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ARTICLE INFO ABSTRACT

Keywords: Tuberculosis and COVID-19 are among the diseases with major global public health concern and great socio-
Bifurcation economic impact. Co-infection of these two diseases is inevitable due to their geographical overlap, a potential
Co-infection double blow as their clinical similarities could hamper strategies to mitigate their spread and transmission
COVID-19

dynamics. To theoretically investigate the impact of control measures on their long-term dynamics, we
formulate and analyze a mathematical model for the co-infection of COVID-19 and tuberculosis. Basic
properties of the tuberculosis only and COVID-19 only sub-models are investigated as well as bifurcation
analysis (possibility of the co-existence of the disease-free and endemic equilibria). The disease-free and
endemic equilibria are globally asymptotically stable. The model is extended into an optimal control system by
incorporating five control measures. These are: tuberculosis awareness campaign, prevention against COVID-
19 (e.g., face mask, physical distancing), control against co-infection, tuberculosis and COVID-19 treatment.
Five strategies which are combinations of the control measures are investigated. Strategy B which focuses on
COVID-19 prevention, treatment and control of co-infection yields a better outcome in terms of the number
of COVID-19 cases prevented at a lower percentage of the total cost of this strategy.

Optimal control
Reproduction number
Tuberculosis

1. Introduction

Mycobacterium tuberculosis is the causative agent of tuberculosis
(TB), one of the top ten leading causes of death due to a single disease
worldwide [1]. The transmission route are through cough, sneeze,
speak or spit from active pulmonary TB persons, it can also be spread
through use of an infected person’s unsterilized eating utensils [2].
The chain of transmission could be broken by isolating and treating
infectives [3].

On the other hand, COVID-19 caused by the coronavirus SARS-
CoV-2 emerged in December 2019 [4-6], and spread worldwide like
a wildfire [7]. The virus can spread from an infected person’s mouth or
nose when they cough, sneeze, speak, sing or breathe. These similarities
of COVID-19 spreading pattern and TB call for great attention [8].
While most people who fall sick with COVID-19 may experience mild
to moderate symptoms and recover without special treatment, the pan-
demic has claim millions of lives. COVID-19 prevention interventions
(non-therapeutic measures) such as wearing face masks, self-isolation,
physical distancing, and the most restrictive lock-downs could affect the
transmission dynamic of TB. With the combination of non therapeutic

* Corresponding author.
E-mail address: msgoudiaby@univ-zig.sn (M.S. Goudiaby).
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prevention interventions and therapeutic measures, the number of
COVID-19 cases and deaths have reduced despite the emergence of new
variants of the COVID-19 virus [9].

Geographical overlap of both diseases and their clinical similar-
ities could be a double blow in mitigating their spread because of
the potential fatal outcome if they are not properly diagnosed and
adequately treated [8]. Co-infection of both diseases is inevitable given
the high worldwide prevalence of TB and COVID-19 [10-13]. Co-
interaction of TB and COVID-19 may pose a challenge in mitigating
their spread, as TB is a risk factor for COVID-19 both in terms of
severity and mortality [14]. In fact, co-infection related mortality is
higher (about 12.3%) in the patients with dual infection [15]. Also,
COVID-19 patients have a low ability to build an immune response to
TB, while in co-infected subjects, TB could impair the ability to mount
a SARS-CoV-2 specific immune response [16]. These two diseases (TB
and COVID-19) of global public health concern form a deadly duo, with
great socio-economic impact worldwide [10]. From the aforementioned
reasons, it is important to theoretically investigate the impact of control
measures on their long-term dynamics.
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We formulate and analyze a mathematical model for the
co-infection of COVID-19 and TB transmission. Basic properties of the
two sub-models, namely TB only and COVID-19 only) are investigated
as well as the possibility of the co-existence of the disease-free and
endemic equilibria (bifurcation analysis). Optimal control strategies
are incorporated into the model, and conditions for the existence of
optimal control and the optimality system for the co-infection model
are established using the Pontryagin’s maximum Principle.

The paper is organized as follows. The proposed co-infection model
is formulated in Section 2. The model and its sub-models, TB and
COVID-19 are rigorously analyzed in Section 3. In order to mitigate
the spread of these two diseases and their co-infection, time variant
controls are introduced into the full model, and the obtained optimal
control problem investigated via the Pontryagin’s Maximum Principle
in Section 4. To support the theoretical results, numerical simulations
are provided in Section NS, where five scenarios being combinations
of various control strategies are investigated. Finally, Section 6 is the
conclusion where it is noted that the best scenario in terms of the
potential number of COVID-19 cases that could be prevented (at a lower
percentage of the total cost) is Strategy B which focuses on COVID-19
prevention, treatment and control of co-infection.

2. The model

The population at time ¢ denoted by N(r) is divided into sub-
populations of susceptible individuals S(¢), individuals exposed to
COVID-19 only E_(1), unreported individuals infected with COVID-19
only (), reported individuals infected with COVID-19 only I (),
individuals exposed to tuberculosis only E,(¢), unreported individuals
infected with tuberculosis only I, (¢), reported individuals infected with
tuberculosis only I, (¢), individuals exposed to tuberculosis and COVID-
19 E_ (1), individuals infected with tuberculosis and COVID-19 (1)
and recovered individuals R(¢). It is important to note that all exposed
individuals herein are actually asymptomatic and can transmit either
of the disease as per their disease status.

The model has the following assumptions:

i. individuals infected with COVID-19 are susceptible to infection

with tuberculosis and vice versa.

ii. co-infected individuals can transmit either COVID-19 or tubercu-
losis but not the mixed infections at the same time,

iii. co-infected individuals can recover either from COVID-19 or tu-
berculosis but not from the mixed infection at the same time,

iv. rate of transmissibility for singly infected and co-infected individ-
uals are assumed to be the same.

Individuals are recruited into the population through birth or im-
migration at the rate w,. Susceptible humans S acquire COVID-19
following effective contacts with either singly or co-infected individuals
with COVID-19 at the rate
_A(EH+T)

AC
N

(€8]

Similarly, the population .S, is reduced due to infection with tubercu-
losis at the rate
ATITU
=N @
From the model flow diagram in Fig. 1 and the above descrip-
tion, we derive the following nonlinear system ordinary differential
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equations for the COVID-19 and tuberculosis co-infection.

% =w,+o,R-A1.8 - 1S —-u,S,
dE,
2 =4S = BAE — (i + n)E — pyEc,
dl
7 = ”REC + aclcr - (acn + ac)lcn - (”H + ¢cn)1cn’
dl
dt = nch - (ycu + acu)Icu - (MH + qscu)lcu7
dE
7 = ﬂC}'CEC + B AE, - }/(‘TECT - MHECT’
dl
) =5 = Tabatraly 1ol +aala +andy, ®
- (ac + ar)lcr - (MH + ¢CT)ICT’
dE,
Tk AS = (P A +60,+0)E, — pu E,
dl
r = O O+ )y = (i + b))
dl .,
dt = GRET + a'rlm‘ - (aTR + aT)ITR - (/"H + ¢TR)ITR’
% = aclck + aculcu + aTUlTU + aTlTR - ”HR - wRR’
together with initial conditions
50)=0, E(0) 20, E(0)>0, E_(0) >0, 1,(0)>0, @)

1,(0)>0,1_(0)>0, I,,0)>0, I.(0)>0, RO)>0.
3. Model analysis

Two sub-models, namely: Tuberculosis only and COVID-19 only
sub-models will first be considered.

3.1. COVID-19 only sub-model

By setting E, = E, = I, =1, = I, = 0, we obtain the following
COVID-19 only sub-model.

ds

9w, + o, R— .S — S,

dt C()H wR c MH
dE,

=4S = (g + 1, + H)E,
dt
dl
V2 = Mo @t m+ ¢l ®)

o _ E, - (ag + py + ¢ )1,

dt - rlu c acu MH cu/~ cu?
% = aclcn + acuIcu - MHR - wRR’

where N, =S+ E_+1_,+1_,+ R. By adding up all the equations of the
system (5), we have

NC=wH_MHNC_¢CRICR_¢ I,<o,—uN.. (6)

cu” cu H H' ' C

The given initial conditions of the sub-model system (5) ensure that
N(0) > 0. Thus, the total human population is positive and bounded for
all finite time ¢ > 0. From the theory of differential inequality [31], we
have

N.(t) < N ()1 + 22(1 = ¢Hat), )

H
@,

As t —> +oo, we obtain 0 < N (1) < —. The feasible region of the

”H
COVID-19 only sub-model (5) is given by

9c={(S’Ec,ICRJw,R)eRi : Nc(r)s&}. 8)

The set £, is positively invariant and attracting [32], and all solutions
of the COVID-19 only sub-model (5) starting in Q. remain in Q, for
all + > 0. Thus, the model (5) is mathematically and epidemiologically
well-posed, and it is sufficient to study its dynamics in 2, [3,33].



M.S. Goudiaby et al. Informatics in Medicine Unlocked 28 (2022) 100849

Qyyy
0, for + Oy

O

JT

Wr

Fig. 1. COVID-19 and tuberculosis co-interaction flow diagram.

Table 1
Description of the variables and parameters.

Parameter Interpretation Value Reference
Wy Recruitment rate 5;2?(3)(6) s [17,18]
Wy Loss of immunity after recovery 0.1 Assumed
A Effective contact rate transmission of COVID-19 0.6 [19]
Ay Effective contact rate transmission of tuberculosis 1.3 [20]
Pe Modification parameter accounting for susceptibility of COVID-19-infected

Individuals to tuberculosis 1 Assumed
P Modification parameter accounting for susceptibility of tuberculosis-infected

Individuals to COVID-19 1 Assumed
Ny Progression rate from asymptomatic to unreported symptomatic COVID-19 0. 785 [21]
/N Progression rate from asymptomatic to reported symptomatic COVID-19 0.2 [22]
0, Progression rate from exposed to unreported infectious tuberculosis class 0.7 [23]
0, Progression rate from exposed to reported infectious tuberculosis class 0.166 [23]
Yer Fraction of individuals moving to the co-infection class 0.0333 Assumed
Aoy Tuberculosis infection rate of reported individuals already infected with COVID-19 0.0028 Assumed
Yeu Tuberculosis infection rate of unreported individuals already infected with COVID-19 0.0044 Assumed
Ay COVID-19 infection rate of reported individuals already infected with tuberculosis 0.13 Assumed
Y1u COVID-19 infection rate of unreported individuals already infected with tuberculosis 0.0333 Assumed
Ay Recovery rate of unreported COVID-19 infected individuals 0.142 [21]
ac Recovery rate of reported COVID-19 infected individuals 0.68 [24]
Ay Recovery rate of unreported tuberculosis infected individuals 0.175 [25]
a; Recovery rate of reported tuberculosis infected individuals 0.35 [25]
by Death rate of unreported COVID-19 infected individuals 0.0065 [26,27]
Per Death rate of reported COVID-19 infected individuals 0 .0018 [28]
Pry Death rate of unreported tuberculosis infected individuals 0. 004 [29]
P Death rate of reported tuberculosis infected individuals 0.000179 [30]
My Natural death rate of the population 59;7365 [17,18]

3.1.1. Stability of the disease-free equilibrium and

The disease-free equilibrium (DFE) of the COVID-19 only sub-model
system (5) is obtained when E, = I, = I, = R = 0. Thus, the DFE of
the COVID-19 only sub-model (5) is given by

1+ 1, + ) E,
V= _UREC + (ac +u, t ¢CR)ICR
_rIUEC + (acu +u,t+ ¢cu)1cu

€c, = (S% EL 10, 1% RY) = (2£,0,0,0,0). ©
U

are the new infection and transfer terms respectively. Evaluating the
Jacobian of 7 and V at the DFE &, gives

H

The linear stability of £, is established using the next generation
operator method on system (5) as described in [34]. System (5) can be

X A, 0 A,
written as F= 0 0 0 ,
= f(0) = F(x) = V(x), 10) 00 0
where and
AS Mo+ 1, + 1y 0 0
F = 0 s V= —1, a,+ u, + @, 0
0 —Hy 0 Ay + Hy + ¢r.u
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Set
Ay =no+ny+ 1y, Ay =ag+ p, + ¢ and Ay = ag + p, + b an

The inverse of the matrix V is given by

1
— 0 0
Al
My 1
vl = — 0
A}1A2 A, |
U O -
Al A3 A3

The largest eigenvalue of the next generation matrix FV~! denoted by
R, . is given by

C

A A Ay + g+, +
— My + e _ c(”u Aoy T Hy ¢cu) . (12)
¢ Al A3 Al (”R + My + MH)(aCU + Hy + ¢cu)

Ry,

The basic reproduction number R is defined as the expected number
of secondary cases generated by one infected individual during its
entire period of infectiousness in a fully susceptible population [34].
From Theorem 2 of [34], the following result follows.

Lemma 3.1. The disease-free equilibrium &, of the COVID-19 only sub-
model system (5) is locally asymptotically stable if Ry. < 1, and unstable
otherwise.

Proof. The stability of £, is obtained from the roots of the character-
istic polynomial, which states that the equilibrium is stable if the roots
of the characteristic polynomial are all negative. For £, the Jacobian
matrix of the system is obtained as

—HU, -A, 0 —A, ,
0 A —-A 0 A, 0
J(Eco) = 0 N —A, 0 0
0 ny 0 —A, 0
0 0 a, a, —(u, +w)

where A;;i = 1,2,3 are given in (11). The characteristic polynomial is
given by

P(D) = (A+ u) A+ p, + @) (=4 = A)(=A + A, = A)) (=4 = A3) = Agn,)
= (A+ u )+ iy + 0 ) (=4 = A + A(A; — A, + Aj)
+ AjA; — A A; — Any).
13)

Using the Routh-Hurwitz criterion for second order polynomials, we
have for A, < n, +#n, + u, and Ry, < 1 that A} — A; + A; and
A A, — A Ay — A, are positive. Hence all eigenvalues are negative
which means that the DFE &, of the COVID-19 only sub-model system
(5) is locally asymptotically stable when Ry <1. W

Theorem 3.1. The DFE of the COVID-19 only model (5) is globally

asymptotically stable for if Ry, < 1.

Proof. Consider the following Lyapunov function

W = (aCU + MH + ¢CU)EC + ACICU'
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The time derivative of W computed along the solutions of (5) is given
by

W = (g +u,+ b )E + AT

= (acu +p, + ¢cu) [ACS - (nR +n,+ MH)EC] +

Ac [”UEC - (acu + Yy + ¢CU)ICU] ’

AJEg+Igy)
= @+ iy o) [T — (g, o, 4 )]

A, [nch — (o +py, + ¢CU)ICU] ’
< (@ + Hy + 6) [ALE + 1) = (n + 1, + p)E ] +
Ac [nch - (acu + Hy + ¢CU)ICU] )

< (aCU + ”H + ¢CU)ACEC - (nR + ’1U + ”H)(aCU + ”H + ¢CU)EC
+AnE,

< Ac(acu +py + d)cu + nu)Ec - (rIK +1, + ”H)(acu +py + ¢CU)EC’
< (1 + 0y + p)ag + iy + G ) E(Rg,. = 1),

< 0, for ROC <1
Because all model parameters are non-negative, it follows that W < 0
for Ry . < 1, with W =0 if and only if E, = I, = I, = 0. Substituting
¢ n
(E;, I 1) =(0,0,0) into 3.1 shows that § - — as 1 — c. Hence, W
aH
is a Lyapunov function on £, and the largest compact invariant set in
((S,E_. 1,1, R € Q,: W =0} is &. Thus, by LaSalle’s invariance
principle, every solution of (5), with initial conditions in £2, approaches
&, as t - oo whenever Ry <1. W

3.1.2. Stability of the endemic equilibrium
We explore the stability of the endemic equilibrium of the COVID-19
only sub-model system (5) given by

501 = (Sc1 > Ecc1 , ICRCJ , Icucl ’ Rcl)’
o, W, A* @, A%,
- </1C* o, A+ )AL (A + )AL A, (AF + )AL A 14
w, AT (@, Ay + a1, Ay)
Hy(AF + p,)A Ay Ag )

@, AN,

where

2= AC(ECC] + ICUC]) (15)
¢ SCI + ECCI + ICRC] + ]CUCI + RCI

Note that
w0, AXAy(Ay +1,)
E- +1 =—-c = = v 16
cCy cawCy ”H(;t:. + MH)AlAZAS ( )

Also,

Se, + Ece, + e, + e, + Rey
2 (A2A3 +1,A, (1 ¥ ﬂ) +1,A, (1 + "—)) + A ALA,
_ H Hy . a7

(A + 1) A Ay A,

Substituting Egs. (16) and (18) into (15), we obtain

o (agay a1+ % Y ena, (14 %)) = A2 (RO —1).
c 2413 rR'3 U ut2 P A1A3 c

(€]

Therefore, 47 exists if and only if Ry > 1. Hence, the following result.
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Theorem 3.2. The COVID-19 only model system (5) has a unique
endemic equilibrium if Ry, > 1.

In the following, we use the center manifold approach to analyze
the global stability of the full model. To this end we use the notation:
x1=8,%x=E,x3=14,x4=1,,x5=Rand N, =x;+x,+x3+x4+X;5

CRY cu’r

to write the model in the form x = f(x) with x = (x,,...,x5)T and
f=(f1,.... fs). That is
A (xp + x4)
x| = =w, + ®,X5 — < X| — fX],
1=/ s e
‘ Ao(xp + x4)
h=h= ; L= O+ 1+ )%

xl+x2+x3+x4+x5x (19)
=f3 =1 = (@ + dg + iy + Pa)Xs,

(Yoo + Qg + My + D)Xy,

x4 — (4, + 0, )x5,

Xy =fy =%y~

X5 =f5 =ax3+ag

The Jacobian of (19) at the DFE SCO is given by

-, —A, 0 -4 0

J(SCO) = 0 1, —A, 0 0 s
0 ny, 0 —A, 0
0 0 a, ag, —HUy,

where A;;i =1,2,3 are given in Eq. (11).
We choose A, as a bifurcation parameter. Therefore, setting Ry, =1,
we obtain

(. + 1y + u)ag + py + Poy)
(7]” + aCU + ”H + ¢CU)

At A_ = AY, the Jacobian has a simple zero eigenvalue (since A, A;—
AA; — A, =0, see Eq. (13)) and all other eigenvalues have negative
real parts. Therefore, the DFE &e, is a non-hyperbolic equilibrium point.
Hence, the center manifold theory [35] can be applied to model system
(19) near A, = A:.

The right eigenvector w = (wy, w,, w;, w,, ws)" associated with the
zero eigenvalue of J(E,) evaluated at A, = AY is

[ a, a, A
w, = < 2 <—C’1R + —CU"U> - _1>w2, wy = il:Uz,
o \ Ay p,Az Hy Ay

n 1 at, Ayl
Wy =—w,, ws= =+ == w,,
A hto, \ A, A

A= AF = (20)

Similarly, the left eigenvector v = (v, v,, v3, vy, U5) is given by
A
n,+ Az

v;=0, v3=0, v5=0, vy= Uy, Uy =0y>0. (22)

The left and right eigenvectors satisfy v..w = 1 that is

Uy w $ =1 (23)
202 0T G+ A A '

For the direction of the bifurcation, we determine the sign of the
bifurcation parameters a and b. For a, one has

] P fy
a= Z ukw,wjm(é'co,A:),
ki j=1 v
5 X @4
0°fy
= Z uzw,.wjm(eco,/x:).
i,j=1 J
The partial derivatives are
7} 7]
fz—/lc—i (23 (A—/l)
0x, 0x2 25)
%z_ii O a2 m__ja
0x3 N, oxy4 ¢ TN, oxs ‘N,
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Therefore,
M AY ( N )
a= Uy (W Wy + W Wy — W, — WHl3 — WHlly
, 2 (26)
2
— Wylls — Waly — Wal3 — Wy — Wsls).

On the other hand, we have

, a a A
w, = < R < My + cunu> _ _1>w2’
My Ty MHAZ ﬂHA3 Hy

<acrln XMy Al>
<=2+,
Ay HA3 27)
<G (G- )nn]
— | —=-1U)m+|—-1)n—u,|w
A2 A}
< —dw,.
with
5=L <1——>n +<1_ﬁ>,1 +u]>0 28)
Hy A )" Ay) 0

Taking into account (27) in (29), the bifurcation parameter a satis-
fies :

HAY

as— vz(éwg+6w2w4+w§+w2w3+w2w4

! ) (29)
+ Wy Ws + W, + Waw3 + Wy + WyWs),
<0.

For the bifurcation parameter b, we have
5

[y N
b= Z Dyin; 5 oA, (Ecyr A
k.j=1

P/, .
= L s g € A0 (30)
Jj= ¢

= Uy + Uy Wy,

= U)W, (1+Z—';> > 0.

Since a < 0 and b > 0, the COVID-19 only sub-model system (5)
does not exhibit the phenomenon of backward bifurcation at R,. =
1. Because the direction of the bifurcation is forward (transcritical
bifurcation), a stable disease-free equilibrium cannot co-exist with a
stable endemic equilibrium. Similar result for the COVID-19 only model
was obtained in [36,37]. Hence, the following result.

Theorem 3.3. The unique endemic equilibrium &¢, of the COVID-19 only
sub-model (5) is globally asymptotically stable if R, > 1.

The above result when R, > 1 is graphically depicted in Fig. 2.
The red line in Fig. 2 represents the area of instability of the endemic
equilibrium &, and the blue line the stability area of the endemic
equilibrium &y The red dotted line represents the threshold stabil-
ity switch line R,, = 1. When R,, > 1, the green line does not
cross the dotted line, hence the endemic equilibrium &, is globally
asymptotically stable.

3.2. Tuberculosis only sub-model

The following tuberculosis only sub-model is obtained from system
(3)whenE. =E_ =1,=1,=1,=0.

E =a)H—/1TS—/4HS,

dt

£ s 0,+0,+u)E

dr ~ " u r T Hy) L
dl,

4 7 = euET _(a'ru +MH+¢TU)ITU’ (31)

drl,

i = ORET - ((XT +u, + ¢TR)ITR’

dR_alUIlL+aI u,R,

dt
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Fig. 2. Tllustration of the bifurcation by plotting A. versus R;_.

where N, =S+E +1,+1,+R
Arguing as in 3, the feasible region for the tuberculosis only sub-
model

Q = {(S,ET,ITU,ITR, ReR : N(n<2 } (32)

H
is positively invariant and attracting, that is, solution starting in Q.

will remain in @, for all time 7 > 0. Thus, it is sufficient to consider the
dynamics of the sub-model system (31) in £,.

3.2.1. Stability of the disease-free equilibrium
The DFE of the tuberculosis only sub-model (31) is
Er, = (5% B0 19,19, R = (£2,0,0,0,0). 33)
The basic reproductive number R, is derived using the next gen-
eration operator method [34].
The sub-model system (31) can be written as

x=[f(x)=F@) - Vx), (34)

where

A8
F=| o |,
0

6,+0,+u)E,
V= _euET + (aTU +u, + ¢TU)ITU
=0, E, + (o, + p, + p )1,

are the new infection and transfer terms respectively. Evaluating the
Jacobian of 7 and V at the DFE &7, gives

0 A, O
F=0 0 0|,

0 0 O
and

0. +0,+u, 0 0
V= _0U Ay + py + ¢TU 0

_GR 0 a; + Hy + ¢TR

Set

B, =6,+0,+u, By=a,+pu,+¢,and By =a, + u, + ¢, (35)

Informatics in Medicine Unlocked 28 (2022) 100849

The inverse of the matrix V is

|

= 0 0
_ 0, 1

vl = — 0
Bsz B,

R 0 L

BlB3 B3

Therefore, the basic reproduction number R, which is the largest
eigenvalue or spectral radius of the next generation matrix FV~! is

given by

_ Areu _ ATGU
o~ BlBZ B (GR + HU + MH)(aTU + Hy + d)'ru).

(36)

The basic reproduction number Ry, represents the average number
of cases directly generated by one infectious TB case in a population

which is assumed totally susceptible [38].

Thus, using Theorem 2 of [34], we establish the following result.

Theorem 3.4. The DFE of the tuberculosis only sub-model (31) is locally
asymptotically stable if Ry < 1, and unstable otherwise.

Proof. For &;, the Jacobian matrix of the system is obtained as

-#, 0 -4 0 @,
0 -B, A 0 0
J(&p) = 0 6, -B, 0 0 ,
0 0, 0 —-B, 0
0 0 a, a, =, — o,

where B;; i=1,2,3 are given in Eq. (35). The characteristic polynomial

is given by

P(A) =+ u)A+ p, + 0)(=1 = B3)(=4 = B)(=A— By) — A0,),
= A+ pu)A+ sy + 0)(—4 = B))(A* + A(B; + By) + BB, — A,0,).
(37)

The eigenvalues of the characteristic polynomial (37) are — p,, —p, —

w,, —B;,

—(B;+B;)—1/(B; — B))? +4A,0, and —(B;+B;)+1/(B; — B;)?2 +4A,0,.

The first four eigenvalues are negative, and since R, < 1 the last one
is also negative. Hence, the DFE &, of the tuberculosis only sub-model

system (31) is locally asymptotically stable when R, <1. W

Theorem 3.5. The DFE of the tuberculosis only sub-model (31) is globally
asymptotically stable if R, < 1, and unstable otherwise.

Proof. Consider the following Lyapunov function

W = (aTU + MH + ¢TU)ET + ATITU'
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Np =

wn/ll* <(wk + M”)B2B3 + 0RB2 (wk + Hy + a'r) + 0UB3 (a)k + Hy + a"ru)) + wn(wk + ”H)BleBS

(40)

! (X + p, )@, + p,)B, By, B; — Ao, (a,0,B, +a

0,B,)

Box I.

The time derivative of W computed along the solutions of (31) is given
by

W = (aTU + llll + ¢TU)ET + ATITU’

= (o + py + b)) [4,S — O, + 0, + u)E ]
A, [0,E, — (o, + pt + o)1 ]

= (a,+u,+o,) [%S — 0, +6,+ MH)ET]
+ AT [GUET - (aTU + Hy + ¢TU)ITU] ’

< (aTU + 4, + ¢TU) [AT]TU - (0R + GU + ﬂH)ET]
+ A, [0,E, — (@ + py + D))
< —(ay + iy + )0, + 0, + u)E, + A0,E,.

< (agtpy+ @ )0+ 0, + u)E(Ry, — D),

< 0, for Ry, <L

Because all model parameters are non-negative, it follows that W, for

Ry, < 1 with W = 0 if and only if E, = I,, = I, = 0. Substituting
,

(E, I, 1I,)=(0,0,0) into (31) shows that S - — as t —» co. Hence,
all

W is a Lyapunov function on £, and the largest compact invariant

set in {(S,E,, I,,,I,,R) € p : W = 0} is &. Thus, by LaSalle’s

invariance principle, every solution of (31), with initial conditions in

Qr approaches &r, as t — co whenever R, <1. H

3.2.2. Stability of the endemic equilibrium
We study the stability of the endemic equilibrium of the tuberculosis
only sub-model system (31). From (5), this equilibrium denoted by 5T,
is given by
S = o, (o, + p,)B,B,B,
I (A + u)(@, + u,)B, B,B; — i¥w,(@,0,B, +a,,0,B;)’
£ - @, A* (@, + p,)B,B,
T (F + )@, + 1) B, ByBy — Ao (a,0,B, + ,60,B5)’
®, A0, (o, + ,)B;
Ity = G T i@, + 2B, B, By — A (@,0,B, + 4,0, B;)
®, A0 (o, + p1,)B,
Lrr, = (A* + u,)(w, + p,)B, B, By — 1o, (a0, B, + a,,0,B;)’
w, 47 (.0, B, + a,,0,B3)

Ry = ,
T (A + p )@, + p,)By By By — A*w, (a0, By + a,,0,B;)

(38)

where
2= ATITUTI _ ATITUTI
' St + Evp + Ly + Lu, + Ry Np, (39)
A0, 270 (0, + ) B3
- Np (AF + u) @, + u,)By B, By — A¥w, (.0, B, + a0, B3)

U’ U

B

Note that N, given in Box I.
Substituting (40) into (39), we obtain

A <(a)k + u,)B,B; + 0,B, (w, + p, +a,) +0,B; (0, + p, + (xw)>

= (@, + u,)B, B, B, (ROT - 1) . (41)

Therefore, /lf exist if and only if Ry, > 1. Hence, we have estab-
lished the following result.

Theorem 3.6. The tuberculosis only sub-model system (31) has one
unique endemic equilibrium if R, > 1.

We again use the center manifold approach to analyze the global
stability of the tuberculosis only sub-model (31). To this end, we use
the notation x;, = S, x, = E, x3 = I, x, = I,, x5 = R and
N, = x| + x, + x3 + x4 + x5 to write the model in the form x = f(x),

with x = (x|,...,x5)T and f = (f}, ..., fs) as follows

ATx3

X =f =0, +wxs— X| — MU, X
! ! S XA xytxgbxg L D

A'rx3

x; =0, 40, + u,)x,,
x|+ X+ X3+ X+ x5! Ot 6+ u)x; (42)

x} = f’S = 9ux2 - (a'ru +u, + ¢TU)x3’
X4 = fy = 0% = (@, + py + Pr)xy,

X5 = f5 = QX3 +axy — (u, + wk)xﬁ’

X =/ =

The Jacobian of (42) at the DFE 8T0 is

—HU, 0 -A, 0 ,
0 -B, A 0 0
J(&p) = 0 6, -B, 0 0 s
0 0, 0 —-B, 0
0 0 ay, a =, — o,

where B;; i =1,2,3 are given in Eq. (35). We choose A, as a bifurcation
parameter. Therefore, setting Ry, =1, we obtain

A =A% = BIBZ - (9R+9U+”H)(aTU+”H+¢TU)'

0 [4

u u

43

At A, = A* the Jacobian has a simple zero eigenvalue and all other
eigenvalues have negative real parts. Therefore, the disease free equilib-
rium point &, is a non-hyperbolic equilibrium point. Hence, the center
manifold theory can be applied to model system (42) near A, = A*.

The right eigenvector w = (wy, w,, w;, w,, ws)" associated with the
zero eigenvalue of J(Er,) evaluated at A, = A} is

w, = @y aT9R+aTUr’U w_ﬂw wzﬁw w:&w

"o, \uBs  pB )t o, 7 7 B, Yt B Y

1 aTeR aTU”U
ws = —t— | w,, w,=w,>0
g Hy + Wy < B3 BZ : : :
44
Similarly, the left eigenvector v = (v, v,, U3, vy, U5) is given by
B,

v; =0, v,=0, v5=0, vy = g Uy =0, > 0. (45)

u

The left and right eigenvectors satisfy v.w = 1, that is,

v 1+ By o 46
21»02 +F = 1. ( )

2
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For the direction of the bifurcation, we determine the sign of the
bifurcation parameters a et b.

Z VW W (STO, AY)
’“5’ ' (47)
z Oy /2 2 (&g AD).
- 2 0x,0x;
i,j=1
The partial derivatives are
7} lZ}
W, 5 h_ x4
0x, N, 0x, N, (48)
7} 7] 7}
9fr _ A, —a)L 9 _ —A 2L of _ —a 2L
x5 N, 0xy N, 0x5 N,
Therefore,
*
a= - Uz(wlw3+w3w2—w§—w3w4—w3w5),

u,A* 0 B, 6, 6 6
:_T_v,)zw%(__l__v__ﬁ_h_ﬂ_l), (49)

B, By u,B; u,B,

H

For the bifurcation parameter b, we have

5 02f
b= Y v, —— (&g, AY),
Py 0x;0A, " 0
’f *
= 2 UZWjW(gTOaAI ) (50)
j=1 jO0
= vyws,
9[]
= B—zvzwz > 0.
Since a < 0 and b > 0, our proposed tuberculosis only sub-model

system (31) does not exhibit the phenomenon of backward bifurcation
at Ry, = 1. Hence, the following result.

Theorem 3.7. The unique endemic equilibrium Er, of the tuberculosis
only sub-model (31) is globally asymptotically stable if Ry > 1.

The above result when R, > 1 is graphically depicted in Fig. 3.
The red line in Fig. 2 represents the stability area of the DFE &y, , and
the blue line is the instability area of the DFE. The red dotted line
represents the threshold stability switch line R;, = 1. When R, >
1, the green line does not cross the dotted line, hence the endemic
equilibrium &7, is globally asymptotically stable.

3.3. Tuberculosis-COVID-19 model

The feasible region of the full model system (3) is
Q=9 x2, (51)

where Q_ and £, are defined in (8) and (32), respectively.
The DFE of the COVID-19 and tuberculosis co-infection model is
given by
€= (% BT, 10 B0, 10, B2, 19,10, R%) = (£2,0,0,0,0,0,0,0,0,0).
I

H

(52)

From the basic reproduction number of the COVID-19 only and tubercu-
losis only sub-models, the basic reproduction number of the full system
is given as

ROcr = max(ROc, ROT ), (53)

where R, . and Ry, are respectively defined in (12) and (36).
Using Theorem 2 of [34],
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Fig. 3. Illustration of the bifurcation by plotting Ay versus Ry,

Theorem 3.8. The DFE of the tuberculosis—-COVID-19 model (31) is
locally asymptotically stable if Ry, ., <1, and unstable otherwise.

Since the COVID-19 only and tuberculosis only sub-models do not
undergo the phenomenon of backward bifurcation, the full tuberculosis—
COVID-19 model will not undergo backward bifurcation.

4. Optimal control model

This section is devoted to investigating optimal interventions for
mitigating the spread of COVID-19 and tuberculosis and their co-
infection. We incorporate the following five controls into the full model

3

u,: Public awareness campaign control of tuberculosis,

u,: Prevention control against COVID-19 (e.g., face mask, physical
distancing),

uz: Control against co-infection with a second disease,

uy: Tuberculosis treatment control, and

us: COVID-19 treatment control.

The model system (3) now reads

% =w,+o,l,+wo,l,+od, +ow.l,
+ ool — (1 —u)AS — (1= u)AS — S,
dE,
dt =(1- uz);tcS -(1- u3)ﬁc'1cEc - (nk + ”U)Ec - ”HEC’
dl
dt = r]REC +0+ uS)acIcr - (wCR +oag + 1+ us)aC)ICR - (ﬂH + ¢CR)ICR’
dl,
dt = ’7ch - (wcu tYet acu)Icu —(u,+ d)cu)Icu’
dECT
dt = (1 - u3)ﬁcAcEc + (l - u3)ﬂ1'/1TET - yCTECT - MHECT’
dIcu
77 ~ValatrnlotYalattala+anly
- (wcr +(1+ MS)aC +(1+ u4)a1)lcl - (”H + ¢Cl')ICI"
dE
— = (1= u)AS = (1= us)B, 4 E, = O, + 0E, = E,.
dl,
dt = HUET - (w'ru + ¥t aTU)ITU - (MH + ¢TU)ITU’
dl
o T OE A+ upa, I, — (@, + o, + (1 +ua)l, — (u, + P )1,
ddl: - (1 + uS)aL CR CUILU Ay TU + (1 + u4)aTI R’

(54)
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with initial conditions

S0)>0, E(0)>0, E(0)>0, E_(0)>0, I,(0)>0,

1,(0)>0,1,(0)>0, I,,0)>0, 1,(0)>0, RO) > 0. (55)

In what follows, because the positive balancing cost factors transfer the
integral into monetary quantity over a finite period of time, we choose
a quadratic control function, see [36] and the references therein. Thus,
consider the following quadratic objective functional which measures
the cost of the control. This cost includes strategies and treatment
for mitigating at the population level the spread of COVID-19 and
tuberculosis, as well as their co-infection. Thus, the nonlinear objective
function is

.
J (g, uy, us, uy,u) = / [ LE.(t) + uE (1) + 3 E(t) + cq I (1) + e51 (1)
0

wq 2
+ cgl (1) + 7 (1) + cg (1) + 7ul

Wy o W3 5 Wy , W5 H
+ 7u2+7u3+7u4+7u5 dt,
(56)
where T is the final time, ¢;, i = 1,...,8 are positive weight con-
stants, and w;, i = 1,...,5 are weight constants for the strategies

and treatments against proliferation of the COVID-19 and tubercu-
losis. The linear and quadratic form of the controls in (54) and in
the objective function allow for the Hamiltonian associated to the
optimal control problem to be maximized. Therefore, we seek to find,
using the maximum principle of Pontryagin [39], an optimal control
i, uy,uy,uy,ul) €U satisfying (54), such that

J(u;,u;,u;‘,u:,uz) = min{J(ul,uz,ug,u4,u5) | (uy,uy, uy,uy,ug) € U}.
(57)

The associated pseudo-Hamiltonian is

H=c E()+ cyE(t) + 3 E.(t) + 41 (1)
+ sl (1) + gl () + c7 1 () + cg L ()
+ %u% + %u %u % %u?
+ & (0, +ouly+og o+ ol +o,d, +o.l,
— (1= up)aS = (1 —u)AS — p,S )
+ & (0= u)aS = (1 —u)pAE, — (0, +n)E. — u,E,)
+ & (M E A+ (I +us)agd = (0 + ag + (1 +us)a) o, = (y + b))
+ & (1B = (@ + 7o + ) oy = (hy + )1 )
+ &(( —uBAE A+ —u3)p A E, -y  E; — p,E)
+ & (VaEa+ Tl +rala+agly+a,l,
= (@ + (L +us)a, + (1 +uda) o — (p, + ¢ ) )
+ & (A —upaS — (1 —u3)B,AE, — (6, +0)E, — u,E,)
+ &(0,E, = (@ + 7y + @)y = (Hy + )1 )
+ & (0. E, + (1 + upad g — (g + o + (1 + upa) — (4, + )1 )

+ E10(( +us)ad g+ agd o + oy Ly + (1 +uga I, — p,R),

cu” cu

2 2 2
T+ —us + —up +

(58)
where &;, i =1,...,10 are the adjoint variables satisfying
oH oH
51 = —5 f; —E,
, _ OH , _ oH
& = Tol &= “ol
ot 9
& =-S5 §é=—aT, (59)
, _ _oH ,__oH
& = “3E & = BT
, _ oH , _ oH
S = Py 10~ "9R’

TR
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Writing (61) in details gives

b=0-wi@-&) (1= 2 ) +d—upi@ -& (1-2)

E(‘
+ (1 —u3)f A(és — 52)7
ET
+(L—u3)ph, (&5 — &) ~7F Ml
R S S
&= —up)A, = A& - 52)N + (1= up)A (& — él)ﬁ

E
+ (I —u3)f (A = A& — fs)ﬁc

ol

H( = Ul = &)+ (1 = u)f, 2, (& = &) 5
+ (& = &y + (&2 = &y + pudy — o
&= (-l - 8D % + (1w - &) 5

z|

E
+ (I —u3)fAc(Ss5 - §z)wc + (y + be)é3

ET
+ (1 —u3)B, 4, (55 - 57) N +a, (& — &)
+ 0,8 — &)+ (1 +us)a (&3 — &1) — ¢,

&= (1= i)(A, = 2)(& — &% + (1 —ud (& - )%

E
+ (L —u3)B (A — A& — 55)Fc

E
+ (1= u3)h, 4, (& — &) WT + ¥y (S5 = E10) + @, (&4 = &1)

+ V(s — &) + (y + Do)y — ¢4,

b= (=il - )% + (A& - &) 5

EC
+ A —ubedls — &)

E
(U= up)bid (& = &7) 7 +7alls =86+ mds — o,

b= (1=l — )% + (= u)A (G — &)
E
+ (1 —u3)f A (&5 — @Fc + (, + D)
E
+ (U —u)pid (& = &) 7+ (1 +us)adEs = &)
+ (1 +upa, (& — &) + 0, (56 — &) — ¢7,
: Ky S
& =0-ua(& - fl)ﬁ + (1 —up)i & — gl)ﬁ
E
+ (1 —u3)f A (&5 — Cz)ﬁc
+ (= upbid (& = &) 7 + (1 —uhid (& = &)
+ 0,(& — &) + 6,87 — &) + 7 — 3,
: Ky S
S =0 —up)d (& — él)ﬁ + (1 —up)(A, = 4, - 57)N
E
+ (1 —u3)f A (&5 — 52)Wc + (py + D)5
ET
+ (1 —u3)p (A, = A) (& — &) ~ a,, (& — &19)
+ @, (&g — &) + 7 (&g — &) — s,
: Ky Ky
So=0-upa (& - f])ﬁ + (I —upi (& - 51)N
E
+ (1 —u3)p A (&5 — fz)ﬁc + (uy, + D)o

ET
+(1—u3)f 4, (& - &) N + a, (&g — &)

+ @, (& — &)+ (1 +uga &y — &) —cs,

b0 = (=l — )% + (L —uA (& — )5

EC
+ (1 —u3)f A& — fz)ﬁ

ET
+ (1 —u3)p 4, (& — &) ~ T Hab0:

(60)



M.S. Goudiaby et al.

with the final conditions &(T), i =1,...,10.
The necessary and sufficient optimality conditions are

oH _ OH oH _, oH

- , . — =0, -~ =0 and ~ =0,
ou; ou;, ouyy ouy, oug
(61)
which in turns give the optimal controls
. ) (& —EDAS
uy = max 0,min| 1, —/———— s
wy
N { ) < (52—51)%5')}
u, =max< 0,min | 1, ————— s
Wy
) - AE, + (&5 — AE
: = max {0’ min <1’ (&5 = &)BAE, + (&5 — )P AE, > } i 62)
w3
" . (&6 — Eo)ad o + (&g — Eyp)a, T,
u, = max < 0,min | 1, s
w3
. ) (&6 — &lal, + (& —Epad,
u; = max 0,min | 1, o .
3

5. Numerical simulations

To support the analytical results, the optimal control model system 4
is simulated using the model parameter values in Table 1. The positive
weight constant w, = w, = w3 = w, = ws =2.

To investigate the impact of various control strategies to mitigate
the spread of both diseases, the following five scenarios are considered.

1. Strategy A: COVID-19 prevention and treatment (u, # 0, us # 0);

2. Strategy B: COVID-19 prevention, treatment and control of co-
infection (u, # 0,u3 # 0,us # 0);

3. Strategy C: Tuberculosis prevention and treatment (u; # 0,uy #
0));

4. Strategy D: Tuberculosis prevention, treatment and control of
co-infection (u; # 0,u3 # 0,u, # 0); and

5. Strategy E: COVID-19 prevention with both TB and COVID-19
treatment (u, # 0,uy # 0,us # 0).

For all the five strategies, the reproduction number calculated using
model parameter values in Table 1 is Ry, = max(Ry_, Ry,) = 5.8038 >
1.

5.1. Strategy A: COVID-19 prevention and treatment (u, # 0,us # 0)

Simulations of the optimal control system 4 when the strategy that
prevents COVID-19 infection (1, # 0) and the treatment of COVID-19
(us # 0) are implemented. The results of this strategy are shown in
Figs. 4, 5, 6, 7 and 8, respectively. When this intervention strategy
is implemented, the number of symptomatic individuals not reported
1., drastically decreases, mainly due to the high disease (COVID-19-
induced death rate reported in this class). Strategy A could reduce
by 1,820 the number of new cases of reported COVID-19 (Fig. 5),
and by 600 the number of new co-infections (Fig. 8). The control
profiles depicted in Fig. 9 show that treatment is at optimal from
the onset of the implementation and remain so throughout, while
COVID-19 prevention drops at around 180 days for few days before
picking up again. This drop likely corresponds to the relaxation of
the COVID-19 prevention measures at the end of the first wave, while
the sharp increase corresponds to the beginning of the second COVID-
19 wave. For this strategy, we choose the positive weight constants
cp = 1134,¢c) = l,e5 = l,ey = 2,¢5 = 1, = 2,¢;7 = l,cg = 1.
Percentage estimation of the cost components of this Strategy A is as
follows: unreported COVID-19 symptomatic 20% of the total cost of this
strategy, reported symptomatic COVID-19 individuals 20%, co-infected
10%. This strategy does not reduce the number of people infected with
tuberculosis as shown in Figs. 6 and 7.

10
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60 - — U #0,us#0
—— No control
50 |
40
5301
20
10
0 B
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Time (Days)
Fig. 4. Individuals I, with strategy A.
— U, #0,us=0
4000 - —— No control
3000 A
5
2000 A
1000 A
0 -
0 20 40 60 80 100 120 140 160 180 200
Time (Days)
Fig. 5. Individuals 7, with strategy A.
— u#0,us %0
8000 —— No control
6000 -
~ 4000
2000 A
0 -
0 20 40 60 80 100 120 140 160 180 200
Time (Days)

Fig. 6. Individuals I, with strategy A.

Because the optimal control Figs. 4, 5, 6, 7 and 8 are similar in the
remaining strategies, we will only discuss the results without displaying
the figures for the sake of avoiding redundancy of graphs.

5.2. Strategy B: COVID-19 prevention, treatment and control of co-infection
(uy #0,u3 #0,us #0)

Simulations of the optimal control system 4 when the strategy that
prevents COVID-19 infection (u, # 0), the treatment of COVID-19
(us # 0) and control against co-infection (u; # 0) are implemented.
When this intervention strategy is implemented, it could reduce by
1,830 the number of new cases of reported COVID-19 I,,, and prevent

r
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50000 A — u2#0,us =0
—— No control
40000 -
30000 -
3
20000 -
10000 A
0+
0 20 40 60 80 100 120 140 160 180 200
Time (Days)
Fig. 7. Individuals I,, with strategy A .
2500 1 —— u;#0,us %0
—— No control
2000 A
1500 A
1000 A
500
0 -
0 20 40 60 80 100 120 140 160 180 200
Time (Days)
Fig. 8. Co-infected individuals 7, with strategy A.
1.0
0.8 1
— 0.6 1
e
=]
f=
8
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0.2
—_—u LJ
004 "
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Time (Days)

Fig. 9. Control profile for strategy A.

about 615 the number of new co-infections. The number of symptomatic
COVID-19 individuals not reported I, decreases drastically due to the
lack of treatment in this class. The control profiles in Fig. 10 show
that prevention and treatment are optimal throughout the simulation
period, while the control against co-infection is optimal from day 5 and
will remain so up to 5 days before the duration of the simulation period.
For this strategy, we choose the positive weight constants ¢, = 1,¢, =
ez = l,¢4 = 1,5 = 1,¢4 = 1,c; = 1,c¢g = 1. Percentage estimation
of the cost components of Strategy B is as follows: both reported and
unreported COVID-19 symptomatic as well as co-infected individuals
12.5% each. As in Strategy A, this strategy also does not reduce the
number of people infected with tuberculosis.

11
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Fig. 10. Control profile for strategy B.
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Fig. 11. Control profile for strategy C.

5.3. Strategy C: Tuberculosis prevention and treatment (u; # 0,u, # 0))

Optimal control simulations for system 4 for Strategy C when tuber-
culosis prevention and treatment u; # 0 and u, # 0 are implemented.
This Strategy C could reduce 2,515 new cases of reported tuberculosis
I,., and 90 new cases of co-infection. The control profiles in Fig. 11
shows that prevention is optimal throughout the simulation period,
while treatment is optimal from day 22 through the remainder of the
simulation period. For this strategy, we choose the positive weight
constants ¢; = l,¢, = l,¢53 = 1,¢4 = l,¢5 = 10,¢ = 1,¢5 = l,cg = 1.
Percentage estimation of the cost components Strategy C is as follows:
unreported tuberculosis infected individuals 60% of the total cost of
this strategy, reported tuberculosis infected and co-infected individuals
6% each. This strategy does not reduce the number of people infected
with COVID-19.

5.4. Strategy D: Tuberculosis prevention, treatment and control of co-
infection (u; # 0,u3 # 0,uy # 0)

Optimal control simulations for system 4 when the strategy for
tuberculosis prevention (u; # 0), the treatment of tuberculosis (u, #
0), and control against co-infection (u; # 0) are implemented. This
strategy could reduce 2,510 new cases of reported tuberculosis I,,,
and by 80 the number of new cases of co-infection. This strategy
does not reduce the number of people infected with tuberculosis. The
control profiles in Fig. 12 show that control against co-infection which
starts approximately from day 10 is optimal throughout the simulation
period. The prevention against tuberculosis is optimal from day 105,
then decreases between days 154 and 169 (which likely coincides with
the peak of COVID-19 first wave), then increases again from day 170.



M.S. Goudiaby et al.

1.0
0.8 A
— 0.6
e
5
f=4
8
0.4 A
0.2 4 u
—us
0.0+ —
0 20 40 60 80 100 120 140 160 180 200
Time (Days)

Fig. 12. Control profile for strategy D.

Tuberculosis treatment is optimal for the first 5 days of the simulations,
then decreases between days 5 and 65 when we observe an increase
that reaches the optimal on day 58. For this Strategy D, we choose the
positive weight constants ¢; = 5,¢, = 10,¢3 = 5,¢4 = l,c5 = l4,¢¢ =
1,c; = 4,¢g = 20. Percentage estimation of the cost components of
this strategy is as follows: unreported tuberculosis infected individuals
25% of the total cost of this strategy, reported tuberculosis infected
individuals 33.33%, and co-infection 6.66%.

5.5. Strategy E: COVID-19 prevention with both TB and COVID-19 treat-
ment (uy # 0,uy # 0,us #0)

Optimal control simulations for system 4 for COVID-19 prevention
(u, # 0), the treatment of tuberculosis and COVID-19 (respectively u, #
0 and us # 0) are implemented. This strategy could potentially reduce
by 1,520 the number of new cases of reported COVID-19 I, 300 new
co-infection, and 800 new cases of infected and reported tuberculosis
I,.. The control profiles in Fig. 13 show that prevention control of
COVID-19 is optimal throughout the simulation period. The COVID-
19 treatment is optimal for the first 7 days, then decreases drastically
for 5 days and then remains optimal throughout the remainder of the
simulation period. Treatment for tuberculosis begins around day 43 and
remains at its optimum until the end of the simulation. For this Strategy
E, we choose the positive weight constants ¢; = 7,¢, = 6,¢c3 =3.5,¢4 =
33,¢5 = 1,66 = 10,¢; = 1,¢g = 1. Percentage estimation of the cost
components of this strategy is as follows: The cost of mitigating the
number of unreported COVID-19 infected individuals is 18% of the total
cost, reported individuals COVID-19 infected 30%, while co-infection
and reported individuals infected with tuberculosis is 3% each. This
strategy does not reduce the number of people infected and unreported
with tuberculosis.

The outcome of all these strategies are summarized in Table 2.
Recall that the model variables in Table 2 are defined as follows:

. I, (1) unreported individuals infected with COVID-19 only,

. I, () reported individuals infected with COVID-19 only,

. I.,() unreported individuals infected with tuberculosis only,

. 1,.(t) reported individuals infected with tuberculosis only, and
. I,(t) co-infected individuals.

6. Conclusion

We formulated and analyzed a deterministic compartmental model
for the transmission dynamics of tuberculosis and COVID-19. Theoreti-
cal results show that for both the tuberculosis (31) and COVID-19 only
(5) sub-models, the DFE of each sub-model is globally asymptotically
stable when the associated basic reproduction numbers R, and R,
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Table 2
Summary of the optimal control strategies A - E.
Infections averted A B C D E
COVID-19 1,820 1,830 - - -
TB - - 2,515 2,510 300
Co-infection 600 615 90 80 800
% cost
I, 20% 12.5% - - 18%
I, 20% 12.5% 6% 6.6% 30%
I 10% 12.5% - - 3%
I, - - 60% 25% -
I (1) - - 6% 33.33% 3%

are less than unity, unstable otherwise. From the bifurcation analysis
(using the central manifold theory), co-existence of both the DFE and
the endemic equilibrium is not possible, and consequently, the endemic
equilibria of the sub-models are also globally asymptotically stable
whenever R,. > 1 and Ry, > 1. That is, the bifurcation parameters
a < 0 and b > 0, and the DFE of the two sub-models exchanges their
stability with the endemic equilibrium at the threshold R, = 1 (for the
COVID-19 only sub-model (5)) and Ry, = 1 (for the tuberculosis only
sub-model (31)).

The basic model is then extended to included five control measures.
The appropriate conditions for the existence of optimal control and the
optimality system for the full model are established using Pontryagin’s
maximum principle. To support the analytical results, numerical simu-
lations of the model with optimal control are carried out using model
parameters from the literature (Table 1).

Five strategies which are a combination of these control measures
are investigated. Strategies A and B focus on COVID-19 mitigation,
and from Table 2, Strategy B will prevent more COVID-19 and co-
infections than Strategy A at a lowest total cost percentage (respectively
2,445; 38% vs 2,420; 50%). Similarly, Strategies C and D focus on TB
mitigation. Strategy C will prevent 15 more infections than Strategy
D, but at the expense of 7% higher percentage of the total cost of
the intervention (2,605; 72% vs 2.590; 65%). Strategy E focuses on
both COVID-19 and tuberculosis, and will prevent the least number
of infections, 1,110 at 54% of the total cost. Because Strategies C
and D focus on tuberculosis mitigation, the results suggest that during
the course of the COVID-19 pandemic, Strategy B is a better option
compared to Strategies A and E, while Strategies C, D and E will also
come at a higher cost. As the COVID-19 pandemic is still ongoing,
the best strategy of interest to health policy and decision-makers to
mitigate its spread is Strategy B which focuses on COVID-19 prevention,
treatment and control of co-infection. This strategy yields a better



M.S. Goudiaby et al.

outcome in terms of the number of COVID-19 cases prevented at a
lower percentage of the total cost.

The proposed model can be extended in several ways by (1) incor-
porating vaccination against COVID-19 and tuberculosis (2) inflow of
infective immigrants (3) exogenous TB re-infection and COVID-19 re-
infection after recovery (as several variants have recently emerged), (4)
Generally, representations of real-life situations will inherit the loss of
information, and sensitivity analysis is warranted. Also, investigating
the impact of reducing the transmission rate and speeding up the time
to detect infected individual [40].
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