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Abstract

It becomes challenging to identify feasible control strategies for simultaneously relaxing the countermeasures and containing
the Covid-19 pandemic, given China’s huge population size, high susceptibility, persist vaccination waning, and relatively weak
strength of health systems. We propose a novel mathematical model with waning of immunity and solve the optimal control
problem, in order to provide an insight on how much detecting and social distancing are required to coordinate socio-economic
activities and epidemic control. We obtain the optimal intensity of countermeasures, i.e., the dynamic nucleic acid screening
and social distancing, under which the health system is functioning normally and people can engage in a certain level of
socio-economic activities. We find that it is the isolation capacity or the restriction of the case fatality rate (CFR) rather
than the hospital capacity that mainly determines the optimal strategies. And the solved optimal controls under quarterly CFR
restrictions exhibit oscillations. It is worth noticing that, if without considering booster or very low booster rate, the optimal
strategy is a “on—off” mode, alternating between lock down and opening with certain social distancing, which reflects the
importance and necessity of China’s static management on a certain area during Covid-19 outbreak. The findings suggest some
feasible paths to smoothly transit from the Covid-19 pandemic to an endemic phase.
© 2023 International Association for Mathematics and Computers in Simulation (IMACS). Published by Elsevier B.V. All rights
reserved.

Keywords: COVID-19; Epidemiological modeling; Optimal control; Nucleic acid screening; Social distancing

1. Introduction

Since the outbreak of the severe acute respiratory syndrome coronavirus 2 (SARS-CoV-2), many countries
have experienced the multiple outbreaks of infection, accompanied by lockdown, opening and re-lockdown and
re-opening and etc. [12,14]. A series of strong prevention and control measures have been taken to effectively keep
transmission suppressed for two more years in China [37,42]. However, enforcing these countermeasures for long
periods of time can have substantial negative socio-economic impacts. Recently, many developed western countries
have almost completely canceled off travel restrictions and other interventions given high coverage of vaccination
and natural transmission [26]. Faced with the pressure of imported cases and spreading domestic outbreaks, China’s
ticking to the dynamic zero-COVID policy becomes great challenging. It is urgent to propose a feasible and novel
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regime to coordinate the control of SARS-CoV-2 pandemic and socio-economic activities for mainland China, given
the waning of immunity and little natural transmission and massive populations.

Mathematical modeling has played a key role in examining the effectiveness of intervention measures and
informing the key parameters that affect the disease infection. In response to the SARS-CoV-2 pandemic, some
researchers considered the various scenarios with different intensities of nonpharmaceutical measures under which
a stable equilibrium with low case numbers was attained [13]. Lauro et al. examined the optimal timing of
one-short interventions for epidemic control by observing total attack rate, peak prevalence and average time of
infection [17]. Some researchers have investigated optimal control strategies based on Pontryagin’s maximum
principle [11,21,24,28,33,38]. Bin et al. proposed an on—off (also called bang—bang) social distancing policy for
mitigating a second wave [7]. Kumar Das et al. framed an optimal control problem to analyze the effectiveness of
diagnosis based on traced contacts made by a confirmed COVID patient [16]. Lu et al. proposed a novel two-stage
epidemic model with a dynamic control strategy to seek appropriate control strategies to minimize the control cost
and ensure the normal operation of society [30]. The optimal control questions usually involve the minimization
of the number of infected individuals as well as the economic cost of the countermeasures by looking for the
optimal intensification of nonpharmaceutical interventions (NPIs) [7,24,33]. The optimal vaccination scheme has
also been considered by many researchers in order to answer who should be vaccinated first. Matrajt et al. presented
optimal age-targeted vaccination policies, and obtained that when minimizing deaths, it is optimal to vaccinate the
elderly (younger age groups) for low (high) vaccine efficacy [31]. Grundel et al. coordinated both social distance
and vaccination to mitigate SARS-CoV-2 outbreaks by formulating an age-differentiated compartmental model in
an attempt to answer how much social distancing measures can be relaxed for various coverage of vaccination [22].
However, as immunity is waning and the lack of clinically effective drugs, simultaneous optimal control of cost
and social distancing as well as avoiding run of medical resources becomes challenging and falls within the scope
of this study.

Our main purpose is not to eliminate the infection, but rather to demonstrate how to coordinate disease control and
social distancing, and to provide some guiding principles of not only benefiting public health and psychological well-
being but also profiting the economy, which will apply to our national policy on mitigating COVID-19 pandemic.
To this end, we propose a novel mathematical model with waning of immunity and examine the optimal contact
rate and detection rate such that cost is minimized, and as well as the number of hospitalized/isolated individuals
no greater than the hospital/isolation capacity. In order to transit from COVID-19 pandemic to endemic phase, we
further include the case fatality rate (CFR) as a restriction. Whereafter, the effect of vaccine on controlling the
spread of COVID-19 is also analyzed. Our results have essential implications for ongoing discussion of “dynamics
zero” policy and provide insights into preparedness for future pandemics.

2. A compartmental model and optimal control problems

In this section, we establish a dynamic model tailored to COVID-19 by incorporating social distancing, nucleic
acid screening and vaccination. Considering fairly high vaccination rate and the fact that immunity improves after
vaccination and/or natural infection but wanes as antibodies decay [1], we divided the population into those with
high immunity provided by booster or prior infection and low immunity. In fact, there is evidence showing that
individuals with high immunity have relatively low risk of infection, and they are less likely to get serious illness if
they do get it [15,20]. We consider a SEIS-type model, then, the population is divided into susceptible individuals
(S;), exposed individuals (E;), infectious individuals with either mild symptoms (/;,,) who may only need to admit
to the isolated compartment (Q;), or severe symptoms (/;;) who need to be hospitalized for treatment, i.e., admitted
to hospitalized compartment (H;), and death compartment (D;). Here we use i = 1 or 2 to represent individuals
with low or high immunity. We assume that mild cases that go undetected eventually recover on their own, and
those who are detected are immediately isolated and then recovered after a period of isolation, but severe cases
are hospitalized once detected and cannot cause further transmission, in which they may either die or recover. All
infected individuals become susceptible with high immunity as soon as they recover. The model flow diagram is
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Fig. 1. Flow diagram for a dynamic model tailored to COVID-19 with social distancing, nucleic acid screening, and vaccination.

shown in Fig. 1 and the model equations are as follows.
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where S;, E;, Iin, Iis, Q;, H; and D; (i = 1,2) are considered as the corresponding population proportions, v;
represents the rate of booster vaccination, w, represents immunity waning rate, ¢ is the baseline number of daily
contacts before the COVID-19 outbreak, §; is the infection risk given a contact between a susceptible individual
S; and a serve case, p; denotes the probability of infected individuals who are with severe symptoms, &;, or &,
is the symptom-driven testing rate for mild or serve patients. 6(¢) : [0, 00] —> [0, 1] is detection rate due to
nucleic acid screening and c(¢) : [0, co] —> [0, 1] represents social distancing strategy, here c() = 1 means no
social distancing, c(f) = 0 means complete lockdown. Functions c(¢) and §(¢) represent the intensities of control
measures we need to solve, and we assume that those two countermeasures are kept constant over one week, which
are realistic and feasible in practice.
When no NPIs are taken, i.e., c(t) = 1 and §(r) = 0, the effective reproduction number gives

A

@B cpi @B B
Y + 1, e &l ) o+ <(1 P Yin &1, T &1, ) S0 ¢

In order to coordinate socio-economic activities and epidemic prevention and control, we need long-term,
sustainable strategies to contain the spread. Then, we will establish different optimal control problems (OCPs) based
on model (2.1) to determine the optimal combination of social distancing strategy (contact rate) and detection rate
within a given period to minimize the costs of taking countermeasures and maintain strict cap on the hospitalized
beds and beds used for isolation. Let Q,,,, and H,,, represent the capacities of the isolated resources and the

Ri(1) = ((1 — p1)
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hospital beds that can accept COVID-19 patients respectively. Then the OCP is then given by
min [ (1= ) + &80 Y5 ((S; + Ej + Lim + I;)dt, (@)

c,0
subject to model (2.1), (b)
0<c@) =1, (¢)
0<68(t) <1, (d) (2.3)
N - (Hl(t) + HZ(I)) =< Hmaxa (6)
N - (Ql(t) + QZ(I)) = Qmaxv (f)

c(t) =c(nAr),t € [nAt,(n+ DAt],n=0,1,..., K, (2)
8(t) = 8(nAn),t € [nAt,(n + DAL, n=0,1,....K, ()

where (a) is the objective function, which includes the normalized cost of taking social distancing to reduce contacts
(the first term) and the relative cost of taking nucleic acid screening to block some transmission (the second term),
and constant k is the cost regulator of taking nucleic acid screening. (c) and (d) represent restrictions on control
measures. (e) is to prevent exceeding the maximum number of hospital beds that can accept COVID-19 patients.
(f) indicates that the number of quarantined persons does not exceed isolation capacity. Note that N is the total
number of individuals and hence the left sides of (e) and (f) represent the numbers of individuals who seek the
hospital beds or to be quarantined. (g) and (h) mean that countermeasures are kept constant over a given period
(say, At may be a week), K (or T) is the total number of weeks (days) considered. And in the objective function,
we use (1 — ¢(1))? and 82(¢) to discourage very strict contact restrictions and very frequent testing in order to avoid
occurring of bang—bang/singular controls, as Refs. [19,22,35] suggested.

Omicron has demonstrated an increased transmissibility relative to Delta but possibly lower clinical severity than
Delta [10], and consequently ones hope to transit from COVID-19 pandemic to endemic phase. If the mortality
of COVID-19 infections is similar to that of influenza, we may coexist with COVID-19 through coordinating
socioeconomic development and suitable/feasible measures. Then we further include the case fatality rate (CFR) at
the end of our considered period as an additional restriction on the basis of the OCP (2.3).

In order to calculate the CFR, let us denote the cumulative number of confirmed cases by C(¢), then we have

dC <
— =2 (8OUin + 1) + &1, Tin + &1, 1) (2.4)

j=1

So the CFR within T days is %. The corresponding optimal control problem is

min [ (1= e + &8 Y5 ((S; + Ej + Lim + ;) dt, (@)

c,6
subject to model (2.1) and (2.4), (b)
0<c@) =<1, (c)
0=<d@) =<1, (d)
N - (H\(t) + Hy(1)) < Hpar. () (2.5)
N - (Q1(0) + O2()) < Oumax> @)

C( ) S rma)(’ (g)
c(t) =c(ndt),t € [nAt,(n+ 1)At],n=0,1,...,K, (h)
8(t) =8(nAt),t € [nAt,(n+ 1)At]l,n=0,1,..., K, @)

where (2.5)(g) indicates that the yearly CFR is less than a given level r,,,,. Note that both OCP (2.3) and (2.5)
are optimal control problems with pure state constraints [8,19] since constraints (2.3)(e—f) and (2.5)(e—f) do not
include the controls. We use the direct method [32,34,38], which appends to the Hamiltonian a penalty multiplier
that directly multiplies the constraints, to handle pure state constraints. See Appendix A for the corresponding
necessary conditions [34] and fast direct multiple shooting algorithms [18] to solve our OCPs numerically.

Dy (M)+Dy(T)
T

3. Numerical studies

Throughout the simulations, we choose parameters tailored to the COVID-19 outbreak by Omicron variant
in Xi ’an, the capital city of Shaanxi Province, China. However, we expect that the conclusions are suitable
to other developed countries. We get the permanent population of Xi ’an, i.e., N = 12952907, and the total
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number of hospital beds (which is 66,506) according to the Statistical yearbook of Xi ’an [2,3], and we obtain
H,or = 13,700 = 20% * 66, 506 by assuming that 20% of beds can be used for COVID-19 patients. We let
Omax = 42,000 as the baseline quarantined capacity according to the ability during previous outbreak [4], in which
more than 42,000 people were quarantined in Xi’an city during 2021 outbreak in Shaanxi province. We hypothesize
that people with high immunity will transit to low immunity after six month due to the wane of immunity [1], that
is wy = 1/180, and high immunity induce an 80% reduction in being infection. Symptom-driven testing automatic
rate of serve cases is 1/3.8 [45], which means that it takes an average of 3.8 days for a serve case to see a doctor.
We can further assume that a mild case takes 5 days to see a doctor considering its mild symptoms, i.e., &;,, = 1/5.

Here, the parameters describing disease progression meet SARS-CoV-2 Omicron variant’s characteristics, detailed
meanings and values for parameters are shown in Table 1. We assume that the initial number of people with high
immunity is about one-fifth of the population size and the cost regulator « of nucleic acid screening is equal to 2,
that is, the cost of nucleic acid screening is twice as much as the cost of social distancing. There is an evidence that
shows the basic reproduction number of Delta variant is 3.2 (95% CI 2.0—4.8) according to outbreak in Guangdong
Province, China [46], and the basic reproduction number of Omicron is about 1.5-2.5 times that of Delta [6,25].
Then we can take B; = 0.2 as baseline value to make the effective reproduction number (R,(0)) in the beginning to
be 6.55 in a population where the number of people with high immunity is one-fifth of the population size, or 7.55
in a population with low immunity, i.e. a population that has never experienced the COVID-19 or got a booster
shot, see details in Table 1. We would like to develop time-varying strategies over one year, so we fix K = 52 and
T = 364.

We numerically solve the optimal problem (2.3) by making use of fast tailored direct optimal control solvers [39].
In particular, we compute the gradients of the left-hand sides of the inequality constraints (2.3)(e) and (2.3)(f) using
a continuous forward method. The simulation of all optimal control problems is completed in MATLAB with the
help of open OCL-open optimal control library [27]. We will measure the impact of optimal strategies on four
quantities of interest: the cumulative numbers of deaths (D;(T) 4+ D,(T)), confirmed cases (C(T)), total costs of
taking countermeasures within a year (say 7') and the effective reproduction numbers (R;(7)). We also focus on
the variation in solved optimal social distancing strategy (c*(¢)) and detection rate (6*(#)) with hospital beds and
isolated resources occupancy, the effective reproduction number (R;) and the evolution of the epidemic under the
optimal controls in every case. Note that the term “optimal solutions” (“minimized”) in the following refers to
the notion that the best possible disease control policy is identified from a set of “local optimal solutions” (“local
minimized”) that satisfy optimality conditions since iterative schemes often only guarantee local optimality [27,39].

3.1. Optimal control problem with limited hospital and isolation capacity

We initially let H,,,, = 13,700 and Q,,.x = 42,000 (named as the benchmark case) to get the optimal controls
and optimal solutions, shown in Fig. 2. It shows that at approximately 230th day, quarantine resources are exhausted
up till about the 315th day, c*(¢) and §*(¢) stay around 0.7708 and 0.1638 during this period, respectively. And
hospital beds are never used up and the proportion of susceptible individuals with high immunity remains at 0.94
for most of the considered period. Note that the disease infection takes off once the controls end at the end of our
considered period.

If we simply consider a constrain of the shortage of hospital beds, i.e., without constraint (2.3)(f), it follows from
Fig. 2 that at approximately 90th day, hospital beds are exhausted up till the end, c¢*(¢) and §*(¢) stay around 0.94 and
0.07 during considered period, respectively, which means a single constrain may allow the relatively loose strategies,
compared to the optimal controls under two constrains. Note that in such scenario relatively large infections may be
caused but with no run of hospital resources. Further, we notice that the obtained optimal controls ¢*(¢) and §*(¢)
are dynamic, any combination of constant controls are not indeed as well as our solved ones in terms of contribution
to our objectives. See Fig. B.1 in Appendix B for details. And small changes in the probability of severe symptoms
(p1, p2) have little impact on the required intensity of prevention and control measures, but have a significant impact
on the number of hospitalizations and deaths. See Fig. B.2 and Table B.1 in Appendix B for details.

To examine the variation in the optimal intensifies of interventions with the capacities of isolation resources
and hospital beds, we conducted the following scenarios: cases with isolation resources expanded by half (Case
I: H,,, = 13,700, Q,,.x = 63,000), doubled (Case II: H,,, = 13,700, Q,.ax = 84,000) and a case with the
capacity of hospital beds doubled (Case III: H,,, = 13,700 X 2, Qqr = 42, 000), shown in Fig. 3. It can be seen
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Table 1
Detailed meanings and values for parameters describing disease progression meet SARS-CoV-2 Omicron variant’s
characteristics.
Parameters Description Value Resource
vy The rate of booster vaccination 0.1 Assumed
w2 The rate of waning of immunity 1/180 [1]
¢ The baseline number of daily contacts 14.6 [44]
before the outbreak
Bi Risk of infection per contact between a susceptible p1 =02 Assume
population S; and a severe case B =0.28;
1 Modification factor of the risk of infection per contact 1 Assume
between a susceptible population S; and a mild case
/o Incubation/latent period 3 [9]
&l Symptom-driven testing automatic rate of 1/5 Assumed
mild cases
& Symptom-driven testing automatic rate of 1/3.8 [45]
serve cases
Pi The probability of severe symptoms p1 = 0.01 [15]
p2 = 0.007
Vin Recovery rate of [, 1/5.68 [15]
Yo Recovery rate of Q; 1/7 Assumed
VH; Recovery rate of H; yu, = 0.1673 [15,23]
vH, = 0.1636
d; Mortality rate of H; d; = 0.0145 [15,23]
d, =0.0182
; (a) (b)
== . . .- ___ T ___27 13700 FFrrre T : . . . =28
! 5000 £ ” E
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Fig. 2. Results for the OCP (2.3) of The benchmark case with or without constraint (f). The optimal combination of social distancing
strategy (c*(#)) and detection rate (6*(¢)) is shown in (a), where the solid line corresponds to the case considering constraint (2.3)(f), and the
dotted line represents the case where constraint (2.3)(f) is not considered. The variation in hospital beds and isolated resources occupancy
with a logarithmic scale on the vertical axis is shown in (b), where the solid line corresponds to the case considering constraint (2.3)(f),
and the dotted line represents the case where constraint (2.3)(f) is not considered. The evolution of the epidemic under the optimal controls
with or without constraint (2.3)(f) is shown in (c) or (d) respectively, where the left vertical axis corresponds to evolution of susceptible
individuals (S;), and the right vertical axis corresponds to evolution of latent (E;), mild (/;,,), and severe ([;5) patients (i = 1, 2).
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Fig. 3. Results for the OCP (2.3) under The benchmark case and Cases I-Ill. (a) and (b): Optimal combination of social distancing strategy
(c*(t)) and detection rate (§*(#)) under those cases; (c): The variation in hospital beds and isolated resources occupancy under those cases.
Note that the curves of the benchmark case and case III coincide.

that with the increase of isolation resources, the optimal contact rate increases and detection rate decreases during
the time when the quarantined resource has been fully occupied, and the time to reach the upper limit of isolation
resources advances. This implies that given our control purpose, more isolation resources can allow looser contact
restriction and less detection. Further, we list the corresponding quantities of interest for case I - III in Table 2.
This demonstrates that with the increase of isolation resources, the cumulative number of deaths further increases
while the total cost of taking countermeasures decreases (note that the cost of increasing quarantined resources is
not considered here). That is because the more quarantine resources, the larger the scale of the infection allowed.

It is interesting to note that for the benchmark case and case III, the optimal controls coincide and the
corresponding quantities of interest are the same. That is to say, when the hospital capacity is increased, the optimal
intensity of control measures and the scale of infections remain the same as those with baseline capacity. This means
that optimal countermeasures are primarily influenced by the capacity of quarantine resources, that is because only
a small number of infected individuals needs to be hospitalized, which corresponds to the fact that individuals with
high (low) immunity have a 0.7%(1%) chance of becoming seriously ill and being hospitalized once infected [15].

3.2. Optimal control problem involving influenza-based case-fatality constraints

On the basis of CDC statistics on estimated influenza disease burden for past seasons [5], the annual CFR of
influenza for the period of 2015-2019 was approximately 0.09% to 0.14%. We then take this information as the case
fatality restrictions when considering the OCP (2.5). For comparison, we still assume that the respective capacities
of isolation and hospital beds are kept at baseline levels.

To analyze the influence of additional CFR restriction on optimal controls, we analyze some cases with different
CFR restrictions. It follows from Fig. 4 that as the CFR restriction becomes loose (i.e., r,,,, increases), the optimal
contact rates increase (decreases) in the early (late) stage of a year, and the optimal detection rates change in exactly
the opposite way. This implies that the stricter the CFR restriction, the stricter control measures needed to be taken
in the early stage, while the relatively more relaxed control measures allowed in the later stage. It corresponds to
the fact that strict control measures in the early stage lead to relatively few new infections and hence the low CFR,
the control measures required in late stage will then be relatively relaxed.

539



T. Li and Y. Xiao

Table 2
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The cumulative number of deaths (D1(T")+ D2(T)), the cost of taking countermeasures in a year and the effective
reproduction number at time 7 of OCP (2.3) under different cases.

D(T)+ Dx(T) The total cost R,(T)
The benchmark case 1381 32.54 1.85
case 1 2208 31.55 1.83
case 11 3070 30.72 1.82
case III 1381 32.54 1.85
v =0.12 1189 28.7683 1.8029
v; =0.15 964 24.9918 1.7536
vy = 0.12 and Qe = 21000 395 30.0220 1.8180
v; = 0.001 936 133.5674 \
vy =0 1057 153.0742 \

The number of people in this table is rounded to an integer.
The total cost includes the normalized cost of taking social distancing and the relative cost of taking nucleic
acid screening in a year.
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Fig. 4. Results for the OCP (2.5) under different cases. (a) and (b): Optimal combination of social distancing strategy (c*(¢)) and detection
rate (8*(t)) under different cases; (c): The variation in hospital beds and isolated resources occupancy under different cases; (d): the case
fatality rate within t days under different cases. Note that the curves of the case when 7,4, = 1.2 X 10% and rpex = 1.1 x 103 coincide.
(For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

In particular, for relatively low 7,,5x (Fpax = 1 X 1073 or even less), the number of isolated individuals (Fig. 4(c))
and the yearly CFR (Fig. 4(d)) just reach their upper limits at the end of the control period. For relatively large ;.
(Fmax = 1.1 x 1073 and rpgy = 1.2 x 1073), the optimal controls and the corresponding hospital beds and isolated
resources occupancy are similar to those with the benchmark case (see details in Figs. B.3-B.4). This indicates that
for relatively (relaxed) strict CFR restriction, i.e., 1., is relatively (large) small, the optimal controls are mainly
determined by (the isolation resources) the limit of CFR. Note that when the yearly CFR restriction is strict, the
instantly calculated CFR may exceed this limit, that is because our subjective conditions only limit the average CFR
in a year. And hospital beds are never used up for various restrictions of CFR (Fig. 4(c)).

The corresponding quantities of interest under these scenarios are given in Table 3. We can get that for relatively
large gy (Fmax = 1.1 % 1073 or even greater), the values of each indicator are the same as those in the benchmark
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Table 3
The cumulative number of deaths and confirmed cases within one year, the effective reproductive number at 7 = 364 and the
total cost of taking countermeasures in a year of OCP (2.5) under different cases.

Fmax DY(T)+ DX(T) c(T) R.(T) The total cost
1.2 x 1073 1381 1.32 x 10° 1.8511 32.54
1.1 x 1073 1381 1.32 x 10° 1.8511 32.54
1x 1073 490 4.90 x 10° 1.8500 32.80
9x 10~ 178 1.98 x 10° 1.8467 33.54
8 x 10~* 103 1.29 x 10° 1.8522 34.62

The number of people in this table is rounded to an integer.
The total cost includes the normalized cost of taking social distancing and the relative cost of taking nucleic acid screening
in a year.

case. And with the further decrease of 7,4,y (Fpax = 1 X 1073 or even less), the cumulative number of deaths and
confirmed cases decrease, while total costs of taking control measures increase. It can also be verified that the
infection size and the cost under optimal countermeasures are mainly affected by isolation resources (the yearly
CFR restriction) when the yearly CFR restriction is loose (strict).

Moreover, if the yearly CFR restriction is relaxed from 9 x 107* to 1 x 1073, the cumulative number of deaths will
increase 1.8 times (Table 3). This motivates us to consider scenarios in which the constraint is relaxed somewhat,
and consequently the yearly CFR restriction is replaced by the quarterly CFR restriction. Then a multi-stage problem
(C.3) is established based on the OCP (2.3) and allows you to implement discrete events where a jump in the state
trajectory happens [27], to seek the optimal prevention and control measures (See details in Appendix C).

In the following we initially examine the impact of seasonal restrictions on optimal controls (see Fig. 5) and
corresponding deaths (see case 0 in Table C.2). It is worth noting that if the maximum allowable CFR is 9 x 107%, the
optimal controls given quarterly CFR limit exhibit seasonal oscillations (blue curves in Fig. 5(a) and (b)) compared
to yearly CFR limit (yellow curves in Fig. 4(a) and (b)). To examine whether it is possible to relax a certain quarter
or several quarters of the constraint to reduce the scale of deaths, as opposed to relaxing the yearly constraint
directly, we consider the possible relaxation scenarios listed in Table C.1 and obtain the cumulative number of
deaths/confirmed cases listed in Table C.2. We find that the scale of death within a year of most cases in Table C.2
is smaller than the case with yearly CFR limit r,,,, = 1 x 107>, especially cases 1, 2 and 5 in Table C.2 where
the CFR restrictions for the first, second and first two quarters were relaxed. This implies that it is better to relax
the restriction for a certain quarter or several quarters rather than for the yearly restriction in terms of the scale of
deaths. Besides, it follows from Fig. 5 that the optimal controls for scenario 5 exhibit oscillations with averagely
highest optimal contact rate and lowest detection rate. We can obtain that hospital beds are never fully occupied in
any scenario, and scenario 5 requires minimal isolation resources/hospital beds.

3.3. Effect of booster vaccination on optimal controls

In order to explore the effect of booster vaccination on optimal controls, we initially analyze the impact of
increasing vaccination rates. We re-solve the OCP (2.3) when the vaccination rate (v;) increases from 0.1 (Table 1)
to 0.12 and 0.15 while keeping the baseline restrictions for isolation and hospital capacity, respectively, as shown
in Figs. 6 and 7. It follows from Fig. 6 that the higher the rate of booster vaccination, the weaker the prevention
and control measures required; the later the restriction of quarantine resources been reached. And Fig. 7(a—b) shows
that the higher the rate of booster vaccination, the more (less) the susceptible population with high (low) immunity.

In addition, the corresponding quantities of interest under various vaccination rates are given in Table 2. It shows
that the higher the rate of booster vaccination, the lower the cumulative number of deaths, the lower the total cost of
taking control strategies, and the lower the effective reproduction number at time 7. And increasing vaccination rate
by 20% and reducing the restriction of isolation resources by half (i.e., v; = 0.12 and Q,,,, = 21, 000) will lead to
a (significant decrease) decrease in (the death toll) the total cost. This suggests that effective and available vaccines
can contribute to reducing control costs, relaxing control measures, alleviating medical resources and reducing the
infection scales.
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As a particular case we consider the case with no booster, i.e., v; = 0 (Fig. 8). Subplot (b) of Fig. 8 shows that
the optimal contact rate c¢*(¢) is obvious piece-wise functions with switching between 0 and certain levels, which
corresponds to lockdown measure, opening, re-lockdown and re-opening and so on. In particular, Fig. 8(b) shows
that lockdown needs to be implemented at week 7, 9, 12, 15, ..., and Fig. 8(c) shows that the total number of
quarantined individuals reaches the restriction at the end of week 7, 9, 12, 15, ..., and hospital beds never run out.
This means that given no booster, all the isolation resources will occupy when the lockdown measure ends. Note
that the effective reproduction numbers R, under optimal countermeasures show no tendency of decrease, shown
in Fig. 8(d), indicating that the infection may not be controlled. A case with the quite low booster rate v; = 0.001
is also shown in Appendix D, and similar conclusions can be drawn. This indicates that given no vaccination or
very low booster rate, intermittent lockdowns can ensure the isolated/hospitalized individuals no greater than the
capacities in exchange for at least four times the cost of the benchmark case (Table 2), suggesting that vaccination
and effective booster shots play a vital role in helping realize the smooth transition from a pandemic to an endemic
phase and avoiding lockdown measures. To further analyze what intensity vaccination rates are effective in terms of
avoiding lockdowns, we focus on the optimal combinations of social distancing strategy (c*(¢)) and detection rate
(6*(1)) for the OCP (2.3) under the benchmark case with different v, shown in Fig. 9. It shows that when the rate
of vaccination v; reaches 0.01, no lockdown is necessary, and to keep people as half mobility as they were before
the pandemic, the vaccination rate of 0.02 is needed.

4. Discussion

Designing our own path to smoothly transit from the COVID-19 pandemic to an endemic phase is challenging,
given high susceptibility, persist vaccination waning, and relatively weak strength of health systems. In this study,
we proposed a novel mathematical model with waning of immunity and examined the optimal contact rate and
detection rate such that the cost is minimized, and as well as the number of hospitalized/isolated individuals no
greater than the hospital/isolation capacity. Under the solved, optimal and dynamic intensifies of social distancing
and detecting, the health system keeps normal operated, and hence these measures can act as our normalized control
strategies which becomes a feasible transition path from a pandemic to an endemic phase has been suggested.
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There are evidences showing that the quarantining of infected individuals or people who need specially
monitoring [36,43] and providing more adequate medical resources are critical to mitigating the outbreak [38,40].
On the basis of reasonable parameter values tailored for Xi’an, the capital city of Shaanxi province, our study made
it clear that it is the restriction of isolation resource rather than the capacity of hospital beds that significantly affects
the optimal intensifies of contact reduction and detection. The greater the restriction of isolation resource, the looser
the control measures.

When looking for the path of transition from a pandemic to an endemic, ones hope that the develop trend and/or
death rate of infection caused by a novel variant are similar to those for influenza. We then further considered an
additional restriction determined by the CFR of influenza and found that for relatively small (large) yearly CFR, the
optimal controls are mainly determined by CFR (the isolation capacity). And the optimal controls under quarterly
CFR restriction may show oscillations, and relaxing quarterly CFR restriction may cause a relatively low death rate.

In particular, we analyzed the impacts of booster vaccination, we obtained that if there is no booster or vaccination
rate is extremely low, the optimal contact rates are obvious piece-wise functions with switching between 0 and
certain levels. That is to say the optimal strategy is a control mode switching between lock down and opening
with certain social distancing, demonstrating that vaccination and effective booster shots play a vital role in helping
realize the smooth transition from a pandemic to an endemic phase and avoiding lockdown measures. This also
reflects the importance and necessity of China’s static management on a certain area during Covid-19 outbreak.

What the problem has been solved in this study is to find the optimal countermeasures within a fixed planning
horizon. This could lead to the phenomenon that disease infection takes off at the end of control. We may solve
this problem by adding a terminal term about the number of infected people at the end of control to the objective
function or some terminal state constraints about the fraction of infected people. We leave this for future work.
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Appendix A. Necessary conditions for a general problem and fast direct multiple shooting algorithms for
optimal control problems

We consider the following optimal control problem:

min [\ F(x,u, 1)dt, (a)
"
subject to x(t) = f(x, 1, 1), x0) = xo (b)
glx, u,1) <0, (c) (A1)
h(x,t) <0, (d)
a(x(T),T) <0, (e)

where state x(¢) € R", control u(t) € R™, functions F from E" x E™ x E into E, f from E" x E™ x E into
E", g from E" x E™ x E into E?, h from E" x E into E? and a from E" x E" x E into E". The special cases
of the mixed constraint g(x, u, ) <0 are u; € [N;, M;] with N; < M;, where M; and N; are constants. And this
situation is the one covered in this article.

We first give some relevant notations. An interval (6, 6,) C [0, T] with 6; < 6, is called an interior interval
if h;j(x(¢),t) < 0, Vt € (6, 6,). If the optimal trajectory satisfies h;(x(¢),t) = 0 for t; <t < 1, for some i, then
[t1, 72] is called a boundary interval. And the instant t; is called an entry time if there is an interior interval ending
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at t = 71 and a boundary interval starting at 7;. 7, is called an exit time if a boundary interval ends and an interior
interval starts at 7,. The time t is a contact time for x if it is an isolated point such that k(x(t), ) = 0. The entry,
exit and contact times are called junction times.

In order to formulate the minimum principle for the problem (A.l), we define the Hamiltonian function
H?:E"x E™" x E' - E' as

HY = F(x, i, )+ 2 f(x, p, 1); (A2)
and the Lagrangian function LY : E" x E™ x E" x E9 x E9 x E' — E! as
L, o 2y ) = HOGe, 1 290 + g, ) + 0 hix, 1), (A3)

According to Theorem 9.3.1 in [29] or [34], we have the following minimum theorem underlying the direct method.

Theorem 1. Let (u*, x*) be an optimal pair of functions. Then there exist an adjoint function A%, which may be
discontinuous at a time in a boundary interval or a contact time, multiplier functions ¥, a, y¢, n?, and a jump
parameter {(t) at each time T where A% is discontinuous, such that the following conditions hold:

(a) xX* = f&*, u* 1), x*(0) = xo, satisfying constraints g(x*, u*,t) < 0, h(x*,t) < 0, and the terminal
constraints a(x*(T), T) < 0;
(b) the adjoint equation
A= =L x*, w20y, 1]
with the transversality conditions 2M(T™) = aa (x*(T), T)~|—ydhx(x*(T), T), and o > 0, aa(x*(T), T) =0,
y? =0, yh(x*(T), T) = 0;
(c) the Hamiltonian minimizing condition

Hx* (1), (1), A@), 1] < HO[x*(0), p, 2(1), 1]

at each t € [0, T] for all u satisfying glx*, u,t] <O0;
(d) the jump conditions at any time t, where 2 is discontinuous, are A% (z7) = M) + ¢4 (D)h (x* (1), T) and
HYx* (o), 1 (x70), A7), 1] = HOx (2), 1 (0 9), A ™), 1] = ¢Oh (¥ (0), )
(e) the Lagrange multipliers u(t) are such that
aLd| _o 4 _dLt oLt
MM A T dr o
(f) the complementary slackness conditions ¥(t) > 0, Y (t)g(x*, u*,t) = 0, nt) > 0, n(t)h(x*(¢),t) = 0, and
4 t) = 0, ¢4 ()h(x*(1), T) = 0 hold.

Let us use OCP (2.5) as an example. Let x = (x1, x2, ..., x15) = (S1, E1, lim, Lis, O1, Hi, D1, S2, Ez, Ly, Dy,
0>, Hy, D,, C) denote the state variables and u(f) = (6(¢), c(¢)) denote control variables. The ordinary differential
equations describing the development of the disease at each stage satisfy Eqgs. (2.1) and (2.4), which are denoted
as

x(1) = fx@), u@), ). (A.4)

Then the objective function is F(x, u,t) = (1 — c(t))2 + k8%(r) Zizl(S_,- + E; + I, + Ij;). The corresponding
constraints are

—c(?)
N c(t)—1 o N - (H\ + H2) — Hpayx
stemn=| O wen= (VG Ton o )
(1) —1

The terminal constraint is

a(x(T), T) = Di(T) + Dx(T) = rmaxC(T).
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Direct methods are basic approaches to address optimal control problems, which transform the original infinite
optimal control problem into a finite dimensional nonlinear programming problem (NLP). Among them, the direct
multiple shooting method is the method of choice for nonlinear optimal control problems [18]. In our paper, we
assumed our controls are piecewise constant (see (2.3)(g-h)), i.e.,

u() = (8qns an) = qn for te [nAtv (n+ I)Al]
Then, we solve the ODE on each interval [n At, (n + 1) At] independently, starting with an artificial initial value s,,:
Xn(t) = f(x,(2), qn), t € [nAt,(n + 1)At] with x,(nAt) =s,.

The corresponding trajectory pieces denoted as x,(t; s,, ¢,) and the integrals follow

(n+1)Ar
b (ss G) = / F ot $s G). s 1) 1.
nAt

Thus, we arrive at the following NLP formulation:

min YN (50, qn)

0
subject to 59 —x9 = 0, (initial value)
Spa1 — X, (n+ DAt 8,,9,) =0, n=0,...,N—1, (continuity) (A.5)
—8(Xn, qu,t) =0, n=0,...,N, (discretized path constraints)
—h(x,,t) >0, n=0,...,N, (discretized path constraints)
—a(sy, T) > 0. (terminal constraints)
If we denoted all variables as w = (so, 90, 51,41, - - - » SN> gn), the following finite dimensional NLP can be

obtained [18].
min a(w) subjectto b(w) =0, c(w) > 0.

Then, we can use an iterative Sequential Quadratic Programming to solve this form of NLP [41].

Appendix B. Supplementary drawing

For relatively strict measures (c¢*(f) = 0.77 and §*(t) = 0.16), we obtain that neither the isolation resources
nor the number of hospital beds would be used up (shown in Fig. B.1(b)), while the total cost of interventions is
relatively high; for relatively loose measures (c¢*(¢) = 0.8 and §*(¢) = 0.14), we find that although the number of
hospital beds would not be used up, but at least 2.7 x 10° isolated beds are needed for mild cases, more than six
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Fig. B.1. The variation in hospital beds and isolated resources occupancy when countermeasures are more lax ((a): ¢*(t) = 0.8 and

8*(t) = 0.14) or more restrictive, ((b): c*(t) = 0.77 and §*(tr) = 0.16) than the optimal combination of social distancing strategy and
detection rate in Fig. 2(a). Note that neither the isolation resources nor the number of hospital beds would be used up in (a) and the number
of hospital beds would not be used up in (b).
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Fig. B.2. Results for the OCP (2.3) under The benchmark case with different probability of severe symptoms. (a) and (b): Optimal combination
of social distancing strategy (c*(¢)) and detection rate (§*(¢)) under those cases; (c): The variation in hospital beds and isolated resources
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variation in hospital beds and isolated resources occupancy. (d): The corresponding effective reproduction number (R;) at time .
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Table B.1

The cumulative number of deaths (D1(T) + Da(T)), the cost of taking countermeasures in a year
and the effective reproduction number at time 7' of OCP (2.3) under The benchmark case with
different probability of severe symptoms.

D((T)+ Dy(T) The total cost R/(T)
0.1p1, 0.1p2 137 32.35 1.8461
0.501, 0.502 686 30.43 1.8483
P15 P2 1381 32.54 1.8511
1.5p1, 1.50; 2086 32.64 1.8538
201, 20 2798 32.75 1.8566

The number of people in this table is rounded to an integer.
The total cost includes the normalized cost of taking social distancing and the relative cost of
taking nucleic acid screening in a year.
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Fig. B.4. Results for the OCP (2.5) when ryqy = 1.2 x 1073 (a): The cumulative number of deaths and confirmed cases within one year.
(b): The case fatality rate within t days.

times as the isolation capacity (Fig. B.1(a)). Those mean that any combination of constant controls are not indeed
as well as our solved optimal and dynamic control in terms of contribution to our objectives.

We gave the results for the OCP (2.3) under the benchmark case with different probability of severe symptoms
in Fig. B.2. The corresponding quantities of interest are listed in Table B.1. This shows that small changes in
the probability of severe symptoms (p;, p») have little impact on the required intensity of prevention and control
measures, but have a significant impact on the number of hospitalizations and deaths.

Results for the OCP (2.5) when 7,,., = 1.2x 1073 are showing in Figs. B.3-B.4. It shows that the optimal controls
and the corresponding hospital beds and isolated resources occupancy are similar to those with the benchmark case.

Appendix C. A multi-stage problem

We now extend the OCP (2.3) to establish multi-stage problems (also called multi-phase problems), which allows
you to implement discrete events where a jump in the state trajectory happens [27], to seek the optimal prevention
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and control measures. For convenience, it is assumed that M stages are considered, the state variable of stage i is
denoted as
Xi =@,x,..x) o
— 1 i 1 1 1l 1 i l 1 1 1 L 1
=S, k£, L, 1,01, H,D\, S, E5, I, I, 05, Hy, D;, C"),

2m>

(C.1)

lmv
and the corresponding control variable of stage i is u;(t) = (5;(¢), ci(¢)). The risk of infection in different stages is
indicated by ﬂf (l=1,2;i =1,..., M), where the subscript / represents the susceptible population with high or
low level of immunity, and superscript i represents the ith stage. The ordinary differential equations describing the
development of the disease at each stage satisfy Eqs. (2.1) and (2.4), which are denoted as

X{(0) = fXi(0), wi(0), B, (C2)
where X () = % and i = 1, ..., M. Then the corresponding multi-stage optimal control problem is expressed as:
min M (f” ((1 )+ kO (S A EL T 4 T )) dt) (@)
Lol i=1 T_1 1 i j=1\"j J jm js ’
S1sedpt
subject to
for ief{l,..., M}
Xi@t) = f(X (), (1), B)), (b)
D’(T)+D’2(T) ; ©
CI(T) — rmax’ c
0=y (t) = 8mux» Smax = Ct(t) <1 (d) (C3)
N - (H{(t) + Hy(1)) = Hpax, (e)
N -(Qi(1)+ Qz(t)) < Omax; )]
ci(t) =ci(nAt),t € [nAt, n+ D)At], n 0,1,.... K, KAt =T; — T;_,; (2)
8;(t) = 8;(nAt),t € [nAt,(n + 1)At], n ,1,...,K,KAt T T,y (h)
for i e{l,..., — 1}
X}*‘(T,»):Xj.(Ti) for jef{l,...,6,8,...,13}, @)
XM =0 for je{7 14,15}, €9

where (c) indicates that the staged CFR does not exceed the corresponding upper limit 7/, and (d) represents
restrictions on control measures of each stage. Equations (i) and (g) represent the relationship between the initial
value of the equation describing the next stage and the corresponding compartment value at the end of the previous
stage. Specially, equations (i) means that the first state X ;*1 of stage i 41 is equivalent to the last stage X ’] of stage
i at timepoint T;.

In the following simulation we consider four quarters in a year to illustrate. We let 0 < () < 8pax = 0.2,
Smax = 0.6 < ¢(t) < 1 and rmax < 1.1 x 1073 to further limit the intensity of countermeasures and the quarterly
CFR restrictions (rmax, i =1,2,3,4) respectively, which is determined by the results of OCP (2.5). We still fixed
Bl =02 =1,23,4) and g5 = 0.28].

We first examine the impact of considering seasonal restrictions on optimal controls and corresponding deaths.
The corresponding quantities of interest under some cases with same seasonal limits (case 0 and 15 in Table C.1)
are given in case 0 and 15 in Table C.2. It is worth noting that if the maximum allowable CFR is 9 x 107, the
optimal controls given quarterly CFR limit exhibit seasonal oscillations (blue curves in Fig. 5(a) and (b)) compared
to yearly CFR limit (yellow curves in Fig. 4(a) and (b)), and the cumulative number of deaths and confirmed cases
in a year are greater for quarterly CFR limit (case 0 in Table C.2) than those for yearly CFR limit (,q, = 9 x 107
in Table 2). While for relatively loose CFR limit (say, 1 x 10~%), the numbers of deaths and total costs in a year do
not differ much between the yearly (ruq =9 x 107> in Table 3) or quarterly CFR limits (case 15 in Table C.2).

To investigate the effect of various quarterly CFR limits on optimal controls and cumulative number of
deaths/confirmed cases, and examining whether it is possible to relax a certain quarter or several quarters of the
constraint to save on the cost of countermeasures or reduce the scale of deaths, as opposed to relaxing the yearly
constraint directly, we consider the possible relaxation scenarios listed in Table C.1 and obtain the cumulative
number of deaths/confirmed cases listed in Table C.2. We find that the scale of death in a year of most cases in
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Fig. C.1. Results for the OCP (C.3) under cases 0,10,14,15 when ﬂi =02 (@ =1,2,3,4). (a) and (b): Optimal combination of social
distancing strategy (c¢*(¢)) and detection rate (§*(r)) under those cases; (c): Hospital beds and isolated resources occupancy under those cases;
(d): the case fatality rate within t days of each quarter under different cases.

Table C.1
All relaxation cases.

rllna)r rt%wx rr%lax r;‘rfmx
0 0.9 0.9 0.9 0.9
1 1 0.9 0.9 0.9
2 0.9 1 0.9 0.9
3 0.9 0.9 1 0.9
4 0.9 0.9 0.9 1
5 1 1 0.9 0.9
6 1 0.9 1 0.9
7 1 0.9 0.9 1
8 0.9 1 1 0.9
9 0.9 1 0.9 1
10 0.9 0.9 1 1
11 1 1 1 0.9
12 1 1 0.9 1
13 1 0.9 1 1
14 0.9 1 1 1
15 1 1 1 1

Table C.2 was smaller than the case with yearly CFR limit r,,,, = 1 X 1073, which means that it is better to relax
the restriction for a certain quarter or several quarters rather than to relax the yearly restriction in terms of the scale
of deaths.

It is worth noting that scenarios 1, 2, and 5 (bold black font in Table C.2) not only reduce the number of deaths
(by 3.17%, 0.51% and 4.52%, respectively) and confirmed cases (by 3.31%, 0.98% and 4.97%, respectively) within
a year, but also resulted in cost savings (by 4.40%, 4.73% and 7.26%, respectively) compared to scenario 0, and
scenario 5 has the largest reduction in death toll (or confirmed cases) and cost. It shows from Fig. 5 that the optimal

551



ss

Table C.2

The case gl = 2 = g3 = B} =0.2.
Case Dy D D3 Dy Dioral C Cr C3 Cy Crotal Costy Costy Costs Costy CoStiotal
0 1.98 7.30 35.16 153.87 | 198.31 2194.46 8115.81 39062.30 170967.70 | 220340.26 12.46 8.32 8.33 7.70 36.80
1 2.86 4.10 26.63 158.42 | 192.03 2863.83 4560.67 29592.22 176025.49 | 213042.21 13.43 7.39 7.56 6.79 35.18
2 2.59 9.84 26.66 158.26 | 197.35 2880.18 9837.92 29617.65 175842.90 | 218178.66 11.66 | 9.09 7.47 6.84 35.06
3 2.64 13.27 | 62.79 155.57 | 234.27 2934.22 14742.27 | 62788.65 172856.69 | 253321.83 11.64 | 7.56 9.09 6.73 35.03
4 2.49 12.11 | 72.03 321.27 | 407.90 2766.75 13454.20 | 80030.23 321265.66 | 417516.83 11.79 | 7.67 7.65 7.92 35.03
5 3.69 5.25 20.10 160.29 | 189.34 3692.47 5254.81 22336.33 178095.69 | 209379.30 12.48 8.54 6.97 6.13 34.13
6 3.77 8.27 44.61 158.92 | 215.57 3770.58 9184.17 44613.56 176575.61 | 234143.93 12.46 | 6.89 8.66 6.09 34.11
7 3.66 7.79 63.27 325.60 | 400.31 3657.75 8658.72 70296.30 325593.37 | 408206.14 12.55 6.95 6.99 7.54 34.04
8 5.69 23.30 | 52.66 157.29 | 238.94 6317.81 23301.85 | 52657.73 174766.64 | 257044.03 10.10 8.81 8.78 6.43 34.11
9 5.48 22.28 | 67.10 322.73 | 417.58 6083.85 22276.10 | 74553.20 32272447 | 425637.63 10.18 8.91 7.24 7.72 34.05
10 5.46 30.85 151.29 | 311.52 | 499.12 6065.72 34281.36 | 151290.18 | 311515.77 | 503153.02 10.21 7.34 8.83 7.63 34.01
11 6.12 12.17 | 34.22 160.38 | 212.90 6162.32 12173.30 | 34223.93 178197.36 | 230756.91 11.09 | 8.30 8.34 5.70 33.42
12 6.03 11.84 | 56.80 330.26 | 404.93 6068.55 11838.32 | 63115.27 330257.91 | 411280.06 11.13 8.30 6.53 7.37 33.34
13 6.10 20.83 | 125.79 | 322.19 | 47491 6146.47 23147.79 | 125785.84 | 322186.45 | 477266.56 11.09 6.52 8.36 7.32 33.29
14 9.78 4897 | 12838 | 320.00 | 507.13 10871.37 | 48969.07 | 128379.99 | 319993.69 | 508214.12 8.90 8.45 8.38 7.39 33.12
15 11.25 | 36.62 | 113.62 | 326.45 | 487.94 11629.65 | 36620.94 | 113618.43 | 326446.89 | 488315.91 9.36 8.13 8.12 7.20 32.82

D;, C; and Cost; (i =1,2,3,4) represent the cumulative number of deaths, the cumulative number of confirmed cases and the total cost of prevention and control measures in

quarter i respectively.

Diotals Croral and Costyorqr represent the cumulative number of deaths, the cumulative number of confirmed cases and the total cost of prevention and control measures in the

whole year.

ovix X puv 17 I
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controls for scenario 5 exhibit oscillations with averagely highest optimal contact rate and lowest detection rate. We
can obtain that hospital beds are never fully occupied in any scenario, and scenario 5 requires minimal isolation
resources/hospital beds in these four scenarios.

Moreover, by comparing scenario 15 with the most relaxed case per quarter, both scenario 10 and 14 not only
have more deaths and infections in a year than scenario 15, but also their costs within a year are more than that for
scenario 15, and hence are less feasible or undesirable. Fig. C.1 shows the variation of the optimal social distancing
strategy (a) and detection rates (b), hospital beds and isolated resources occupancy (c) and the CFR within t days
of each quarter for scenarios 10, 14, 15. We can find that the consumption of medical resources in these cases is
far more than that in case 0.

Appendix D. Results for the OCP (2.3) with different v; = 0.001

Results for the OCP (2.3) when v; = 0.001 are shown in Fig. D.1. Subplots (b) of Fig. D.1 show that the optimal
contact rate ¢*(r) is obvious piece-wise functions with switching between 0 and certain levels, which corresponds to
lockdown measure, opening, re-lockdown and re-opening and so on. Note that the effective reproduction numbers
R, under optimal countermeasures show no tendency of decrease, shown in Fig. D.1(d), indicating that the
infection may not be controlled, which is also consistent with oscillations of the corresponding optimal solutions
(shown in Fig. D.1(a)). This indicates that given very low booster rate, intermittent lockdowns can ensure the
isolated/hospitalized individuals no greater than the capacities in exchange for at least four times the cost of the
benchmark case (shown in Table 2), suggesting that vaccination and effective booster shots play a vital role in
helping realize the smooth transition from a pandemic to an endemic phase and avoiding lockdown measures.
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Fig. D.1. Results for the OCP (2.3) when vy = 0.001, Hpzx = 13,700 and Q0 = 42, 000. (a): The evolution of the epidemic under the
optimal controls, where the left vertical axis corresponds to evolution of susceptible individuals (S;), and the right vertical axis corresponds
to evolution of latent (E;), mild (/;;,), and severe ([;;) patients (i = 1,2). (b): Optimal combination of social distancing strategy (c*(¢)) and
detection rate (§*(¢)). (c): The variation in hospital beds and isolated resources occupancy. (d): The effective reproduction number (R;) at
time ¢.
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