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On the exact continuous mapping
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We derive a rigorous, quantum mechanical map of fermionic creation and annihilation operators to
. continuous Cartesian variables that exactly reproduces the matrix structure of the many-fermion
Accepted: 13 August 2018 : problem. We show how our scheme can be used to map a general many-fermion Hamiltonian and then
Published online: 28 August 2018 . consider two specific models that encode the fundamental physics of many fermionic systems, the

. Anderson impurity and Hubbard models. We use these models to demonstrate how efficient mappings
of these Hamiltonians can be constructed using a judicious choice of index ordering of the fermions.
This development provides an alternative exact route to calculate the static and dynamical properties
of fermionic systems and sets the stage to exploit the quantum-classical and semiclassical hierarchies
to systematically derive methods offering a range of accuracies, thus enabling the study of problems
where the fermionic degrees of freedom are coupled to complex anharmonic nuclear motion and spins
which lie beyond the reach of most currently available methods.
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The Meyer-Miller-Stock-Thoss (MMST) approach provides an exact prescription to map a Hamiltonian con-
sisting of discrete states to one in terms of continuous Cartesian phase space variables (positions and momenta).
Originally introduced as the “classical electron” model', this approach was later generalized and shown to be a
rigorous quantum mechanical representation®. The ability to represent the Hamiltonian in terms of continuous
Cartesian phase space variables facilitates the use of classical-like trajectories to obtain quantum mechanical
information via exact path integral approaches as well as quantum-classical and semiclassical approximations.
In particular, the MMST mapping has provided the cornerstone for the development and application of a
large family of nonadiabatic methods with a range of accuracies based on quantum-classical’ and semiclassi-
cal'®2¢ approximations to the mapped propagator. However, while the MMST protocol provides a route to map
Hamiltonians containing discrete states, for those that include fermionic creation and annihilation operators an
exact Cartesian mapping has remained elusive. The lack of a mapping approach for fermionic operators has thus
prevented the application of similar approaches to many-fermion problems where the discrete energy levels are so
numerous as to create continua, as is the case for processes near metallic and semiconducting interfaces.

In principle, one could apply the MMST approach to problems containing fermionic creation and annihila-
tion operators by expressing the second-quantized operators in terms of outer products of the many-body basis.
However, the Hilbert space constructed using M single-particle orbitals contains 2™ many-body states, which,
upon mapping, results in twice this number of phase space variables (2M™1). This exponential scaling with the
number of single-particle orbitals is mildly ameliorated in cases involving a fixed number of fermions, N, where
the 2 dimensional Hilbert space can be limited to the M!/N!(M—N)! dimensional Fock space, but in practice this
still renders the MMST treatment infeasible in most cases.

To obviate this highly unfavorable scaling with the number of single-particle orbitals, one could instead con-
sider directly mapping the fermionic creation and annihilation operators, which naturally encode the antisym-
metry of the fermionic wavefunction by virtue of their anticommutivity. Since this would allow linear scaling in
the number of orbitals, a number of continuous mappings have been suggested based either on fermion coherent
states?”* or physically motivated connections in the classical limit**-%" (for example, by noting the similarity
between fermionic anticommutivity and vector cross products).

Here, we derive a rigorous mapping that provides a general approach to represent fermionic creation and
annihilation operators as continuous Cartesian phase space variables. Our map thus provides an exact starting
point for the application of the entire arsenal of quantum-classical and semiclassical techniques to investigate
the statics and dynamics of problems involving many fermions. These methods can be used to elucidate physical
processes in systems ranging from electrochemical interfaces to nanojunctions and strongly correlated materials.
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Fermion mapping
Our objective is to map a general many-fermion Hamiltonian of the form

H=3 h, (D)efe, + = Z U (@) 666,61
.k 2 khm (1)

where &/ and ¢; are the fermionic creation and annihilation operators for the j single-particle orbital, ;(T") are
the matrix elements of the single-particle part of the Hamiltonian and U, (T") are those of the two-body compo-
nent. In the general case, these matrix elements could themselves depend on an additional set of continuous or
discrete degrees of freedom, I'={P, Q, |) (s|}. This type of Hamiltonian encompasses a broad class of systems,
including those where the fermionic dynamics are coupled to complex atomistic or spin degrees of freedom. For
example, Eq. (1) encompasses the Hubbard**~*°, Anderson impurity*!, and Holstein*? models, which form the
basis of our description of processes such as superconductivity in correlated materials**-#¢, charge conduction in
nanoscopic junctions*’~*, and polaron formation®>!,

To introduce an exact continuous mapping of Eq. (1), we first express the fermionic operators in terms of two
level system (spin 1/2) operators. While spins can describe the occupied and unoccupied states of a single-particle
orbital, spins on different sites do not naturally anticommute with each other. Hence, it is necessary to encode
the fermionic anticommutivity, which can be done formally by employing the Jordan-Wigner (JW) transfor-
mation®>%. This transformation has previously been used to enable the solution of fundamental problems in
magnetism® and, more recently, the quantum simulation of fermionic Hamiltonians>*-*%. By using the JW trans-
formation, one can exactly map a set of M second quantized fermionic operators corresponding to the creation
or annihilation of a fermion in a single-particle orbital to M spins arranged in a one-dimensional (1D) lattice,

& v F(0, j)o, (2a)
&= K, j)of, (2b)
where
R max [j—1,k—1]
Fi, k= [ fl@)

I= min [j+1,k+1] (3)
is the nonlocal operator that imposes the fermionic anticommutivity, j, k€ {1, ..., M}, and
E(, j) = F(j, j + 1) = 1. The operators for the j spin are

+_
= [1){o} (42)
o = [o)(ul. (4b)
z _
o = |5 )(u] = Jo){of (40
It is often convenient to set f(o;°) = —o;">, which trivially yields the correct behavior when the problem is

treated quantum mechanically. However, the function f(o;°) in Eq. (3) can be shown to give the exact quantum
mechanical solution as long as it outputs —1 when the [ single-particle orbital is occupied and +1 otherwise. This
is important to note since a different functional form may prove more advantageous if one were to treat the mapped
many-fermion Hamiltonian using quantum-classical or semiclassical theories, where o;° could take values different
from £1°°. However, as long as f(o;°) satisfies the above requirement, it is 51mple to confirm that the JW transfor—
mation exactly reproduces the fermionic anticommutation relations, { & } {F(O ])a E(0, K)oy, } s o

It is insightful to briefly consider how the JW transformation encodes the fermlonlc anticommutivity via the
ordering of spins along a 1D chain. By arranging the fermionic single-particle orbitals used to construct the
many-body Hilbert space along a 1D chain, the JW transformation keeps a record of the normal ordering of the
many-body basis. By additionally including the operator, £(j, k), which exploits the normal ordering of the many
body-basis mirrored in the 1D chain arrangement, the JW transformation imposes anticommutivity on the spins,
which otherwise commute. This allows the mapped operators to act on the many-body basis in the same way as
the original fermionic creation and annihilation operators.

We now express the discrete spin states resulting from the JW transformation in terms of bosonic degrees of
freedom. To achieve this, we employ the Schwinger theory of angular momentum® to express spin operators as
coupled bosons. This map was initially developed to easily obtain rotation matrices and Clebsch-Gordan coef-
ficients® and subsequently exploited in semiclassical theories of magnetism®-%2. The Schwinger transformation
maps a single spin labelled by index j to two coupled bosons, to which we refer as the o and § modes,

o =" b, (52)
— w pfa
0; — o3> (5b)
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Here the quotation marks indicate, as shown in Supplementary Material, Sec. 1, that the Schwinger transforma-
tion is not exact on an operator level. However, as shown in the Supplementary Material, Sec. 1, the map becomes
exact when one restricts it to the physical basis, i.e., the joint single-excitation subspace consisting of the states for
which the & mode is in its first excited state and the 5 mode is in its ground state, and vice versa, for every j.
Hence, while the Schwinger theory of angular momentum does not constitute an isomorphism on the operator
level, it is an exact isomorphism on the matrix element level when they are evaluated using the basis consisting of
only the single-excitation manifold for each j. Indeed, this can be confirmed by using the mapped spin ladder
z + +

operators, a;r and o7, to construct the spin polarization and unit operators, o7 = 0; 0;" — 0;'0; and

1, =0 0 + 00 ,and noting that the correct form of the latter can be recovered when excitations outside the
single-excitation manifold are eliminated. We are now in a position to combine the Schwinger map with the JW
transformation to yield an exact bosonic representation of fermionic matrix elements.

As we demonstrate in the Supplementary Material, Sec. 2, using Egs. (2), (3) and (5), one can derive an exact
isomorphic representation of fermionic matrix elements in terms of bosonic ones,

N A AT A
~ AT A ~
(810U, ePIA') — (n]O((G, b Dln'). ©)
Here, the ordered fermionic occupation number basis, i = {7, 7i,, ..., iy} where 7i; € {0, 1}, is mapped to its
bosonic counterpart, n = {n,,, 115> Moy Mags oo Mg nM[,}, where ng = and n,=1— 1, An arbitrary fer-

A “ AT A
mionic operator O({¢ ]T, ¢}) can then be written in terms of bosonic operators O({b;,> b} wherey € {a, 0}, using,

A " o - AT N
& "—" F(0, j)bbys, (7a)
NEERE 2T
& F(O,])hjﬁbja; (7b)
where
R max [j—1,k—1] AF A A A
B, k)" [T  fbs — bab)-
I=min [j+1,k+1] ®)

Here the quotation marks around the map symbol emphasize that the transformation in Egs. (7) and (8) only
works on the operator level if one eliminates all the excitations that lie outside of the physical subspace of the
« and 8 modes, which one can exactly enforce by using the physical basis (Supplementary Material, Sec. 2).
Equations (6)-(8) thus provide a formal prescription to exactly obtain the matrix elements of fermionic operators
from an isomorphic bosonic representation.

Finally, it is worth noting that, while not our primary focus, fermion-to-boson maps are themselves of inter-
est for both practical and fundamental reasons®*®%. The current map achieves this in a simple form that exactly
recovers the correct matrix structure of the many-fermion problem and avoids the issues in some previous ones
that result in infinite expansions of fermion operators in terms of bosonic ones®**4. We also note that other
spin-to-boson maps are possible, such as the Holstein-Primakoff*® and Matsubara-Matsuda®® transformations. In
the Supplementary Material, Sec. 3, we derive the Cartesian maps of fermionic operators that would be obtained
using these transformations. We show that the former can also be used to obtain a phase space map that exactly
recovers the matrix structure of the many-fermion problem, albeit at the price of cumbersome nonlinearities in
the form of square roots of occupation number operators. For the latter, while we provide the Cartesian map that
could be generated from it, we also show that this map is unable to yield an exact Cartesian representation of
fermionic operators or their matrix elements. However, we suggest how it could be used in a controlled manner
in a path integral treatment of many-fermion problems.

We are now in a position to map the fermionic operators {¢ 1, ¢} to Cartesian phase space variables {qj , ﬁjnf}.

We achieve this by expressing the bosonic operators {Ej;, Eﬂ} in Egs. (7) and (8) in their phase space
representation,
b=(q+ip)2, (9a)
Nl PN
b =(q—ip)2. (9b)
This yields,
A o Lao s A NoA A
6" FFON G, = 15,0 + 1), (10a)
ptn w La o A Noa .~
6" FFON Gy = B G, + B,). (10b)
where
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R max [j—1,k—1]
EG, k) =" [I Sl — i),
I=min [j+1,k+1] (11)
and
PO S R I
My = E(qfv * P, 1) (12)

can be recognized as the occupation number operator corresponding to the y € {a, 3} boson labelled by index j
Equations (10) and (11) then allow us to map H in Eq. (1) to a Cartesian representation, H ({ e }) — H ({q p }5

expressed in terms of the continuous coordinates and momenta of fictitious particles,

A

1 AL o A N A A NyA A Ny i~
H = Ez hi MEG, k)Gy5 — D), + iD,)(G 5 + D)4y, — iBy,)

Z i, lm(I‘)sgn(k — ])Sgn(m - Z)ﬁ(]) k, 1, m)(q]ﬂ - Iﬁjﬂ)(éja + iﬁja)

] k,l,m
X (G5 = ipy5)(G,,, + iﬁka)(amﬁ + 15,50, — B,y + )Gy, — iBy,)> (13)
where
B(r) = E(s;, 5,)F(s3, 5,) X ... X E(syy 1 $5n) (14)
is the many-index generalization of the antisymmetry operator,s = {s, ..., s,y} corresponds to the 2N members

ofr = {n, ..., 5} arranged in increasing order, and sgn(x) returns the sign of its argument, x. As we show in the
Supplementary Material, Sec. 2, to obtain Eq. (13), one transforms the original many-fermion Hamiltonian to its
representation in terms of bosonic creation and annihilation operators, places them in normal ordered form
(where all creation operators lie to the left), and then truncates the unphysical excitations. Hence, by starting from
a series of well-defined transformations, we have obtained a quantum mechanically exact representation of the
fermionic matrix elements that is applicable to general many-fermion Hamiltonians.

Index ordering: application to the Anderson and Hubbard models

The anticommutivity operator, F(j, k), clearly plays a vital role in our map (Egs. (10) and (11)) since it allows one
to transform fermionic operators to bosonic ones while avoiding the exponential scaling associated with the
mapping of the many-body basis. However, since the scaling reduction comes at the price of introducing this
nonlocal operator, it is important to consider how its influence manifests in mapped operators and systems For
example, consider the evaluation of an arbitrary quadratic operator, cjck, in its mapped form £(j, k) ) ﬁh bkabkﬁ
In its mapped form, one can exploit the fact0r1zat10n of the many-body basis of bosons which allows for the cal-
culation of the matrix elements of F(j, k)bﬂ hkabk/, with 2|j — k| + 2 single-body inner products: 4 boson
modes corresponding to the 2 indices j and k and the product of 2|j — k| — 2 single-body bosonic operators in
E(j, k). In contrast, if F(j, k) were absent, the matrix elements ~of the mapped operator would require only 4
single-body inner products. Hence, minimizing the presence of £(j, k) in mapped operators and Hamiltonians is
advantageous in terms of efficiency. Below, we demonstrate how one can exploit the choice of index ordering in
the JW transformation to curb the nonlocality of F and in some cases eliminate it completely. To illustrate this, we
show how our map can be applied to the Anderson and Hubbard models, which are representative of fermionic
systems belonging to the impurity and lattice families, respectively.

We start with the Anderson model,

HAnd_EeAnA+ > Cunafura + UnTnl+ >t

u,\,a u,\,a

uAaCA+ C/\CuAa’
(15)

where an impurity, which can accommodate an interacting pair of spin up and down electrons, is coupled to two
leads per spin at (possibly) different temperatures and/or chemical potentials. Here, operators with an additional

tilde {¢', ¢, #i} correspond to the impurity, while all others correspond to the fermions in the leads, /i, = &¢, is

the occupation number operator, u labels the single-particle orbitals that comprise the leads, A € {1, |} labels the
spin, and a € {R, L} distinguishes the right (R) from left (L) spin-dependent leads. The parameters of the
Hamiltonian include the single-electron terms consisting of the impurity and lead state energies ¢, and ¢; , and
the coupling (impurity-lead hybridization) terms, ; ,, connecting the impurity and lead states, while U is the
two-body Coulomb term.

Using Egs. (10) and (11), one can map the Anderson Hamiltonian, Eq. (15), as

HAndHZE)\T]/\—’_ Z Eu)\anuAa_F UﬁTﬁl Z F)\aou)tu)\ax)\xu)\a—i_y)\yuAa
u,\,a u)\a (16)

where

~

77,, = ’/hu,[}(mu,a + 1)’ (17a)
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xAu = (quﬂquoc + ﬁuﬂﬁua)’ (17b)
J/}u = (quﬁﬁua - quaﬁuﬁ)’ (17C)

and 771, is defined in Eq. (12). We emphasize that, since every fermionic creation and annihilation operator is
mapped onto two coupled oscillators, quadratic operators, such as the occupation number operator, 7, +— 1) ,
result in express1ons that are quadratlc 1n the oscillator occupatlon operators and quartic in the phase space var-
iables, i.e. oty 5(1, o + 1) = ( + p 5~ 1)(qu ot pu)a + 1)/4 By using the Matsubara-Matsuda transfor-

mation to map the spins in Eq. (5) one can construct a phase space representation that yields only quadratic
terms in the phase space variables. However, as we show in the Supplementary Material, Sec. 3.2, such a map
would not be exact. We also note that only the final term in Eq. (16) contains the nonlocal operator F, since, for
occupation number operators, the mapped product of creation and annihilation operators on the same site trivi-
ally removes the nonlocal component, regardless of ordering.

To obtain the mapped version of any Hamiltonian, one must perform the JW transformation, which maps all
the single-particle states that constitute the system to a 1D ordered spin chain i.e., with a single index. Hence, in
the context of the Anderson model, it is necessary to choose an index ordering that both collapses the labels over
the single-particle identifier, fermion spin, and lead label onto a single index, and minimizes the extent to which
the nonlinear operator F appears in the mapped Hamiltonian. To achieve this, we arrange the single-particle
orbitals along a chain corresponding first to A= T, starting with the a = R lead states, continuing with the impu-
rity state, and ending with the a = L lead states. A similar arrangement is then chosen for the A= | states. In
principle, the leads correspond to infinitely large sources of electrons. However, in practice, one discretizes them
into a suitably large number, P, of single-particle orbitals. This results in the 1D indexing: for the lead states
v= (82 — 6,4 + P+ 1+ (2P + 1)6, | and for the impurity orbitals v = 6, (P + 1) + 8, (3P + 2). This
1ndex1ng is depicted in Fig. 1a.

Because there are no spin-flip terms (e.g. cu .aCu’ x.o7) in this Hamiltonian, this indexing allows one to separate
the spin chain into two parts which are not connected by the ‘nonlocal operator F(v, v'). This ability to separate
the spin chain means that F(v, v') can be written as simply FT 0, u)or F 1,a(0, 1) (i.e., containing only connec-
tions within a particular lead) without introducing cross terms.

To illustrate the importance of the choice of index ordering, one can consider the effect of instead starting with
A=1, going from the impurity to the a =R and a =L orbitals, and then continuing with the A= | orbitals in the
same fashion (Fig. 1b). While this choice of index ordering still provides a formally exact mapping, it results in the
hopping terms connecting the impurity and right leads being modified by the occupations in the left leads, i.e.,
t, A,Rl:}, (0, P)I:")\’ (0, u). Hence, it is important to consider which ordering leads to the simplest version of the
mapped operators.

‘We now turn to the 1D Hubbard model,

N A ) At a A
HHub - Z UunT,unl,u + Z tu,u+1[c)\,uc)\,u+1 + C)\,u+lc)\,u]’ (18)
u u,\

which consists of a chain of sites that can accommodate interacting spin up and down fermions with nearest
neighbor coupling. Here, A € {1, |} is the spin index, u is the spatial index of the sites along the Hubbard chain,
té’\u) 1118 the one-electron nearest neighbor hopping term, and U, is the two-body Coulomb repulsion term, anal-
ogous to h; , and U ;,, in Eq. (1), respectively.

Using Egs. (10) and (11), one can map the Hubbard Hamiltonian, Eq. (18), as

HHub'—)Z 77Tu77lu+ Ztu u+1x)\ /C)\ u+1+y)\ uy)\ ut+1)

19)

where 7 M x)\ qand § 7, ,are defined in Eq. (17a—c). In practice, the infinite Hubbard chain is truncated to P sites.

As for the Anderson model the first term, which contains only occupation number operators, does not have
nonlocal contributions, F, regardless of the index ordering, while the hopping term generally contains them.
However, one can remove them with a judicious choice of index ordering. To do this, we choose the fermion
indicesasv = u + 6, P, whereu € {1,2, ..., P} labels the site number along the Hubbard chain. Following this
indexing prescription, shown in Fig. 2a, one can exploit the nearest neighbor coupling in the 1D Hubbard model
to obtain a mapped Hamiltonian that is completely free from the influence of the nonlocal operator E. As for the
Anderson model, we then transform from v to the original indices u and ), leading to Eq. (19).

In contrast, if one were to order the chain according to the scheme shown in Fig. 2b, intercalating the up and
down spins as one sweeps from left to right across the chain, i.e, v = (2u — 1)é, ; + 2ué, |, one would not be
able to eliminate all the nonlocal terms. Indeed, this choice would result in a renormalization of the hopping
terms by an operator that tracks the occupation of one of the two neighboring sites with a fermion of the opposite
spin, i.e., t,ET)H — t,EBHf(n%Luﬁ -y, )and tﬂﬂ — t(l)ﬂf(mT wr1,8 — M4 o) Itis thus noteworthy that
when the transformation introduced here is employed with a judicious choice of indexing, one can rewrite the 1D
Hubbard model entirely as a continuous bosonic Hamiltonian devoid of the nonlocal operator F, which is conse-
quently free from the complexities arising from the sign flips associated with fermionic anticommutivity.
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u=A{1,..,P}, R,

v=1 2 PT1 =" 2P+1
P+ ==~ " 3P +2 4P +2

u={l,..,P},L,| 4 o= {1,....P}, Rl
®) 1t u={l,..P}L1 w={1,..,P},R,1

2P+ == " 3P+2 4P +2
! u=1{1,..,P},L,| u={1,..,P},R,|

Figure 1. Index ordering options for the Anderson model.

Conclusions

In conclusion, we have derived a map that expresses fermionic creation and annihilation operators in terms of
continuous, Cartesian phase space variables. Importantly, this representation captures the exact matrix structure
of the many-fermion problem. We have then shown how one can apply the map introduced here to the Anderson
and 1D Hubbard models in a way that minimizes, and in some cases completely eliminates, the nonlocal fermi-
onic anticommutivity operator, F.

Finally, it is worth contrasting this work with previous approaches that can in principle exactly describe
many-fermion problems in continuous phase space. These fall into two distinct categories. The first is based
on bosonic coherent states and exploits the variational principle to describe the dynamics of a many-body
antisymmetrized wavefunction ansatz%’-%, at the price of poor scaling with system size®. The second is based
on fermionic coherent states and focuses on second-quantized operators instead of the wavefunction?-303233,
However, when considering individual fermionic creation or annihilation operators, it becomes necessary to use
Grassmann variables, which are objects of high computational complexity whose phase space distributions can
present interpretational difficulties that require subsequent mapping to a complex number phase space?**7. In
contrast, our approach is fully compatible with bosonic and spin coherent states’"’2, which circumvents the diffi-
culties posed by Grassmann variables while also benefiting from the improved scaling that arises from mapping
the individual fermionic creation and annihilation operators rather than the many-body wavefunctions.

The exact Cartesian representation of fermionic creation and annihilation operators introduced here pro-
vides a starting point to employ methods that exploit classical-like trajectories to calculate static and dynamic
quantum properties of many-fermion systems, including exact path integrals and approximate semiclassical and
quantum-classical theories. In addition, our work provides a connection between bosonic and fermionic systems,
which is necessary for treating fermionic problems using continuous-variable quantum computing techniques”.
This mapping enables the systematic development of a hierarchy of trajectory-based quantum dynamical meth-
ods of varying cost and accuracy that can be tuned to the scale and requirements of the physical problem under
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W) 1)

v = 2 P P+1 2P —1 2P

u={1,...,P},? w={1,...,PHLl
2P —1 2P

v=1 2 3 4
" Q000 — 00

w=1{1,4} 2,{4} P {11}

Figure 2. Index ordering options for the 1D Hubbard model.

consideration. By rendering the many-fermion problem in a form that is compatible with broadly applicable
trajectory-based methods, our approach thus provides an avenue for the study of many problems that are cur-
rently inaccessible to existing methods, including those where fermionic degrees of freedom are coupled to com-
plex and anharmonic nuclear motion and spins.

Supplementary Material

See the Supplementary Material (SM) for a complete analysis of the mathematical procedures and transforma-
tions necessary for the derivation of Egs. (10) and (11) and an exploration of the utility of other spin-to-boson
transformations for the derivation of alternative fermion-to-Cartesian variable maps. In particular, in SM Sec. 1,
we briefly review the necessary background of the Schwinger theory of angular momentum and demonstrate how
it is exact at the matrix element level but not the operator level. In SM Sec. 2, we provide a derivation of how one
can use the JW transformation and the Schwinger theory of angular momentum to obtain a fermion-to-boson
map that exactly reproduces the matrix structure of the many-fermion problem. In this section, we demon-
strate that all the spurious excitations that arise as a result of the Schwinger mapping are eliminated when
the physical basis is used to evaluate the matrix elements, which ensures that both the forward and backward
fermion-to-spin-to-boson transformations are well defined. In SM Sec. 3, we show that, for the purpose of obtain-
ing an exact and practical Cartesian mapping of fermionic operators, two alternative spin-to-boson transforma-
tions that one may consider suffer from serious deficiencies.

References
1. Meyer, H.-D. & Miller, W. H. A classical analog for electronic degrees of freedom in nonadiabatic collision processes. J. Chem. Phys.
70, 3214, https://doi.org/10.1063/1.437910 (1979).
2. Stock, G. & Thoss, M. Semiclassical Description of Nonadiabatic Quantum Dynamics. Phys. Rev. Lett. 78, 578, https://doi.
org/10.1103/PhysRevLett.78.578 (1997).
3. Volobuey, Y. L., Hack, M. D., Topaler, M. S. & Truhlar, D. G. Continuous surface switching: An improved time-dependent self-
consistent-field method for nonadiabatic dynamics. J. Chem. Phys. 112, 9716, https://doi.org/10.1063/1.481609 (2000).
4. Bonella, S. & Coker, D. E. LAND-map, a linearized approach to nonadiabatic dynamics using the mapping formalism. J. Chem. Phys.
122, 194102, https://doi.org/10.1063/1.1896948 (2005).
5. Dunkel, E. R,, Bonella, S. & Coker, D. F. Iterative linearized approach to nonadiabatic dynamics. J. Chem. Phys. 129, 114106, https://
doi.org/10.1063/1.2976441 (2008).
6. Huo, P. & Coker, D. E Communication: Partial linearized density matrix dynamics for dissipative, non-adiabatic quantum evolution.
J. Chem. Phys. 135, 201101, https://doi.org/10.1063/1.3664763 (2011).
7. Kim, H., Nassimi, A. & Kapral, R. Quantum-classical Liouville dynamics in the mapping basis. J. Chem. Phys. 129, 84102, https://
doi.org/10.1063/1.2971041 (2008).
8. Hsieh, C. Y. & Kapral, R. Nonadiabatic dynamics in open quantum-classical systems: Forward-backward trajectory solution. J.
Chem. Phys. 137, 22A507, https://doi.org/10.1063/1.4736841 (2012).
9. Kelly, A., van Zon, R., Schofield, J. & Kapral, R. Mapping quantum-classical Liouville equation: projectors and trajectories. J. Chem.
Phys. 136, 84101, https://doi.org/10.1063/1.3685420 (2012).
10. Sun, X. & Miller, W. H. Mixed semiclassical—classical approaches to the dynamics of complex molecular systems. J. Chem. Phys.
106, 916, https://doi.org/10.1063/1.473171 (1997).
11. Miiller, U. & Stock, G. Consistent treatment of quantum-mechanical and classical degrees of freedom in mixed quantum-classical
simulations. J. Chem. Phys. 108, 7516, https://doi.org/10.1063/1.476184 (1998).
12. Miiller, U. & Stock, G. Flow of zero-point energy and exploration of phase space in classical simulations of quantum relaxation
dynamics. J. Chem. Phys. 111, 65, https://doi.org/10.1063/1.479255 (1999).
13. Wang, H., Sun, X. & Miller, W. H. Semiclassical approximations for the calculation of thermal rate constants for chemical reactions
in complex molecular systems. J. Chem. Phys. 108, 9726, https://doi.org/10.1063/1.476447 (1998).
14. Sun, X., Wang, H. & Miller, W. H. Semiclassical theory of electronically nonadiabatic dynamics: Results of a linearized approximation
to the initial value representation. J. Chem. Phys. 109, 7064, https://doi.org/10.1063/1.477389 (1998).
15. Thoss, M. & Stock, G. Mapping approach to the semiclassical description of nonadiabatic quantum dynamics. Phys. Rev. A 59, 64,
https://doi.org/10.1103/PhysRevA.59.64 (1999).

SCIENTIFICREPORTS| (2018) 8:12929 | DOI:10.1038/s41598-018-31162-6 7


http://dx.doi.org/10.1063/1.437910
http://dx.doi.org/10.1103/PhysRevLett.78.578
http://dx.doi.org/10.1103/PhysRevLett.78.578
http://dx.doi.org/10.1063/1.481609
http://dx.doi.org/10.1063/1.1896948
http://dx.doi.org/10.1063/1.2976441
http://dx.doi.org/10.1063/1.2976441
http://dx.doi.org/10.1063/1.3664763
http://dx.doi.org/10.1063/1.2971041
http://dx.doi.org/10.1063/1.2971041
http://dx.doi.org/10.1063/1.4736841
http://dx.doi.org/10.1063/1.3685420
http://dx.doi.org/10.1063/1.473171
http://dx.doi.org/10.1063/1.476184
http://dx.doi.org/10.1063/1.479255
http://dx.doi.org/10.1063/1.476447
http://dx.doi.org/10.1063/1.477389
http://dx.doi.org/10.1103/PhysRevA.59.64

www.nature.com/scientificreports/

16.

17.

18.
19.
20.
21.
22.
23.
24.
25.
26.
27.
28.
29.
30.
31.
32.
33.
34.
35.
36.
37.
38.

39.
. Kanamori, J. Electron Correlation and Ferromagnetism of Transition Metals. Prog. Theor. Phys. 30, 275, https://doi.org/10.1143/

41.
42.

43.

44,
45.

46.
47.
48.
49.

50.
51.

52.
53.
54.
55.
56.
57.

58.

Thoss, M., Miller, W. H. & Stock, G. Semiclassical description of nonadiabatic quantum dynamics: Application to the S1-S2 conical
intersection in pyrazine. J. Chem. Phys. 112, 10282, https://doi.org/10.1063/1.481668 (2000).

Coronado, E. A., Xing, J. & Miller, W. H. Ultrafast non-adiabatic dynamics of systems with multiple surface crossings: A test of the
Meyer-Miller Hamiltonian with semiclassical initial value representation methods. Chem. Phys. Lett. 349, 521, https://doi.
org/10.1016/S0009-2614(01)01242-8 (2001).

Liao, J.-L. & Voth, G. A. A Centroid Molecular Dynamics Approach for Nonadiabatic Dynamical Processes in Condensed Phases:
the Spin-Boson Caset. J. Phys. Chem. B 106, 8449, https://doi.org/10.1021/jp020978d (2002).

Shi, Q. & Geva, E. A semiclassical generalized quantum master equation for an arbitrary system-bath coupling. J. Chem. Phys. 120,
10647, https://doi.org/10.1063/1.1738109 (2004).

Ananth, N., Venkataraman, C. & Miller, W. H. Semiclassical description of electronically nonadiabatic dynamics via the initial value
representation. J. Chem. Phys. 127, 084114, https://doi.org/10.1063/1.2759932 (2007).

Ananth, N. & Miller, T. E. Exact quantum statistics for electronically nonadiabatic systems using continuous path variables. J. Chem.
Phys. 133, 234103, https://doi.org/10.1063/1.3511700 (2010).

Ananth, N. Mapping variable ring polymer molecular dynamics: A path-integral based method for nonadiabatic processes. J. Chem.
Phys. 139, 124102, https://doi.org/10.1063/1.4821590 (2013).

Richardson, J. O. & Thoss, M. Communication: nonadiabatic ring-polymer molecular dynamics. J. Chem. Phys. 139, 31102, https://
doi.org/10.1063/1.4816124 (2013).

Hele, T. ]. H. & Ananth, N. Deriving the exact nonadiabatic quantum propagator in the mapping variable representation. Faraday
Discuss. 195, 269, https://doi.org/10.1039/C6FD00106H (2016).

Chowdhury, S. N. & Huo, P. Coherent state mapping ring polymer molecular dynamics for non-adiabatic quantum propagations. J.
Chem. Phys. 147, 214109, https://doi.org/10.1063/1.4995616 (2017).

Church, M. S., Hele, T. J. H., Ezra, G. S. & Ananth, N. Nonadiabatic semiclassical dynamics in the mixed quantum-classical initial
value representation. J. Chem. Phys. 148, 102326, https://doi.org/10.1063/1.5005557 (2018).

Plimak, L., Collett, M. & Olsen, M. Langevin equations for interacting fermions and Cooper-like pairing in trapped one-dimensional
fermions. Phys. Rev. A 64, 063409, https://doi.org/10.1103/PhysRevA.64.063409 (2001).

Corney, J. F. & Drummond, P. D. Gaussian quantum Monte Carlo methods for fermions and bosons. Phys. Rev. Lett. 93, 260401,
https://doi.org/10.1103/PhysRevLett.93.260401 (2004).

Corney, J. E & Drummond, P. D. Gaussian phase-space representations for fermions. Phys. Rev. B 73, 125112, https://doi.
org/10.1103/PhysRevB.73.125112 (2006).

Corney, J. F. & Drummond, P. D. Gaussian operator bases for correlated fermions. . Phys. A: Math. Gen. 39, 269, https://doi.
0rg/10.1088/0305-4470/39/2/001 (2006).

Engl, T, P1681, P, Urbina, J. D. & Richter, K. The semiclassical propagator in fermionic Fock space. Theor. Chem. Acct. 133, 1563,
https://doi.org/10.1007/s00214-014-1563-9 (2014).

Dalton, B. ], Jeffers, ]. & Barnett, S. M. Grassmann phase space methods for fermions. I. Mode theory. Ann. Phys. 370, 12, https://
doi.org/10.1016/j.a0p.2016.03.006 (2016).

Polyakov, E. A. Grassmann phase-space methods for fermions: Uncovering the classical probability structure. Phys. Rev. A 94,
062104, https://doi.org/10.1103/PhysRevA.94.062104 (2016).

Miller, W. H. & White, K. A. Classical models for electronic degrees of freedom: The second-quantized many-electron Hamiltonian.
J. Chem. Phys. 84, 5059, https://doi.org/10.1063/1.450655 (1986).

Remacle, E. & Levine, R. D. Configuration Interaction between Covalent and Ionic States in the Quantal and Semiclassical Limits
with Application to Coherent and Hopping Charge Migration. . Phys. Chem. A 104, 2341, https://doi.org/10.1021/jp992924i (2000).
Li, B. & Miller, W. H. A Cartesian classical second-quantized many-electron Hamiltonian, for use with the semiclassical initial value
representation. J. Chem. Phys. 137, 154107, https://doi.org/10.1063/1.4757935 (2012).

Li, B., Miller, W. H., Levy, T. J. & Rabani, E. Classical mapping for Hubbard operators: Application to the double-Anderson model.
J. Chem. Phys. 140, 204106, https://doi.org/10.1063/1.4878736 (2014).

Gutzwiller, M. C. Effect of Correlation on the Ferromagnetism of Transition Metals. Phys. Rev. Lett. 134, 159, https://doi.
org/10.1103/PhysRev.134.A923 (1963).

Hubbard, J. Electron Correlations in Narrow Energy Bands. Proc. R. Soc. A 276, 238, https://doi.org/10.1098/rspa.1963.0204 (1963).

PTP.30.275 (1963).

Anderson, P. W. Localized Magnetic States in Metals. Phys. Rev. 124, 41, https://doi.org/10.1063/1.1708389 (1961).

Holstein, T. Studies of polaron motion: Part I. The molecular-crystal model. Ann. Phys. 8, 325, https://doi.org/10.1016/0003-
4916(59)90002-8 (1959).

Dagotto, E. Correlated electrons in high-temperature superconductors. Rev. Mod. Phys. 66, 763, https://doi.org/10.1103/
RevModPhys.66.763 (1994).

Alexandrov, A. S. & Mott, N. E. Bipolarons. Rep. Prog. Phys. 57, 1197, https://doi.org/10.1088/0034-4885/57/12/001 (1994).

Lee, P. A, Nagaosa, N. & Wen, X. G. Doping a Mott insulator: Physics of high-temperature superconductivity. Rev. Mod. Phys. 78,
17, https://doi.org/10.1103/RevModPhys.78.17 (2006).

Kohno, M. Mott transition in the two-dimensional Hubbard model. Phys. Rev. Lett. 108, 076401, https://doi.org/10.1103/
PhysRevLett.108.076401 (2012).

Cornaglia, P. S., Ness, H. & Grempel, D. R. Many-body effects on the transport properties of single-molecule devices. Phys. Rev. Lett.
93, 1147201, https://doi.org/10.1103/PhysRevLett.93.147201 (2004).

Werner, P. & Millis, A. J. Efficient dynamical mean field simulation of the holstein-hubbard model. Phys. Rev. Lett. 99, 146404,
https://doi.org/10.1103/PhysRevLett.99.146404 (2007).

Han, J. E. Nonequilibrium electron transport in strongly correlated molecular junctions. Phys. Rev. B 81, 113106, https://doi.
org/10.1103/PhysRevB.81.113106 (2010).

Holstein, T. Studies of Polaron Motion. Ann. Phys. 281, 725, https://doi.org/10.1006/aphy.2000.6021 (2000).

Devreese, J. T. & Alexandrov, A. S. Fréhlich polaron and bipolaron: Recent developments. Rep. Prog. Phys. 72, 066501, https://doi.
org/10.1088/0034-4885/72/6/066501 (2009).

Jordan, P. & Wigner, E. Uber das Paulische Aquivalenzverbot. Z. Phys. 47, 631, https://doi.org/10.1007/BF01331938 (1928).
Giamarchi, T. Quantum Physics in One Dimension (Oxford University Press, New York, 2004).

Ortiz, G., Gubernatis, J. E., Knill, E. & Laflamme, R. Quantum Algorithms for Fermionic Simulations. Phys. Rev. A 64, 022319
(2000).

Somma, R., Ortiz, G., Gubernatis, J. E., Knill, E. & Laflamme, R. Simulating Physical Phenomena by Quantum Networks. Phys. Rev.
A 65, 042323, https://doi.org/10.1103/PhysRevA.65.042323 (2001).

Georgescu, I. M., Ashhab, S. & Nori, F. Quantum simulation. Rev. Mod. Phys. 86, 153, https://doi.org/10.1103/RevModPhys.86.153
(2014).

Barends, R. et al. Digital quantum simulation of fermionic models with a superconducting circuit. Nat. Commun. 6, 7654, https://
doi.org/10.1038/ncomms8654 (2015).

Babbush, R. et al. Exponentially more precise quantum simulation of fermions in second quantization. New J. Phys. 18, 033032,
https://doi.org/10.1088/1367-2630/18/3/033032 (2016).

SCIENTIFICREPORTS| (2018) 8:12929 | DOI:10.1038/s41598-018-31162-6 8


http://dx.doi.org/10.1063/1.481668
http://dx.doi.org/10.1016/S0009-2614(01)01242-8
http://dx.doi.org/10.1016/S0009-2614(01)01242-8
http://dx.doi.org/10.1021/jp020978d
http://dx.doi.org/10.1063/1.1738109
http://dx.doi.org/10.1063/1.2759932
http://dx.doi.org/10.1063/1.3511700
http://dx.doi.org/10.1063/1.4821590
http://dx.doi.org/10.1063/1.4816124
http://dx.doi.org/10.1063/1.4816124
http://dx.doi.org/10.1039/C6FD00106H
http://dx.doi.org/10.1063/1.4995616
http://dx.doi.org/10.1063/1.5005557
http://dx.doi.org/10.1103/PhysRevA.64.063409
http://dx.doi.org/10.1103/PhysRevLett.93.260401
http://dx.doi.org/10.1103/PhysRevB.73.125112
http://dx.doi.org/10.1103/PhysRevB.73.125112
http://dx.doi.org/10.1088/0305-4470/39/2/001
http://dx.doi.org/10.1088/0305-4470/39/2/001
http://dx.doi.org/10.1007/s00214-014-1563-9
http://dx.doi.org/10.1016/j.aop.2016.03.006
http://dx.doi.org/10.1016/j.aop.2016.03.006
http://dx.doi.org/10.1103/PhysRevA.94.062104
http://dx.doi.org/10.1063/1.450655
http://dx.doi.org/10.1021/jp992924i
http://dx.doi.org/10.1063/1.4757935
http://dx.doi.org/10.1063/1.4878736
http://dx.doi.org/10.1103/PhysRev.134.A923
http://dx.doi.org/10.1103/PhysRev.134.A923
http://dx.doi.org/10.1098/rspa.1963.0204
http://dx.doi.org/10.1143/PTP.30.275
http://dx.doi.org/10.1143/PTP.30.275
http://dx.doi.org/10.1063/1.1708389
http://dx.doi.org/10.1016/0003-4916(59)90002-8
http://dx.doi.org/10.1016/0003-4916(59)90002-8
http://dx.doi.org/10.1103/RevModPhys.66.763
http://dx.doi.org/10.1103/RevModPhys.66.763
http://dx.doi.org/10.1088/0034-4885/57/12/001
http://dx.doi.org/10.1103/RevModPhys.78.17
http://dx.doi.org/10.1103/PhysRevLett.108.076401
http://dx.doi.org/10.1103/PhysRevLett.108.076401
http://dx.doi.org/10.1103/PhysRevLett.93.147201
http://dx.doi.org/10.1103/PhysRevLett.99.146404
http://dx.doi.org/10.1103/PhysRevB.81.113106
http://dx.doi.org/10.1103/PhysRevB.81.113106
http://dx.doi.org/10.1006/aphy.2000.6021
http://dx.doi.org/10.1088/0034-4885/72/6/066501
http://dx.doi.org/10.1088/0034-4885/72/6/066501
http://dx.doi.org/10.1007/BF01331938
http://dx.doi.org/10.1103/PhysRevA.65.042323
http://dx.doi.org/10.1103/RevModPhys.86.153
http://dx.doi.org/10.1038/ncomms8654
http://dx.doi.org/10.1038/ncomms8654
http://dx.doi.org/10.1088/1367-2630/18/3/033032

www.nature.com/scientificreports/

59. Swenson, D. W. H., Levy, T., Cohen, G., Rabani, E. & Miller, W. H. Application of a semiclassical model for the second-quantized
many-electron Hamiltonian to nonequilibrium quantum transport: The resonant level model. J. Chem. Phys. 134, 164103, https://
doi.org/10.1063/1.3583366 (2011).

60. Schwinger, ]. On Angular Momentum. In Biedenharn, L. C. & Dam, H. V. (eds) Quantum theory of angular momentum, 229-279,
10.2172/4389568 (Academic Press, New York, 1965).

61. Auerbach, A. Interacting Electrons and Quantum Magnetism (Springer-Verlag, New York, 1998).

62. Mattis, D. C. The Theory of Magnetism 1. Statics and Dynamics (Springer-Verlag, New York, 1988).

63. Garbaczewski, P. The method of Boson expansions in quantum theory. Phys. Rep. 36, 65, https://doi.org/10.1016/0370-
1573(78)90147-3 (1978).

64. Klein, A. & Marshalek, E. R. Boson realizations of Lie algebras with applications to nuclear physics. Rev. Mod. Phys. 63, 375, https://
doi.org/10.1103/RevModPhys.63.375 (1991).

65. Holstein, T. & Primakoff, H. Field dependence of the intrinsic domain magnetization of a ferromagnet. Phys. Rev. 58, 1098, https://
doi.org/10.1103/PhysRev.58.1098 (1940).

66. Matsubara, T. & Matsuda, H. A Lattice Model of Liquid Helium, I. Prog. Theor. Phys. 16, 569, https://doi.org/10.1143/PTP.18.357
(1956).

67. Ono, A., Horiuchi, H., Maruyama, T. & Ohnoshi, A. Fragment formation studied with antisymmetrized version of molecular
dynamics with two-nucleon collisions. Phys. Rev. Lett. 68, 2898, https://doi.org/10.1103/PhysRevLett.21.1441 (1992).

68. Feldmeier, H. & Schnack, J. Molecular dynamics for fermions. Rev. Mod. Phys. 72, 655, https://doi.org/10.1103/RevModPhys.72.655
(2000).

69. Kirrander, A. & Shalashilin, D. V. Quantum dynamics with fermion coupled coherent states: Theory and application to electron
dynamics in laser fields. Phys. Rev. A 84, 033406, https://doi.org/10.1103/PhysRevA.84.033406 (2011).

70. Davidson, S. M. M., Sels, D. & Polkovnikov, A. Semiclassical approach to dynamics of interacting fermions. Ann. Phys. 384, 128,
https://doi.org/10.1016/j.a0p.2017.07.003 (2017).

71. Klauder, J. R. Coherent State Quantization of Constraint Systems. Ann. Phys. 254, 419, https://doi.org/10.1006/aphy.1996.5647
(1997).

72. Combescure, M. & Robert, D. Coherent States and Applications in Mathematical Physics (Springer, New York, 2012).

73. Weedbrook, C. et al. Gaussian quantum information. Rev. Mod. Phys. 84, 621, https://doi.org/10.1103/RevModPhys.84.621 (2012).

Acknowledgements

This material is based upon work supported by the U.S. Department of Energy, Office of Science, Office of Basic
Energy Sciences under Award Number DE-SC0014437. T.E.M. also acknowledges support from a Cottrell
Scholarship from the Research Corporation for Science Advancement and the Camille Dreyfus Teacher-Scholar
Awards Program.

Author Contributions
AM.C. and T.E.M. conceived of the idea and wrote the manuscript.

Additional Information
Supplementary information accompanies this paper at https://doi.org/10.1038/s41598-018-31162-6.

Competing Interests: The authors declare no competing interests.

Publisher's note: Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International

T | icense, which permits use, sharing, adaptation, distribution and reproduction in any medium or
format, as long as you give appropriate credit to the original author(s) and the source, provide a link to the Cre-
ative Commons license, and indicate if changes were made. The images or other third party material in this
article are included in the article’s Creative Commons license, unless indicated otherwise in a credit line to the
material. If material is not included in the article’s Creative Commons license and your intended use is not per-
mitted by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this license, visit http://creativecommons.org/licenses/by/4.0/.

© The Author(s) 2018

SCIENTIFICREPORTS| (2018) 8:12929 | DOI:10.1038/s41598-018-31162-6 9


http://dx.doi.org/10.1063/1.3583366
http://dx.doi.org/10.1063/1.3583366
http://dx.doi.org/10.1016/0370-1573(78)90147-3
http://dx.doi.org/10.1016/0370-1573(78)90147-3
http://dx.doi.org/10.1103/RevModPhys.63.375
http://dx.doi.org/10.1103/RevModPhys.63.375
http://dx.doi.org/10.1103/PhysRev.58.1098
http://dx.doi.org/10.1103/PhysRev.58.1098
http://dx.doi.org/10.1143/PTP.18.357
http://dx.doi.org/10.1103/PhysRevLett.21.1441
http://dx.doi.org/10.1103/RevModPhys.72.655
http://dx.doi.org/10.1103/PhysRevA.84.033406
http://dx.doi.org/10.1016/j.aop.2017.07.003
http://dx.doi.org/10.1006/aphy.1996.5647
http://dx.doi.org/10.1103/RevModPhys.84.621
http://dx.doi.org/10.1038/s41598-018-31162-6
http://creativecommons.org/licenses/by/4.0/

	On the exact continuous mapping of fermions

	Fermion mapping

	Index ordering: application to the Anderson and Hubbard models

	Conclusions

	Supplementary Material

	Acknowledgements

	Figure 1 Index ordering options for the Anderson model.
	Figure 2 Index ordering options for the 1D Hubbard model.




