directly (DIE) and indirectly through the unmeasured confounders (IIE), as well as to affect the outcome
via the unmeasured confounders (CHP). RARE decomposes the UHP into three parts: Know pathways (kUHP), unknown pathways (uUHP), and pathways
mediated by the rare variants (pUHP). The primary goal of RARE is to estimate the causal effect of the primary exposure on the outcome (β1). (C) A
simulated example illustrates the causal effect of the primary exposure on the outcome, estimated by MV-IVW and RARE, with the true causal effect
β1 = 1 (left panel), and the impact of the rare variants on outcome, with the true effect βP = 0.2 (right panel).

variants [20]. For example, when considering the causal effect of
high-density lipoprotein (HDL) on cardiovascular disease (CAD), it
is natural to include low-density lipoprotein (LDL) and triglyceride
(TG) to account for part of their UHP. MVMR can also relax
the fundamental assumptions by allowing IVs to be associated
with unmeasured confounders, thereby addressing the CHP [21].
Despite the proposal of several MVMR methods, such as MV-IVW
[19], MV-Egger [22] and MV-LASSO [23], they can only address
certain aspects of the challenges posed by MVMR. To be specific,
type I error rate of MV-IVW inflates when IVs exit CHP and UHP;
MV-Egger and MV-LASSO can only provide reliable estimation
for moderate to high levels of UHP, with MV-LASSO particularly
effective at selecting valid IVs by applying a penalty to the model.
Additionally, a recently developed method, GRAPPLE [24], which
models both weak IVs and strong IVs, has well expanded the
applicability of MVMR. However, like the previously mentioned

methods, GRAPPLE does not consider the potential impact of rare
variants on causal estimation either.

With these limitations in mind, we propose a novel MVMR
method, called RARE (MVMR incorporating Rare variants
Accounting for multiple Risk factors and shared horizontal
plEiotopy). RARE focuses on one exposure of interest (the
primary exposure) and considers other exposures (the secondary
exposures) as partial potential UHP pathways. To effectively
estimate the causal effects of the primary exposures on the
outcome, RARE then integrates shared eligible rare variants and
common variants. Considering the potential low power of the rare
variants, we combine them into polygenic risk scores (PRS) [25, 26]
and treat it as a quasi-exposure. Furthermore, RARE models the
complex IV-to-primary exposure structure to account for CHP
for more accurate estimation. Specifically, RARE allows each IV
to directly affect the primary exposure (direct IV-to-exposure
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effect, DIE) and/or indirectly affect the primary exposure via
unmeasured confounders (indirect IV-to-exposure effect, IIE),
and IV to affect outcome via unmeasured confounders (CHP).
Moreover, RARE accommodates linkage disequilibrium among
IVs, which helps mitigate potential bias in the presence of weak
instruments and potentially boost statistical power by increasing
the number of eligible IVs.

To demonstrate the advantages of RARE, we conduct experi-
ments using both simulated data across various common sce-
narios and real data, comparing it with existing approaches. The
results illustrate the superior performance of RARE over other
existing MVMR methods.

Results
Overview of RARE
RARE is a novel MVMR method that simultaneously accounts for
DIE, IIE, CHP, and UHP. In this method, we consider one exposure
as the primary exposure and treat all other exposures as the
secondary exposures, partially explaining UHP. As in standard
MR, the UHP can be decomposed into UHP via known pathways
(kUHP) and UHP via unknown pathways (uUHP). For example,
when investigating causal associations between HDL and car-
diovascular diseases, LDL can be seen as the kUHP, and other
potential heritable risk factors can be regarded as the uUHP [9, 20].
To further account for the impact of rare variants on causal effect
estimation, we integrate them into a quasi-variable [27] (PRS) that
acts as an secondary exposure to address the potential issue of
insufficient statistical power associated with rare variants [26].

As depicted in Fig. 1B, we assume that we have obtained a set
of IVs denoted as G = {

IV1, . . . , IVp
}
, containing p eligible IVs, of

which nc are common SNPs and nr are rare SNPs, simultaneously
correlated with the K exposures under the preset P value thresh-
old. For the j-th IV, we allow the presence of DIE (δj), IIE (κxj ) and
CHP (κyj ) for the primary exposure, as well as the potential uUHP
(θj) [21, 28]. Based on the above definitions, the IV-to-outcome
effect can be written as:

Γj = β1
(
δj + κxj

) +
K∑

i=2

βiγij + βPγPj + κyj + θj, (1)

where β1 is the causal effect of the primary exposure on the
outcome, and β2 to βK are the causal effects of the secondary
exposures on outcome, respectively; βP is the potential effect of
PRS on outcome. For definitions of γij and γPj see the Methods
section. In accordance with the previous literature [14, 15], we
define γ1j = δj + κxj to capture both DIE and IIE for the primary
exposure. Thus, Eq. (1) can be expressed as follows:

Γj =
∑K

i=1
βiγij + βPγPj + κyj + θj. (2)

Finally, RARE applies Gibbs sampling algorithm to estimate the
parameters based on a Bayesian hierarchical model. The details
are provided in Methods and Supplementary Note 1.

In Fig. 1C, we illustrate RARE and MV-IVW using a simulated
data example to assess the causal effect of the primary exposure
on the outcome, and we further evaluate the effect of rare SNPs
on the outcome. We set the true effect of the primary exposure
and the PRS on the outcome at β1 = 1 and βP = 0.2, respectively;
with the CHP and UHP explaining 5% of the outcome Y heritability,
respectively. RARE ultimately yields an estimate of the primary
exposure on the outcome very close to the true value, which is

0.98, while the MV-IVW method produces an unacceptably biased
estimation of 1.15. Additionally, the RARE method also estimates
the impact of the variants on the outcome, with an effect size of
0.206. All results indicate that RARE effectively models the com-
plex IV-to-exposure and the IV-to-outcome structures, utilizing
both common SNPs and rare SNPs, and clarifies the impact of the
rare SNPs in causal inference.

RARE estimates the causal effects and reduces
false positives
We conduct simulation studies to evaluate and compare the per-
formance of RARE with existing MVMR methods across a variety
of scenarios. In all main scenarios, the number of exposures in
Eq. (2) is set to be two, that is K = 2, where one exposure acts as
the primary exposure and the other as the secondary exposure.
Moreover, the exposures and the outcome are generated based
on Eq. (7) and Eq. (8). To ensure consistency across methods, rare
variants were incorporated into the analysis via the polygenic risk
score (PRS) for all methods, including RARE.

We compare RARE with GRAPPLE, MV-IVW, MV-Egger, and MV-
LASSO. In existing MVMR methods, MV-IVW and MV-LASSO are
not designed to address UHP and CHP. Additionally, MV-LASSO
involves the selection of IVs, which might neglect the interde-
pendence among these IVs, thereby potentially compromising the
precision of causal effect estimation. MV-Egger assumes that no
IV is affected by CHP but allows IVs to have UHP effects, while
GRAPPLE considers the pleiotropy effects from unknown pathway.
Moreover, existing methods are unable to handle the numerical
characteristics (such as mean, variance, and distribution) of the
rare variants [29, 30]. The proposed RARE, however, allows all IVs
to have both UHP and CHP, and accounts for the characteristics
of rare variants into account. It is worth noting that to better
evaluate the effect of introducing rare variants, we compare the
performance of all methods both with and without the inclusion
of rare variants. Specifically, methods that did not include rare
variants were labeled as ‘N-’.

We first evaluate the performance of type I error rate control
(Fig. 2A) for all competing methods under different conditions of
linkage disequilibrium (rLD) and correlation between IIE and CHP
(ρκ ). We control the combinatorial values for heritability due to
UHP and CHP, denoted as h2

θ and h2
κy

, and we let h2
θ = h2

κy
= h2. The

results show that, with the increment of h2, RARE demonstrates
a substantial improvement in type I error rate controlling when
rare variants are incorporated (RARE v.s. N-RARE). This highlights
the necessity of considering rare variants in analysis. Additionally,
RARE is not sensitive to low-to-moderate LD (rLD = 0.2 v.s. rLD =
0.6), which suggests that RARE can eliminate the need for IV selec-
tion in most applications, thereby enhancing the statistical power
by increasing the number of eligible IVs. However, researchers
should perform LD clumping to minimize potential bias when
severe linkage disequilibrium is observed in the LD matrix calcu-
lated using the R package LDlinkR [31]. Moreover, RARE may suffer
from increased levels of type I error rates when the correlation
between IIE and CHP becomes stronger (ρκ = 0.2 v.s. ρκ = 0.5).
In comparison, MV-Egger fails to account for CHP, leading to
inflated type I error rates. However, type I error rates of MV-Egger
are consistently lower than those of MV-IVW and MV-LASSO, as
these methods account for neither UHP nor CHP. Additionally,
since GRAPPLE, MV-IVW, MV-Egger and MV-LASSO do not consider
the characteristics of rare variants, their performance remains
unaffected by the inclusion of these variants. We also perform
simulations of rLD and ρκ over a broader range of variation. The
results were largely similar that RARE can sharply control the type

https://academic.oup.com/bib/article-lookup/doi/10.1093/bib/bbaf214#supplementary-data
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I error rates when rare variants are incorporated into the analysis,
and additional details can be found in Supplementary Note 2.1
and Supplementary Note 2.2.

We then compare the power of each method by varying h2
γ1

, here
h2

γ1
= h2

δ + h2
κx

and h2
δ = 4h2

κx
, while fixing h2

θ = 0.02, h2
κy

= 0.05,
h2

γ2
= 0.02, rLD = ρκ = 0.2 (Fig. 2B). RARE achieves comparable

statistical power with a low heritability of h2
γ1

while effectively
controlling the type I error rate. Additionally, we set β1 = 1 and
calculate the estimation bias. As shown in Fig. 2C, all methods
except RARE obtain unacceptable bias, which could partly explain
their type I error inflation and high statistical power.

The conclusions remain qualitatively unchanged across
various considerations, including the number of rare variants,
the sample size of individual-level data, the correlation between
exposures, the heritability magnitude of IIE and CHP, the PRS
effect, the scale of exposures, and the different definitions of
rare and common variants. Additional details are provided in
Supplementary Notes 2.3 – 2.9. Furthermore, to assist researchers
in better utilizing RARE, we provided a reference figure detailing
its computational performance under different numbers of SNPs
and exposures (Supplementary Note 2.10).

Two real-data examples
We illustrate the performance of RARE and other methods
utilizing two real data examples. Genetic associations with the
exposures and the outcomes are all obtained from large-scale
GWAS studies. For each method, we consider the SNPs associated
with both exposures at the genome-wide level of significance
(P value < 5 × 10−8) as eligible IVs; SNPs with minor allele
frequency (MAF) over 0.05 are defined as common variants, and
those with MAF less than 0.01 are defined as rare variants [29].
Data for common variants are from GWAS summary statistics. To
calculate the PRS using Eq. (3), we utilize genotype data simulated
from summary statistics of GWAS studies and individual-level
genotype data from the UK Biobank, respectively; and then
we calculate the associations between PRS and eligible IVs by
performing univariable regression.

HDL and LDL play significant roles in the pathogenesis of T2D
and CA. High level of HDL is associated with improved insulin sen-
sitivity and helps reduce atherosclerosis risk. However, LDL plays
the opposite roles. Here, we select HDL and LDL as exposures, and
T2D and CA as outcomes, respectively, and apply RARE and other
methods to evaluate the causal effects.

We first set HDL and LDL as the primary exposure and the
secondary exposure, respectively, to estimate the causal effects of
them on T2D with the mentioned methods (Fig. 3A). As shown in
Table 1, RARE identifies a significant putative negative causal
effect of HDL on T2D (βRARE,HDL = −0.219, P value = 0.003),
while MV-Egger obtains an opposite sign compared with other
methods. Notably, only RARE reports a significant putative
positive causal effect of LDL on T2D (βRARE,LDL = 0.264, P value =
0.007), and all methods declare that rare variants significantly
contribute to inferring the causal effect of the primary exposure
on the outcome. Additionally, we illustrate the associations
between HDL and LDL with T2D. When plotting IV-to-HDL
effects against IV-to-T2D effects (Fig. 3B left panel), there is a
negative causal relationship for the common variants (yellow
points and yellow line) while rare variants entail a different
pattern with an opposite slope (green points and green line).
RARE then integrates the effects of common and rare variants
to ultimately provide the causal effect of HDL on T2D (black line)
and declares the impact of rare variants on the causal effect
(βRARE,PRS = 0.313, P value < 0.001). Moreover, the right panel

of Fig. 3B illustrates the causal relationship between LDL and
T2D. We then reset LDL as the primary exposure with HDL as
the secondary exposure, RARE is the only method that reports a
putative significant positive causal association between LDL and
T2D, without indicating any additive effect of the rare variants
(Supplementary Table 1, Supplementary Fig. 11A). Similarly,
when evaluating the causal effects between HDL and LDL on
CA, RARE indicates that both common and rare variants exhibit
a consistent pattern in inferring the causal effect of the primary
exposure on CA. This indicates that rare variants do not introduce
additional impact to the inference, regardless of whether HDL is
the primary exposure (Table 2, Fig. 3A, Fig. 3C) or the secondary
exposure (Supplementary Table 2, Supplementary Fig. 11B). We
further compare the performance of RARE using both simulated
and real genotype data, finding that both approaches yield
comparable results. Therefore, when real genotype data is
unavailable, simulated genotype data can be effectively used
to calculate the associations between PRS and eligible SNPs
(Supplementary Fig. 12).

Discussion
The central focus of this study is to address and mitigate the
impact of rare variants on causal inference. To this end, we
propose RARE, a novel MVMR method. For the first time, RARE
effectively tackles potential estimation bias introduced by rare
variants while simultaneously accounting for the pervasive pres-
ence of horizontal pleiotropy.

By consolidating the effects of individual rare variants into
a single, more robust metric—the polygenic risk score—RARE
enhances the identifiability of rare variants. The PRS captures
the collective influence of rare variants, serving as a powerful
tool to better understand how these less common genetic vari-
ations contribute to trait variability, which might be overlooked
in traditional analyses. Furthermore, RARE effectively captures
the complex IV-to-primary exposure structure, as well as CHP
effect, which can be impacted by both genetic and environmental
factors, thereby providing a more accurate estimate of causal
effect. RARE also addresses partial UHP through other exposures,
enhancing its robustness. This is particularly important when the
primary exposure shares some genetic associations with other
secondary exposures, such as various lipids like HDL with LDL
and TG. Moreover, RARE does not require the pruning of IVs, thus
allowing for the presence of linkage disequilibrium among them
and indirectly increasing the number of eligible IVs. All these
features contribute to reducing the estimation bias of primary
exposure-outcome causal effect, thereby controlling the type I
error rate and boosting the statistical power.

We employ a series of simulated studies mimicking common
scenarios in genetic epidemiology to demonstrate the advantages
of RARE. Results from the simulation studies indicate that, com-
pared with the existing MVMR methods (GRAPPLE [24], MVMR-
IVW [19], MVMR-Egger [22], and MVMR-LASSO [23]), RARE consis-
tently achieves superior control in type I error rate, since the other
methods can only partially address issues related to horizontal
pleiotropy and linkage disequilibrium among IVs. Additionally,
although we primarily present scenarios with two exposures in
the main manuscript, we have also extended our model to accom-
modate multiple exposures (up to 10), demonstrating RARE’s
robustness across different number of exposures.

We subsequently apply RARE to identify the causal effects
of HDL and LDL on T2D [32–35] and CA [36–39], respectively.
Given that the causal relationships between these traits are

https://academic.oup.com/bib/article-lookup/doi/10.1093/bib/bbaf214#supplementary-data
https://academic.oup.com/bib/article-lookup/doi/10.1093/bib/bbaf214#supplementary-data
https://academic.oup.com/bib/article-lookup/doi/10.1093/bib/bbaf214#supplementary-data
https://academic.oup.com/bib/article-lookup/doi/10.1093/bib/bbaf214#supplementary-data
https://academic.oup.com/bib/article-lookup/doi/10.1093/bib/bbaf214#supplementary-data
https://academic.oup.com/bib/article-lookup/doi/10.1093/bib/bbaf214#supplementary-data
https://academic.oup.com/bib/article-lookup/doi/10.1093/bib/bbaf214#supplementary-data
https://academic.oup.com/bib/article-lookup/doi/10.1093/bib/bbaf214#supplementary-data
https://academic.oup.com/bib/article-lookup/doi/10.1093/bib/bbaf214#supplementary-data
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Figure 2. Comparison of RARE and other methods in simulation studies. (A) Comparison of type I error rates for RARE and other methods under
combinatorial settings for rLD and h2 with ρκ = 0.2 (top pattern); and combinatorial settings for ρκ and h2 with rLD = 0.2 (bottom pattern). (B) Comparison
of powers for RARE and other methods under the settings rLD = 0.2, ρκ = 0.2, h2

θ = 0.02, h2
κy

= 0.05 and h2
γ2

= 0.02. (C) Boxplots of point estimates over
100 replications for competing methods. The bounds of the boxes represent the 25th and 75th quantiles, with the center lines indicating the median
values.

well-established, they provide a valuable benchmark to illustrate
RARE’s performance in real-world data scenarios. Specifically,
HDL plays a crucial role in reverse cholesterol transport, facilitat-
ing the removal of cholesterol from arterial walls and mitigating
plaque formation, thereby protecting against CA [36]. Additionally,

HDL exhibits anti-inflammatory and antioxidant properties,
which improve insulin sensitivity and lower the risk of T2D [33].
In contrast, elevated LDL levels contribute to the development of
atherosclerotic plaques, leading to arterial narrowing and a higher
risk of cardiovascular events [38]. Although the relationship
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Figure 3. Two real data examples. (A) Data analysis diagram. HDL is set as the primary exposure, LDL as the secondary exposure, with T2D and CA as
the respective outcomes. PRS is calculated utilizing the rare SNPs of HDL. (B), (C) Illustrations of the causal effect of HDL (primary exposure) and LDL
(secondary exposure) on T2D and CA, respectively. Left panels are the causal effects of the HDL on T2D and CA, respectively; and the right panels are
the causal effects of LDL on T2D and CA, respectively.
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Table 1. Summary results for evaluating the causal effects of HDL (primary exposure) and LDL (secondary exposure) on T2D,
considering the impact of rare variants.

Method HDL (Primary) LDL (Secondary) PRS

RARE −0.219 (−0.379, −0.061); 0.003 0.264 (0.052, 0.476); 0.007 0.313 (0.163, 0.462); < 0.001
GRAPPLE −0.327 (−0.426, −0.227); < 0.001 0.186 (−0.015, 0.387); 0.069 0.377 (0.256, 0.497); < 0.001
MV-IVW −0.260 (−0.353, −0.167); < 0.001 0.162 (−0.024, 0.348); 0.088 0.349 (0.217, 0.480); < 0.001
MV-Egger 0.017 (−0.145, 0.180); 0.836 0.140 (−0.044, 0.325); 0.137 0.334 (0.203, 0.466); < 0.001
MV-LASSO −0.483 (−0.571, −0.396); < 0.001 0.149 (−0.-14, 0.311); 0.072 0.427 (0.313, 0.540); < 0.001
N-RARE −0.115 (−0.267, 0.036); 0.136 0.260 (−0.045, 0.566); 0.095 –
N-GRAPPLE −0.257 (−0.357, −0.156); < 0.001 0.193 (−0.013, 0.400); 0.066 –
N-MVIVW −0.223 (−0.317, −0.129); < 0.001 0.162 (−0.027, 0.352); 0.093 –
N-MVEgger 0.086 (−0.077, 0.248); 0.300 0.136 (−0.051, 0.323); 0.155 –
N-LASSO −0.370 (−0.456, −0.288); < 0.001 0.142 (−0.020, 0.305); 0.085 –

Results are represented as ‘point estimation of β (95% confidence interval); P value’.

Table 2. Summary results for evaluating the causal effects of HDL (primary exposure) and LDL (secondary exposure) on CA, considering
the impact of rare variants.

Method HDL (Primary) LDL (Secondary) PRS

RARE −0.235 (−0.330, −0.140); < 0.001 0.273 (0.109, 0.437); < 0.001 0.026 (−0.011, 0.063); 0.161
GRAPPLE −0.229 (−0.261, −0.198); < 0.001 0.435 (0.372, 0.498); < 0.001 0.016 (−0.005, 0.037) 0.132
MV-IVW −0.193 (−0.220, −0.166); < 0.001 0.405 (0.352, 0.458); < 0.001 0.009 (−0.028, 0.046); 0.636
MV-Egger −0.253 (−0.299, −0.206); < 0.001 0.410 (0.357, 0.463); < 0.001 0.017 (−0.021, 0.054); 0.374
MV-LASSO −0.326 (−0.343, −0.310); < 0.001 0.493 (0.452, 0.534); < 0.001 0.035 (0.015, 0.055); 0.001
N-RARE −0.196 (−0.276, −0.116); < 0.001 0.287 (0.098, 0.476); 0.001 –
N-GRAPPLE −0.224 (−0.253, −0.194); < 0.001 0.435 (0.372, 0.498); < 0.001 –
N-MVIVW −0.192 (−0.218, −0.166); < 0.001 0.405 (0.352, 0.458); < 0.001 –
N-MVEgger −0.249 (−0.295, −0.203); < 0.001 0.409 (0.356, 0.462); < 0.001 –
N-LASSO −0.317 (−0.334, −0.301); < 0.001 0.486 (0.445, 0.527); < 0.001 –

Results are represented as ‘point estimation of β (95% confidence interval); P value’.

between LDL and T2D is complex and bidirectional, high LDL
levels can exacerbate insulin resistance [34, 35]. RARE utilizes
both simulated genotype and genotype data from the UK Biobank
to effectively identify the causal effects of HDL and LDL on T2D,
as well as CA, and highlights the additional role of rare variants in
estimating causal effects. Compared to previous studies, although
the RARE method can identify some novel causal effects, the
causal effects between HDL and CAD as well as LDL and T2D
still remain somewhat controversial. Possible reasons include
that previous studies have typically not considered the impact
of horizontal pleiotropy or adequately addressed confounding
factors, nor have they accounted for rare variants, and all these
factors can lead to biased conclusions. Additionally, like all MR
studies, RARE’s finding should be regarded as a more reliable
approach than association studies for causal effect estimation,
but not the golden standard of causal inference. To fully validate
these results, large-scale randomized controlled trials are still
necessary, with careful handling of rare variants as well as the
elimination of confounding factors.

Despite the innovations introduced by RARE, some limitations
warrant further investigation. First, while we assume that all IVs
could have potential UHP effect and CHP effect, in reality, only
a subset of IVs have CHP effect, which may lead to a biased
estimation [14, 15]. Second, RARE requires multiple IVs including
at least dozens of rare variants to identify the causal effect
between primary exposure and outcome. In practical applications,
obtaining a sufficient number of IVs may be challenging, thereby
may limit the applicability of RARE. Third, RARE assumes a linear
relationship between each exposure and the outcome, indicating
that the absence of a linear effect does not imply a null causal
effect [23, 40]. Non-linear relationships, such as U-shaped or
J-shaped effects, are commonly observed among traits [41, 42].

We are working on improving the automation of this step. Finally,
as our model does not account for sample overlapping between
datasets, researchers should avoid selecting GWAS data from the
same study as much as possible to mitigate the potential impact
of sample overlap on causal effect estimation. For instance, if HDL
GWAS data is sourced from the Global Lipids Genetics Consortium
database [43], LDL GWAS data should be obtained from a different
source.

Though emerging as a powerful tool for causal inference, it
is essential to exercise caution. Various MR methods rely on
their underlying assumptions and the quality of the genetic vari-
ants, as well as, more broadly, the quality of the GWAS data
being utilized. While MR cannot entirely substitute traditional
experimental studies, it is crucial for more accurately identifying
pathogenic or protective factors for diseases, and employ various
MR methods to estimate the same causal effect is worthwhile and
warranted.

Methods
Data input for RARE
Suppose we have K exposures of interest, denoted as X1, X2, . . . , XK,
and one outcome Y. We let X1 to be the primary exposure,
and X2, . . . , XK are considered as the secondary exposures. Our
primary objective is to estimate the causal effect between the
primary exposure (X1) and the outcome (Y). Suppose there are p
shared SNPs, among which nc are common variants and nr are
rare variants, that are simultaneously associated with these K
exposures, with P values below a given threshold from GWAS
studies. Let γij

(
i = 1, 2, . . . , K; j = 1, 2, . . . , p

)
and Γj be the true

marginal associations of the j-th IV with the i-th exposure Xi and
outcome Y, respectively. The estimated effects and standard
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errors of the associations between the j-th SNP and the i-th

exposure and outcome from GWAS are denoted as
(
γ̂ ij, Ŝγij

)
and(

Γ̂ j, ŜΓj

)
, respectively.

Moreover, to account for the impact of rare variants, we inte-
grate them by calculating PRS. For this purpose, we consider an
extra independent individual-level genotype matrix G to calculate
the PRS using the following formula:

PRS =
nr∑

k=1

γ̂kGk, (3)

where γ̂k is the coefficient from the GWAS data representing
the associations between the k-th rare variants and the primary
exposure; and Gk is a genotype vector representing the k-th rare
variant from the matrix G. Typically, each element in the genotype
vector takes on a value of 0, 1, or 2. Note that the rare variants
mentioned here specifically relate to be the primary exposure X1,
meaning that these rare SNPs are only required to be associated
with the primary exposure, and are not necessarily associated
with other secondary exposures. We finally treat the PRS as a
quasi exposure and perform univariable regression of PRS onto
each variant to calculate its effect and standard error, defined as(
γ̂Pj, ŜγPj

)
.

Decomposition of UHP effect
For univariable MR analysis, genetic variants affect outcome via
other pathways other than exposure is defined as total UHP
(tUHP). In the RARE model, we assume the tUHP can be decom-
posed into three parts: (1) variants affect outcome via known
pathways (IVs → secondary exposures → Y, denoted as kUHP);
(2) variants affect outcome via PRS (IVs → PRS → Y, denoted as
pUHP); and (3) variants affect outcome via potential unknown
pathways, denoted as uUHP. Therefore, according to Fig. 1B, Γj

can be expressed as Eq. (1). Specifically, the second and the third
part on the right of Eq. (1) correspond to the kUHP and pUHP,
respectively. Without loss of generality, from hereon in, we focus
on the case K = 2, although our RARE can be extended to higher
dimensions (Supplementary Fig. 8). Thus, Eq. (2) can be further
simplified as follows:

Γj = β1γ1j + β2γ2j + βPγPj + κyj + θj = β ′γ j + κyj + θj, (4)

where β ′ = (β1, β2, βP) and γ j = (
γ1j, γ2j, γPj

)′.

RARE model for independent SNPs
With the assumptions that the GWAS data for the primary expo-
sure, the secondary exposure and the outcome are from dif-
ferent studies and that all eligible SNPs are independent, once
given the true effects, we can model the estimated effect vector(
γ̂1j, γ̂2j, γ̂Pj, Γ̂ j

)′
using the following multivariable normal distribu-

tion:
(
γ̂1j, γ̂2j, γ̂Pj, Γ̂ j

)′ ∼ N
((

γ1j, γ2j, γPj, Γj
)′, Σ j

)
, (5)

where Σ j = diag
(
Ŝ

2
γ1j

, Ŝ
2
γ2j

, Ŝ
2
γPj

, Ŝ
2
Γj

)
.

In RARE, IV-to-exposure effect of the main exposure is decom-
posed into DIE (δj) and IIE (κxj), where DIE and IIE are i.i.d with
δj ∼ N

(
0, σ 2

δ

)
and κxj ∼ N

(
0, σ 2

κx

)
, respectively. Thus, the overall IV-

to-exposure effect of the primary exposure γ1j follows a normal
distribution with mean δj + κxj . Moreover, the CHP (κyj) and uCHP

(θj) similarly follow the prior distributions κyj ∼ N
(
0, σ 2

κy

)
and

θj ∼ N
(
0, σ 2

θ

)
, respectively. We further assume that the true IV-to-

exposure effect of the secondary exposure (γ2j) and PRS (γPj) are
i.i.d with γ2j ∼ N

(
0, σ 2

γ2

)
and γPj ∼ N

(
0, σ 2

γP

)
, respectively. Then, the

IV-to-outcome effect Γj, given other parameters, can be written as
follows:

Γj | γ j, β, κyj, σ
2
θ ∼ N

(
β ′γ j + κyj, σ

2
θ

)
. (6)

By combing Eq. (5) and Eq. (6), we build the Bayesian hierar-
chical model with conjugate priors for hyper parameters, σ 2

κy
∼

IG
(
aκy , bκy

)
, σ 2

θ ∼ IG
(
aθ , bθ

)
, σ 2

γ2
∼ IG

(
aγ2 , bγ2

)
, σ 2

γP
∼ IG

(
aγP , bγP

)
.

Generation of simulated data
We construct individual-level structural model to obtain the input
data of the proposed RARE. We first generate the genotype matrix
Gs ∈ Rns×p to generate the reference panel of the associations
between the variants and the primary exposure. Similarly, we
generate the genotype matrix Gi ∈ Rni×p to calculate PRS, and
then calculate the summary-level statistics of the associations
between the variants and the primary exposure, the secondary
exposure, the PRS, and the outcome, respectively. We should state
that ns and ni are corresponding sample sizes and p = nc + nr is
the total number of eligible SNPs. For all simulations in the main
manuscript, we set ns = ni = 50, 000, nc = 1, 000, nr = 20 and the
number of confounders is set as q = 20.

To generate the genotype matrix Gs, we first create a data
matrix from a multivariate normal distribution N (0, Σ r), where
Σ r

(
i, j

) = |r|i−j is a p-by-p dimensional matrix depicting the
correlation between the i-th and the j-th IV. We then simulate
the genotype matrix by categorizing data matrix into dosage
values according to MAF, that is uniformly distributed in [0.05,
0.5] for common SNPs and in [0.005, 0.01] for rare SNPs. Similar
approaches can be used to obtain Gi as well. We then consider the
following structural model to generate individual-level data for
both Gs and Gi:

X1 = Gδ + Gκx + Uψx + εX1

X2 = Gγ 2 + εX2

Y = β1X1 + β2X2 + Gκy + Gθ + Uψy + εY, (7)

where, U denotes the confounder matrix for q confounders, and
each column is sampled from a standard normal distribution;
ψx ∈ Rq×1 and ψy ∈ Rq×1 are the corresponding vector of coef-
ficients, and are sampled from a bivariate normal distribution
N

(
0, Σψ

)
, where Σψ is a two-by-two diagonal matrix with ele-

ments 1. For IIE and CHP, we similarly assume κx and κy follow a
bivariate normal distribution N (0, Σκ ), where Σκ is a two-by-two
matrix with diagonal elements of 1 and off-diagonal elements of
ρκ denoting the correlation between them. Additionally, we gener-
ate δ, γ 2 and θ from N

(
0, σ 2

δ

)
, N

(
0, σ 2

γ2

)
, and N

(
0, σ 2

θ

)
, respectively.

X1, X2 and Y are the primary exposure, the secondary exposure
and the outcome, respectively; εX1 , εX2 and εY are the random
errors; β1 and β2 are the causal effects of the primary exposure
and the secondary exposure on the outcome, respectively.

We first let G = Gs, and perform the single variant analysis
on Gs and X1 to obtain the reference summary statistics between
the rare variants and X1; then we calculate PRS based on Gi. To
illustrate the effect of the rare SNPs on the outcome, we modified
the expression of Y

Y = β1X1 + β2X2 + βPPRS + Gκy + Gθ + Uψy + εY. (8)

https://academic.oup.com/bib/article-lookup/doi/10.1093/bib/bbaf214#supplementary-data
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We then let G = Gi and conduct the single variant analysis
on X1, X2, PRS and Y with respect to Gi to calculate the sum-
mary statistics

(
γ̂1j, Ŝγ1j

)
,

(
γ̂2j, Ŝγ2j

)
,

(
γ̂Pj, ŜγPj

)
and

(
Γ̂ j, ŜΓj

)
, ∀j =

1, 2, . . . , p. In the simulation studies, we control the magnitudes
for δ, κx, γ 2, κy and θ using h2

δ = var(β1Gδ)

var(Y)
, h2

κx
= var(β1Gκx)

var(Y)
, h2

κy
=

var(Gκy)
var(Y)

, h2
γ 2

= var(β2Gγ 2)
var(Y)

, and h2
θ = var(Gθ)

var(Y)
, repectively. We define

h2
γ 1

= h2
δ + h2

κx
, and let h2

δ = 4h2
κx

. We vary h2
γ 1

from 0 to 0.1 to
evaluate the control of type I error rate (h2

γ 1
= 0) and to examine

the power of RARE (h2
γ 1

�= 0).

Key Points

• This paper proposes a novel multivariable Mendelian
randomization method named RARE;

• RARE models the impact of rare variants on inferring
causal effect of primary exposure on outcome;

• RARE accounts for both uncorrelated horizontal
pleiotropy (UHP) and correlated horizontal pleiotropy
(CHP);

• RARE decomposes UHP into three parts;
• This paper demonstrates superiority of RARE when

combing rare variants into polygenic risk score.
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