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Phonon transport in two-dimensional materials has been the subject of intensive studies both theoretically and

experimentally. Recently observed unique phenomena such as Poiseuille flow at low temperature in graphene

nanoribbons (GNRs) initiated strong interest in similar effects at higher temperatures. Here, we carry out

massive molecular dynamics simulations to examine thermal transport in GNRs at room temperature (RT)

and demonstrate that non-diffusive behaviors including Poiseuille-like local thermal conductivity and

second sound are obtained, indicating quasiballistic thermal transport. For narrow GNRs, a Poiseuille-like

thermal conductivity profile develops across the nanoribbon width, and wider GNRs exhibit a mixed nature

of phonon transport in that diffusive transport is dominant in the middle region whereas non-uniform

behavior is observed near lateral GNR boundaries. In addition, transient heating simulations reveal that the

driftless second sound can propagate through GNRs regardless of the GNR width. By decomposing the

atomic motion into out-of-plane and in-plane modes, it is further shown that the observed quasiballistic

thermal transport is primarily contributed by the out-of-plane motion of C atoms in GNRs.
Introduction

Advances in nanoscience and nanotechnology have enabled
thermal conductivity (k) to be studied from a geometry-dependent
viewpoint rather than taking k to be an intrinsic property as is
done for the bulk. For instance, graphitic materials such as gra-
phene nanoribbons (GNRs) and carbon nanotubes (CNTs) have
displayed size-dependent thermal conductivity which becomes
logarithmically divergent with the sample length.1–7 This abnor-
mality in thermal conductivity of graphene nanostructures has
been attributed to the unique phonon transport originating from
out-of-plane acoustic (ZA) phonon branches which possess
particularly long mean free paths (MFPs).7–9 Moreover, previous
studies on graphene reported that the contribution of ZA phonon
branches to thermal conductivity becomes more than 70% of
total thermal conductivity even aer including four-phonon
scattering processes which are known to further reduce thermal
conductivity in graphene.10,11 Such distinctive characteristics in
MFPs have indeed made ZA phonons a primary contributor to
high thermal conductivity in graphene systems.12–14

With the important role played by ZA phonons, thermal
transport in graphene nanostructures is normally studied from
two distinct perspectives. In one regime occurring at low
temperatures, phonon MFPs are considerably larger than
sample size so that phonons pass through the sample without
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suffering from signicant scattering except at the boundaries,
which results in ballistic phonon transport. The other is the
high-temperature diffusive regime where all phonon scattering
events are included because phonon MFPs are much smaller
than sample size. Such a dichotomic approach based on con-
trasting length scales has been particularly successful such that
it has provided valuable understanding and insights into
phonon transport in nanostructured systems. Meanwhile,
recent years have witnessed high interest in phonon transport
occurring between ballistic and diffusive regimes. In these
intermediate regimes, which have received considerable atten-
tion concerning thermal transport in two-dimensional (2D)
materials both theoretically15–22 and experimentally,23–26 thermal
transport exhibits unique behaviors that are different from
ballistic or diffusive regimes. One is hydrodynamic phonon
transport occurring at low temperatures,26–28 in which normal
scattering between phonons is highly dominant and phonon
momentum is conserved during the scattering processes until it
is eventually dissipated by other resistive scattering mecha-
nisms. In the hydrodynamic regime, phonon transport displays
two distinctive phenomena in thermal propagation, Poiseuille
ow and second sound.27,29–31 The Poiseuille ow is a non-
uniform heat ux in a steady-state and mainly caused by diffuse
scattering at the boundaries, and second sound is a non-Fourier
heat conduction where the heat propagates in a wavelike form
in transient heating. Indeed, Poiseuille ow and second sound
have been observed in diverse, submillimeter-sized samples
including graphene nanostructures at low temperatures.28,32–36

It is noted that Poiseuille-like ow and second sound are also
achievable for another type of intermediate scale phonon
Nanoscale Adv., 2024, 6, 2919–2927 | 2919
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transport, the quasiballistic regime. In cases of quasiballistic
transport, some of the phonons propagate diffusively through
multiple scattering events while others are transported
ballistically.37–40 Quasiballistic transport, which occurs at
similar or higher temperatures than the hydrodynamic one,
concerns the transition between ballistic and diffusive thermal
transport, and such crossover is shown to take place when
sample sizes are allowed to vary.40,41 For instance, the total
thermal conductivities of Ni lines, Si and Ge were seen to exhibit
different contributions from ballistic and diffusive transport.
While these studies shed light on thermal transport within the
intermediate regime, a detailed understanding of ballistic and
diffusive contributions such as the local distribution of the two
effects inside samples and roles of distinct vibrational modes in
phonon transport is lacking although such information will be
highly valuable both fundamentally and technologically.

To address this issue, in the present work we carry out large-
scale molecular dynamics (MD) simulations on graphene
nanoribbons (GNRs) to investigate their thermal transport
behavior at room temperature (RT) by systematically varying the
width and length. It is demonstrated from the simulations that
phonon transport in GNRs reveals quasiballistic behavior at RT,
which is carefully analyzed by examining the local thermal
conductivity prole and heat pulse propagation. Moreover, in-
Fig. 1 (a) Structure of graphene nanoribbons for MD simulations. L denot
sink, and W is the ribbon width, respectively. (b) Thermal conductivity of

2920 | Nanoscale Adv., 2024, 6, 2919–2927
plane and out-of-plane vibrational modes are shown to make
different contributions to thermal transport in GNRs. These
ndings surely provide a useful insight into phonon transport
in graphene nanoribbons, which may lead to advancements in
thermal management applications.
Computational details

All MD simulations are performed with the GPUMD (Graphics
Processing Units Molecular Dynamics, version 2.5.1) open
source program,42 and the Tersoff potential optimized for
graphitic C–C covalent systems is used to describe interatomic
interaction.43 Periodic boundary conditions are applied to the
heat ow (x) direction, whereas both width (y) and thickness (z)
directions are treated as free. To examine the size effect on
thermal transport in GNRs, we separately vary their width (W)
and length (L) ranging from 10 to 1000 nm, which leads to as
many as 50 million C atoms within a simulation cell.
Steady-state heating conditions

Fig. 1(a) shows the geometry of GNRs employed in the present
work. The entire length of GNRs is divided into 4 subdivisions
which are denoted as a xed, heat source, heat ow and heat
es the length of the heat flow region between the heat source and heat
GNRs as a function of L for different W values.

© 2024 The Author(s). Published by the Royal Society of Chemistry
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sink region, respectively, in the gure. A xed region, which
consists of stationary 5 zigzag C chains across the ribbon width,
is introduced to satisfy periodic boundary conditions, and the
heat ow region of length L is further divided into 59 subgroups
along the length for detailed examination of heat ux. To
investigate thermal transport, we carry out nonequilibrium
molecular dynamics (NEMD) simulations at 300 K with a time
step of 1 fs and employ the Langevin thermostat to generate the
temperature difference (DT) between the heat source and heat
sink. The resulting temperature difference will then bring about
the heat ux q which is given as

q ¼ jdE=dtj
S

¼ Q

S
(1)

Here,Q(= jdE/dtj) is the energy exchange rate between the groups
in GNRs and S is the cross-sectional area of the nanoribbon
perpendicular to the heat ow direction, respectively. Once the
steady-state is reached with the intended DT, the thermal
conductivity of a GNR with length L is computed from q as

k = (q/DT)L (2)

In this study, DT is set to be 60 K and total production time is as
long as 50 ns depending on the system size.
Transient heating conditions

In order to examine the propagation of heat pulses, we consider the
GNR with (W, L) = (250 nm, 1000 nm) as a representative system
and keep track of the temperature prole as a function of time aer
an initial heat pulse. Specically, by taking the reference tempera-
ture (Tref) and time step to be 300 K and 0.5 fs, respectively, the heat
pulse, which is modeled as a 90% higher temperature than Tref, is
imposed on the heat source region for 0.125 ps considering
phonon relaxation time.44 In transient heating cases, the length of
the heat source region is reduced to that of a single armchair unit of
graphene to properly take the localized nature of the heat pulse into
account. For systematic analysis of the propagating behavior of the
heat pulse, the heat ow region of the GNR is divided into much
ner subgroups (2456 subgroups) than steady-state heating cases,
and the following temperature prole, which is computed from the
equipartition theorem for each group along the length, is moni-
tored along the GNR length within NVE simulations.
Results and discussion
Lattice thermal conductivity under steady-state heating

We rst calculate the lattice thermal conductivity of the GNRs.
To assess the effect of the nanoribbon size on thermal
kðyÞ ¼ l
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conductivity, we consider the GNR lengths ranging from 10 to
1000 nm at each of theW= 100, 250, 500 and 1000 nm cases. As
is seen from Fig. 1(b), k shows a logarithmic increase with the
length of GNRs as k ∼ a(log L)b, where b increases from 1.96
when W = 100 nm and becomes as high as 2.31 for W = 1000
nm. It is noted that the logarithmic and power-law dependence
of k on L are oen observed in 2D and 1D systems,
respectively.45–48 Due to the nite sizes in both length and width
dimensions, the thermal conductivity of the present systems
can be understood by phenomenologically combining loga-
rithmic and power-law behaviors.

To achieve an additional insight into the width dependence
of k, we examine the position-dependent thermal conductivity
in the width direction (y direction in Fig. 1(a)) for different W
and L cases. Fig. 2 shows the position-dependent thermal
conductivity across the width (referred to as “local thermal
conductivity” hereaer),21 k(�y) with �y = y/W, which is averaged
over the ribbon length for each of (W, L) values. It is rst noted
from Fig. 2(a)–(c) that regardless of the width, there exist at
regions in k(�y) for the shortest graphene nanoribbons and the
at region becomes more pronounced for wider GNRs. For
instance, while the local thermal conductivity of the GNR with
(W, L) = (250 nm, 100 nm) tends to show a slightly concave
curvature (Fig. 2(a)), k(�y) of the 1000 nm-wide GNR with the
same length reveals an almost completely at prole in most
regions across the width (Fig. 2(c)). As the ribbon length
grows, however, the at region in k(�y) becomes narrower and
eventually disappears except in the widest cases. When W =

250 nm, the at behavior nearly disappears even for the 250
nm-long GNR, whereas it remains observable for as long as
500 nm in W = 500 nm cases and persists for all lengths in
1000 nm-wide nanoribbons, as is seen in Fig. 2(b) and (c),
respectively. It is noted that this behavior is similar to that of
hydrodynamic phonon transport,27 but the present result is
differentiated from hydrodynamic transport since thermal
transport is additionally contributed by diffusive characters as
discussed below. Also, collective phonon excitation (CPE) is
known to play a signicant role in transport.4 It should be
noted, however, that CPE is characterized by a hundred-
micrometer-long mean free path, so in 1 mm-sized GNRs its
contribution will not be signicant.

Notably, the computed local thermal conductivity is perfectly
tted with the following function from the phonon hydrody-
namic equation for nanoscale heat transport, which is devel-
oped to understand quasiballistic behavior22 where l, Kn, and s
are the tting parameters, respectively.
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Here, Kn is the Knudsen number which is dened in terms of
phonon mean free path (MFP, L) and GNR width as Kn = L/W.
It is particularly interesting from Fig. 2(a) and (b) that in cases of
W= 250 nm and 500 nm, k(�y) shows Poiseuille-ow-like proles
for the longest GNRs, which is seen from the fact that the local
thermal conductivity closely follows f(�y) = (b − �y)h(b + �y)h with h

being as high as 0.62. Moreover, there exist damping effects
around �y = 0 and 1 in thermal conductivity for all widths and
lengths, which arise from the interaction between phonons and
GNR boundaries. Interestingly, the damping effects become
stronger as the GNR grows longer, which is evidenced by the
observation that kcb = k�(0.5)/k�(0), and the thermal conductivity
ratio between �y= 0 and 0.5 increases from 1.20 at L= 100 nm to
1.30 at L= 1000 nm. Clearly, all these characteristics in the local
thermal conductivity point to the quasiballistic nature of
phonon transport in graphene nanoribbons, which is also evi-
denced by Kn values. From eqn (3), it is found that Kn ranges
from 0.1 to 0.6 for most GNRs, which indicates that the corre-
sponding phonon transport lies between ballistic and diffusive
regimes.29,49 Interestingly, a deeper understanding of the qua-
siballistic nature of the phonon transport in GNRs can be
attained by investigating the local thermal conductivity at
different locations along the GNR length.
Fig. 2 Length-averaged position-dependent thermal conductivity k (in u
nm, respectively. The black dashed lines represent the fitting function in

2922 | Nanoscale Adv., 2024, 6, 2919–2927
To this end, k(�y) is calculated for each group within the heat
ow region of 1000 nm-long GNRs and plotted for every third
group as shown in Fig. 3, where open circles represent the
Knudsen layer thickness (dK). Here, dK is set to be L,22,50 which is
extracted from the Knudsen number by applying the same
tting function (eqn (3)) to k(�y) in each group. As is seen from
Fig. 3(a), the Knudsen layers of the 250 nm-wide GNR rapidly
develop from each boundary and eventually overlap about 150
nm away from the heat source, and k(�y) maintains its prole
thereaer. This phenomenon is very similar to a uid ow in
a pipe where the velocity of an entering ow shows a fully
developed form aer a nite distance from the pipe entrance.
Unlike ordinary uids, the Knudsen layer begins to split again
around 100 nm from the heat sink and each branch narrows as
the heat sink is further approached. However, the wider GNRs
reveal different behaviors in the thermal conductivity from the
250 nm-wide cases. For the GNR of 500 nmwidth, it is seen from
Fig. 3(b) that while Knudsen layers again gradually increase as
heat is transported from the heat source, they do not completely
merge with each other, which is seen by observing that dK holds
a maximum value halfway along the length and decreases again
thereaer. k(�y) of the 1000 nm-wide GNR also shows the same
behavior as is presented in Fig. 3(c).
nits of W mK−1) along width: (a) W = 250 nm, (b) 500 nm and (c) 1000
eqn (3).

© 2024 The Author(s). Published by the Royal Society of Chemistry



Fig. 3 Local thermal conductivity at each location along the length for (a) 250 nm-, (b) 500 nm- and (c) 1000 nm-wide GNRs, respectively. The
length of GNRs is fixed at 1000 nm. Open circles denote the Knudsen layer thickness fitted with black dotted curves. Top panels are magnified
figures of thermal conductivity near the heat source and heat sink with the results for more groups included (gray curves), and the bottom panel
represents the heat flow region in Fig. 1(a).
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It is noted that the Knudsen layer represents a region within
which phonon-boundary scattering plays an important role and
thus produces a viscous damping effect. Consequently, thermal
conductivity is reduced with a spatial gradient and Poiseuille-
ow-like behavior thus appears in phonon transport which is
similar to gas ow in pipes.21,29 Rapid merge of the Knudsen
layers in the 250 nm-wide GNR in Fig. 3(a) indicates that the
phonon transport in this case is predominantly determined by
the boundary-induced damping effect. On the other hand, 500
nm- and 1000 nm-wide GNRs exhibit a region which is not
inuenced by the damping effect as is presented in Fig. 3(b) and
(c). The average values of dK are 164.0 and 173.0 nm for 500 nm-
and 1000 nm-wide GNRs with maxima of 206.0 and 221.4 nm,
respectively, resulting in 2dK < W for these wider GNRs. Thus,
© 2024 The Author(s). Published by the Royal Society of Chemistry
k(�y) always shows a at prole of a nite size (lF) across the
width in these nanoribbons, which points to diffusive phonon
transport governed by Fourier's law.22 This observation
demonstrates the transitional behavior in phonon transport of
GNRs as evidenced by the coexistence of quasiballistic and
diffusive characteristics. Moreover, it is the relative ratio
between dK and lF that determines the overall strength of qua-
siballistic phonon transport in GNRs, for which the structural
parameters (W and L) play an important role.

What is interesting is that a further insight into the thermal
transport in GNRs can be achieved by decomposing k(�y) into in-
plane (ki(�y)) and out-of-plane (ko(�y)) components.51 Fig. 4(a)–(c)
show the decomposed local thermal conductivity of the longest
GNRs for different widths. As is clearly seen from the gures,
Nanoscale Adv., 2024, 6, 2919–2927 | 2923



Fig. 4 Local thermal conductivity k (in units of WmK−1) decomposed into in-plane (ki, blue) and out-of-plane (ko, red) contributions for different
widths of GNRs: (a)W = 250 nm, (b) 500 nm and (c) 1000 nm, respectively. The length of the nanoribbons is fixed at 1000 nm. The black dashed
lines represent the fitting function in eqn (3).
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ki(�y) is almost at across the width for all cases whereas ko(�y)
retains nearly the same prole as the entire thermal conduc-
tivity. Thus, the in-plane thermal transport becomes mostly
diffusive and the quasiballistic nature of the phonon transport
in GNRs is governed predominantly by the out-of-plane
component of thermal conductivity.
Heat waves under transient heating

To further understand the characteristics of phonon transport,
we examine the propagation of the heat pulse which is simu-
lated through transient heating. Fig. 5(a) presents the temper-
ature proles of the GNR with (W, L)= (250 nm, 1000 nm) at Tref
= 300 K along the length until 7 ps aer the heat pulse is
imposed. As is seen from the gure, the initial pulse at x =

0 begins to propagate towards the heat sink, and more inter-
estingly, there exists a distinct peak in the temperature prole,
which rst appears at x ∼ 10 nm and then travels at a constant
speed with a reduced height. However, the propagation of heat
pulses at 900 K shows an apparent difference from that of 300 K
cases as is seen from Fig. 5(b). While a peak is initially observed
in the temperature prole around the same position as in 300 K,
2924 | Nanoscale Adv., 2024, 6, 2919–2927
the height is much smaller: it is only 0.8% higher than the
surrounding temperature at Tref = 900 K, which is compared to
2.5% for 300 K. Moreover, the peak rapidly disappears through
dissipation into the background as early as 5 ps and the
subsequent thermal propagation is governed by Fourier's law
for heat conduction, which can be easily seen from the linear
decrease in the temperature prole (Fig. 5(b)).

It is noted that a better understanding of heat propagation
is achieved by examining mode-dependent temperatures as is
done for steady-state heating cases. To this end, the temper-
ature prole is further decomposed into in-plane (Ti) and out-
of-plane (To) contributions, which are dened from the equi-
partition theorem as Ti ¼

P
j
Mjðvj;x2 þ vj;y2Þ=3NkB and

To ¼
P
j
Mjvj;z2=3NkB, respectively. Here, N and kB are the total

number of atoms in a given group and Boltzmann constant
and Mj and vj,a are the mass and velocity in the a-direction (a
= x, y, z) of the j-th atom, respectively. This decomposition is
relevant since ZA phonons make a signicant contribution to
thermal transport.11 Fig. 5(c) and (d) show To and Ti at 300 K,
respectively, and as is shown in the gures, the peak (solid
circles in Fig. 5(c)) is mostly contributed by the out-of-plane
© 2024 The Author(s). Published by the Royal Society of Chemistry
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motion of the atoms in GNRs with a minor addition from the
in-plane velocity. What is interesting is the existence of
a shoulder structure (SS) in Ti (dotted circles in Fig. 5(d)),
which is moving slightly ahead of the peak and persists until 3
ps. Noticeably, both the peak and shoulder structure in Ti do
not exist aer 3 ps since the thermal transport becomes
diffusive. It is found that the propagation speeds of the peak
and SS are 8.5 km s−1 and 11.9 km s−1, respectively, which
indicates that the former and latter are generated by the
second sound and ballistic transport, respectively. Interest-
ingly, a recent study based on the modal energy analysis
showed that second sound and ballistic pulse are directly
characterized by out-of-plane mode (ZA branch) and in-plane
Fig. 5 The propagating temperature profiles along the length in GNRs
different times, respectively. The decomposed temperature profiles at diff
for Tref = 300 K, and (e) out-of-plane and (f) in-plane temperature for T

© 2024 The Author(s). Published by the Royal Society of Chemistry
mode (dominantly from the TA branch), respectively.52

However, insufficient normal scattering in the present cases
causes the obtained second sound to be driless as in
previous studies,31,52–54 in which the heat pulses in submicron-
scale GNRs are mainly carried by the driless second sound
from ZA phonons while the ballistic contributions from in-
plane phonon modes clearly suffer from dissipation. At
a higher temperature of Tref = 900 K, however, while the small
peak in To is still present aer the initial temperature pulse, it
rapidly dissipates into background aer existing only for as
long as 3 ps (Fig. 5(e)). Also, as is seen from the Ti proles in
Fig. 5(f), the lifetimes of the peak and SS are around 1 ps,
which is much shorter than those for Tref = 300 K cases. These
with (W, L) = (250 nm, 1000 nm) for (a) Tref = 300 K and (b) 900 K at
erent propagating times: (c) out-of-plane and (d) in-plane temperature

ref = 900 K, respectively.

Nanoscale Adv., 2024, 6, 2919–2927 | 2925



Fig. 6 The decomposed temperature profiles in GNRs along the length at different propagating times: (a) out-of-plane and (b) in-plane
temperature for (W, L)=(500 nm, 500 nm), and (c) out-of-plane and (d) in-plane temperature for (W, L)=(1000 nm, 100 nm), respectively.
Simulations are conducted at Tref = 300 K.
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ndings clearly imply that the driless second sound and
ballisticity are hardly existent at 900 K and phonon transport
is primarily diffusive.

Fig. 6 shows the decomposed temperature proles for (W, L)=
(500 nm, 500 nm) (Fig. 6(a) and (b)) and (1000 nm, 100 nm)
(Fig. 6(c) and (d)), respectively. It is clearly seen from the gures
that both the Ti and To proles of these wider GNRs are nearly the
same as those for (W, L) = (250 nm, 1000 nm). In particular, the
position and height of the peak in To are well preserved and the
peculiar shoulder structure in Ti is maintained, which implies
that the nature of phonon transport in submicrometer-sized
GRNs is well preserved at RT regardless of structural variations.
Conclusion

We have explored the phonon thermal transport of submicron-
scale graphene nanoribbons at room temperature with a range
of widths and lengths by employing massive molecular
dynamics simulations. The simulation results clearly demon-
strate that phonon transport in these GNRs becomes mostly
quasiballistic, as is evidenced by the presence of non-diffusive
local thermal conductivity and driless second sound. In
particular, non-uniform thermal transport is observable within
the Knudsen layer from the lateral boundary of GNRs, which
makes the Poiseuille-like prole in local thermal conductivity
visible only for narrow ribbons. More importantly, our MD
2926 | Nanoscale Adv., 2024, 6, 2919–2927
simulations reveal that the out-of-plane motion of C atoms
plays a crucial role in generating quasiballistic behavior in
thermal transport whereas diffusive transport is contributed by
in-plane atomic vibration. These ndings will shed new light on
high-temperature phonon transport and advance the under-
standing of different contributions of distinctive vibrating
modes to heat conduction in nanostructured materials.
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