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elliptic equation

Apu+ p(x)u+q@u” =0,

In this paper local and global gradient estimates are obtained for positive solutions to the following nonlinear

on complete smooth metric measure spaces (M™,g,e~/dv) with co-Bakry-Emery Ricci tensor bounded from
below, where « is an arbitrary real constant, p(x) and g(x) are smooth functions. As an application, Liouville-

type theorems for various special cases of the equation are recovered. Furthermore, we discuss nonexistence of
smooth solution to Yamabe type problem on (M ", g, e~/ dv) with nonpositive weighted scalar curvature.

1. Introduction
1.1. Introduction

This paper is concerned with positive smooth solutions to the fol-
lowing nonlinear elliptic equation

Apu+ pu+qGu” =0, 1.1

on a complete smooth metric measure spaces (M, g,e~/ dv), otherwise
known as a weighted Riemmanian manifold. Here « is an arbitrary real
constant, p(x) and g(x) are smooth functions. If p(x) and g(x) are zeros,
then (1.1) reduces to the f-harmonic equation

Apu=0, 1.2)

which is known not to admit any bounded solution different from
constant on nonnegative Bakry-Emery Ricci tensor [1]. Suppose one
chooses specific values for the functions p(x) and ¢(x) and constant a,
(1.1) becomes Yamabe problem for f being a constant [2] (see next
section and [3] for further discussion). Another special case of (1.1)
when p(x) =0 and « restricted to 1 < a < (N +2)/(N —2) was studied
by Gidas and Spruck [4]. They proved that any nonnegative solution to
Asu+g(xu* =0 for 1 <a < (N +2)/(N —2) is identically zero. Li [5]
proved this result under mild assumption on g(x) for 1 <a < N/(N —2),
N > 4. Physical applications of (1.1) are found in the theory of stellar
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structure in Astrophysics (N = 3) and Yang Mills’ problem for N =4
and « = (N +2)/(N —3) in Physics (see [4, 6]). See also [4, Appendix B]
for abstract examples.

This paper aims at presenting improved local and gradient estimates
on positive solutions to (1.1), and applying the estimates so obtained to
establish various Liouville type theorems and to discuss nonexistence of
positive solution of a special case (Yamabe type problem) on complete
smooth metric measure spaces with Bakry-Emery Ricci tensor bounded
from below.

Recently, there have been many interesting results on gradient es-
timates and Liouville type theorems on either Riemannian manifolds
or smooth metric measure spaces. The pioneering work on gradient
estimates can be traced back to Li and Yau [7] where they derived
gradient estimates on positive solutions to the heat equation on mani-
folds with Ricci tensor bounded from below. They built on [8] which
first proved a gradient estimate for harmonic functions via the maxi-
mum principle. This estimate was applied to obtain a Liouville theorem.
A Liouville theorem says that a bounded positive solution to the har-
monic equation is constant. Then, Hamilton [9] proved an elliptic type
gradient estimate for the heat equation. But this Hamilton type of es-
timates is a global result which requires the heat equation defined on
closed manifolds. Souplet and Zhang [10] later proved a localized ver-
sion of Hamilton type gradient estimate by combining Li-Yau’s Harnack
inequality [7] and Hamilton’s gradient estimate [9]. For recent results
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on smooth metric measure spaces see for examples [1, 11, 12, 13] and
references therein (see also [21, 22] when f is constant). In particular,
Brighton [1] proved an elliptic gradient estimate for positive weighted-
harmonic functions by applying Yau’s idea to function u¢ (0 < e < 1)
instead of logu used in [14], and hence obtained a Liouville theorem
for positive bounded weighted harmonic functions with nonnegative
oo-Bakry-Emery Ricci tensor. Inspired by the idea in [1] and [12], gra-
dient estimates without any restriction on |V f| are proved in this paper.

1.2. Main result

Let (M",g,e=/dv) be an N-dimensional smooth metric measure
space. Fix a point x, and denote by r(x) = d(x, x), a distance function
from x, to x with respect to g. Denote by B(x,, R) a ball of radius R >0
and centred at x,,. Denote the gradient operator by V and the norm with
respectto g by || - [l =l - Il oo (Bixg,RY) = SUP(B(xg,R) | + |- Our main result
on the local gradient estimates is stated below.

Theorem 1.1. Let (M N, g,e~/dv) be an N-dimensional complete smooth
metric measure space with Ric (B(x0,2R)) 2 =(N — DK for some K >0
and R > 1. Suppose that u(x) < A is a positive smooth solution to (1.1) in
B(x(,2R), xy € M is fixed. Then the following inequality holds on B(x(,2R)

2
W IV o)

VPP <42 € sup (w1 )|Vg |+ sup
B(x02R)

B(x92R)

+c2([(e+a—1)q]+ sup {u”*1}+sp++(N—1)K)) (1.3)

B(x9,2R)
1+ |l
+c( ) ,
S\ R

where p* = max{p(x),0}, g* = max{q(x),0}, p 1= MaX {40 xg)=1) A r(X),
r(x) is the distance from a fixed point x to point x in M, € € (0,1) and
C,.C,, C;5 are positive constants depending on N.

Letting R — oo, leads to the following global estimates on complete
noncompact smooth metric measure spaces.

Corollary 1.2. Let (M, g,e~/ dv) be an N-dimensional complete noncom-
pact smooth metric measure space with Ric,; > —(N — 1)K for some K > 0.
Suppose that u(x) < A is a positive smooth solution to (1.1). Then the fol-
lowing inequality holds

2
IVuol? < A% [61 ((sup (=" }IVg* 1 + sup(u I VP )
M M (1.4)
+ cz([(g +a—1gl* sup{u* '} +ept +(N - 1)1<))] ,
MN

where pt = max{p(x),0}, ¢* = max{q(x),0} e €(0,1) and C,; and C, are
positive constants depending on N.

In order to fix other notations appearing in the results, background
information about smooth metric measure spaces and Yamabe type
problem are discussed in Section 2. The proof of main results and the
applications are given in Section 3 and 4, respectively.

2. Background
2.1. Smooth metric measure spaces

Let (M",g) be an N-dimensional complete manifold with the Rie-
mannian metric tensor g, dv be volume element and f be a C® real-
valued function on M. A smooth metric measure space is defined
by the triple (M",g,e~/dv), where e~/dv is the weighted measure.
The weighted Laplacian, A, := A —(Vf,V-), where A is the Laplace-
Beltrami operator, is defined on (M™,g,e/dv). The m-Bakry-Emery
tensor is defined by
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Ricl! :=Ric+v2f—ldf®df
m

for some constant m > 0, where Ric is the Ricci tensor of the manifold
and V? is the Hessian with respect to the metric g. When m is infinite
we have the co-Bakry-Emery tensor

Ric; = Ric+V*f.

This tensor is related to the gradient Ricci soliton Ric =28, where 1 is
areal constant. A gradient Ricci soliton is said to be shrinking, steady or
expanding, if A is positive, zero or negative, respectively. Ricci solitons
play an imporatant role in the theory of singularities for the Ricci flow
[15]. The weighted Laplacian and the Bakry-Emery tensor are related
by Bochner formula

1 .
EAf(|Vu|2) = |V2ul? + (VA ju, Vu) + Ric(Vu, Vu).
2.2. Yamabe type problem

Suppose that f is a constant, the equation

Au+ p(xX)u+qg(x)u* =0, a>1 2.1)

is equivalent to Yamabe problem on noncompact Riemannian manifold
[16] by conformal deformation of the scalar curvature. Clearly, setting
g=u*N-2g N >3, u>0,then for R(x), the scalar curvature of g and
R € C®(M), the scalar curvature of g, we have the relation

N-=-2

N -2 SRGu+ N=2 Rouni =o, 2.2)

Au— =
AN -1 4N-1)

which is of the form (2.1). Yamabe problem demands the existence of
a positive everywhere defined solution of (2.2). In the case of compact
MN and constant R, the existence of u in (2.2) has been completely
determined by Schoen [17]. Indeed, the existence and uniqueness of
such solution depends on the geometry of the underlying manifold. For
further discussions on existence, uniqueness and a priori estimates of
(2.1) (resp. Yamabe-type equation) see [18].

Similarly, for nonconstant f and a special a, (1.1) is related to the
Euler-Lagrange equation for the weighted Yamabe quotient on compact
smooth metric measure spaces

_ mtN_f mEN+2
m+ N -2 R%u—cy(AumtN=2em + cy(ANumn-2 =0, m>0,

Aqy— —T0 72
M dmrN=-D S
(2.3
where R? is the weighted scalar curvature defined by
R":=R+2Af - mEtliyrp
J m
and
Ag, e~/ dv)
2m
2m+N-1) f\ =
2 m+N-2 2 py v A
= inf </|V”| * SN 7Y )(/Iul e )
- 0#usC® (M) 2m+N-2

which is called the weighted Yamabe constant. Here, all integrals are
with respect to the weighted measure. Thus, the weighted volume can
be conformally deformed. In fact, setting

- o 20 (m+N)o
(M,g,e~7dD,m)=(M,emN= g, emin-2 e~/ dv)
for some ¢ € C®(M), then the weighted Yamabe quotient is confor-
mally invariant. The situation where A =0 implies ¢;(A) = ¢,(A) =0 in
(2.3) which is related to situation when g(x) =0 in (1.1). Case [19] also
shows that Yamabe-type problem on (M, g, e~/ dv) interpolates between
Yamabe problem and the problem of finding minimizers for Perelman’s
v-entropy.
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3. Results

Suppose u is a positive solution to (1.1) with u < A for some positive
constant A. Scaling u > ' =u/A, then 0 <u <1 and ¥ solves

A (U + p(x)u+ g(x)w =0

with §= A?~!4. Owing to this, assume 0 < u < 1 without loss of general-
ity and let A =u* for some constant ¢ € (0,1) to be determined.

3.1. Basic lemma

We now state and prove a basic lemma that will play fundamental
role in the proof of the main results. This lemma can be viewed as an
extension of [1].

Lemma 3.1. Let u(x) < A be a positive smooth solution to (1.1) in B(x,,2R)
with Ricy(B(xp,2R)) 2 —(N — DK for some K >0 and R > 1. Denote
u=u/A and h=u¢ for € € (0,1). Then there exists a positive constant &
satisfying

2(e-1)
—>0 3.1
Neé +N 3.1

such that the following inequality

_ 4
e-1, 25 1))|Vh| V(IVhI )

1 ) e-1? ¢
A (|Vh|")> | —— -
2 rAVAl )_( Neg2 3 Ne h2

- ([(8+a— Dalth's +sp++(N—l)K)|Vh|2 (3.2)

e—1Vh
€

- sh(h"%‘ (Vh,Vq) + (Vh, Vp))

holds, where pt = max{p(x),0} and q* = max{q(x),0}.

Proof. Let h = uf,
for convinience sake. Direct computation gives &

where ¢ € (0,1). Notice that tilde on u is dropped
LT Apply-
ing the Bochner formula to 4 and using the mequahty |V2h| > — (Ah)2
(obtained by Cauchy-Schwarz inequality) yields

1 a1 ) ‘
A7 (VAP) > (AR + (VA h.Vh) + Ric, (Vh.Vh). (3.3)

Now compute

\v/ 2
Arh=¢(e~ l)ugﬂ +£zf_lAfu
u2
b ae l 3.4
=(€— ) | | _ qh1+T—sph,
e h
where (1.1) was used to obtain the last equality.
— 2 a-1
(VA V(A ) = <Vh,v<u WA+ —gph,)>
I3 h
(e 1) Vh (e—1)|Vh[*
= 22y(|Vh -
(Ivh*) - " e (3.5)
—eh” " (Vh, V)
—(e+a—Dh'T g|VhP - eh(Vh,Vp) — ep| Vi
Also
L @am? = 2 n+(Vf, VR
N NS
_ 1 /e=D|Vha] 14at )2
_N< - 7 eqh eph+(Vf,Vh)
_(e-D?|Vh*
T Ne2 2 (3.6)
+2(§v"81) VA WAL (v £, VhY - eqh™* T — eph)

+ %((Vf,Vh) —eqh"™ T — eph)2.

Heliyon 5 (2019) 02784

Substituting (3.4)-(3.6) and the condition Ricy 2 —(N - DK, K >0 into
(3.3) yields

(e-17 s—l)|Vh|4 2(5—1)|Vh|2

1 2
S8,0VhP) > (- At

((Vf Vh)

N¢g2 €
- a—1 2
—eqh™ T —eph) + % ((Vf,Vh) —eqh'T = —eph)

Gty _ I)thqvm ) 3.7)

- [(5 +a—1)ghs +ep+(N— I)K] (VA
- e[h”“s;] (VR V) + h(Vh,Vp)].

There are two cases to examine here. First, for any fixed point x, if
a=1
there exists a positive constant § such that (Vf,Vh) —eqh't ¢ —eph <

sIVAL 4
=, in B(x,2R), R > 1, then

2e—1) |Vh|
Ne

_gph) N 2(e — 1) |[Vh|? (5|Vh|2>

1yt
<<Vf Vh) - eqh Ne & h

and (3.7) then implies

1 ) (e—1? e—1\|Vh|* 2(-1)|Vh|?/_|Vh]?
~A(|IVA») > -
28 l)—( Ne2 ) h? Ne h <5 h )

1
=D hyqvap)

£

a—1
+ %((Vf, VhY — eqgh'™* T — eph)? +
a—1
- [(s ta—lgh'c +ep+ (N - 1)1<] VA2

-e[h” (Vh,Vq) + h(Vh, Vp)]

a-1 2
Now suppose on the contrary that (Vf, Vh) —eqh't T —eph> 5%
at the point x,. Then we have

2(e —1) |VA|? a1

%' ' (<Vf Vh) —eqh' 7 —eph)
S Ae—1 Vh|? 1 2
(j\fe )| h| ((Vf Vh)—ethr —eph)

and then (3.7) implies

e—1\|Vhl* 1 2(5—1)
I3 ) h2 +<N+

(e 1) Vh

1 25 (=17
AR 2 (o - = )(V£.h)

—eqht T —ephy+ -
qgh™ ¢ —eph)”+ V(IVhI) (e+a—1gh'c

+ep+(N - 1)1<] VA - s[h“% (Vh,Vq) + h(Vh, v,;)]

(e-12 e—1 286-1) |Vh|4 I)Vh
> _e-1 ~ZV(|Vh
_( Neg2 I3 + Ne ) h2 I3 d I)
a—1
. [(5+a— Dgh'c +ep+(N - 1)1<]|Vh|2
a—1
—e [h”T (VR Vq) + h(Vh, Vp)]
smceﬁ+2(£ )20
Therefore in the two cases (3.7) yields
1 ) (e-172 e—1 28e—1)\|Vh|* -1 Vh
- > R
58,0V 2 (5t - S+ =) =g 4 ¢ VAP

- [[<5 Fa— gl h T +ept+ (N — l)k] VA
—e [h”“s;] (Vh,Vq) + h(Vh, Vp)]

where p* = max{p(x),0}, and the estimates holds on all of B(x,,2R).
This completes the proof. []
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3.2. Proof of Theorem 1.1

In order to prove Theorem 1.1, the maximum principle will be ap-
plied on (3.2) and bound will be obtained on |VA|. It is convinient to
|VA[*

h2

choose § such that the coefficient of in (3.2) is positive, that is,

(e-1? -1 +25(e—1)>0
Ng2 € Ne '

Recall that £ € (0,1) and § > 0. In particular, choosing ¢ = Nt—4 and
lettting 5 — % then (3.1) holds and (3.2) becomes
1 s N |VR* N Vh 2
-A(|Vh|")> ————— - ——V(Vh
2f(| |)_16 n 4h(| 1)
a—1
- eh[hT (Vh,Vg) + (Vh, v,;)] (3.8)

-([(g+a-1)q]+ sup {u"_l}+ep++(N—l)K)|Vh|2.
B(x2R)

Cut-off function. Define a C? cut-off function y on R* = [0, +o0) [7],
(see also [1]) such that w(r) =1 for t € [0, R], w(t) =0 for t € [2R, +c0)
and y(¢) € [0, 1] satisfying

v'e) o C p C
0> 1,/_(;) > _E and |y" ()| < F

for some positive constant C.
Denote by r(x) :=d(x,x,) the distance function. Let

@ 1=y (r(x)).

By the argument of Calabi-Yau [8] one can assume without loss of gen-
erality that ¢ is a smoothly supported function in B(x,,2R). Hence, we
have

Vol _ C

< =
@ R?

(3.9

and Ao =y'Arr+ w"|Vr|? in B(x,,2R). By the weighted Laplacian
comparison theorem [20] Ar(x) < p+ (N - DKQ2R-1), where y :=

MaXy|y(x,x,)=1 A ,7(x). Hence at x, we have

Aos_ C _ Clut(N-DKQR-D)]
Ae R ’

(3.10)

where C is a positive constant.

We begin the proof of Theorem 1.1. Set G = ¢|Vh|2. Suppose G
achieves its maximum at the point x; € B(x,,2R) and assume G(x,) > 0,
otherwise the proof will be trivial. Then at x,, it holds that VG =0
which implies

Vh|?
V(|Vh|2)=—qu; (3.11)
@
and
A,G<0. (3.12)

Now, by application of (3.8), (3.11) and (3.12)

0>A,G
= @A (IVAI?) + |VhI*A ;0 +2VeV(IVAI)
819 o, Vel

2

= @A (VR + —G G
@ ®
N |[VA* NV ) 4 1ot
sop| NIVAL N VhG G, __[h = (Vh,Vq) + h(Vh,V ]
w[m p 7 5 Vavar) Nia ( q) + h( p)

—([(s+a—1)q]+ sup {u“1}+ep++(N—1)K)|Vh|2]
B(x(.2R)

Heliyon 5 (2019) 02784

@
TG-2 G
® @?
N G} NVh_ G 8 ]
_NG  NVh, G _ (15 (9. Va) + AV A, V)]
S T2 h P N+d ( a)+h( p)|e

- 2([(5 +a—Dgl* sup {(u')+ept +(N - I)K)G

B(x02R)

A Vol|?
+LG—24G.
@

Multiplying both sides by %, we obtain

AU 2 Vy
Sm> 2 h
+2([(£+a—1)q]+ sup {ua_l}+£p++(N—l)K)(p (3.13)
B(xg.2R)
8 [ ieocl ](pz [Vl
S [T (Vi Vg + (VA VY| L — A+ 220
F g (VRO VR )| G - A2

There is need to control the first and third terms on the right hand side
of (3.13). Note by the Cauchy-Schwarz inequality with g € (0, 1)

N Vh N |Vh|

Sy < 2y

2 0S5 Vel
<NIVel | Np_IVA_ N |Vol’ NP
e AT Ty e T

and by elementary inequality

L[hl“l;l(wl Va) + h(Vh,V >]";2
N+4 Y PG
8 1+t ] (Pz
< BT Vgl + hIVpl||VRI
< [P Vel mivpl VRIS
8 1+ o + ]2 29
< h ™ ||V + h||V Vh|”—
<3 [T IV I+ RV VAP L
8 [ e+a—1 + £ + 2
<[ s @IV I+ sup (@ IR o
N+4 1 2m ® 7 BGxo2R) ®
where || - lloo = Il - | Loo(Bxg.RY) =" SUP(B(xy.RY | - | 15 the norm with respect

to g. Substituting the last two inequalities into (3.13) yields

1-28)N
(%)% sz([(e+a—1>qr sup {u“‘1}+617++<N‘1)K)(”

B(x(.2R)

2
tmrg| s WV e+ sup () IVP | @ (3.14)
N +4 Ly 2R) (x0.2R)

(NA:‘-B8/3>|V(Z;|2.

In particular, choosing g = i in (3.14) and using the estimates (3.9) and
(3.10) we obtain

—-Arp+

NG 52([(e+a—1)q]+ sup {u“’1}+ep++(N—1)K)(p
16 B(x2R)

8 _ 2
+ g |oswp @IV It sup (1) IVPF Il 0 (3.15)
N +41lpx,2R) B(x0.2R)

+ Clu+ (N -1KQ2R-1)] +£’
R R?

where C is a positive constant depending on N. Hence, for x €
B(x(, R), R > 1 it follows from (3.14) that
N N
—Gx) L —=G
167 = 16900
<h*(x)) C4<[(£ +a—-1glt sup {u*'}
B(x0,2R)

Yept+(N - I)K) (3.16)

+ G| sup (ut Vgt +
B(x¢,2R)

()

2
sup {u}[IVp*
B(x¢,2R)
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Using the definition of h, i.e., h =u¢, u < A and G = ¢|Vh|?, we find that
[Vul? N 5 [Vul? . o
, —G = ¢(N)ph” —— since ¢ is a positive real number,
u? 16 u?

G =pe’h?

and

[Vu(x)|? < C(N)A? [C4([(e +a—1glt sup {u®'}+ept+ (N - l)K)
B(x(.2R)

2
+Cs| sup (VG I+ sup (wIVPY ]
B(x0,2R) B(xg,2R)

()

where ¢(N),C(N) are constants depending on N. This finishes the proof
of Theorem 1.1. []

Remark 3.2. Suppose p(x) =0 = gq(x) in (1.1), clearly, the estimate in
(1.3) of Theorem 1.1 becomes

IVul < A [¢(N,u)+c(N)RK
- R

which is the Brighotn [1] gradient estimate on the positive f-harmonic
function in geodesic ball B(x, R) of (M, g,e~/ dv) with Ric; > (N - DK,
K > 0. If in addition to p=0=g¢, f is a constant function, then (1.3)
reduces to
1+ RVK
[Vl SC(N)A(;\/_>
R
which is equivalent to the classical Yau [14] gradient estimate on the

positive harmonic function in geodesic ball B(x, R) of Riemannian man-
ifolds with Ric > (N — 1)K, K >0.

3.3. Proof of Corollary 1.2

Letting R — oo, leads to the global estimates (1.4) on complete non-
compact smooth metric measure spaces. This completes the proof of
Corollary 1.2. [

4. Discussion
4.1. Liouville type theorem

Consider (1.1) and suppose ¢(x) = 0. If p(x) # 0 with p* = max{p(x),0}
> 0 being a constant, then by Corollary 1.2

|Vu|> < C; A% (p* + K), 4.1)

where C; is a positive constant depending only on N. On the other
hand, if p* =0 (including the case p < —K, K >0), then |Vu| < 57A\/E.
Thus, the condition K =0 is required to obtain |Vu| < 0 whenever u is
a bounded positive solution, (and the solution « would be a constant).
Hence the following Liouville type theorem can be obtained immedi-
ately from Corollary 1.2.

Proposition 4.1. Let (M" ,g,e~/dv) be an N-dimensional complete non-
compact smooth metric measure space with Ric; > —(N — DK, K > 0. Sup-
pose that u is a bounded positive solution to (1.1) with qg(x)=0and p< 0 is
a constant. Then u =1 is a constant.

On the other hand, supposing p* = max{p(x),0} =0 when ¢(x) =0,
we obtain the following

Proposition 4.2. Let (M N, g,e~/dv) be an N-dimensional complete non-
compact smooth metric measure space with Ric; > —(N — DK, K > 0. Sup-
pose that u is a bounded positive solution to

Apu=0,
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then

|Vul < CGgAVK, (4.2)

where Cy is a positive constant depending only on N.

In particular, if Ric, > 0, then any bounded positive solution to (4.2)
must be a constant. Combining Propositions 4.1 and 4.2 with Ric, >0,
we obtain the following.

Corollary 4.3. Let (MN,g,e~/ dv) be an N -dimensional complete noncom-
pact smooth metric measure space with Ric, > 0. If u is a bounded positive
solution to (1.1) with q(x) =0 and p(x) <0 is a constant, then u is a con-
stant.

Remark 4.4. Suppose p(x) =0 and ¢(x) > 0 with a < 1. There does not
exist any positive solution to

Apu+qx)u*=0, a<l1 and ¢>0.

The last claim was recently proved in [11] using a different approach.

4.2. Nonexistence of Yamabe minimizer

First, we remark that Theorem 1.1 (resp. Corollary 1.2) still holds on
the condition that Ric¢ > —(m+ N — 1)K, K >0, though the proof may
require little modification but without further assumption.

Now consider (1.1) again with ¢(x) =0 and p(x) <0. Indeed, choos-
ing

m+ N -2
T2 pm

AmiN= X
then (1.1) reads

p(x) =

mEN=2 pm,_q (4.3)

B s N S

which is exactly (2.3) for A =0 (zero weighted Yamabe constant). Sup-
pose R?(x) (weighted scalar curvature) is a nonpositive constant, one

can compare (4.3) to the case p(x) is a nonnegative constant, a = o
and ¢(x) =0, in which case the equation A ;u + p(x)u = 0 does not ad-
mit any nonconstant positive solution by Proposition 4.1. By this we
obtain the following result (which has also been proved in [11] using
parabolic gradient estimates).

Theorem 4.5. Let (MN, g,e~/dv) be an N-dimensional (N > 3) complete
noncompact smooth metric measure space with Ric}' > 0. Suppose R'}' <0is
a constant, then there does not exist a positive volume normalized minimizer
u such that the weighted Yamabe constant, A is zero.

Proof. It suffices to check the nonexistence of positive smooth solutions
to (4.3) since A =0 results to the equation. Note that the assumption of
the theorem that R’;‘ <0 implies that

_ m+N-=-2 _, >0
4m+N-1) /
and by the preceeding explanation, the conclusion that there does not

exist a positive solution to the equation follows. []
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