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ABSTRACT: We propose a new way of utilizing normal modes to study
protein conformational transitions. Instead of considering individual modes
independently, we show that a weighted mixture of low-frequency vibrational
modes can reveal dynamic information about the conformational mechanism
in more detail than any single mode can. The weights in the mixed mode,
termed the allosteric covibrational mode, are determined using a simple model
where the conformational transition is viewed as a perturbation of the coupled
harmonic oscillator associated with either of the two conformations. We
demonstrate our theory in a biologically relevant example of high
pharmaceutical interest involving the V617F mutation of Janus 2 tyrosine
kinase (JAK2).
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■ INTRODUCTION
Normal mode analysis (NMA) has been a staple in studying
protein dynamics since the early days of computational
chemistry,1−8 rooted in infrared (IR) spectroscopy.9−13

Arguably the most important aspect of NMA is that the
lowest-frequency normal modes exhibiting the largest ampli-
tudes are often relevant to biological function. It has been shown
that so-called functional modes extracted from two different X-
ray structures embodying two different functional conforma-
tions, such as apo vs holo, ligand bound or unbound, wild type vs
mutant, etc., in many cases show significant similarities to the
low-frequency vibrational modes.6,14 After superposition of two
X-ray structures, the corresponding functional mode is
represented by the displacement vector of the C-alpha (CA)
atoms pointing from the reference conformation toward the
other conformation. The similarity of the functional mode with
respect to the normal modes of the reference structure is
computed as the normalized projection of the functional mode
vector onto the normal mode eigenvectors. When the functional
mode has significant overlap with one of the normal modes, we
can learn something about the dynamic aspects of the
conformational transition resulting in a particular biological
function. In this paper, we present a generalization of this idea.
Instead of considering a single normal mode, we include all the
low-frequency modes and ask the following question. How does
a functional mode affect the overall vibration of the reference
harmonic oscillator? We consider the functional mode to be a
perturbation applied to the equilibrium state of the reference
harmonic oscillator and wish to find out how the oscillator
responds. We offer a very simple visual representation of this
concept. The workhorse model for protein NMA is the elastic

network model (ENM).15,16 ENM considers only CA atoms in
the reference conformation and defines a multidimensional
coupled harmonic oscillator by connecting nearby CA atoms
with springs. The equilibrium state is typically defined by the
geometry of an X-ray structure, and deviations from this
reference geometry are considered perturbations of the native
protein structure. To rephrase our question above, what
happens if we pluck the ENM by displacing CA atoms along
the functional mode vector and then let it go? The answer is
remarkably simple and can be derived from the harmonic
approximation of the equations of motion utilized in the theory
of lattice dynamics: the (functional) perturbation will trigger a
mixed-mode vibration of the reference harmonic oscillator,
where the amplitudes of the individual normal modes can easily
be calculated from the atomic displacements by projecting the
vector of all atomic displacements onto the mode eigenvectors.
We term these mixed modes allosteric covibrational (covib)
modes in reference to the functional mode perturbation caused
by a ligandmolecule binding to an allosteric site in the protein. It
should be noted that mixing normal modes or probing normal
modes by plucking them is not new,17−23 but our approach
provides a new perspective. In particular, mixed modes were
employed in a similar manner as part of the definition of the so-
called allosteric potential used to quantify allosteric effects upon
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ligand binding,21 but our covib modes are aimed at elucidating
conformational mechanisms in terms of visualizing protein
motions.

■ RESULTS AND DISCUSSION

Theory
Standard NMA is based on eq 1 where the potential energy (E)
is approximated by the harmonic term of the Taylor expansion
of E around the reference conformation with its energy E0
arbitrarily set to zero. If E is computed with a general purpose
force field, then the reference conformation should be energy
minimized such that the gradient norm vanishes to within a
desired numerical accuracy. If E is computed for an ENM, the
reference conformation need not be minimized since by
definition its gradient norm is equal to zero. N is the number
of atoms and eq 1 is defined with mass-weighted coordinates

=q m xi i i where Δxi is the Cartesian coordinate displace-
ment with respect to the reference conformation, and mi is the
mass of the i( 1)/3 rd atom. The mixed second partial
derivatives in eq 1 are commonly termed elements of the
Hessian matrix Hij and are computed at the reference
conformation.
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The normal modes of vibration are represented by the 3N
eigenvectors vj of the Hessian matrix obeying the following
expression H = V Λ VT. The eigenvectors are the columns of V
and Λ is a diagonal matrix holding the eigenvalues λj. The
eigenvector matrix V is orthogonal due to the fact that H is real
and symmetric, which entails thatVT =V−1, and the eigenvectors
are normalized to unit length. A small displacement along an
eigenvector (or its negative) ± Δvj represents concerted atomic
movement associated with a single normal mode of vibration
with frequency =j j . Only small amplitudes are physical,
and wider amplitudes would require inclusion of higher terms in
the Taylor expansion. Moreover, because eigenvectors are
orthogonal, simultaneous small-amplitude displacements are
possible without clashes in the protein structure.We show in this
Letter that such mixed modes can be used to generalize the idea
of pairing functional modes with only a single normal mode. Of
course, in order to do this, we need a theory of how to determine
the relative amplitudes of the mixed modes. NMA itself does not
provide a definite answer, but Go̅ had shown theoretically that
for a protein in thermal equilibrium, and for small fluctuations,
the mass-weighted mean-square displacement of the atoms is
equal to the weighted sum of the normal mode vectors where the
weights are proportional to the inverse of the squared frequency
of each mode.24 Go̅’s theorem provides the basis for using NMA
and focusing only on the few lowest-frequency normal modes, as
a first approximation to study protein dynamics. Our treatise,
however, takes a different approach to mix normal modes based
on the theory of lattice dynamics.
In terms of the harmonic approximation, solids and proteins

are quite different. For solids the harmonic approximation is a
highly accurate and powerful theory that allows for transposing
Newton’s equations of motion to that of harmonic traveling
waves expressed in normal mode coordinates. This is possible
because atomic fluctuations in a solid under normal conditions
are within the range of the harmonic approximation.25 In lattice

dynamics, the normal mode eigenvectors are constant
throughout the simulation and represent an absolute coordinate
system, but the normal mode coordinates�projecting the
vector of all atomic displacements onto the mode eigenvec-
tors�fluctuate in time as the atoms move. This means that
lattice vibrations that may look random can be decomposed into
the sum of the normal modes of vibrations with different
amplitudes and different phases.26

Proteins, however, undergo large conformational changes
under physiological conditions and usually exhibit multiple free
energy minima separated by thermal barriers on a complex free
energy landscape. Nonetheless, even though a rigorous
harmonic representation of protein dynamics overall is generally
not possible, NMA remains an extraordinarily useful qualitative
tool to study protein dynamics locally. Our principal motivation
for introducing the concept of covibrational modes was that
intuitively we should look at protein dynamics also in terms of
superposition of low-frequency normal modes and not only a
single mode. The question remains, of course, how can one
determine the amplitudes such that they are biologically
relevant?
The answer is remarkably simple. We learned from lattice

dynamics that in any given configuration the normal mode
coordinates themselves were, in fact, the amplitudes to be used
to weight the normal modes.26 This leads to the following
definition: considering two biologically linked conformations of
a protein, we project the connecting functional mode vector
onto each of the low-frequency normal mode vectors�all
vectors mass-weighted, computed for the reference conforma-
tion�and define the allosteric covibrational mode to be the
superposition of the low-frequency modes weighted by the
projections, respectively. The covibrational mode vector sf with
respect to a functional mode vector f can be calculated by eq 2.
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where f is the displacement vector between the two superposed
conformations, typically including only the CA atoms, but, e.g.,
in our calculations, we used all atoms. f points from the chosen
reference conformation toward the other, and the M low-
frequency normal mode vectors vj are computed for the
reference conformation. It is assumed that the eigenvectors
are normalized. Note that while M ≪ N we found that it was
more accurate to include significantly more eigenvectors in eq 2
than the handful of lowest-frequency modes that are typically
considered in NMA. Especially in the presence of a bound ligand
molecule, higher frequency modes can be biologically relevant
and should be included in eq 2. Of course, the exact relationship
would require M = 3N in which case sf would coincide with f
itself, but that would be impractical and also unnecessary, as is
demonstrated in the Application section. The covibrational
mode sf represents a mixed vibrational mode that is the result of
perturbing the reference harmonic oscillator by changing the
conformation and then letting it go. Note that while the
covibrational mode does not represent a whole transition path
between two conformations, it does entail concerted atomic
movement to initiate the transition and thus can reveal
biologically relevant dynamic information obtained from two
static structures, e.g., X-ray structures, and of course, the
direction can be reversed by swapping the reference.
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Application to an Allosteric Conundrum in JAK2

Janus kinase 2 (JAK2) plays a critical role in the signal
transduction pathways of various cytokines and growth factors.
The JAK2 V617F mutation is a specific gain-of-function
mutation in the JAK2 gene and is associated with numerous
hematological cancers and inflammatory conditions.27 Original
research by McNally et al. discovered that Compound 2 in
complex with the V617F domain (PDB code 6G3C) preferred
the wild-type (WT) domain structure (PDB code 4fVQ) over
the mutated oncogenic form (PDB code 4FVR).28 These X-ray
structures suggest that certain ligands in the ATP site of
pseudokinase domain JH2 can modulate the V617F mutant and
restore the WT conformation. We recently conducted extensive
molecular dynamics (MD) simulations on this system and found
that our simulations agreed with the experimental observation
that Compound 2 in complex with the V617F domain shifted
the free energy landscape toward favoring the WT conforma-
tion.29

However, in our simulations, the putative conformational
transition path was largely limited to the small conformational
differences around the V617F mutation including loops
enclosed in the orange surface and a displacement of the helix
(WT purple, mutant green) as shown in Figure 1. Here we argue
that a more natural transition model should include the entire
protein, and our low-frequency covibrational modes accomplish
just that. We computed the first 500 all-atommode eigenvectors
for the V617F conformation, and in Figure 2 we plotted the
normalized projection (purple dots) of the functional mode
vector V617F → WT onto the individual eigenvectors. Of
course, the reverse direction would be equally valid, and very
similar. The numerical value of the normalized projection is the
cosine of the angle between the two vectors, and we can see that
there is only one normal mode, the third lowest (red dot), which
shows even a moderate overlap. Conversely, the covibrational
modes (green curve) computed by including an increasing
number of eigenvectors in eq 2 start showing significant overlap
with even as few as M = 20.

Figure 1.Conformational differences between theWT and V617F forms of JAK2 around the allosteric site. The main differences are the displacement
of the helix in the middle (WT purple, mutant green) and different loop conformations enclosed in the orange surface.
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In Figure 3, we show a visual comparison of the covib mode
withM = 100, and normal mode 3. The covib mode is shown on

the left (green), and mode 3 is shown on the right (red). The
layered cartoon representation shows the spatial expansion of

Figure 2. Overlap scores of JAK2 covib modes and normal modes with respect to the V617F → WT functional mode vector. The normalized
projections of the functional mode onto the first 500 all-atom normal mode vectors are plotted as purple dots. The horizontal axis shows the mode
serial numbers sorted by the eigenvalues. The vertical axis shows the overlap score in terms of the cosine (left) and angle (right) of the projection. The
largest overlap belongs to mode #3 (red dot). The green curve shows the cumulative overlap score of the covib mode including and increasing number
of modes M = 1−500 in eq 2.

Figure 3. Visual comparison of the covib mode (M = 100), and normal mode 3. The covib mode is shown on the left (green), and mode 3 is shown on
the right (red). The layered cartoon representation shows the spatial expansion of each mode superposed on theWT conformation (purple). Note the
V617F mutation in the allosteric site (orange) and McNally’s Compound 2 occupying the ATP binding site (blue). See text for details, and Video S3
and Video S4 in the Supporting Information show 3D animations of this figure.
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each mode with respect to the same arbitrarily chosen overall
amplitude, and superposed on the WT conformation (purple).
One can think of a full cycle of vibration as a pendulum swinging
from one extreme to the other. In that respect, the green and red
pendulums are identical; however, the atomic decomposition of
the two vibrations show different atomic movements. There is a
large degree of overall similarity, which is expected since mode 3
has the largest contribution to the covib mode, but there are
significant differences. The biologically most relevant difference
is that mode 3 leaves the α helix virtually intact, oriented at a
small but noticeable angle with respect to the WT conformation
(purple), whereas the covib mode includes a distinct seesaw
motion of the helix resulting in a significant overlap with theWT
helix. We included multiple animations in Video S3 and Video
S4 in the Supporting Information offering a more vivid
demonstration of eq 2 in action. For reference, we also
highlighted in Figure 3 the V617F mutation in the allosteric
site (orange) and McNally’s Compound 2 occupying the ATP
binding site (blue). Our main result is that the covib mode
describes the WT ↔ V617F conformational transition in
significantly more detailed than any single normal mode.
Conclusions
In conclusion, we introduced and propose using allosteric
covibrational modes instead of single normal modes to
characterize protein conformational transitions within the
harmonic approximation. As intuitive normal modes themselves
might be, the mode eigenvectors represent only the basis vectors
of a coordinate system in which complex molecular vibrations
can be approximated by a finite series expansion defined in eq 2.
Furthermore, we found that the number of low-frequency
normal modes included in eq 2 could be significantly more than
the handful of modes typically used in NMA. Finally, we find it
fascinating that covibrational modes can reveal a great deal of
dynamic information related to biological function, solely based
on two static (X-ray) structures.

■ METHODS

Computational Details
Our code to compute covibrational modes was added to the low-
mode conformational search module (LMOD)30−33 in the
Amber24/AmberTools24 release of the Amber molecular
dynamics program package.34−36 We ran our calculations on a
Mac Studio Ultra workstation, using the ff14sb37 force filed, and
a generalized Born implicit solvation model38 with infinite
cutoffs. Data files and scripts with instructions to reproduce our
JAK2 calculations are also publicly available in AmberTools24.
Eigenvector Calculations
The Hessian eigenvectors were calculated using the ARPACK
software package39 designed for solving large scale eigenvector
problems in the matrix-free fashion, i.e., H is never computed.
All ARPACK requires is the repeated calculation of matrix-
vector products of the formHzwhere z is an arbitrary vector. To
compute this, we use the following finite difference gradient
formula.

+ h
h

H x z
x z x

( )
( ) ( )

(3)

For each Hz product the gradient is computed at two different
points, x representing the atomic position vector and (x + hz) is
an infinitesimal step along z. We found = + | | | |h x z2 (1 )/ (ϵ
is the machine precision) a numerically stable and robust choice

for the smallest possible step in eq 3.40 The bottleneck of
computing the low-frequency Hessian eigenvectors this way is
the computation of the gradient, but LMOD takes advantage of
Amber’s parallel force computation engine to gain close to linear
scaling across multiple CPU cores.
The ZIG-ZAG Algorithm

The mode eigenvectors represent linear displacement in
Cartesian space. Note, however, that for atomic displacement
the eigenvectors should be transformed back to non-mass-
weighted coordinates. Linear displacement works only for very
small amplitudes, especially in all-atom representation, because
perturbation along a mode vector results in severe distortions in
the hard degrees of freedom (mainly bond lengths and bond
angles) and also leads to atomic clashes, even for small to
moderate amplitudes. In order to visualize normal modes, we
need curvilinear displacement instead of linear to achieve
significant amplitudes. This is highly important when visualizing
mixed modes because the non-mass-weighted mode eigenvec-
tors are no longer strictly orthogonal and, therefore, atomic
clashes can easily occur even at very small amplitudes. Our
solution to this visualization problem is the zigzag algorithm in
LMOD. The zigzag algorithm employs a series of alternating
short LMOD moves along the mode eigenvector (zig) followed
by a few steps of minimization (zag), which has been found in
our hands very effective in relaxing excessive stretches and bends
and also relieving clashes before affecting the soft degrees of
freedom noticeably. The key is to stop minimization when the
gradient norm falls below 1 kcal/mol/Å. In our experience 10−
20 zigzag moves can readily be applied along any low-frequency
normal mode or covibrational mode producing large-amplitude,
curvilinear, and smooth moves for visualization. The videos in
the Supporting Information were all produced with the zigzag
algorithm.
Future Directions

Our future work includes: (1) a standalone ultrafast software for
computing covibrational modes of elastic network models
considering only CA atoms, (2) computing significantly more
accurate vibrational modes using essential dynamics41,42 based
on high-quality explicit-solvent MD simulations, and (3)
combining covibrational modes from both directions to
construct a physically meaningful conformational transition
path.

■ ASSOCIATED CONTENT
*sı Supporting Information

The Supporting Information is available free of charge at
https://pubs.acs.org/doi/10.1021/jacsau.4c00109.

Video S1, the first 20 low-frequency normal modes of the
WT structure (PDB code 4FVQ, ATP not shown); the
side chains are included in the animation, but faded for
clarity (All videos were animated employing the same
zigzag settings (see Methods). Using the pendulum
analogy from the main text, each mode is represented by
two full swings of the pendulum. The motion starts at the
center with the equilibrium structure and swings out to
one extreme. Then, it swings back, passing the center, to
the other extreme, and finishes up with another half swing
back to the center. Each half swing contains 15 zigzag
smoothed frames. The videos were generated with
Pymol.43) (MP4)
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Video S2, same as Video S1, but this is themutated V617F
structure (PDB code 4FVR); note that the two sets of
vibrations are very similar, and that the pendulum
amplitude was intentionally set to extra wide to make
the point that even with zigzag smoothing, it is clear that
low-frequency modes above the first half a dozen or so
give rise to motions that look nonphysical if extended too
far (MP4)
Video S3, covibrational mode (purple) computed withM
= 100 (eq 2) starting from the V617F mutated structure
(green); the WT structure (red) is also shown for
reference; the animation distinctly shows the seesaw
motion of the α helix transitioning from the green toward
the red conformation, which is a much better visual clue
than what we could provide as a still picture in the main
text (Figure 3) (MP4)
Video S4, superposition of the covibrational mode
(purple) onto the normal mode 3 (blue); there are two
covib modes, one computed with M = 20 and the other
with M = 100, but there is very little difference between
them, both showing the key seesaw motion, which on the
other hand, is entirely missing from mode 3 (MP4)
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theḿatique de la Societ́e ́ Française de la Neutronique 2011, 12, 123−159.
(26) Rohskopf, A.; Li, R.; Luo, T.; Henry, A. A computational
framework for modeling and simulating vibrational mode dynamics.
Modell. Simul. Mater. Sci. Eng. 2022, 30, 045010.
(27) Jones, A. V.; Kreil, S.; Zoi, K.; Waghorn, K.; Curtis, C.; Zhang, L.;
Score, J.; Seear, R.; Chase, A. J.; Grand, F. H.; et al. Widespread
occurrence of the JAK2 V617F mutation in chronic myeloproliferative
disorders. Blood 2005, 106, 2162−2168.
(28)McNally, R.; Li, Q.; Li, K.; Dekker, C.; Vangrevelinghe, E.; Jones,
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