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Abstract

In recent years, live-cell imaging has generated detailed spatiotemporal datasets of biochemical
networks within cells. These networks often exhibit characteristics of spatially-distributed excitable
systems, with propagating waves of signaling activity that govern processes such as cell migration,
division, and other essential physiological functions. Traditionally, these reaction-diffusion systems
have been modeled using stochastic partial differential equations incorporating spatial Langevin-type
dynamics. Although these knowledge-based models have provided valuable insights, they are
typically not directly inferred from experimental data. In this study, we introduce and apply two
data-driven methodologies for learning the structure and parameters of spatial Langevin equation
(SLE) models: 1) Kramers-Moyal regression, an adaptation of an established approach to fit
microscale stochastic dynamics, and 2) wave features optimization, a novel approach to match
macroscale spatiotemporal patterns. Unlike black-box neural network models that predict system
behavior but provide no mechanistic insight, this approach estimates nonlinear model equations that
directly relate to system structure and dynamics. As a proof-of-concept, we focus on simulation
datasets derived from two stochastic reaction-diffusion models: one based on the FitzHugh-Nagumo
equations (FHN model) and another on a biochemically adapted version of the FHN equations (FR,
model). Our results demonstrate that optimizing stochastic dynamics and wave patterns enables the
accurate estimation of SLE model structure and parameters directly from 1D and 2D spatial data.
With sparsity enforcement, we also identify novel sparse reaction-diffusion models for excitable
systems. We show that this approach effectively approximates system behavior even when working
with datasets similar to experimental conditions, with low temporal resolution and unobserved
molecular components. By leveraging machine learning techniques for robust estimation of excitable
reaction-diffusion models from spatiotemporal data, this work enhances our ability to model and
understand the complex systems that regulate cell behavior.

Introduction
Since Hodgkin and Huxley’s groundbreaking discovery of the mechanisms underlying nerve cell

activity, the theory of excitability, describing dynamical systems that display common fundamental
characteristics such as nonlinearity, all-or-none responses, and refractory periods, has been applied
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across various scientific disciplines, including physics, chemistry, and biology [1H11]. When these
systems are both stochastic and spatially-distributed, they can spontaneously generate a diverse
range of patterns, waves, and oscillations that play a crucial role in regulating physiological processes
and behavior in various cell types. Mathematical models have greatly aided the understanding of
these systems, however, a significant challenge remains in developing data-driven models capable of
accurately describing stochastic, spatially-distributed excitable systems. Such models would provide
powerful tools for the study of dynamic biological processes at the cellular level as well as other
real-world excitable stochastic systems.

Modeling the biochemical network in cells has traditionally focused on replicating the general
patterns observed in experiments. In many cell types, extensive imaging data indicates that
biomolecules can react and diffuse as a coordinated excitable system, self-organizing into dynamic
domains in the cell cortex that propagate as waves [12H21]. For example, in migrating cells, “front”
network components, such as Ras and PIP3, generally form the leading edge of the wave, while
“refractory” components, such as PKBA potentially, accumulate to varying degrees behind the wave
front; other “back” components appear in the inactive regions of the cell cortex both ahead of and
behind waves [2227]. Interestingly, these zones approximate the general patterns observed in
activator-inhibitor models such as the FitzHugh-Nagumo (FHN) model with a single positive
feedback loop and a single delayed negative feedback loop [11]. Previous studies employing
activator-inhibitor models have been used extensively to model a wide array of wave
dynamics [28H36]. These conceptual models are simulated as stochastic partial differential equations,
with spatial Langevin-type dynamics. Tuning the structure and parameters can yield simulations
that replicate waves and patterns observed in various wild-type and experimental perturbations of
cells. Model structure and parameters are adjusted manually based on experience and observation.
Nonetheless, this iterative process is often time-intensive and does not facilitate the automated
discovery of new models with potentially more insightful structures that better capture the dynamics
and patterns observed experimentally in cells.

To address the challenge of learning nonlinear models from data, several approaches have been
developed in the machine learning literature [37.38]. Unlike most neural-network approaches, these
system identification approaches can provide key quantitative insights regarding network structure
and dynamics. However, many of these techniques focus on deterministic models [39H44], which have
limited utility for complex stochastic systems. On the other hand, approaches for stochastic data
usually rely on strict conditions that are often unmet in experimental datasets, such as rapid
sampling rates and observations being available for all modeled variables [45/46]. Additionally, there
has been limited testing on spatially-distributed models. In recent years, there has also been an
advancement of Fokker-Planck (FP)-based approaches for learning the structure and parameters of
stochastic differential equations (SDEs) [46H51], yet these do not consider stochastic partial
differential equations. In cell migration research, some studies have adapted these FP-based
approaches to learn macroscale models, such as models of cell trajectories in chemical gradients [52].
However, few studies address learning stochastic partial differential equation models of excitable
systems.

Here, we combine two distinct but complementary approaches: 1) optimizing stochastic dynamics
to match microscale network structure, and 2) optimizing spatiotemporal features to match
macroscale wave patterns. For the first approach, we use what we refer to as Kramers-Moyal
regression, based on previous FP-based algorithms [46,47]. In this algorithm, we learn stochastic
models by fitting the deterministic (“drift”) and stochastic (“diffusivity”) terms of SDEs to
corresponding data-derived conditional expectations, also known as Kramers-Moyal (KM) averages,
using linear and nonlinear regression. To learn model structure together with model parameters, we
enforce sparsity over a library of functional terms using a reverse greedy search algorithm [46}47],
and estimate optimal sparsity using Bayesian information criterion (BIC) instead of the
cross-validation techniques used in previous work. Additionally, unlike past studies which did not
consider spatially-distributed models nor excitable models with rational functions, we adapt these
algorithms to learn stochastic reaction-diffusion models with polynomial and rational reaction terms.
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In the second approach, we implement a novel Monte Carlo strategy to tune model parameters by
optimizing for spatiotemporal wave features. For initialization, we use initial parameters obtained
from either KM regression when available, or from previous knowledge. At each iteration, we
generate a reconstruction dataset consisting of multiple simulations, and then compute various
spatiotemporal metrics such as wave activity, number of firings, and autocorrelation functions. We
then optimize a custom objective function based on the relative error in spatiotemporal patterns
between the training dataset and the reconstruction dataset in order to estimate optimal
reaction-diffusion model parameters.

Our dual strategy here provides a data-driven approach to learning spatially-distributed,
stochastic excitable network models. For proof-of-concept, we focus on two-component
activator-inhibitor based reaction-diffusion models simulated in 1D and 2D space. These models
mimic the type of waves observed in spatiotemporal data acquired from confocal and total internal
reflection fluorescence (TIRF) microscopy of cells. To explore the effectiveness in the context of
some of the complexities in experimental data, we test cases where model structure is held fixed
(parameter estimation/model identification) or variable (model learning), as well as datasets with
lower sampling rates and partial observation of system species. This study provides an important,
focused application of machine learning approaches for estimating stochastic reaction-diffusion
models of excitable systems directly from spatiotemporal data.

Methods

Stochastic reaction-diffusion models

The overall strategy employed for learning stochastic reaction-diffusion models from data is
illustrated in Figure [} Stochastic simulations were first generated based on two distinct models of
excitable systems: the classical FitzHugh-Nagumo (FHN) model [53}54], and a modified version with
“front” (F) and “refractory” (R) species for biochemical processes, which we refer to as the FR
model [28}/55]. These activator-inhibitor models (activator x4, inhibitor x;) were implemented as
spatial Langevin equations in the following It6 differential form (Fig. ):

dza = (DaViza +sa(za,2r,04)) dt + gadQa

2 (1)
dey = (D1V2xr + sp(za,xr,01)) dt + g1dQr

Note that the deterministic components include state-dependent reaction terms (s, s;), with a set
of constant reaction parameters (64, 0r), as well as spatial Laplacian terms (VZz 4, V2z7), with
constant spatial diffusion parameters (D4, Dy). The stochastic component is modeled in the
activator dynamics by d@ 4, an increment of a zero mean Gaussian white noise process with variance
x dt, and g4 as proportionality constant. For all training data, no state noise was modeled in the
inhibitor equation (gr = 0). The full set of model parameters are given by ©4 = {Da,04,94} and
©r ={Dr1,01,91}.

For clarity, we denote the activator and inhibitor species as v and v in the FHN model and as f
and r in the FR model. As in previous studies [11,/56], the model structures for the FHN and FR
models are distinguished by the reaction terms such that,

5u(u,v,0,) = ar1u + azv + azu® + agu®

FHN model reaction terms<{
So (U, v,0,) = bru + bav

(2)

as f*
sp(for0r) =a1f +asfr+ P+ an
sr(f7 r, 97’) = blf + bQT

where reaction parameters 84 = {a;} and 6; = {b;}. Note that while both models are nonlinear in
the state variables, the FHN model is linear in the parameters, while the FR model is nonlinear in

. +a
FR model reaction terms g
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Fig 1. General approach for learning stochastic reaction-diffusion models from data

a. A stochastic reaction-diffusion system with two species: an activator (z4) and an inhibitor (xr). The
system was modeled with spatial Langevin dynamics and a set of known, constant reaction parameter
vectors (A4 , 0r) and spatial diffusion parameters (D4, Dr). b. Examples of spatiotemporal simulations
based on the equations in a. Multiple runs were performed to generate a training dataset. The kymograph of
the 1D simulation denotes 400 s of simulation; the yellow label marks the frame time in the 2D simulation. c.
Data-driven learning using Kramers-Moyal (KM) averages. Regression was used to fit model functions to
KM averages computed for each simulation, providing a set of estimated model parameters. d. Example
spatiotemporal simulations obtained using optimal parameters from c. Multiple runs were performed to
generate a reconstruction dataset. e. Sample metrics used during wave features optimization to assess the
similarity of the training vs. reconstruction datasets. Example of the joint probability distribution over x4
and z; from a single FHN simulation is shown. These metrics were also used to validate the accuracy of
reconstructions from KM regression-based parameters.
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the parameters because of the more biochemically relevant Michaelis-Menten-like term. Additionally,
while the FHN model variables are based on model membrane potential and take on negative values,
the FR model variables describe the concentrations of biochemical species and generally remain
non-negative during simulation.

Generating simulations

To generate a training dataset, 50 simulations were obtained for each model in 1D and 2D space
(Fig. ) Each simulation was carried out by integrating the two-component (activator and
inhibitor) spatial Langevin equation (SLE) from |lI| over a uniform grid of points in either 1D or 2D
space, using the Euler-Maruyama method. The simulations were performed with an integration time
step of At = 0.01s and ran for a total duration of 400 seconds. Data was saved for all analyses at a
“recording” time-step of 7p = 0.1s for FHN simulations and 7y = 0.05s for FR simulations. These
simulations were visualized as kymographs for 1D simulations and videos for 2D simulations, as
represented in Fig. [Ip. For all 1D simulations, 5001 grid points were used with Az = 1, and for all
2D simulations, a 100x 100 grid was used with Az = Ay = 1. The ground truth SLE parameters
used for all training simulations were obtained from iterative tuning and previous studies and are
listed in Table [l and Table 2l Additional details are described in [ST_Methodd

Identifying and learning models using Kramers-Moyal (KM) regression
with sparsity enforcement

For model identification, we assume a fixed model structure and estimate the parameters of the
deterministic and stochastic components of the spatial Langevin equation (SLE) in [1| using
data-derived stochastic dynamics (Fig. ) For stationary processes with Gaussian white noise, the
analytic components of SDEs (the deterministic, or “drift”, term and the stochastic, or “diffusivity”,
term) are directly related to data-based conditional moments known as Kramers-Moyal (KM)
coefficients, or KM averages [46},/51] . There are two KM averages that are computed
for each species (activator and inhibitor), and these are linked to the deterministic and stochastic
components, respectively, of the SLE for each species. To estimate the deterministic parameters for
the FHN model, we applied linear regression, while for the FR model, we applied nonlinear
regression using the Levenberg-Marquardt algorithm. For both the FHN and FR models, we
estimated the stochastic parameter of the activator and inhibitor components in the SLE model
directly using the second KM averages .

Model learning involved estimating the reaction model structure as well as all other SLE
parameters using sparse KM regression. A library of up to third-order polynomial reaction terms
were used to define an initial set of variable model structures (Fig. [Th), from which a sparse model
was learned. Specifically, we considered the following reaction terms for both the activator and
inhibitor equations:

2 2
Sn(Ta,x1,0,) = a1 + asx A + asx; + asx’y + asrax; + agxy

(4)

reaction

3 2 2 3
terms + a7x’y +agryxr + agrATT + A1027

Polynomial {
where 0,, = {a1,aq,...,a10} denotes the reaction parameters.

In order to learn a sparse polynomial reaction-diffusion model, we used a reverse-greedy search
algorithm from [46] with modifications . Linear regression was performed iteratively,
with elimination of the reaction parameter smallest in absolute value at each step. The spatial
diffusion term was retained and only removed at the final iteration. Optimal reaction model sparsity
was estimated by minimizing the Bayesian information criterion (BIC), which balances complexity
and accuracy [38,/57]. The optimal model structure was determined using the top model parameters
retained over all simulations at a given level of sparsity. We also identified candidate sparse model
structures by considering models with fewer terms than the estimated optimal sparsity.
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To assess variability and compare with ground truth parameters, mean and standard deviations
of all estimated parameters were calculated over 50 simulations. The estimated parameters were then
used to generate an additional 20-50 simulations, constituting a reconstruction dataset (Fig. [1J).

Quantification and optimization of wave features (WF) for validating and
estimating models

A comprehensive, quantitative comparison was performed to evaluate the quality of the
reconstructed simulations against the original training dataset. This assessment involved measuring
the joint probability distribution of model species, spatiotemporal firing frequencies, and
spatiotemporal autocorrelations. Together, these metrics of the patterns observed in the simulations
provided a rigorous validation of estimated models (Fig. , . Wilcoxon rank-sum tests
were conducted as a nonparametric test to compare the distribution of wave metrics of
reconstruction simulations to that of training simulations.

Using these metrics, we also developed a Monte Carlo optimization scheme to estimate model
parameters that generate reconstructions with wave features that best match the wave features in
the training data. A Nelder-Mead simplex search was performed to minimize a custom objective
function involving the sum of squared relative errors in each wave feature (S1 Methods|). This WF
optimization approach was applied in three cases of model estimation: 1) estimation after sparse KM
regression for FHN-1D and FR-1D models; 2) estimation for FHN-2D models from temporally
subsampled data; and 3) estimation for FHN-2D models temporally subsampled data only observing
the activator or the inhibitor. After optimization, to assess the quality of parameter estimates in
each case, 20 reconstructions were generated, and wave features were analyzed.

Results

Visualization of spatiotemporal data from excitable systems

Figure [2] presents visualizations of the data observed in 1D and 2D simulations of the FHN and FR
models. Three different visualizations are shown: the spatiotemporal trajectories, the temporal
dynamics at a single spatial grid point, and phase portraits of system trajectories at a single grid
point. The spatiotemporal trajectories of 1D simulations were visually represented fully in
kymographs, where the x-axis is time, and the y-axis represents spatial points, while for 2D
simulations, selected frame sequences of a movie were shown.

Dynamic features spontaneously emerged in both the FHN-1D and FR-1D kymographs
(Fig. 2h,c) with the formation of 1D waves originating at random initiation points and expanding in
V-shaped patches in space-time with characteristic length scales in both time and space. The
activator and the inhibitor in these two models demonstrated similar spatial profiles as visible by the
significant overlap in the vertical propagation distance of both the activator and the inhibitor for any
given wave (Fig. 7c). Temporally, FHN-1D wave patterns for the activator and the inhibitor
showed behavior characteristic of excitability and exhibited similar duration as indicated by the
strong horizontal overlap in the patches. The temporal signal at a single grid point in the left plot in
Figure [2b shows this more clearly, with activator and inhibitor spikes lasting about 30 and 40
seconds, respectively, and separated by a delay of ~20 seconds. In contrast, in the FR-1D model, the
wave patterns for the activator lasted significantly shorter (~20s) compared to the inhibitor (~60s),
and with shorter delay (~5s) between the two species (Fig. 2, left).

Examining trajectories in phase space, the FHN-1D and FR-1D models demonstrated similar
excursions during a firing when the system crossed an activation threshold as a result of noise or
spatial diffusion (Fig. 7d). The nullclines of the dynamics of the reaction terms (without spatial
diffusion) are displayed together with the trajectories at a single grid point as a wave passed through.
The behaviors in the phase plane are indicative of a system with a stable equilibrium point near a
Hopf bifurcation point. As two waves passed through the single grid point shown in orange in
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Fig 2. Visualization of training simulations of excitable reaction-diffusion models simulated in
1D and 2D space.

a. Kymograph of a 400s stochastic reaction-diffusion simulation based on the classical FitzHugh-Nagumo
(FHN) model over a 1D spatial domain (FHN-1D). Activator (U) and inhibitor (V) signals are shown in cyan
and red, respectively. b. Signal values of U and V plotted together over time (left), and trajectories of U and
V plotted in the phase plane (right). Both correspond to signals at the grid point indicated in a by the
yellow line. c-d. Similar visualizations of the FR-1D model. F and R denote the activator and inhibitor,
respectively. e-h. Frames from FHN (e) and FR (g) models simulated over a 2D spatial domain for 400s.
Time stamps indicate simulation time (seconds). Yellow arrows indicate spatial points at which trajectories
were plotted over time (f,h, left) and in the phase plane (f,h, right).
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Figure [2a and were plotted in time (Fig. , left), the FHN-1D activator and inhibitor traced a 187
stereotypical trajectory in the phase plane (Fig. , right). The excursion began from the 188
equilibrium point (intersection of the nullclines) and moved to the right as the activator increased — 1so
while the inhibitor remained low, then moved upward as the delayed inhibitor accumulated, then 190

moved left as the activator decreased by the negative feedback from the inhibitor, before returning 1a
to the equilibrium. In the FR-~1D simulations, for two waves passing through a grid point shown in 1
Figure , we displayed the time series and corresponding trajectories in the phase plane (Fig. ) 103
Compared to the FHN model, the FR model parameters yielded faster activator dynamics and 104
slower inhibitor decay. 195

Excitability in 2D spatial simulations formed traveling waves with rich features. FHN-2D showed 19
circular waves that spontaneously initiated and propagated radially (Fig. . Over time, 107
as a result of annihilations when inhibitor signals from two waves merged, large waves were split into 10

patches propagating through the spatial domain (Fig. ) FR-2D simulations showed similar 199
traveling waves but with limited propagation range (Fig. [2g,[S2 Video). The inhibitor R appeared to 200
accumulate rapidly and with long duration, hindering propagation and extinguishing the waves 201
(Fig. ) The temporal signals at a single grid point in Figure 7h show this distinction more 202

clearly between the FHN-2D and FR-2D models. In FHN-2D, the activator and inhibitor lasted 203
~30-50 seconds and were separated by a slight delay of ~10 seconds (Fig. 7 left). In contrast, in 20
the FR-2D model, the wave patterns for the activator were significantly shorter (~5-10s) compared 20
to the inhibitor (~40s), with a time delay under 5 seconds (Fig. [2h, left). The trajectories in the 206
phase plane at the same grid point plotted in Figure [2k,g for both FHN-2D and FR-2D, were 207
remarkably similar to those found in 1D spatial simulations (Fig. ,h, right). The FR-2D simulation s
showed some slight differences compared to FR-1D in phase plane analysis with the trajectories at a 200
single grid point not settling to the equilibrium point of the spatially-homogeneous reaction equation  2iw

nullclines (Fig. 2h, right). o
Estimating FHN reaction-diffusion model parameters from stochastic o12
dynamics 213
Kramers-Moyal regression, a parameter estimation algorithm based on stochastic dynamics, was 214
initially applied to FHN-1D and FHN-2D simulations, assuming a known reaction-diffusion model 2
structure for each. A training dataset of 50 1D and 2D simulations recorded every 7o = 0.1s, was 216

used for analysis (Methods). From the kymographs or movies, Kramers-Moyal (KM) averages were a7

computed over a binned Laplacian-extended state space (S1 Methods|). The first KM average, Hfll), 218
relates to the deterministic component of the FHN spatial Langevin equation (SLE), as a function of 2w

the binned values of u, v, and the Laplacian of the corresponding n-th species. For visualization, 20
projected KM averages were displayed as a heatmap over the activator-inhibitor phase plane. As 21
seen in the heatmap for HS" and HS" matched the stochastic dynamics observed in the 222
time series at single grid points (Fig. ) The Hff) heatmap corresponding to the constant 23
stochastic term in the activator SLE was relatively constant, while the Hqsz) heatmap for the 224
inhibitor was approximately zero, owing to the absence of stochastic noise in the inhibitor dynamics. 2

Linear regression over a library of basis functions, corresponding precisely to the terms in the 226
FHN model, was performed on these KM averages to identify an optimal set of parameters that 227
minimized the mean squared error (MSE) between empirical KM averages and the corresponding 8
deterministic/stochastic model terms (theoretical KM averages). The parameters, computed 29
separately for each simulation, demonstrated remarkable accuracy and precision when compared to 23
the ground truth values used in simulation generation, even across a wide range of magnitudes 231
(Table . 232

To validate these parameters further, a set of 50 FHN-1D and FHN-2D simulations were 233
generated based on the estimated parameters, forming a reconstruction dataset (Fig. [3]). 234
Comparisons between representative kymographs from the training and reconstruction datasets 235
(Fig. ,e) revealed the inherent stochastic nature of the system, with no two simulations being 236
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Table 1. True and estimated spatial Langevin equation (SLE) parameters for FHN-1D and FHN-2D models using
Kramers-Moyal regression on training simulations (N=50).

Activator SLE: du = D, Vu + a1u + azv + azu® + asu® + gudQ..

Inhibitor SLE: dv = D,V?v + biu + bav + GodQy.

D, a as as a4 Gu
FHN-1D
Ground truth 1.4 -0.2 -2 2.2 -2 0.1
Mean 1.382 —0.193 —1.984 2.163 —1.969 0.103
SD 0.035 0.025 0.070 0.089 0.091 0.001
FHN-2D
Ground truth 0.13 -0.2 -2 2.2 -2 0.0725
Mean 0.129 —0.189 —1.986 2.140 —1.942 0.0735
SD 0.003 0.014 0.031 0.048 0.048 0.001
Dv bl b2 Gu
FHN-1D
Ground truth 1.2 0.02 —0.06 0
Mean 1.194 0.0200 —0.0599 0.0006
SD 0.005 2.2 x107° 1.3 x 1074 2.5 x 107°
FHN-2D
Ground truth 0.00625 0.0150 —0.0450 0
Mean 0.00626 0.0150 —0.0449 0.0006
SD 1.00 x 1074 9.16 x 10~° 6.08 x 107° 9.20 x 107°
identical. Feature analysis was employed for a more nuanced comparison of the two datasets. 237
Characterization of these spatiotemporal features involved computing metrics for temporal firing 238
frequency, spatial wave activity, and spatiotemporal autocorrelations (Fig. fd,ffh). 230
For both 1D and 2D simulations, the FHN training and reconstruction data displayed similar 240

distributions for the number of firing events at a grid point, with the peak centered around 1 or 3  2a
firings for 1D or 2D simulations, respectively, and a slight rightward skew for 1D data due to a small 2
proportion of grid points with greater than 2 firings (Fig. ,f). The spatial wave activity, as 23
indicated by the proportion of spatial points above the threshold at any given time, was remarkably 24
consistent, with variability centered around 5% for 1D models and 20% for 2D models (Fig. Bt,g). s
Wave activity was particularly consistent in the 2D model in which oscillations continued through the s
last 300s of training and reconstruction simulations. Temporal and spatial autocorrelations were also 24
strikingly similar, indicating comparable pattern length scales in time (1D: ~40-50s; 2D: ~50-70s) 2
and space (1D/2D: ~5-10px.) for both the training and reconstruction FHN datasets (Fig. 3l,h). 20

Estimating FR reaction-diffusion model parameters from stochastic 250
dynamics 251
The process of identifying model parameters for the FR model, under the assumption of a known 250
reaction-diffusion model structure, involved the application of the KM regression algorithm with 253

modifications. Given the faster dynamics, the FR training dataset was analyzed using simulations  2s
recorded at 79 = 0.05s. KM averages were computed from the kymographs or movies, and nonlinear  2ss
regression (using the Levenberg-Marquardt algorithm) was subsequently performed to determine the s

optimal set of parameters minimizing the MSE between the empirical KM averages and the 257
corresponding deterministic/stochastic terms in the FR spatial Langevin equation (Methods). The 25
comparison of estimated parameters to the ground truth values of training data revealed their 250

remarkable accuracy and precision across both 1D and 2D spatial FR simulations (Table . The 260
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Fig 3. Reconstruction and validation with Kramers-Moyal (KM) based estimates of FHN
reaction-diffusion model parameters.

a. Representative kymographs from a 400s simulation in the FHN-1D training dataset (top) and from a
reconstruction dataset generated by FHN reaction-diffusion model parameters estimated using KM
regression (bottom). (N=50 each; 50 spatial pixels (px.) and 50s fiducial markers apply to both
kymographs). b. Temporal firing frequency, computed as the distribution of the number of firings in a 300s
interval at spatial points over all simulations in the FHN-1D training data (top) and KM-based
reconstructions (bottom). (N=50 each; error bars indicate SD). c. Spatial wave activity, computed as the
percentage of spatial points (pixels) above threshold in a 300s interval over all simulations in the FHN-1D
training data (top) and KM-based reconstructions (bottom). (N=50 each; mean + SD is plotted). d.
Spatiotemporal patterns as quantified on each training kymograph (top row) and KM-based reconstruction
(bottom row) using a temporal autocorrelation function averaged over spatial grid points (left column) and a
spatial autocorrelation function averaged over time points (right column). (N=>50 each; mean £ SD is
plotted). e. Frames from representative training and KM-based reconstruction simulations for the FHN-2D
reaction-diffusion model. (N=50 each). f~h. Similar to b—d, for FHN-2D reaction-diffusion simulations.
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Table 2. True and estimated spatial Langevin equation (SLE) parameters for FR-1D and FR-2D models using Kramers-Moyal
regression on training simulations (N=>50).

Activator SLE: df = DyV2f + a1 f + asfr + asf2/(f> + as) + as + grdQ;

Inhibitor SLE: dr = D, V?r + bif + bar 4+ ¢g-dQr

Dy ai as as ay as gr
FR-1D
Ground truth 2.6 —0.00835 —0.8335 8.35 1.44 0.0635 0.15
Mean 2.583 0.00643 —0.8305 8.280 1.439 0.0620 0.161
SD 0.025 0.0484 0.0078 0.126 0.016 0.0038 0.001
FR-2D
Ground truth 1.14 —0.0120 —1.200 12.024 2.88 0.0482 0.31
Mean 1.135 0.0177 —1.199 11.898 2.873 0.0435 0.324
SD 0.013 0.0546 0.014 0.157 0.058 0.0054 0.002
D, by by gr
FR-1D
Ground truth 5.2 0.5875 —0.025 0
Mean 5.197 0.5872 —0.0250 0.036
SD 0.004 0.0002 3.80 x 107° 0.0007
FR-2D
Ground truth 1 0.5229 —0.045 0
Mean 0.999 0.5226 —0.0449 0.0384
SD 0.001 0.0003 0.0001 0.0007

estimated parameters for the activator in the FR model displayed larger variability compared to
those for the inhibitor, which lacked a stochastic term in its equation. Additionally, the variability of
parameters estimated for FR was slightly less than that observed for FHN, likely due to the smaller
recording time step used for FR data analysis.

To assess the robustness of these parameters, an additional 50 1D and 2D FR simulations were
generated based on the estimated parameters, forming reconstruction datasets. A comparative
analysis of representative kymographs and movies from the 1D or 2D reconstruction dataset
(Fig. ,d) and the corresponding training dataset (Fig. 7e) underscored the inherent stochastic
nature of the system, highlighting the unique nature of each simulation. As above, wave feature
analysis was subsequently employed for a nuanced comparison of the two datasets.

A high degree of similarity was observed between training and reconstruction datasets. The
number of firings at any grid point exhibited similar distributions in both FR training and
reconstruction simulations (Fig. ,f)7 with a peak centered around 3 firings for 1D simulations, and
around 4 firings for 2D simulations. The spatial wave activity, quantified by the proportion of grid
points above threshold at any given time, exhibited high similarity between training and
reconstruction simulations, with variability centered around 10% for 1D simulations and 20% for 2D
simulations (Fig. ,g). Strikingly, even the slight oscillations in spatial wave activity over the last
300 s of training for 1D and 2D simulations were replicated in the reconstructions. The temporal and
spatial autocorrelations also demonstrated a high degree of similarity between training and
reconstruction data (Fig. 7h), indicating comparable wavelength scales in time (1D: ~5-20s; 2D:
~5-15s) and space (1D: ~25-50 px.; 2D: ~10-50 px.).
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Fig 4. Reconstruction and validation with Kramers-Moyal (KM) based estimates of FR
reaction-diffusion model parameters

a. Representative kymographs from a 400s simulation in the FR-1D training dataset (top) and from a
reconstruction dataset generated by FR reaction-diffusion model parameters estimated using KM regression
(bottom). (N=50 each; 50 spatial pixels (px.) and 50s fiducial markers apply to both kymographs). b.
Temporal firing frequency, computed as the distribution of the number of firings in a 300s interval at spatial
points over all simulations in the FR-1D training data (top) and KM-based reconstructions (bottom). (N=50
each; error bars indicate SD). c. Spatial wave activity, computed as the percentage of spatial points (pixels)
above threshold in a 300s interval over all simulations in the FR-1D training data (top) and KM-based
reconstructions (bottom). (N=50 each; mean + SD is plotted). d. Spatiotemporal patterns as quantified on
each training kymograph (top row) and KM-based reconstruction (bottom row) using a temporal
autocorrelation function averaged over spatial grid points (left column) and a spatial autocorrelation
function averaged over time points (right column). (N=50 each; mean + SD is plotted). e. Frames from
representative training and KM-based reconstruction simulations for the FR-2D reaction-diffusion model.
(N=50 each). f~h. Similar to b—d, for FR-2D reaction-diffusion simulations.
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Learning sparse polynomial reaction-diffusion models from FHN dynamics
and patterns

Building on the above work estimating parameters for models with a fixed structure for the
deterministic and stochastic components of the spatial Langevin equation (SLE), we next addressed
the challenge of learning model structure and parameters together from FHN-1D training
simulations. Specifically, we considered a library of polynomial reaction-diffusion models based on
equations and [4] Note that the library varies only in the polynomial reaction terms in the
deterministic components of the SLE, and that the forms of the spatial diffusion and noise terms
were held fixed for both the activator and inhibitor equations. Importantly, the true FHN
reaction-diffusion model structure is a subset of this library.

To learn sparse models initially from stochastic dynamics, we used sparse KM regression
(Methods)). This involved a series of linear regressions to minimize the MSE between the empirical
and parameterized theoretical KM averages for the deterministic components of the activator and
inhibitor SLE separately. Starting with 11 deterministic parameters (one spatial diffusion and ten
polynomial reaction model terms) for the initial regression, we sequentially eliminated the smallest
reaction parameter in absolute value at each step. The stochastic components of the activator and
inhibitor SLE were estimated assuming constant noise coefficients. Figure [5p illustrates the specific
model terms eliminated at each iteration. Sparse KM regression was applied separately to each of
the 50 training simulations, and the proportion of simulations in which a specific model term in the
polynomial reaction-diffusion library remained selected was plotted for each column (iteration).
Owing to the inherent stochasticity in the training dataset, some variability in the eliminated terms
was observed resulting in shaded regions, especially in early steps where few model terms had been
eliminated (higher model complexity).

To determine the optimal number of parameters, we employed the Bayesian Information
Criterion (BIC), which balances accuracy and sparsity Fig.[5b). Analysis of the mode of
the distribution of optimal sparsity (BIC minimum) from all simulations (S2 Figh) indicated that
the optimal number of reaction-diffusion parameters was five for the activator and three for the
inhibitor (denoted “5u3v”). The reaction-diffusion terms corresponding to these parameters were
identified from the model terms at the iteration highlighted in white in Figure [5h, by selecting the
top five activator terms and the top three inhibitor terms remaining over 50 training simulations
(Fig. ) Consequently, this method successfully recovered the original FHN reaction-diffusion
model structure.

Figure [bkc presents representative reconstructions using parameters from sparse KM regression for
the optimal model structure, 5u3v, alongside reconstructions using three sparser models: 5u2v, 4udv,
and 4u2v . The 5u2v model displayed similar wave patterns to those of the 5u3v model,
albeit with reduced activity, while the 4u3v and 4u2v models predominantly exhibited oscillatory
behavior, differing in period and synchronization across the spatial dimension. The insets reveal that
these differences arise because the inhibitor nullclines intersect the activator nullcline at the local
minimum, positioning the system at a Hopf bifurcation.

To quantify the differences in the wave patterns clearly observed among the models tested, we
considered several normalized wave metrics (Fig. ) These included the following averaged
spatiotemporal features: the joint probability distribution of U and V, spatiotemporal wave
frequency, spatial wave activity, and spatiotemporal patterns analyzed using autocorrelation
functions. Analysis of these metrics revealed that reconstructions of the first two models (5u3v and
5u2v) showed reasonably close alignment with the training data, while the last two models (4u3v
and 4u2v) exhibited significant discrepancies.

Motivated by these findings, we explored whether optimizing based on these wave features could
identify model parameters that more closely matched the training data. Using a Nelder-Mead
simplex search, we optimized a custom objective function involving the sum of squared relative
errors in wave features of a reconstruction dataset relative to that of training FHN-1D data
(Methods [S2 Figp). Figure bk shows kymographs for the optimal parameters based on wave features
optimization for the four model structures considered earlier. The 5u3v and 5u2v models displayed
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Fig 5. Learning sparse models from FHN-1D data by optimizing Kramers-Moyal (KM)
averages and wave features

a. Reverse-greedy search approach estimating parameters using KM-based regression at each iteration, and
sequentially eliminating terms from a library of polynomial reaction-diffusion models. This sparse KM
regression was performed separately for the activator equation (left) and inhibitor equation (right), and
repeated for each kymograph in the FHN-1D training dataset (N=50). Colors indicate the proportion of
simulations for which each model term remained selected as model complexity decreased from 11 to zero
parameters over the range of iterations. White lines indicate the optimal sparsity as estimated from the next
panel. b. Bayesian information criterion (BIC) estimated at each iteration of sparse KM regression for the
activator and inhibitor equations and plotted as separate lines for each simulation (average is in bold). The
star indicates the most common minimum of the BIC (optimal sparsity) over all simulations. c.
Reconstructions using KM-based parameters for four sparse models labeled by the number of terms in the
activator (U) and inhibitor (V) equations: 5u3v (optimal sparsity; five terms for U equation, three terms for
V equation), 5u2v, 4u3v, and 4u2v. Insets show representative nullclines and phase-plane trajectories. d.
Spatiotemporal wave metrics computed for FHN-1D training data (N=50) and reconstruction datasets of the
four sparse model structures (N=20 each). Metrics were normalized relative to training data and plotted on
a logarithmic scale. Stars indicate statistically significant differences relative to training data for each wave
feature (Wilcoxon rank-sum test, p < 0.01). e. Similar to ¢, for reconstructions based on parameters
estimated for the same sparse model structures and optimizing for wave features. f. Similar to d, a
quantitative comparison of each normalized wave metric in the reconstruction dataset for each sparse model
structure (N=20) to the normalized wave metrics of the original FHN-1D training data.

similar behavior, whereas the 4u3v simulation showed no oscillations, and the 4u2v model exhibited
broken patches with some oscillatory behavior. Quantification of individual raw wave features (S3 |

, normalized wave metrics (Fig. [fl), and overall wave metrics error (Fig. [5f) all
confirmed the improved characteristics of simulations after wave features optimization.

Learning sparse polynomial reaction-diffusion models from FR dynamics
and patterns

Extending this approach to real systems requires fitting data-derived quantities to a library of
generalized models that may not include the exact system. To explore the feasibility of this, we used
training data generated by the FR-1D model which includes a rational term in the activator
dynamics. As before, we began with initially fitting KM quantities to a polynomial reaction-diffusion
library, and then fine-tuned parameters using wave features optimization. Unlike the FHN dataset,
however, the true FR reaction-diffusion model structure is a subset of the library for the inhibitor
(R) dynamics, but not for the activator (F).

In Figure [6h, we started with 11 deterministic parameters for both the activator and inhibitor
and sequentially eliminated terms using sparse KM regression, as previously. In contrast to FHN
data, here there was decreased variability (fewer shaded regions) in the selected reaction diffusion
terms for both the activator and the inhibitor even at early iterations with higher model complexity,
likely due to the smaller recording time step 79 = 0.05s used for analysis. Once again, we computed
the BIC over all iterations for each simulation (Fig. [6p); then we used the mode of the distribution of
optimal sparsity (BIC minimum) from all simulations to obtain the final estimate of optimal sparsity
(S5 Figh). The optimal model structure corresponded to a model denoted “9f3r” with 9 parameters
for the activator (one spatial diffusion and eight reaction) and three parameters for the inhibitor
(one spatial diffusion and two reaction). The model terms at the corresponding iterations highlighted
in Figure [6h matched the exact structure of the deterministic component of the inhibitor equation;
however, for the activator, the estimated 9-term polynomial reaction-diffusion model was quite
distinct from the training FR model. Additionally, despite 9 parameters being optimal, we observed
minimal differences in BIC from models with 9 parameters to 5 parameters, as seen in Fig. [Bp.

To examine the behavior of these different stochastic models, we generated a set of 20
reconstructions using the estimated parameters from sparse KM regression for the 9f3r model and
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Fig 6. Learning sparse models from FR-1D data by optimizing Kramers-Moyal averages and
wave features

a. Reverse-greedy search approach estimating parameters using KM regression at each iteration, and
sequentially eliminating terms from a library of polynomial reaction-diffusion models. This sparse KM
regression was performed separately for the activator equation (left) and inhibitor equation (right), and
repeated for each kymograph in the FR-1D training dataset (N=>50). Colors indicate the proportion of
simulations for which each model term remained selected as model complexity decreased from 9 to zero
parameters over the range of iterations. White lines indicate the optimal sparsity as estimated from the next
panel. b. Bayesian information criterion (BIC) estimated at each iteration for the activator and inhibitor
equations and plotted as separate lines for each simulation (average is in bold). The star indicates the most
common minimum of the BIC (optimal sparsity) over all simulations. c. Reconstructions using KM-based
parameters (top row) for four sparse models labeled by the number of terms in the activator (F) and
inhibitor (R) equations: 9f3r (optimal sparsity; nine terms for U equation, three terms for V equation), 6f3r,
5f3r, and 4f3r. Bottom row shows representative reconstructions based on parameters estimated for the same
sparse model structures and optimizing for wave features. A representative kymograph from the FR-1D
training data is plotted on the far left for comparison. d. Spatiotemporal wave metrics computed for FR-1D
training data (N=50) and both KM-based and wave features (WF) optimization-based reconstruction
datasets of the four sparse model structures (N=20 each). Metrics were normalized relative to training data
and plotted on a logarithmic scale. Stars indicate statistically significant differences relative to training data
for each wave metric (Wilcoxon rank-sum test, p < 0.01). e. Representative nullclines and phase-plane
trajectories for KM-based reconstructions (top row) and wave features based reconstructions (bottom row),
as well as the original FR-1D training data (far left). f. Scalar wave metrics error computed for each
simulation in the FR-1D training data, and both reconstruction datasets (KM-based and WF-based). Each
dot represents the square root of the sum of the squared relative error between wave metrics in a given
simulation and the mean wave metrics in the FR-1D training data. Stars indicate statistically significant
differences (Wilcoxon rank-sum test, p < 0.01).

three sparser models: 6f3r, 5f3r, and 4{3r . Fig. @: shows representative reconstructions
with SLE parameters estimated using KM regression. By visual inspection, the general wave
patterns observed in simulations of three of the models deviated from the FR training data: 9f3r had
considerably smaller wave firings compared to the training data; 6f3r, 5f3r, and 4f3r showed
oscillatory behavior with increasing wave period. Spatiotemporal wave metrics computed from the
reconstruction sets quantified the differences in the patterns observed for each model structure
(Fig. [61).

We then performed wave features optimization to identify model parameters to match the
patterns observed in FR training data. The coarse-grained approach of sparse KM regression
provided candidate sparse model structures with a wide range of spatiotemporal patterns
significantly differing from the training data. Fine-tuning as before, we used initial parameters from
sparse KM regression, and optimized a wave metrics error objective function over multiple rounds
for the reaction, spatial diffusion, and noise parameters ) Compared to patterns in FR
training data, wave features (WF) optimization achieved improved matching of wave metrics for all
model structures, with the most improvements visible in the 9f3r model (Fig. [6k). Quantification
confirmed these trends across both individual raw wave features (S6 Fig] [S7 Fig)), normalized wave
metrics (Fig. [Bl1), and overall wave metrics error (Fig. [6f). The improvement in wave metrics for
each model tested demonstrated the success of this combined approach in learning sparse polynomial
reaction-diffusion models even when the true FR model structure is not fully captured by a
polynomial model.

Exploring possible reasons for the improvement, we plotted the spatially homogeneous reaction
equation nullclines and phase plane trajectories for each of the models learned from KM regression
and wave features optimization (Fig. @e) In general, for both KM regression and wave features
(WF) optimization, all the models had an approximate inverted “N” shape for the F-nullcline.
However, for the sparser models, 6f3r, 5f3r, and 4f3r, the 4f3r model, this inverted shape consisted
two curves for the F-nullcline: one vertical line at F' = 0 and a second concave down curve. The
intersecting curves resulted in an approximate inverted “N” shape in the region of the phase plane
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accessed by stochastic trajectories. During WF optimization, the local shape of the curves around 30
the equilibrium point, which relates to system threshold, appeared to become tuned for matching 301
excitability. For example, for the 9f3r model, compared to the reduced wave activity in the KM 302
regression model, the WF optimization model exhibited a decrease in the F-nullcline minimum 303
similar to the training model, resulting in a lower threshold and increased wave activity comparable — 3u
to training data (Fig. @3) Interestingly, for the sparsest 4f3r model, WF optimization resulted in 305
more complex changes to the nullclines, but locally around the equilibrium point of the system, the 3o
curves moved closer to that of the training model, resulting in improved firing patterns ) 307

Estimating 2D-spatial reaction-diffusion models from datasets with limited s
observations 300

We further challenged our approach by testing scenarios of low-resolution data arising in real-world 0

contexts. Signals acquired from live-cell microscopy are often propagating in 2D space and are 401
measured every few seconds, with only 1-2 species observed at a time. To evaluate estimating 102
stochastic reaction-diffusion models from limited data, in Figure [7] we applied our approach to 403
estimating parameters for the FHN-2D model from datasets with various rates of temporal sampling 404
and observations limited to only one of the species (activator (U) or inhibitor (V)). 405

In Fig. [Th, we show the effects of different rates of temporal subsampling on data quality 406
obtained at a particular spatial grid point. Compared to full signals acquired at the simulation time 4o
step of dt = 0.01s, decreasing sampling rates with acquisition every 7 = 0.1,1,4s resulted in 408
smoothing of high frequency components in the stochastic signals. However, subsampling at even 400
T = 4s, with a 99.75% reduction in temporal data, still retained much of the general profile of a 410

propagating wave. To study the effects of subsampling on parameter estimation, we first computed
finite-time KM averages (S8 Fig) for each of the four sampling rates. We then applied KM regression a2
to estimate parameters for the deterministic and stochastic components of the SDE that best fit the a3

finite-time KM averages and generated reconstruction datasets of 20 simulations for each case. 414
Maximum intensity frames from representative 2D-spatial simulations based on parameters from a1
finite-time KM regression showed the qualitative deterioration of patterns as sampling rate 416
decreased, with barely any visible patterns at 7 = 4s (Fig. , top panel; [S3 Video| [S4 Video)). a7

Next, we checked whether wave features optimization could yield improved estimates from a18
subsampled data. Similar to before, we first computed wave metrics from FHN-2D training data a10

based on both the activator and inhibitor signals sampled every 7 =1 or 7 = 4s . Using 0
the previous objective function with subsampled wave features, we then optimized over the set of o
reaction, diffusion, and noise parameters of a fixed FHN-2D model structure . We tested — ax
three cases, each with an initial set of parameters obtained from finite-time KM regression (Fig. , 23
top panel): 1) 7 =0.1s, 2) 7 = 1s, and 3) 7 = 4s. For cases 1 and 2, wave features were optimized
to training data wave features at 7 = 1s; for case 3, wave features were optimized to training data s
wave features at 7 = 4s. A set of 20 reconstructions were generated for each case, and maximum 426
intensity frames from representative simulations demonstrated marked improvement in wave 427
patterns for cases 1 and 2, and moderate improvement for case 3 (Fig. [7b, bottom panel; [S3 Video] s
154 Video]). Significant improvements in individual raw wave features (S9 Fig] [S10 Fig)), normalized 4

wave metrics (Fig. ), and wave metrics error (Fig. ) were observed over the range of cases, 430
demonstrating the effectiveness of wave features optimization for parameter estimation of 2D-spatial
reaction-diffusion models from subsampled datasets. 432

To further examine the robustness of our approach, we tested the feasibility of parameter 433

estimation from FHN-2D training datasets that were subsampled and only partially observed. Here, a3
we used subsampled data at 7 = 4s and considered two cases: 1) only observing the activator (U), s
and 2) only observing the inhibitor (V). Since KM averages cannot be estimated from 436
partially-observed systems, we only focused on wave features optimization. For initialization, we 437
used a set of parameters designed to give near-oscillatory behavior with large propagating waves that a3
qualitatively differed from training data as visible in the frames from 2D-simulations (Fig. , top a3
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Fig 7. Estimating stochastic reaction-diffusion models from limited observations
a. Maximum intensity frame (2265s) from a 2-D spatial simulation in the FHN-2D training dataset. Time
series for the activator (U, cyan) and inhibitor (V, red) were extracted at a single spatial grid point (orange

star), and plotted with decreasing temporal sampling rates, from 7 = 0.01 s (integration time step) to 7 = 4s.

b. Maximum intensity frames from reconstructions based on FHN-2D model parameters estimated using
finite-time Kramers-Moyal (KM) regression (top row) or wave features (WF) optimization (bottom row).
Finite-time KM regression parameters were estimated from data sampled at 7 = 0.01, 0.1, or 4s and then
used as initial parameters for wave features optimization. c. Wave metrics corresponding to 8 wave features
computed for reconstruction datasets (N=20 simulations) generated with parameters from finite-time KM
regression or WF optimization and compared to that of training data (N=50 simulations). For parameters
estimated from data sampled at 7 = 0.01 and 1s, wave metrics from corresponding reconstructions were
computed at 7 = 1s and compared with metrics from training data sampled at 7 = 1s (top panel). For
parameters estimated from data sampled at 7 = 4's, wave metrics from the corresponding reconstructions

were computed at 7 = 4s and compared with metrics from training data sampled at 7 = 4s (bottom panel).

d. Wave metrics errror based on the wave features objective function used during optimization and
computed for FHN-2D training data sampled at 1s and 4s, as well as reconstruction datasets from
finite-time KM regression and WF optimization. Each dot represents the error between wave metrics in each
simulation and the mean wave metrics of the training data. e. Frames from simulations generated with an
initial parameter set (top row) and after wave features optimization when only observing either activator
(middle panel) or the inhibitor (bottom panel) signals sampled at 7 = 4s. The time stamps (seconds) in the
top panel indicate corresponding simulation time points for the frames in each column. f. Normalized wave
metrics corresponding to 5 single-species wave features computed for reconstruction datasets (N=20
simulations) generated with parameters from WF optimization and compared to that of training data (N=>50
simulations) when only observing U (left panel), or V (right panel). g. As in panel d., wave metrics error
based on the single-species wave features objective function used during optimization and computed for
FHN-2D training data as well as reconstruction datasets from WF optimization. Stars indicate statistically
significant differences between compared groups, or differences relative to training data, as in ¢ or f;,
respectively (Wilcoxon rank-sum test, p < 0.01).

row). Because only one species was observed, we computed a set of 5 wave features from FHN-2D
training data for each case, and optimized the objective function based on this subset of wave
features to estimate FHN-2D reaction-diffusion model parameters . Representative frames
from reconstructions based on parameters after wave features optimization demonstrated the
improvements in wave patterns (Fig. [T, [S5_Vided| [S6 Vided). Remarkably, in both cases, the wave
propagation range and wave profile thicknesses of both species more closely matched that of training
data (Fig. ) Optimization when only U signal was observed appeared to show more similar wave
activity and frequency to that of training data, while optimization when only V signal was observed
resulted in markedly reduced wave activity and frequency. Quantitative analysis of each of the 5 raw
wave features (S11 Fig)), normalized wave metrics (Fig. )7 and the overall wave metrics objective
function each confirmed these trends (Fig. [lg). These results indicate the effectiveness of wave
features optimization to generate parameter estimates for 2D-spatial reaction-diffusion models even
from datasets with limited observations.

Discussion

The development of mathematical models to capture the intricate behaviors of complex systems has
a rich history. Traditionally, these models have been knowledge-based, with parameters adjusted
through an iterative exploration of parameter space guided by experience and intuition. This
method, however, is limited to handcrafted models of low-dimensional systems with few variables
and becomes computationally intensive when applied to spatially-distributed systems. Recent
advances in machine learning have offered new possibilities for nonlinear system identification and
computational biology, yet, to our knowledge, these techniques have not been extensively applied to
stochastic reaction-diffusion systems. Such systems are crucial in biological contexts, where signaling
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networks exhibit noise-driven, dynamic patterns that propagate across cellular boundaries.

Overall, this study introduces a proof-of-concept approach for using spatiotemporal data to learn
sparse model equations that govern an excitable, stochastic system’s emergent properties and
patterns. To this end, we first extracted key features characterizing the datasets: microscale
stochastic dynamics and macroscale spatiotemporal patterns. We then estimated model structure
and parameters using a two-step machine-learning algorithm that first matches stochastic dynamics
using sparse Kramers-Moyal (KM) regression, and second, matches spatiotemporal patterns using
wave features (WF) optimization. Using a set of only 8 wave metrics and a computationally efficient
approach for estimating KM averages in a Laplacian-extended state space, our methods demonstrate
efficacy over a range of model complexity and data paucity. We validated the method for multiple
nonlinear activator-inhibitor models, 1D and 2D spatially-distributed systems, temporally
subsampled data, and data with unobserved model species.

Our approach presents new avenues for understanding not only biochemical waves and pattern
formation but also spatially-distributed dynamical systems in general. We learned novel, sparse
polynomial reaction-diffusion models for both the FHN and FR excitable systems. From a
theoretical perspective, the identification of alternative equations for excitable systems that are
simpler than the classical model equations opens the door for further research questions. From an
applications perspective, this is essential for understanding real-world systems where the correct
model structure is not predetermined, and sparse models can yield more robust predictions and
insightful system information. Compared to other methods which focus on learning system
trajectories, our approach learns sparse stochastic equations, in which the parameters can provide
quantitative, mechanistic insights regarding the excitable system, e.g. reaction model structure,
feedback loop strengths, temporal and spatial scales, process noise, and threshold. This presents a
significant advantage when modeling dynamic biological systems where learning simplified system
structure is just as important as approximating system behavior.

Despite these advances, KM approaches have inherent limitations. Fundamentally, KM averages
estimate stochastic dynamics in the limit of infinitesimal time steps and under the assumption of a
stationary Markov process. Hence, for systems with rapid dynamics, fitting KM averages works best
for datasets that are highly sampled in time. Visualizing the projected finite-time KM averages
computed over larger time steps (S8 Figh—d), we observed decreasing accuracy compared to the
standard KM averages, even while keeping data quantity consistent. This effect was less pronounced
for the inhibitor due to the absence of process noise in the inhibitor equation here. Optimizing
sampling rate for KM-based analysis is also complicated in real-world settings, by the fact that
sampling too rapidly can lead to non-Markovian behavior due to physical properties of the system;
in these cases, sampling at time steps around the Einstein-Markov time scale is recommended for
stochastic modeling [47,58]. Additionally, because KM-based methods estimate parameters
separately for each species and their SLE components, the coupling between equations is not
accounted for, limiting effectiveness when learning sparse models. There are also often a range of
model structures with similar errors in KM quantities that produce dramatically different wave
patterns (Fig. , Fig. |§|b)7 highlighting that KM-based stochastic dynamics offer a limited view of
system properties. To address these challenges, we developed wave features (WF) optimization.

This Monte Carlo, features-based optimization approach has several advantages. Through the use
of a customized objective function, it allows for optimization of a set of key macroscale quantities
characterizing system behavior. When KM averages are available as initial parameters for WF
optimization, these initial parameters, which approximate stochastic dynamics but deviate
significantly in reconstruction patterns, can be effectively tuned to replicate general system features.
A key part of the effectiveness lies in the fact that, unlike KM regression where deterministic and
stochastic parameters are estimated separately for each species, features-based optimization adjusts
the deterministic and stochastic parameters for both activator and inhibitor equations
simultaneously.

The strengths of WF optimization are particularly evident when learning sparse models. By
jointly tuning parameters of the reaction equation, spatial diffusion coefficients, and noise terms, the
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algorithm effectively matches wave features (S1 Tablel [S2 Table]). Even for the sparsest models
tested in the FHN and FR models, the 4u2v model and the 5f3r model, respectively, WF
optimization recovered wave patterns from initial KM-based reconstructions that were oscillatory
(Fig. ,e7 Fig. @3) Interestingly, the KM-based and WF-based 4u2v and 5f3r models were all at the
Hopf bifurcation point when examining the spatially-homogeneous reaction equation nullclines
(insets in Fig. 7e7 Fig. @5) This highlights an important distinction from spatially-homogeneous
deterministic systems where system behavior can only be tuned by reaction-parameters. WF
optimization based models did have slight reaction parameter adjustments for the activator nullcline
to approach the training nullclines locally near the system equilibrium , ) However,
there were also consistent changes in other parameters not visible in phase-plane analysis, such as
the spatial diffusion coefficient and state noise parameters, that contributed to the recovery of wave
patterns by possibly increasing effective threshold in the system despite being at the Hopf
bifurcation (S1 Table] [S2 Table] [S2 Fige, [S5 Figg).

Additionally, using WF optimization to fine-tune parameters for candidate models from sparse
KM regression allowed for the identification of novel sparse models for excitable systems. We
identified multiple sparse models for both the FHN model and the FR model. For the classical FHN
model, which already was a simplified 5u3v model, we found sparser model structures with as few as
three activator reaction terms and only one inhibitor term (4u2v, since spatial diffusion adds an
extra term for both species). The 4u2v model, after tuning parameters with WF optimization,
demonstrated similar stochastic dynamics and wave features to the original model. Similarly, we
approximated a biologically-relevant FR model using as few as 4 polynomial terms. Notably,
although the FR model contained a rational Hill function, its activator nullcline can be written as a
fourth-order polynomial equation. Hence, our library of up to third-order polynomial terms could be
used to approximate the nullcline. The sparse models we identified all generally approximated the
spatially homogeneous nullclines; however the 4f3r model after WF optimization demonstrated more
complicated adjustments (S5 Figg).

Examining the parameters for these alternative model structures of excitable systems, we
observed that the effective positive and negative feedback loops were maintained, indicating that
despite the mathematical structure being sparser, the general network structure remained consistent
(S1 Table, [S2 Table]l Splitting the reaction terms into the signage of the terms that depend on only
U, only V, or mixed terms, the reaction network can be inferred. For example, in the 4u2v model
structure for the U reaction equation, the V term has a negative coefficient (negative feedback), and
the terms that depend on U only (u?, u?) yield a positive value in the right quadrant where
trajectories lie . Our combined approach with approximation of stochastic dynamics and
spatiotemporal patterns is thus of high value in modeling biological systems where insights reside in
both microscale network structure defined by the stochastic equations as well as the emergent
macroscale wave features.

WF optimization also improves estimation from signals with low temporal resolution and
unobserved species. In these limited data cases, KM regression yielded poor model estimates (in the
case of subsampled data) or was not well-defined (in the case of partially-observed data). Using WF
optimization on the other hand, we can tune initial KM-based parameters to obtain approximate
models from data with 7 = 45, where temporal resolution is reduced by 99.75% compared to full
simulations (Fig. fd). When learning from datasets that resemble experimental data with only
one of the two modeled species being observed and a temporal resolution of 7 = 4s, WF
optimization still provides reasonable parameter estimates, given a set of initial parameters (Fig. (7).
Interestingly, although the activator and inhibitor signals differed significantly in that only the
former was modeled with system noise, the optimization procedure converged to similar results. In
fact, estimation using the filtered inhibitor signal was slightly poorer based on the wave features in
the reconstructions than estimation using the highly noisy activator signal. Additional interesting
questions regarding observability of the system arise given that the parameters after optimization
using partially-observed data differed significantly from the ground-truth parameters.

The development and validation of these algorithms represent a significant contribution to
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data-driven learning of spatially-distributed stochastic models of excitable systems. These 566
computational approaches are of interest in our field of cell biology where high spatial resolution, 567
time-lapse imaging of various pattern-forming systems are readily available but often underutilized  ses
when constructing models. Future efforts should focus on integrating experimental biology with 569
machine learning and dynamical systems to gain deeper insights into cellular signaling pathways in s
both health and disease. 571
Supporting information 2
S1 Methods Supplementary Methods. 573

S1 Fig. Visualizing KM averages for FHN and FR datasets. KM averages computed over s
a Laplacian-extended state space from FHN-1D/2D and FR-1D/2D training data, and then averaged s

over Laplacian values and plotted as a heatmap in the activator-inhibitor phase plane. 576
Computations from a single simulation in each of the four training sets are shown. 577
S2 Fig. FHN system identification using sparse KM regression and wave features 578
optimization. a. Distribution of the minimum of the Bayesian information criterion (BIC) 579
computed for each simulation. b. Wave metrics objective function values tracked over the first 100  ss
iterations of wave features optimization, with model structure labeled. c. Spatially-homogeneous 581
nullclines plotted in the phase-plane for three models: FHN training model parameters (solid lines); se
4u2v sparse-KM regression based parameters (short dashes); and 4u2v WF optimization based 583
parameters (long dashes). The right panel is a zoomed in plot of the region depicted by the blue box  ss
in the left panel. 585
S3 Fig. Full spatiotemporal analysis of reconstructions of sparse FHN-1D models 586
estimated by KM regression. Eight wave features computed for the FHN training set (5u3v, 587
N=50 simulations), and four polynomial reaction-diffusion model reconstruction sets using 588
KM-based parameters (5udv, 5u2v, 4udv, and 4u2v; N=20 each). a. Joint probability distribution of sso
the activator and inhibitor. b. Temporal firing frequency. c. Spatial firing frequency. d. Spatial 590
wave activity. e. Temporal autocorrelation of the activator (cyan) and inhibitor (red). f. Spatial 501
autocorrelation of the activator (cyan) and inhibitor (red). 592
S4 Fig. Full spatiotemporal analysis of reconstructions of sparse FHN-1D models 593

estimated by wave features (WF) optimization. Eight wave features computed for the FHN 5o
training set (5udv, N=50 simulations), and four polynomial reaction-diffusion model reconstruction ses
sets using WF optimization based parameters (5u3v, 5u2v, 4u3dv, and 4u2v; N=20 each). a. Joint s
probability distribution of the activator and inhibitor. b. Temporal firing frequency. c. Spatial firing  sor

frequency. d. Spatial wave activity. e. Temporal autocorrelation of the activator (cyan) and 598
inhibitor (red). f. Spatial autocorrelation of the activator (cyan) and inhibitor (red). 509
S5 Fig. FR system identification using sparse KM regression and wave features 600
optimization. a. Distribution of the minimum of the Bayesian information criterion (BIC) 601
computed for each simulation. b. Wave metrics objective function values tracked over the first 100 o
iterations of wave features optimization, with model structure labeled. c. Spatially-homogeneous 603
nullclines plotted in the phase-plane for three models: FR training model parameters (solid lines); o
4f3r sparse-KM regression based parameters (short dashes); and 4f3r WF optimization based 605
parameters (long dashes). The right panel is a zoomed in plot of the region depicted by the blue box 0
in the left panel. 607
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S6 Fig. Spatiotemporal analysis of reconstructions of sparse FR-1D models estimated s
by KM regression. Eight wave features computed for the FR training set (N=50 simulations), and 0
four polynomial reaction-diffusion model reconstruction sets using KM-based parameters (93r, 6f3r, w0

5£3r, and 4f3r; N=20 each). a. Joint probability distribution of the activator and inhibitor. b. 611
Temporal firing frequency. c. Spatial firing frequency. d. Spatial wave activity. e. Temporal 612
autocorrelation of the activator (cyan) and inhibitor (red). f. Spatial autocorrelation of the activator e
(cyan) and inhibitor (red). 614

S7 Fig. Spatiotemporal analysis of reconstructions of sparse FR-1D models estimated «s

by wave features (WF) optimization. Eight wave features computed for the FR training set 616
(N=50 simulations), and four polynomial reaction-diffusion model reconstruction sets using WF 617
optimization based parameters (9f3r, 6f3r, 5{3r, and 4£3r; N=20 each). a. Joint probability 618

distribution of the activator and inhibitor. b. Temporal firing frequency. c¢. Spatial firing frequency. e
d. Spatial wave activity. e. Temporal autocorrelation of the activator (cyan) and inhibitor (red). f. e

Spatial autocorrelation of the activator (cyan) and inhibitor (red). 621
S8 Fig. Visualizing finite-time KM averages computed from FHN-2D data with 622
various rates of temporal subsampling (7 = 0.1,1,4s). First and second KM averages for the s
activator and inhibitor computed over a Laplacian-extended state space, averaged over Laplacian 624

values, and plotted as a heatmap in the activator-inhibitor phase plane. a. KM averages computed e
in the limit of 7 — 0.01 from one FHN-2D training simulation recorded at 7 = 0.1s. b. Finite-time e

KM averages computed for 7 = 0.1s from one FHN-2D training simulation. c. Finite-time KM 627
averages computed for 7 = 1s from 10 FHN-2D training simulations. d. Finite-time KM averages s
computed for 7 = 4s from 40 FHN-2D training simulations. 629

S9 Fig. Spatiotemporal analysis of FHN-2D reconstructions based on parameters from 6
finite-time KM regression and wave features (WF) optimization on subsampled data 631
(7 =0.1,1s). Eight wave features computed for the FHN-2D training model (N=50 simulations) 632

and reconstruction sets using finite-time KM and WF based parameters (N=20 each), all 633
subsampled at the indicated time step, 7. a. Joint probability distribution of the activator and 634
inhibitor. b. Temporal firing frequency. c. Spatial firing frequency. d. Spatial wave activity. e. 635
Temporal autocorrelation of the activator (cyan) and inhibitor (red). f. Spatial autocorrelation of
the activator (cyan) and inhibitor (red). 637
S10 Fig. Spatiotemporal analysis of FHN-2D reconstructions based on parameters 638

from finite-time KM regression and wave features (WF) optimization on subsampled o
data (7 = 4s). Eight wave features computed for the FHN-2D training model (N=>50 simulations) e«

and reconstruction sets using finite-time KM and WF based parameters (N=20 each), all 641
subsampled at the indicated time step, 7. a. Joint probability distribution of the activator and 642
inhibitor. b. Temporal firing frequency. c. Spatial firing frequency. d. Spatial wave activity. e. 643
Temporal autocorrelation of the activator (cyan) and inhibitor (red). f. Spatial autocorrelation of e
the activator (cyan) and inhibitor (red). 645

S11 Fig. Spatiotemporal analysis of reconstructions based on parameters from wave s
features (WF) optimization on subsampled (7 = 4s), partially-observed data. Five wave o
features computed for the FHN-2D training model (N=50 simulations) and reconstruction sets using s
initial parameters and WF optimization based parameters when only observing U or only observing 4
V (N=20 each). a. Temporal firing frequency. b. Spatial firing frequency. c. Spatial wave activity. eso
d. Temporal autocorrelation of either only the activator (cyan), or only the inhibitor (red). e. 651
Spatial autocorrelation of either only the activator (cyan) and or only the inhibitor (red). 652
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S1 Video. Representative FHN-2D spatial simulations of training and reconstruction
data from KM regression.

S2 Video. Representative FR-2D spatial simulations of training and reconstruction
data from KM regression.

S3 Video. Representative FHN-2D spatial reconstructions based on parameters from
finite-time KM regression and wave features optimization on subsampled,
fully-observed training data (7 =1s).

S4 Video. Representative FHN-2D spatial reconstructions based on parameters from
finite-time KM regression and wave features optimization on subsampled,
fully-observed training data (7 =4s).

S5 Video. Representative FHN-2D spatial reconstructions based on parameters from
wave features optimization on subsampled training data with only the activator (U)
observed (7 = 45s).

S6 Video. Representative FHN-2D spatial reconstructions based on parameters from
wave features optimization on subsampled training data with only the inhibitor (V)
observed (7 =4s).

S1 Table. Estimated FHN-1D model structures and parameters from sparse KM
regression and wave features optimization.

S2 Table. Estimated FR-1D model structures and parameters from sparse KM
regression and wave features optimization.

S3 Table. Estimated FHN-2D model parameters from finite-time KM regression and
wave features optimization on subsampled, fully-observed data (7 =0.1,1,4s).

S4 Table. Estimated FHN-2D model parameters from wave features optimization on
subsampled, partially-observed data (7 = 4s).
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