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Abstract: This paper is devoted to understanding a few characteristics of static irrotational matter
content that assumes hyperbolical symmetry. For this purpose, we use metric f(R) gravity to carry
out our analysis. It is noticed that the matter distribution cannot fill the region close to the center
of symmetry, thereby implying the existence of an empty core. Moreover, the evaluation of the
effective energy density reveals that it is inevitably negative, which could have utmost relevance
in understanding various quantum field events. To derive the structure scalars, we perform the
orthogonal splitting of the Riemann tensor in this modified gravity. Few relationships among matter
variables and both Tolman and Misner Sharp are determined. Through two generating functions,
some hyperbolically symmetric cosmological models, as well as their physical interpretations, are
studied. To delve deeply into the role of f(R) terms, the model of the less-complex relativistic system
of Einstein gravity is presented.

Keywords: mathematical cosmology; gravitation; anisotropy; mathematical techniques

1. Introduction

General Relativity (GR) has emerged as one of the best theories to explain various cos-
mic issues, such as gravitational redshift, orbital precession, light deflection, gravitational
lensing, black hole prediction, and frame transition of spinning bodies in spacetime [1].
In spite of this fact, various theoretical physicists suggested that this theory needs to modify
for a better understanding of our cosmos. Our understanding towards universe formation
as well as its ultimate fate is mystifying, and thus requires more explanation. It is also
well-known that astrophysicists and cosmologists discovered some pieces of evidence
that paint a surprising accelerating expanding picture of our cosmos. As a consequence,
the idea of modified theories of gravities has become among the most attractive approaches
to explain these queries. Therefore, f(R) gravity theory was introduced by modifying the
gravitational field of GR [2]. In this gravitational model, the Ricci scalar R, which appears
in the GR action integral, was replaced with its generic function. Over the last few years,
those alternative gravity theories that are based on a f(R) Lagrangian gained significant
emphasis [3-5]. Few researchers [6—12] presented their analysis based on f(R) theory.
They proposed a cosmic model that could be considerably useful to explain unknown
universe matter components and inflation.

In order to deduce equations of motion from the f(R) action, there are three applicable
ways of variational principles. These are named as metric formalism (metric f(R) gravity),
Palatini formalism (Palatini f(R) gravity) and metric-affine formalism (metric-affine f(R)
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gravity). In metric formalism [13,14], the action varies with respect to the metric tensor
and the metric is minimally coupled to the matter. This approach leads to second order
differential equation. In Palatini formalism [15-17], the action varies with regard to both
the metric tensor and Christoffel symbols. The matter action in it does not only depend
upon Christoffel symbols. The f(R) theories are conserved and hence to show that T4
is divergence-free, one can utilize the typical arguments based on the action’s invariance
under diffeomorphisms of the spacetime manifold. It is all about the transformation of the
coordinates (xf — x'P = xP + 1P), with the vanishing field on the considered boundary
of spacetime region. In all of this process, physics remains conserved [18]. For a concise
discussion of metric and Palatini f (R) gravity see [19]. Also look at [20] for a comprehensive
examination of all variations of f(R) gravity and other alternative theories of gravity.

Cavity is an astronomical object with an apparent hollow structure, such as a large hole
on the surface of a molecular cloud generated by the ultraviolet photons of a big star. Cavity
forms around condensation, which gradually spreads and deepens over time, due to the
conservation of mass. An energy depletion of cellular structures produces condensation and
a cavity around it. In some situations, a narrow shell of matter with a density significantly
higher than the mean cosmological value surrounds the cavity. However, there are initial
density profile options that lead to the creation of deep voids. Large-scale holes in galaxy
distribution can be used to identify these “walled-in" cavities. Astronomers were looking
through 3D maps of the shapes and sizes of surrounding molecular clouds when they made
the latest finding.

Occhionero [21] examined the evolution of inhomogeneities using Tolmann models
that asymptotically become uniform Friedmann models, and demonstrated that cavities
arise around condensations in those circumstances. Speaking briefly, they have discussed
the formation of cavities around cosmological condensation. Hausman et al. [22] inves-
tigated the genesis and nonlinear evolution of those spherically symmetric objects that
occupy negative density. They deduced some results about the structural evolution of
the cavities inside the galaxies. Occhionero et al. [23] offered an algorithm that describes
non-linear growth of cavities and ridges in the Hubble flow. The main idealization in that
was the pressureless spherical symmetry. Moreover, they constructed the models on the
basis of two parameters that relate the initial perturbation’s amplitude with the shape
function of the surrounding cavity (or mass ridges). Goryachev et al. [24] demonstrated
that detecting hypothesized particles such as paraphotons and axions, which make up the
universe’s dark sector, can be reduced to detecting extremely weak linkages or couplings
between cavities and modes.

Harrison [25] was the first to examine a solution to the Einstein equations of the
particular form, which was determined by the hyperbolic symmetry and it has since been
the topic of investigation in several contexts [26-34]. Herrera et al. [35] have done a detailed
investigation on static fluid distributions with hyperbolical symmetry in the framework
of GR. Furthermore, it is discovered that the fluid distribution is unable to fill the region
around the symmetry center.

Bhatti et al. continued the Herrera’s work under the influence of electromagnetic
force [36] and modified gravity [37] in order to provide a coherent analysis of hyperbolically
symmetric static sources. They investigated the physical effects of such a force on the
substantial characteristics of the hyperbolically symmetric spacetime. Herrera et al. [38]
examined the generic features of dissipative fluid distributions with hyperbolical symmetry
in GR. They discovered some intriguing thermodynamical features of these fluids by
assuming a causal transport equation. Along with this, the vanishing complexity factor
models are presented in the quasi-homologous regime. Lobo and Mimiso [39] used static
and pseudo-spherically symmetric spacetime tunnels to produce solutions of a specific class.
They also examined the physical elements of these solutions and looked into the concept of
tunnels in hyperbolic spacetime. Herrera et al. [40] analyzed the fluid distributions with
hyperbolic symmetry, which are similar to Lemaitre-Tolman-Bondi (LTB) solutions, when
the system experienced geodesic, non-conformally flat and shearing limits. They examined
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the pure dust models as well as the dissipative models with anisotropic pressure. Moreover,
they deduced the noteworthy fact that all solutions satisfying the vanishing complexity
factor criterion are non-dissipative and satisfy the stiff equation of state.

This article is the continuation of the analysis conducted by Herrera et al. [35] in
the metric f(R) gravity. In order to achieve that, we used modified field equations to
determine the effects of modified gravity on hyperbolically symmetric self gravitating
objects. The following is a description of how we systematized our paper. In Section 1,
the basic formalism of f(R) gravity as well as interpretation of effective matter are presented.
In Section 2, field equations are evaluated for the aforementioned gravity. For our system,
the Riemann tensor, Weyl tensor, and active gravitational mass are derived in Section 3.
The orthogonal splitting of the curvature tensor is evaluated in Section 4. In Section 5,
various hyperbolically symmetric solutions accompanying two generating functions are
examined. All the outcomes are summarized in Section 6.

2. Basic Formalism of the f(R) Theory
The action for metric f(R) gravity is

1
SHR) = 5. /d4ij8f(R) + 5", €))

where 5" indicates the action’s matter part and « is the coupling constant whose value is
87T in our case, as the normalized units G = ¢ = 1 are taken into consideration. The action
varies in the metric formalism [41,42] with regard to the metric ¢’f. The field equations
that arises after the implementation of aforementioned condition are as follows

(R)
fRR7p — fzﬂ = VaVefr — gnpUfR + € Trp, ()

where the covariant derivative of ¢"f is represented by V ;. The d’Alembert operator is
symbolized and defined as O = g7V, V p- Equation (2) generates

fRR +3|:|fR - Zf(R) =«T.

On the other hand, the trace equation of GR is just the algebraic equation R = —«T,
indicating that f is a propagating degree of freedom. Equation (2) can be expressed as
_rleff) _ K D
Gup = kT = e (T;fﬁ + TE ) ®)
where Tfﬁ and T;ﬁﬁ are
np =1+ P)VaVp — Pgrp + Iz, (4)

1 R) — R
Top =+ (f()szgﬂﬁ +VaVpfr— gﬂﬁDfR>/

where P and I1,, represent the anisotropic pressure and anisotropic tensor of the fluid.
The vector V), is a fluid’s four velocity and y is the corresponding energy density of the
matter. They are described as follows

P, +2P; hnﬁ
P = T, H7T’B = H(KT[Kﬁ + T 7
hnﬁ = gnﬂ_vﬁvn/ HZPr—PL.
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where P| and P, are the tangential and radial pressure components and K}, is a four vector.

(eff)

For Equations (3) and (4) formulates Tn,s as
e 1 w1 R)—R
T7(Tﬁff) = flz{Tnﬁ—i—K(f( >2 ngn/g+VnVﬁfR—gnﬁDfR)}- &)

3. Modified Field Equations

The state variables and equations required to describe a static self-gravitating lo-
cally anisotropic fluid admitting the four Killing vectors will be discussed in this section.
To achieve this goal, we have taken the hyperbolically symmetric static fluid, which is
enclosed from the outer surface. This boundary can be mathematically represented with the
equation r = rye =constant. However, the fluid distribution cannot fill the central region,
therefore we may suppose that this region is portrayed by an empty vacuole, suggesting
that the fluid distribution is likewise restricted from the inside by a surface and is expressed
with the equation r = ry; =constant. We model our system with the line element described
as below

ds? = M2 — eV gr? — 1246% — 12 sinh? 0d¢>. (6)

W obtain the following modified field equations with the use of Equation (3) as well as the
line element (6) as

14+e v  ANeV

(eff) — _
8t ) + P (7)
—v ! ,—V
grpleff) Z 1ret ve ®)
r2 7
effy _ e (i AV A% v N
87D\ 2(/\ st ) ©)

where p(¢ff), P,(ef f ), and Pff /) denote effective matter density and pressures in various
directions, respectively, and prime denotes derivatives relative to r. Their values are
defined in the Appendix A. It is noteworthy to accentuate the differences between these
equations and those mentioned in [43] by taking into account the spherically symmetric
case. Moreover, the f(R) theory is conserved, so its conservation equation is evaluated as
follows

apr(eff) N 11(eff)

A efp) 4 plefy 4 2T
5 +2(y + P77y + . 0, (10)

where P,(Ef H = ff ) £ 11D, The distribution of hyperbolically symmetric fluid has
mass function m(r) as

m(r) = g(l +ev). (11)

After substituting Equation (11) into Equation (7), the value of m(r) becomes
r
m(r) = —471/ uefhr2dr. (12)
0

The mass m and the effective density (¢/f) should be regarded as positive and negative
quantities, respectively, according to Equations (11) and (12). As previously discovered
in [33], the weak energy requirement is therefore disobeyed. Some intriguing statements
on the physical significance of Equation (12) have been mentioned in [35]. Finally the mass
function turns out to be

m(r) = 4r /r \y(eff)|72dr. (13)

T'min
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Equation (13) is obtained by substituting — | ‘u(ef f) | for y("’f . Utilizing Equations (9) and (11)
we achieve
v {Snpfeff)ﬁ—zm} ”
r(2m —r) '

We calculate the hydrostatic equilibrium condition by substituting the obtained value of A/
from Equation (14) into Equation (10), which is as follows

apr(eff) <4npr(eff)r3 —m ZH(eff)

r

— 0. (15)

(eff) _\, (eff)
or r@m—r) >(Pr D

In [35], a complete discussion on the physical influence of Equation (15) has also been given.

4. Intrinsic Curvature and Conformal Tensor

On the basis of the Riemann tensor, Ricci tensor, and Ricci scalar [44], the curvature of
spacetime can be measured intrinsically. These three curvature tensors are used to illustrate
the Conformal tensor [45], which is written as follows

1 1 1 1 1
wop = Cnpp T 5 Rp8np + 5 Rypdg + SRS — SREyp — gR((%rgms - gqpfSE)- (16)

In our scenario, the conformal tensor can be seen by looking at its electric portion only (as
the magnetic part becomes zero)
Cempur = EP VOV (8emop8uns — Memoplluro):

where
8¢mpp = 8¢p8np — 85pEmps

where 77z,p depicts the Levi-Civita tensor. In favor of our metric, the electric component of
Conformal tensor, i.e., Eﬂ B is defined as

1
Enﬁ = 8<K7-(K’3 + 3h7rﬁ>/ (17)

where the conformal scalar is indicated by e. The electric portion of the conformal tensor
has physical consequences that coincide with tidal forces. It uses an appropriately rescaled
curvature on the hyperboloid D to show how neighboring geodesics break apart from each
other when approaching spatial infinity. The ¢ is calculated in this case as

eV VA eV )\/2671/ Me™V VeV eV 1

- 8 4 22 27 (18)
Through Equations (7), (9), (11) and (18) we evaluate
3m
— te= 47t|pef) | + amr1teff), (19)

Taking into account Equation (12) along with the derivative of Equation (19) corresponds
to r produce

r 9| uleff)
¢ — 4nT1eff) = A / MT?’CIT. (20)
3 Jo  or
On the behalf of Equation (20) one can say that the effective anisotropic pressure tensor
and the inhomogeneity of effective matter density can be used to express the conformal

scalar. Computing Equation (20) in Equation (19) causes it to assume the form

r 9| uleff) (eff)|y3
LA A

3 Jo or 3 1)
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Equation (21) illustrates that the homogeneous effective energy density as the sum of the
inhomogeneity induced in the effective energy density and the mass function.

Tolman Mass

Several years back, Tolman [46] described a general formula to study the mass function
of a fluid sphere. The active gravitational mass for every static hyperbolically symmetric
fluid distribution, is then formalized as

27 r v
my = / / ’ / e’ sinh (1O — 11D o2 ardpag, (22)
0 0 JO

O(eff ) (eff )an

where the standard stress-energy tensor components are depicted by T

T22 9, Computing their respective values in Equation (22), we achieve

mr = 27(coshm — 1) /0 TR ()| 4 B 2P ) . 23

Integration of Equation (22) and utilization of modified field Equations (7)-(9),

2 )\*V(()Sh}[ - 1
/\/7 e 2 —

mr = 1 (24)
Utilizing Equation (24) with that of Equation (14) produces
coshmr —1 (eff) 3 Asv
mr = — (47IP, r’ — m)e 7. (25)

The typical physical analysis of the Tolmann mass (m7) can be studied through

Equations (10), (15), (24) and (25). It can therefore be seen that, if 47rPr(ef 3 < m then
mt becomes negative, thereby suggesting the repulsive nature of the spacetime. The four
acceleration a,; is defined as

ar = aKy, (26)

where a = @ Substituting the value of A’ from Equation (24), Equation (26) turns into

2mre™

T

= . 27
? r2(coshm — 1) @7)

It is possible to achieve the radially inward flow of four accelerations, if we take 47IPr(ef D3 < m,
thus making mr as a negative quantity. This leads towards the repulsive character of gravita-

tional force. Afterwards, utilizing Equation (25) with the r-derivative of Equation (22), we obtain

m’T - —3mT = — (coshn— 1>r (31§}L <8+47r LI? +eV 1/2,— ¢’ 1/{]/ - fRiT). (28)
R

r 2 2

Integration of Equation (28) gives

3 hm—1 rse "5 I
mT—(mT)Ze<r3> = <cos i >r3/Z °z <s+4n{f +e " fR
r R

7"):@
_e R UDd (29)
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Computing Equation (20) in Equation (28) to achieve
r coshr —1Y 5 [Tz e A g a|y(€ff)‘~3 ~
my — (mT)Ze<r%e> = (2 >r /r — {?3/0 57 dr
11 v € 1,{1// 1,{371/ _
+8m (fR +e ' fr > . dr. (30)

With the inclusion of effective matter terms, the conclusion of Equation (30) is the same as
that determined in Equation (54) in the [35].

5. Orthogonal Splitting of Curvature Tensors

On the basis of the orthogonal splitting approach of the Riemann tensor studied by
Bel [47] and followed by [48-53], we shall calculate structure scalars in metric f(R) gravity.
We shall use terminologies with minor changes as that utilized in [48]. Through orthogonal
splitting, we end up with the following three tensors

Yrrﬁ = Rngﬁguéué,
s 1
Znp =" Rrgpsttuu’ = SrinzepRyulu’,
1
Xnp =" R;}gwu@u‘s = En;%Rzpﬁ(;ugu‘s,

where * depicts the dual tensor and hence R7 ;5 is expressed as

. 1
Ripes = 5llewisRip:
Through modified field equations, Equation (16) gives

Rﬂg —_ Cﬂé

b = Clh + 16T 6% 87T (15” 88— glmsd) > (31)

(B7] 3787 B5

When we substitute Equation (4) back into Equation (31), we get

e _ phS ug 4
Rl = Ri5 5, + R{i 5y + Ry
where
1671 871
Rl = 7o (W“*Vus&i]] + Ph{,’;(&%) to [(u —3P) +2(f ~ Rfg) - 3vgv¢f4 (32)
1o Snsdl
X (3‘5[;%% ~ 0y )
167t 2
(ops = S TR+ |~ RA) G485~ 8125) + (V79,25 o

— VIV 85 — VEV oy + VEV,88) fr + 2(655 — 8365) VPV, fR},

R?‘fm gy = 4VIH V[ﬁEi]] — ele g, EOT. (34)
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In order to calculate three tensors (Y3, Znp, X7p) in terms of the structural parameters,
Equations (32)-(34) give

47
YmSZEnﬁJFJTRHnﬁJF f ﬁ(#+3p) (RfR—f) e [V Vpfr
— VaVIVEVy fr — VgVEV R VEfr + gV VIVEVY, fR:|; (35)
81 21 1 47
- __p_=" . v/
XT[/S 3fRP fR(l'u|+3P)+4va vprhnﬁ-i- f 7-(‘54‘ f —VH VUGTE €uvB
— En,;, (36)

The aforementioned tensors can be decomposed into their trace and trace-free portions in
the following way

hy
Xnp = ”ﬁXT+(I<nKﬁ+ 'f‘)xm

3

h h
Ynp = %‘BYT + (KnKﬁ + gﬁ)YTP

Using the trace and trace-free sections of both tensors, the following results are produced

67T 5P

Xr=——(lul- 7))+ VPfoR - (v Vo), (38)
fr fr
Xrp = 700 e 4 0%, 39)
fr
4r
Vi = S Ap 3P+ g (R = f) + | O = 8™ VaV TV
— g PV VgV i fr +4V:VIVEY, fR}, (40)
vip—er T oL (v Vv i), @)
fr 6fr(KxKg+ 52)
where PR is given in Appendix A. We now use Equation (20) in the expressions of Xtr

and YTr to generate

4Tl 4m 7 g0lulefh)

R
eff)
Yrp = 4nl1efh) 4 / Pl AL S (hn/sV§V7Vév“/fR>r (43)
0 or fr fr(KrKg + By

which gives the anisotropic tensor from the sum of Xtr and Y7r as

1

8711 = fr(Xrr + Y7r — §°F) + P
6(KrKg+ -52)

(hﬂﬁv,-;vvvé v, fR> .
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Returning to Equations (23) and (30), we can use Equations (40) and (43) to establish the
physical relevance of Yr and Yrr as

r\° cosht —1Y\ 5 (™= e
mr = )y () + (=)
T'Se 2 Jr

v+A

N‘+

~

(YTF — 47‘[H<eff)

_Adl ! . (hnﬁvgvvvé‘v7 fR)d?, (44)
fr 6fr(KxKg + 5)
coshrt —1 (7 5 (y4n)/2 1
mTzi/re Yrfr+ — | — Rfr + f —Ofr
2 0 fr
+ 8 PVRVIV VY, fr+ § PV Vs ViV i fr — 4V:VIVEY, fR> } dr. (45)

The influence of density inhomogeneity and pressure anisotropy on the Tolman mass has
been taken into consideration by Yrr. Alternatively, Yrr illustrates how these two variables
change the value of the Tolman mass, comparable to its value for the homogeneous isotropic
fluid. This sparked the idea of complexity, which was discussed in [54-60].

6. Hyperbolically Symmetric Static Solutions

With the help of two generating functions, a general framework for expressing any static hy-
perbolically symmetric solutions will be presented in this section. Equations (8) and (9) produce

. 1 _i_efv eV )\'2 /\/1// /\/ 1//

—_

The involvement of the auxiliary functions, i.e., %/ =z*¥—
modify it into

and § = e~" in Equation(46)

T

4 2z* 6 201
7+ —— + 2z — 2| =2 |5 —sarneny. 47
Y +y{rzz* izt z* r] z* [72 87 (47)
Integration of Equation (47) gives
*2 I(ZZ*"'Z:;,Z)W
V(1) — z¢ (48)

e [zf{z*(l8”{5"’””2)ef(2z*+z$2)dr}dr+ B;] ‘

Any hyperbolically static symmetric solution can be outlined in detail with the support of
two generating functions (IT1(f) and z*), as shown by Equation (48). The corresponding
structural variables of the locally anisotropic matter distributions become

m/fR L/f Rfr —v ¢l e_VfI/{V/ Ze_vfllQ
— (L= — 4
4ty 2 > (2 5 te fr 5 T , (49)
B Z*r2m—r)—m+r 1 f  Rfg e VfpA 2e7Vfp
4mP, = fR( 3 ) 7 ( ) , Tt ) 60

2mr — 12 ro1 z* m  m R
b= e () [ e e B (R

[ frA L, u+f”f1’<1” _ erz’z)
2 T ’

(51)

Thus we have expressed the associated physical parameters of hyperbolically symmetric
spacetime in terms of the auxiliary variables.
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6.1. Conformally Flat Solutions

Due to the fact that the Weyl tensor plays a prominent role in the structure of fluid
distribution, the exceptional case of ¢ = 0 (conformal flatness) from Equations (20) and (29),
could therefore be worth studying. Utilizing Equation (18) for ¢ = 0 yields

o9 [/WA} L0 [A,e_v] 9 F * e_v} — 0. (52)

or| 2r or| 2r | or 72

Through the new variables, i.e., 7 = ¢™" and %/ = %/, Equation (52) becomes
s — < 4 % 2s
~/ T 2 ~
V] i b ) (53)
< =5 ) (s =3)r

The aforementioned equation upon integration generates the formal solution, which is
given as follows

j=e JHO </ e MWy 1y + B;), (54)
here Bj indicates the integration constant and is defined as
d s
* _n" /2
i(r) = 2 [ln(s r)]’
—2s
hy(r) = ————-
SRR

Feeding back the variables into their original values, Equation (54) becomes

A ev/2 1
5= \r2e B — 1+ e (55)

The junction conditions (both Darmois and Senovilla conditions) in f(R) gravity [61,62] provide

-1
R T . <2M - 1) , Py =0 (56)
s s
The value of B* is calculated as
. 9M? —4Mrye
B = 1 :
Tse

Integration of Equation (55) produces

A *,2 s 2 ev/2 *
e’ = B rsin rdr—l—a ,

where « is an integration constant and can be found by applying the matching conditions
discussed in Equation (56) as

2M 172 v/2
f =sin ! |rge —02 — /e dr| .
OM2 —drg M r

We have to impose an additional constraint in order to construct a particular model,
as only one generating function can be determined using the conformal flatness condition.
Therefore, we will consider the most extreme case, i.e., P, = 0 as an example. This solution
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is the hyperbolically symmetric counterpart of the model I for the spherically symmetric
case, as studied by [63]. Equation (8) after putting P, = 0 produces

C14et  rexa(r)
T+

_r (57)

M=

where the values of x;(r) and x»(r) are defined in the Appendix A. Their values contain
extra degrees of freedom due to metric f(R) gravity. Afterwards, substituting Equation (57)
in (18) with the additional constraint of conformal flatness (¢ = 0) give

cse el el g [ S R

+61(r) =0, (58)

(14¢")?
x2(r)

where the value of d1(r) is given in Appendix A. We will again achieve the aforementioned
equation in GR if we substitute f(R) = R. Alternatively, Equation (58) on substitution of
eV =2g(r) —1gives

—18'[8fkxa(1+2x2) — fixa(1+ x2) + 20 frxaxe] + 8IS SR (4 + X3 + 4x2 + 2rx2)
)
=P frx1 = 2fjxe — 4 xaxafk — 2fR0G + P frxixe — tfjxe — Pxaxafrl + o = 0. (59)
where the value of §; is defined in Appendix A. Equation (59) upon integration produces

1
rlgfaxa(1+2x2) — faxa(1+ x2) + 2r2 frxax2)

B*=g¢ (g[gf§(4+x%+4)cz+2rxé)
)
— P frx1 — 2ffx2 — 4P xaxafk — 2fRX3 + PP frX X2 — TfRXS — P X1XAfR] + 4>

where B* is an integration constant. The combination of Equations (55) and (57) generate

e/\ _ ‘B*TZ
_2 g 2
r2(2g —1)| B IRED L 1) 4
We get the following results for the physical variables

uef)| = 8(d3 +84) + 35 ’ (60)

X1+ 2fR(=1+8 = X2 +28x2)
plerh) _ 89 + 8707 + 83 ' 1)

- (28 = D[r*x1 + 2fr(=1+ 8 — x2 +28x2)]

The values of é/s where i = 3,4, 5, 6, 7, 8 are given in the Appendix A. These values
include the effects of f(R) terms. The two generating functions corresponding to this
model are defined as

—g+ 58 + (28— o
z =
r(2¢ —1)x2
28f; £
[lefs) 22t R IR 2306 + §267 + g0s
1671x2 (28 = D)[r?x1 +2fr(=1+8 — x2 +28x2)]

The value of T1¢//) is calculated using the equation I1(¢ff) = Pr(ef H_ P(ff f ), which is
subject to the constraint P, = 0.
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6.2. A Model with Zero Complexity Factor

As previously stated, the scalar Y7 has been proven to be an appropriate measure
of the complexity of the fluid distribution, as one can witness in the discussion from [54].
Therefore, finding a model (other than the homogeneous and isotropic solution) that meets
the criterion of vanishing complexity (Yrr = 0) would be intriguing. We must apply an
extra limitation to achieve a specific model because there is an unlimited number of such
solutions. Here, we will suppose the condition P, = 0 in addition to Yrr = 0. Substitution
of P, = 0 in Equation (8) produces

_Zg + ?(1
N= IR 62
sz 2
where ¢ = 15" Applying the condition (Yrr = 0) in Equation(44), it obtains that
3 . Tse 32
mr = (mr)se L P coshrt =1 73/ we? — 4n11(eff)
Ise 2 r 72
_ 4l ! - (hnﬁvgvvvévﬁ, fR>)d?. (63)
Jr 6 fr(Knks + 150)

with the help of Equations (24), (62) and (63), and g =

L Axdrt(2g 1) [2(mT)Ze + (Coshm — 1)@8753]2

7% (coshm —1)2 —2¢+ V;Xl
where
Tye
X3 = / v et ( grrriterr) — AL L (hnﬁVi;V'VVgV«YfR))d?.
Jr r2 fr 6fR(K7rKﬁ+%ﬁ)

Putting the zero complexity factor condition in Equation (41), it follows that

rg’ {fl%)(z(g —1) +59} +8{8(—f1z 4fax2 + b10) +511} (;li =0, (64)

where the values of the terms d9, 619, 611 and J1, are defined in Appendix A. These terms
illustrate the effects of metric f(R) terms. With this background, the state determinants for
this particular model are evaluated as

8(4ngmz + e 4 2l R 513) + 014

antrZy, | 4mr? 42
)| = ; , ; (65)
—2fRr +28fr + 12 x1 + rX2f) — 2r8X2fR
3 3 3
pleff) _ 82< s 4 Blg Sﬂgrjz(fc +515) + 8016
(66)

i 2(2¢ —1)(gfr — fr +7*x1 +1X2f) — 287 X2fR)’
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where the values of the terms d13, 14, J15 and d1¢ represent the effects of the dark source terms,
which are defined in Appendix A. The generating functions of this model are calculated as

2fr _ rafk g2< — ok + Bl 4 B +515) + 8916

) — 2xixa + =55 = =g B 42 " am? T 82y,
167tx2 2(2g = 1)(8fr — fr + 12 x1 + rxafr — 287 Xx2fR)’
L —g+%+(2g—1)m
r(28 = 1x2

All the results obtained for this model reduce to GR on substituting f(R) = R.

6.3. Stiff Equation of State

Finally, in this subsection we will look at a few solutions that fulfill the so-called stiff
equation of state, which was initially presented by Zeldovich [64] and is expected to be
convenient for illustrating ultradense matter. It presupposes that energy density equals
pressure in its initial form. Here, we make an assumption

_ Ly e 'frA +V)
=P+ g (A ), 7
Equation (67), after inserting in Equation (15), produces
)\/ ! ,—V 2 ! ,—V
o 2T, p 0 (1N, 10 (Rfe f Mfre™" 2fge
or 4 or \ fr 8mor\ 2 2 2 7
—v gl ! ! ,—V

eyt 2RV - Ri —0. (68)

Now it can be observed that few additional information or constraints are needed to achieve
particular solutions. Hence, we look at two specific cases as examples.
e When P, =0
Let us initially suppose that the tangential pressure does not exist. Then the integration
of Equation (68) results in

/\/lfv 2/71/
oA [l d (L) L (R S e ey
7 r or

fr) 8mor\ 2 2 2 r
e—]/ ,Vl /e—l/
vl R _ JR d
+e R 2 r :| T,
A 1 [, 0a/1 1 0 (Rfg f AfgeV 2fpe?
S ul=5+ = P =)+ ——= (2R _L_ -
] 2ta)T { 78r<fR>+87rar( 2 2 2 r
—v gl ! ,—V
e vt ZR” - R‘; }dr, (69)

where A is the positive integration constant. When we combine Equations (11), (12)
and (14) with Equation (69), the outcome is found as

m = 4rAr, eV =8mA—1, A = constant.

Both the a.¢g.m. and the p.g.m.d. disappear in this model. There are no vanishing
pressure surfaces for this solution, and the generating functions are

—v gl ! ,—V 1
¢ kv S 7=z (70)

A
H: I 4 i
fr r2 ¢ JrT 2 ro | r
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When Yrr =0

This case satisfies stiff state equation along with Yrr = 0. In other words, we are
considering less complex relativistic hyperbolical symmetric manifolds, whose energy
density is specifically proportional to the pressure component. Therefore, we are
clear to consider the simplest stiff fluid model (the one that meets the vanishing
complexity factor criterion in addition to Equation (67)). Firstly, by implementing the
former condition in Equation (43) and then feeding it back the resultant expression
into Equation (68), we achieve

or? r| or T oor * r 1)

where
_2T X
X = rfrR  12mrfr’

1
rrrr CAED)
TR T T3

X3 =
The solution of Equation (71) is obtained as

(eff) _ b ’ 2 [
p,° 772—51—1—/0 [)(4—1—72/0%4611/ dr, (72)

here a and b are two constants of integration, which are taken to be positive. With the
support of Equations (11), (12) and (72) one can achieve

ar? ropr 2yt
m=4nr({b— — +// 7(4+—/r)(4dr drdr ;. (73)
3 0 Jo 2 Jo

One may calculate the fluid distribution by taking into consideration the surface X¢,
which is restricted from the outside and specified as r = rye = constant.

r 2 qr b 2 (7
0 r= Jo 0 r=Jo r=ry
1 1
bl = — — 74
+L2%J (74)
and
r 2 7 47tbr
= 4 / 7‘/ d Zd 3 2€ - 2
m=4m | {X4+r2 , e V}V r+ 3r§e(r2 )
ry, 2 r
— 47'[7’2/ {)@ + = / r)@dr} dr. (75)
0 r=Jo

r=ry,

The following expression is produced from Equations (74) and (75) as

r r 3
4PN gy = —471/ {)@ + %/ rmdr] r2dr — 8”?
0 < Jo 315,

r 2 T
+ 47'(1’3/ {){4 + r)@dr} r2dr.
0 r<Jo

rs,

+41r*(1—7) /0

2 r
a5z [ xadr|ar

r=ry,
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Finally, the Pif / is determined as follows

(effy _ b rxa [T & 2 (7
Py __r%g+2+./0 7’X4d7’—/0 x4+r—2/0 rxadr|dr

r 2 T
+ / {)@ + - / r)@dr} dr.
0 r=Jo

The rudimentary solutions of GR, such as the Schwarzschild and Kottler spherically
symmetric exteriors are also solutions of the f(R) theories. The f(R) theory is an intriguing
and reasonably straightforward alternative to GR. Here, we consider a static spacetime.
Over and above, it would be ideal to have a static solution spanning the entire spacetime,
based on the physically plausible viewpoint that any equilibrium ultimate state of a physical
process should be static. The static, spherically symmetric, asymptotically flat, and empty
exterior region is described by the Schwarzschild solution of the Einstein gravitational field
equations. Therefore, outside the horizon, one has the standard Schwarzschild line element
(e.g., where radius r of the self gravitating object is greater than two times the mass m of
that object r > 2m). However, it is widely known that no static observers can be defined
inside the horizon. As a consequence, in order to obtain globally static solution the change
in symmetry (and signature) is required. Otherwise, inside the horizon, static solution will
not be possible to achieve (e.g., where radius r of the self gravitating object is lesser than
two times the mass m of that object < 2m) as in [65,60].

The present work is aimed to analyze some characteristics of irrotational static hy-
perbolically symmetric objects. We performed this analysis under the correction of f(R)
gravity, which permits some extra degrees of freedom that were not possible in GR. We
assumed that the fluid has a different impact of pressure effects at different directions.
For this, we looked at the entire spacetime continuum (0 < r < o0). We preserve the
temporal independence but adjust the spatial symmetry, rather than compromising the
staticity in the region inside the horizon, i.e., r < 2m [67]. The evaluation of the effective
energy density reveals that it is inevitably negative, which is highly important in under-
standing various quantum field events because negative energies are strongly related to
quantum field theory. The presence of dark source terms influences the tidal forces as well
as the mass of a hyperbolically symmetric astronomical object. The repulsive aspect of the

(eff)

gravitational interaction as a result of the negative a.g.m. (if 47tP,”//r3 < m) in the case of
a fluid distribution was already highlighted in Equation (25).

Afterwards, various hyperbolically symmetric solutions accompanying two generating
functions have been examined, specified with different models and constraints. In addition,
the fluid cannot fill the area surrounding the center, implying that there is a cavity around
the center that is empty. We have derived models whose equation looks quite similar in
shape as that of GR, with the exception that their equations exhibit physical behavior that is
influenced by the effective matter. The obtained results can be applicable to some physical
systems as under:

r=ry

7. Conclusions

¢ Our model is comprised of fluid having negative energy density. The presence of
this property in the relativistic fluid suggests that our study could be applicable to
various cosmological and astrophysical objects, such as wormholes, warp drive, etc. It
is worthy to note that negative energies or energy density is compatible with quantum
field theory;

*  We found that a test particle moving over the hyperbolically symmetric objects cannot
reach the central point of the symmetry. This is due to the formation of empty central
vacuole. The existence of central vacuum cavity are often invoked in cosmological
voids and haloes. Voids are underdense areas that spread within the cosmos to make
large filaments. They are neither cylindrical nor spherical in shape;



Entropy 2022, 24, 150

16 of 19

e Inaddition to this, we have performed our study in f(R) theory. Depending upon
the choice of the model, we could have above mentioned results at different cosmic
eras, such as, phantom, dark energy, inflation, etc. Thus, due to our study, one
can analyze the properties of hyperbolical anisotropic manifolds at different cosmic
evolutionary stages;

e All of the results are compatible with GR findings when f(R) = R.
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Appendix A
The values of y(ef f, P,(ef f) and Pff f) that occurred in Equations (7)—(9) are given as

s _flR:“z;n(jz[ _RTfR +e-vﬁ{_€*”2{z'/’ +23:f1/2>},
plefh) :;:Pr+;<_£+1{2ﬁg_ev2ﬁy’ —ze:fﬁﬂ,
piem:flR:pl+81n<_/2f+1z2ﬁg_e—v]2f;w_eVI,{,
—v £l —v gl
+e é(RV e rRﬂ-

The term &PR appeared in Equation (39) and in Equation (42) is defined as

1 g ) oy 2 o
gPR — [h hgVEV pes €5 + VIV I hag | .
2fp(KeKg+ 22y L F Fs o

The values of the terms 1 (r) and x2(r) appeared in Equation (57) are

) = *fz(f) n R(Y)ZfR(T) B sz/{:fu
_ S
x2(r) =1+ ﬁ

The term occurred in Equation (58) is calculated as

_ 227 T oaOfk gy x| 20060)
-~ frxe(r) fr ) x2(r) * X5(r) (1+¢)

The term &, appeared in Equation (59) is defined as

o1(r)

& =r*xi +2r xixafr — 2 X1x2fr + 2P X1XafR
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The terms J3, 4 and 5 occurred in Equation (60) is evaluated as

5. 08fr  &fr +3ngX2+ngX/z
37 22 T 2mr2xy 2 X2

PR S SR 3frx2  TXifr | TX1 fRX2  TX1X)

2mr2 4m 2my, 2m? 2mfg 2w 2mrxa 27x2
P mafe L max
8mfrx2 4mfr  4m  2mxo

J5

The terms d¢, o7 and dg

_ SR frR 3frxa , frX3
i 2 >+
4rtre - Amréxy, 27y 27trxo

6

/

5y = 3fR |, X1 X1 B3frxe  mxafr X1 fRXa rXXg

4?2 T 8m 4wy,  4m? | Anfr | 4w 2mrxn 4wy
b= AL mafr TG maxs
167TfRX2 47TfR 81 471’7(2

The terms do, d10, 611 and J1p appeared in Equation (64) are evaluated as

 frx1x2 + TfRXG S
8y —IRN1 . IRGIR _ 1o i3

S10 =2rfRX3fR — 2rfRXs — 2P fRXGSR

3r2 r*fRX5X3
b1 I4f1%)(2 + ];RXl — f 2(2)( + rz)ClXZfll{ - 4rfRX%fI/i

— P fRXoXT + TfRXS + P fRXXS + AP R R
810 = — 9 xd + 47 frxdxs — 1277 xaxafi + 12r frX5fR
+ 1203 fraxaxt — 127 frxhxn — 127 fr R

The terms d13, 614 and J15, 816 occurred in Equations (65) and (66) are calculated as

/ / 1 / / /
5y = _SX2fR | 8IRXG | 8X2fR SR 31 TR Xofk TN

Tr Trx2 T 72 4rtx,  27fR r 27
C frXy rxxh XefR x| mxefr 2rsxefr
2nrxs  27x2 T dmtr2 - Amr? 4712

_ 3r°x1 xexs | xafk Xefk XX, n Xofx
l67tfrx,  12m  4mfr drtr - A7) 4

_ x| xexs  rxafg |, Sxefg  38xefk n X1 frRX
8m  8myx, 12m  4mfr 87mtr 47ty 4 Anrxo
8fRXy _ X _ Xefr | 8Xefr
2ntrxs  4mxe 2r 2r

_ 3°x1 xexs | rxafk  xefk XL rxaxh | XefR
R2rfrxe 24w 8mfr 8rmr 8t 8mx» 8

614

015
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