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s Abstract

s Neural circuits construct internal ‘world-models’ to guide behavior. The predictive processing
7 framework posits that neural activity signaling sensory predictions and concurrently computing
s prediction-errors is a signature of those internal models. Here, to understand how the brain
s generates predictions for complex sensorimotor signals, we investigate the emergence of high-
10 dimensional, multi-modal predictive representations in recurrent networks. We find that robust
11 predictive processing arises in a network with loose excitatory/inhibitory balance. Contrary
12 to previous proposals of functionally specialized cell-types, the network exhibits desegrega-
13 tion of stimulus and prediction-error representations. We confirmed these model predictions by
12 experimentally probing predictive-coding circuits using a rich stimulus-set to violate learned
15 expectations. When constrained by data, our model further reveals and makes concrete testable
16 experimental predictions for the distinct functional roles of excitatory and inhibitory neurons,
17 and of neurons in different layers along a laminar hierarchy, in computing multi-modal predic-
18 tions. These results together imply that in natural conditions, neural representations of internal
19 models are highly distributed, yet structured to allow flexible readout of behaviorally-relevant
20 information. The generality of our model advances the understanding of computation of inter-
21 nal models across species, by incorporating different types of predictive computations into a

22 unified framework.

» Introduction

24 Predictive coding, the process of computing the expected values of sensory, motor, and other
s task-related quantities, is thought to be a fundamental operation of the brain [1,2]. Violation
26 of internally-generated expectations, known as prediction-errors, is an important neural sig-

27 nal that can be used to guide learning and synaptic plasticity [3,4]. Signatures of predictive
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28 coding, including neural correlates of prediction-errors, were identified in multiple brain cir-
29 cuits, and across animal species [2,5-7]. Two well-studied examples are motor-auditory [8—13]
s and visual-auditory predictions [14—16] in the mouse cortex. Previous work has proposed
31 that a canonical cortical microcircuit underlies the computation of predictions and prediction-
a2 errors [2,8,9,17-19]. While some predictions of this proposed microcircuit were confirmed in
a3 restricted scenarios, the hypothesis that the circuit-motif within the mouse cortex is a general
s« mechanism for predictive processing faces a number of challenges.

35 First, typical experimental paradigms study predictive coding in animals trained to make
s a single association [12, 16, 20], while natural sensorimotor associations are typically high-
37 dimensional (e.g., speech production [21]), as well as context-dependent [22, 23]. Little is
ss known about how specific neural architectures in the brain learn to implement such high-
ss dimensional computations. Second, multiple brain circuits outside of the mammalian cortex ex-
s hibit predictive coding, including subcortical circuits mediating placebo analgesia (prediction-
41 based suppression of pain [24]); and motor-visual circuits in cephalopods that predict the ani-
«2 mal’s appearance to an external observer, and use it to generate high-dimensional camouflage
a3 patterns [25]. It is not known whether these neural circuits use similar or altogether different
s strategies for predictive processing as the mammalian cortex. Third, predictive neural represen-
45 tations emerge on timescales ranging from ~1 minute [26,27], ~1 hour [28,29], to days [16,30].
s This suggests that predictive processing is supported by plasticity mechanisms operating on a
47 range of timescales (including short-term plasticity [31]), and that circuit reorganization may
ss  not always be required for implementing predictive computations.

49 The evidence that computing predictions is an integral part of sensory processing has gar-
so nered significant attention from the theoretical neuroscience community. Several studies have
st proposed recurrent network models that may perform these computations [32-39]. These stud-

s2 ies typically focus on predicting a small number of stimuli within a single sensory modality.
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s3 Moreover, in most cases, these models have been compared with coarse-grained neuroimag-
s« ing data [7,40]. Therefore, we lack cellular-level and circuit-level understanding of neural
ss mechanisms underlying multi-modal predictive computations, which limits our ability to test
ss hypotheses related to the circuit computation of predictive coding based on modern large-scale
57 neural recordings.

58 Another major current gap from both experimental and modeling perspectives is predictive
s9 processing in high-dimensions: (/) What are the neural representations of predictable and un-
s predictable sensory variables in natural conditions with rich stimulus ensembles and complex
st inter-dependencies between stimuli [7,41,42]? (ii) What are the circuit mechanisms underlying
e2 the computation of those representations, and how are they learned? Specifically, it remains
ss unknown whether circuits that implement predictive coding of high-dimensional stimulus en-
s« sembles are functionally segregated [2, 17, 18], and if so, whether this segregation emerges
es during learning or depends on molecularly distinct cell-types.

66 We address these questions by developing a mathematical framework to examine the pre-
o7 dictive representations in recurrent networks processing naturalistic inputs during and after
es learning, and by relating this model to cellular- and population-level neural recordings. From
e a mechanistic perspective, we provide novel predictions into the expected degree of excita-
70 tion/inhibition balance in the high-dimensional case, and shed light on the role that E/I balance
71 plays in canceling interference between multiple learned stimuli. Moreover, since E/I balance
72 1s enforced by mechanisms operating on heterogeneous timescales [43], our model may al-
73 low incorporating seemingly unrelated phenomena into a unified framework, e.g., predictive
74 responses that change as a result of short- or long-term plasticity. From a functional perspec-
75 tive, the model suggests that predictive processing of high-dimensional stimuli is robust when
76 the representations of stimuli and of prediction-errors are desegregated at the cellular-level, and

77 distributed across excitatory and inhibitory neurons. Finally, we applied our theory to examine
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78 the distinct roles played by excitatory and inhibitory neurons in generating internal predictions,
79 and to assess the layer-specific predictive representations.

80 Our modeling and analysis overcomes key limitations of previous studies of predictive pro-
st cessing, and generates novel predictions that we confirmed here based on experimental data.
s2 Therefore, we believe that our work reveals principles of predictive processing across species
s and brain-regions and provides a quantitative framework for design and analysis of future ex-

s« periments to decipher neural circuits underlying those computations.

s Results

s Recurrent networks that learn to generate high-dimensional predictions

&7 We studied the neural representations formed in recurrent neural networks that perform pre-
ss dictive processing of multi-modal sensory and motor inputs. We focused on a typical asso-
so clative training scenario where animals are presented with pairs of sensory stimuli simultane-
o0 ously [9,11,12] or after a short delay [16]. The stimuli comprising each pair are typically of
o1 different sensory modalities (e.g., auditory-visual [16]), or involve a sensory-motor association
92 (e.g., locomotion-auditory [12]). In this scenario, predictive computations are thought to be
93 learned over time through synaptic-weight updates [9, 11, 12, 16,20, 44]. Our network model
94 consists of IV recurrently connected neurons whose firing-rates depend nonlinearly on the input
o5 current driving their responses (Fig. 1a). The presentation of stimuli to the network is deter-
9 mined by the variables z and y. The strength of the input to each neuron corresponds to the
o7 components of the stimulus-specific feedforward synaptic weight vectors w and v. There are
98 P stimulus-pairs, and when P is of the same order as the number of neurons NV, the network is
9o said to perform high-dimensional predictive processing.

100 Before training, the feedforward weight vectors corresponding to each stimulus-pair are

101 random and uncorrelated within the pair (i.e., w - v = 0). During training, those weights be-
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102 come correlated (w - v = p, with g > 0), consistent with measurements of learning-induced
103 functional reorganization of excitatory synaptic connections [45—47]. Weights of recurrent con-
104 nections are chosen to minimize errors between internally generated predictions and the actual
105 stimuli, while maximizing the overall encoding efficiency (Methods). Under these assump-
106 tions, we obtained key statistics of neural activity in the network for different stimulus inputs,
w7 at different stages of learning (Methods). The resulting neural activity allows flexibly reading-
s out the stimulus identity, predicting the ‘missing’ stimulus (i.e., predicting y based on x), and
100 evaluating the prediction-error (Fig. 1a). We applied the modeling framework developed here
10 (SI §1-2) to investigate the structure of multi-modal predictive neural representations and the
111 circuit mechanisms supporting it.

112 We first examined neural responses during learning in the match (x = y), and mismatch (v #
113 y) conditions. We set x and y to be binary variables corresponding to the presence (z, y = 1) or
112 absence (x, y = 0) of visual-auditory, visual-motor, or auditory-motor pairings [12, 13, 16,20].
115 Our mathematical formalism extends to scenarios where more than two stimuli are predictive
11e of each other, and where the inputs to the network vary continuously (e.g., running- or visual-
117 flow-speed [20, 44]; Methods). Before associative training (@ = 0), most of the neurons in
1s the network have comparable match (r,,) and mismatch (r,, r,) responses (Fig. 1b). After
119 training (1 = 0.9), match responses are suppressed while mismatch responses are amplified
120 (Fig. 1b). Correspondingly, the ratio of average mismatch and match firing-rates increases
121 (Fig. 1c), consistent with associative learning experiments [12, 16, 20]. Thus, the presence
122 of stimulus y suppresses the response evoked by stimulus z, and generates a prediction (or
123 expectation) of x. Amplified mismatch responses are interpreted as prediction-errors [2,7].

124 During learning, the mismatch responses (r,, r,) become anti-correlated (Fig. 1d,e), i.e.,
125 the presence of stimulus y more effectively suppresses responses to x alone. This anti-correlation

126 does not appear between r, and r, of another stimulus-pair (Fig. Sla), suggesting that the
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127 predictive signal triggered by stimulus y, is specific to its paired stimulus x, consistent with
128 Refs. [12,48]. The specific suppression of responses to predictable stimuli is accompanied by
120 a weaker, global gain that depends on the overall magnitude of sensory input (SI §2). Further-
130 more, match and mismatch neural responses decorrelate during learning (Fig. 1d,e), consistent
131 with Ref. [16], suggesting that neural responses can be used to distinguish between presenta-
132 tion of stimulus x in the match or mismatch condition. Notably, Owing to the neural response
133 nonlinearity, the match response is not a sum of the two mismatch responses (7, # T, + 7y,
134 Fig. IC).

135 Next we examined neural responses when the network is trained with two stimulus-pairs
136 (P = 2, Fig. 1f), making a step towards the high-dimensional scenario. [2, 17, 18,49, 50] pro-
137 posed that neurons involved in predictive processing are functionally segregated, i.e., neurons
138 that signal prediction-error for one stimulus association tend to signal prediction-error for other
139 associations, and similarly for ‘representation’ neurons that encode the stimulus itself. This
120 proposal would predict a high degree of correlation between neural responses to two stimulus-
141 pairs (Fig. 1f, right). However, we found no such correlation in our model (Fig. 1f, left). This
122 implies, for example, that a neuron that signals prediction-error for stimulus-pair 1, may have
13 a selective response to stimulus x ‘itself” for pair 2, and raises the question of what circuit

124 mechanisms may support this cellular-level desegregation of response types.

s Learning and stimulus dimensionality determine the properties of effective
s predictive processing circuits

127 We then investigated circuit mechanisms underlying multi-modal high-dimensional predictive
148 processing. We decomposed the input to each neuron into feedforward and recurrent compo-
129 nents, which respectively correspond to the actual stimulus signal and to internally generated

150 predictions (Fig. 2a), similarly to analyses of previous experiments [2, 12, 17,20]. To quantify
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151 the relative contribution of each component, we follow the excitatory/inhibitory (E/I) balance
152 literature [33,51], and define the balance level B as the ratio between the total feedforward
153 input and the net input to each neuron, in each condition (Fig. 2a).

154 During associative learning, internally generated predictions become more accurate, facil-
155 itating more robust cancellation of the feedforward stimulus input by recurrent feedback con-
156 veying prediction signals. Thus, the overall balance level increases in the match condition but
157 decreases in the mismatch condition (Fig. 2b, left). Notice that the balance level distributions
158 (over neurons and stimuli) are initially similar in the match and mismatch conditions, but be-
159 come significantly different in late stages of learning (Fig. 2b, right). Indeed, after learning, the
1e0 mode of the balance level distribution is at B ~ 0 in the mismatch condition, which explains
161 the strong prediction-error responses.

162 To understand the role of balance in predictive processing, we examined its effect on the
1ea  nonlinear transformation the network performs, from input stimuli to neural activity (Fig. 2c).
s« In our model, the geometry of neural responses facilitates robust readout of prediction-errors.
15 Specifically, while prediction-errors cannot be read-out by a linear decoder from the stimulus in-
1e6  put, such a readout is feasible once the input is transformed into the network’s high-dimensional
1e7  response (Fig. 2d). Moreover, while the prediction-error itself is stimulus-specific, the decoder
s that performs this computation is stimulus-independent after learning—it is simply the average
10 firing-rate (Fig. 2d). In other words, the learned structure of neural responses enables applying
170 the same decoder to all stimulus-pairs without ‘re-learning’.

171 Given the essential role of the nonlinear transformation for predictive processing, we next
172 focused on the effect of the overall nonlinear gain parameter b (Methods, [34]). We found
173 that increasing b leads to increases of the average match and mismatch firing-rate responses,
174 together with a wider margin between them (Fig. 2e, top). Therefore, large b facilitates decoding

175 prediction-errors, at the cost of increased overall neural activity. Motivated by this observation,
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176 and since b is an intrinsic network quantity that can potentially be adjusted dynamically, we
177 sought to find an optimal value (denoted b*). Specifically, we constrained the average network
178 response in the mismatch condition to be larger than a certain threshold, while requiring a
179 minimal but nonzero average response in the match condition (Fig. 2e), consistent with reports
180 of weak neural responses to predictable stimuli [12, 20]. The resulting b* corresponds to an
181 optimal balance level B* supporting efficient encoding and robust decoding (Fig. 2e, bottom).
182 We carried out this optimization procedure for networks trained to perform predictive pro-
183 cessing of stimulus ensembles with increasing dimensionality (i.e., increasing a = P/N), with
1ea the same firing-rate constraints chosen such that the value of B* at &« = 0 matches experimen-
1es tal data. We additionally assumed that an ‘over-trained’ animal learns a single stimulus-pair
16 (i.e., « = 1/N = 0). Surprisingly, we found that the optimal balance level decreases with «
1e7  (Fig. 2f), independently of the stimulus statistics (Fig. S1b,c). This is because as the number
18s  of stimulus-pairs learned by the network increases, so does the interference between internally
180 generated predictions corresponding to different stimulus-pairs (Methods). We therefore expect
190 networks performing predictive processing in natural conditions (large «) to exhibit ‘loose’ bal-
191 ance, which minimizes the overall effect of interference arising from learning to generate a large
192 number of internal predictions.

193 We used neural activity recorded from animals trained on visual-motor (V-M) [20] and
19a auditory-motor (A-M) associations [12] to constrain our network model. Specifically, we es-
1es timated the balance levels in mouse sensory cortex by assuming that after training the neural
196 network in vivo reaches the optimal balance level. In the V-M experiment [20], mice were
197 trained to associate their running speed with the speed of visual-flow in virtual reality (Fig. 3a).
19¢  The voltage of primary visual cortex neurons was intracellurlary recorded in the match and mis-
199 match conditions. Fitting the average voltage change in the two conditions to our model gives

200 the estimated balance level B3,; = 162 £ 61. A consistent result was obtained in the A-M
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201 experiment [12], where mice were trained to press a lever and received closed-loop auditory
202 feedback (Fig. 3b,c). Here the recording was extracellular, so fitting B* relied on a slightly
203 modified procedure (Methods).

204 It is notable that balance level estimates were consistent across animals (Fig. S2); and labo-
205 ratories (Fig. 3), despite the fact that the experiments studied different brain regions and sensory
206 modalities, using different methods. While these factors may affect the balance level to some
207 degree, our model predicts that the balance level can decrease by up to one order of magnitude
208 when the stimulus dimension increases (Fig. 2e, Fig. S1b,c). This prediction could be con-
200 firmed if future experiments reveal a more loose balance in animals habituated to rich sensory

210 environments.

=1 Stimulus and prediction-error representations are desegregated in the model

212 We next investigated how different functional responses are organized within the network. Pre-
213 vious work postulated that two distinct neural populations exist in predictive processing cir-
214 cuits: (i) internal representation (R) neurons that ’faithfully’ represent external sensory stimuli
215 and encode internal predictions, and (i) prediction-error (PE) neurons, which signal the differ-
216 ence between the actual stimulus inputs and internal predictions. Given that neurons selective
217 to these signals also exist in our network model, we wondered whether they form functionally
218 segregated populations. We adopted classification criteria used in experimental work (Meth-
219 0ds, [2,48]): R neurons are those which respond strongly and similarly in match and mismatch
220 conditions, while PE neurons are those which respond strongly in the mismatch condition but
221 weakly in the match condition (Fig. 4a).

222 Based on these criteria, we first computed the fractions of R and PE neurons when the
223 network learns a single stimulus association (P = 1, Fig. 4b). As training progresses, the

224 fraction of PE neurons increases significantly, consistent with experiments [16, 52], and with

10
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225 the notion that the network learns to ‘recognize’ the stimulus pairing. This result is independent
26 Of the classification criterion (Fig. S3). The fraction of R neurons remains unchanged (Fig. 4b),
227 though we note that the trend does depend on the criterion (Fig. S3).

228 We next asked how neurons responded to more complex stimulus ensembles, specifically
220 for two learned pairs of stimuli. The hypothesis that predictive processing is segregated [2, 18]
230 asserts that if a neuron is a PE neuron for stimulus-pair 1, and if it is active during presentation
231 of stimuli from pair 2, it will likely be categorized as a PE neuron with respect to those stimuli
232 too. To test this hypothesis, we computed the joint distribution of neural responses in the four
233 relevant conditions (mismatch/match, stimulus-pair 1/2) and categorized each neuron as R or
23 PE, separately for each stimulus-pair (Methods). We started with the low-dimensional scenario,
235 where the two stimulus-pairs in question are the only stimuli learned by the network (P = 2,
2w« = P/N = 0). Surprisingly, under the data-constrained parameters, although many neurons
237 belong to the same functional type with respect to the two stimulus-pairs, approximately 25%
238 of neurons are in fact ‘mixed’: they are classified as having different functional types (Fig. 4c,
29 left).

240 Furthermore, increasing the dimension of the stimulus the network learns, leads to a twofold
241 increase in the fraction of mixed neurons (Fig. 4c,d). Intuitively, loose balance between high-
22 dimensional feedforward and recurrent inputs leads to a broad balance level distribution across
243 the network (Fig. S4a). That broad distribution, in turn, affords each neuron flexibility to en-
244 code different features for different stimulus-pairs. The fraction of mixed neurons shown in
25 Fig. 4d corresponds to two specific stimulus-pairs. When we considered instead the entire
26 learned stimulus-set, most of the neurons are mixed with respect to at least two pairs (Fig. S4b).
247 Thus, contrary to the previous hypothesis [2], neurons with mixed representations of stimuli

245 and predictions are common in the network model, especially in high-dimensional scenarios.

11
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20 Experimental evidence for desegregated predictive representations

250 We then turned to testing this key prediction of our network model, by looking for signatures
251 of mixed representations of predictions and stimuli in experimental data. In our recent work,
252 we recorded primary auditory cortex responses in mice that were trained to associate a simple
253 behavior, pressing a lever, with a simple outcome, a predictable tone [13]. Following extensive
254 training, we made extracellular recordings from auditory cortex while animals were presented
255 with probe auditory stimuli that differed from the expected stimulus along a variety of different
256 dimensions, and while animals either pressed the lever or heard the tone passively (Fig. 4e).

257 Here we analyzed this data as follows. For each neuron, we computed the difference (A)
253 between the mismatch (passive: sound only) and match (active: lever press + sound) neural
259 responses (Fig. 4e, bottom), similar to our analysis of the neural activity in the model (Fig. 4c¢).
260 Note that for each of the four probe sounds, ‘match’ corresponds to a lever press paired with
261 the probe sound, while ‘mismatch’ corresponds to responses following the probe sound without
22 lever press. We expected A values of mixed neurons to lie in the upper left or lower right corners
263 Of the plot (similarly to Fig. 4c, blue rectangles). This would correspond to neurons with match
26+ and mismatch responses that are similar for the expected sound but differ for the probe sound,
265 Or ViCe versa.

266 We quantified the degree of mixing, or desegregation of the predictive representation, by
267 computing the Pearson correlation coefficient of the A values corresponding to the expected
268 sound and each probe sound separately (Fig. 4e). We defined this coefficient as the segrega-
269 tion index, which is close to 1 if the A’s are strongly correlated between the two stimulus-pairs
270 (expected, probe). A segregation index close to 0 means that the representations of stimuli
21 and predictions are ‘maximally mixed’. We additionally computed representation similarity
272 between the expected and probe sounds, as the correlation between neural responses to those

273 stimuli. Crucially, representation similarity was based on neural responses in a separate experi-

12
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274 mental window during which sounds were presented passively, not following a lever press [13].
275 If neurons are segregated into two functional classes, the segregation index should be close
276 to 1 irrespective of the representation similarity. By contrast, we found that the segregation
277 index depends strongly on the representation similarity (Fig. 4f). Specifically, when the ex-
278 pected and probe sounds are similar (Fig. 4e.f, green shades), the segregation index is close
279 to 1, though a random subsampling analysis indicates a statistically significant effect of the
250 representation similarity on the segregation index. When the probe differs from the expected
231 sound more substantially (Fig. 4e,f, orange), the segregation index drops to ~ 0.5. This relation
282 between representation similarity and degree of segregation is consistent with the prediction of
283 our model, with an appropriate level of coding sparsity (Fig. 4f). The significant dependence
284 of the segregation index on the representation similarity, and the fact that the segregation index
285 1S substantially smaller than 1, suggest that predictive processing is mixed in the mouse audi-
236 tory cortex. A similar relationship was found when we used the ‘complementary’ mismatch
257 response to compute the A’s, i.e., based on the neural response to a lever press with no sound,
2ss rather than a sound with no lever press (Fig. S5).

289 We note that the analysis presented here is an indirect test of the model prediction that pre-
200 dictive representations are mixed. Indeed, the desegregation in the model involves two learned
201 stimulus-pairs (Fig. 4c), while in the experiment the animal was only trained on the expected
202 sound. Nevertheless, the decreased segregation index we found for probe sounds markedly dif-
203 ferent from the expected sound provides strong evidence against the notion that predictive pro-
204 cessing circuit is functionally segregated into separate neural populations. Our model provides

205 a framework to generate hypothesis that could be tested more directly in future experiments.

13
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s Predictive processing in excitatory—inhibitory networks

207 Thus far we have focused on relating neural responses in the model to measurements of exci-
208 tatory neurons’ activity [12, 13, 16]. Each neuron’s projections in our network could be both
200 excitatory (E) and inhibitory (I), so it does not obey Dale’s law. Given the growing literature on
a0 the role of inhibitory neurons in computing predictions [35, 36], we sought to link our model
s01  to experiments more tightly by extending it to a network with separate E and I neurons. We
sz did so by requiring that the activity of E neurons in the E/I network matched exactly that of
303 neurons in the original model. This guarantees that the E neurons possess the predictive coding
a4 properties we studied so far, and opens the door to study the functional role of I neurons. The
s0s connectivity in the E/I network has four components, corresponding to synapses to and from E
sos and I neurons (Fig. 5). We used non-negative matrix factorization to ‘solve’ for those compo-
s nents (Methods, [53, 54]). The balance level B defined previously based on feedforward and
sos recurrent inputs (Fig. 2), is equal to the stimulus-specific component of the E/I balance in the
309 E/I networks (SI §4).

310 The aforementioned mathematical procedure did not yield a unique connectivity structure.
st Rather, we found a one-parameter family of connectivity structures that all meet those con-
a1z straints. This parameter, denoted \g;, interpolates between two extremes of structured E/I con-
a3 nectivity (Fig. 5b). In one extreme (Ag; = 0), inhibition is ‘private’: Each ‘parent’ E neuron
a4 projects to a single ‘daughter’ I neuron with equal activity. This has been an implicit assumption
a5 of previous predictive coding models with lateral inhibition [38,55]. In the opposite extreme
st (Agr = 1), each I neuron receives a large number of excitatory inputs and signals an ‘internal
stz prediction’ of one stimulus learned by the network, similar to previous models with segregated
a8 neural populations [35,36]. We investigated the continuum of inhibitory representations be-
a9 tween these extremes using the same approach applied to E neurons (Fig. 1b-e, Fig. 4b). We

s20  started with the alignment of inhibitory responses to stimulus x in the match (r,,) and mismatch
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321 (r,) conditions, at different learning stages (Fig. 5¢). Before learning (4 = 0), increasing Ag;
322 leads to a marked decrease in the alignment of inhibitory responses. After learning (@ ~ 1),
323 increasing Ap; leads to a non-monotonic effect on alignment. Intriguingly, for Ag; = 1, after
224 learning, the alignment of I responses in the two conditions is larger than that of E responses
a5 (Fig. 5¢, compare green and black for 1 = 1).

326 These properties allowed us to estimate the parameter \z; based on empirical measurements
sz of regular-spiking (RS, putative excitatory) and fast-spiking (FS, putative inhibitory) neurons.
a8 To achieve that, we computed the correlation between auditory cortex match and mismatch
329 responses, separately for RS and FS neurons recorded in Ref. [12], and then compared those
a0 correlations to the model before and after learning (Fig. 5d). Specifically, The pairing between
s3r - movement and a probe sound (not presented during training) was regarded as before-learning
a2 and the pairing between movement and the expected sound as after-learning (Methods). This
sss  correlation decreased significantly during learning for RS neurons, consistent with the change
s« 1n the model’s E population responses (Fig. 5c, blue circles). By contrast, correlation of FS
s  population responses did not change significantly during learning, which rules out small values
ss  of A\g;. Moreover, the correlation value after learning was similar for RS and FS neurons, which
a7 rules out large values of A\g;. Taken together, our analysis suggests that an intermediate value
ss of A\g; ~ (.6 best captures the experimental observations, consistent with the suggestion of
a9 ‘promiscuous’ inhibitory connections mediating suppression of expected stimuli [11].

340 Given this experimentally-constrained value (Ag; = 0.6), our theory generates testable pre-
a1 dictions for inhibitory predictive representations. First, we expect that anti-alignment of mis-
a2 match I responses (x-only, y-only) is significantly weaker when compared to anti-alignment
a3 of E responses in the same conditions (Fig. Se, left; Fig. 1d,e). Second, we predict large cor-
a4 relations between inhibitory responses in the match and y-only mismatch conditions (Fig. Se,

as  middle), when compared with E responses. The asymmetry of r, - r,, and r, - 7., overlaps
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as in the model may in the future be related to distinct functional responses of inhibitory neuron
a7 subtypes [23,56]. Third, the fraction of I neurons with R responses decreases moderately dur-
as  1ng learning, compared to E neurons. We note however that the fraction of E neurons with R
a9 responses shows moderate dependence on the threshold, particularly before learning (Fig. S6),
ss0  which may make it challenging to detect differences in fractions of neurons with R responses
st between E and I neurons.

352 Previous work on predictive coding suggested that associative learning enhances top-down
353 inhibitory projections from outside the local circuit [2, 16], which cancels bottom-up excitation
s« and suppresses neural responses in the match condition. We therefore wondered what changes
355 1n inhibitory connectivity during learning lead to stimulus-specific suppression of neural activity
sse  1n our E/I network model. One option is that inhibitory connections that predict the stimulus
357 are strengthened [2]. Alternatively, inhibition could undergo more subtle reorganization such
sss  that inhibitory signals are distributed differently before and after learning.

359 We calculated the distribution of I-to-E synaptic weights before and after learning in the
seo family of E/I network models. When inhibition is private (Ag; = 0), this distribution broad-
st ens during learning (Fig. 5f). Examining the change in synaptic weights conditioned on the
se2 functional cell-type of pre- and post-synaptic neurons (R or PE), suggests that stimulus-specific
ss  suppression of E responses arises from potentiated I synapses from neurons ‘faithfully’ repre-
ss4 senting the stimulus. In other words, when inhibition is private, the predictive signal arises in
ses part due to strengthened projections from inhibitory R neurons to excitatory neurons (Fig. S7).
ss By contrast, when inhibitory structure was matched to experimental data (Ag; = 0.6), learning
37 leads to overall sparsification of I connections (Fig. 5g). Interestingly, here R-to-R connec-
sss  tions can be either potentiated or depressed, unlike the Ag; = 0 case (compare middle panel of
s Fig. 5f,g). Moreover, when A\g; = 0.6, inhibitory connections originating from PE neurons that

a0 are initially very weak get strongly potentiated.
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a7t Together, our results suggest that (i) Predictive processing is learned without large increases

N

a2 of the average inhibitory connection strength. This was also seen for other values of A\p;
a3 (Fig. S8). (ii) The ‘strategy’ for learning predictive processing can differ substantially, and
a74 depends on the underlying circuit structure (different values of Ag; in the model). (iii) When
s7s inhibitory structure is matched to data, the ‘internal model’ is highly distributed and, surpris-
a7e ingly, arises in part from potentiated connections from inhibitory neurons signaling prediction-
a7 error. Another signature of this distributed strategy is the decrease of total inhibitory input to
ars  each excitatory neuron during learning (Fig. S8), which suggests that predictions are primarily

a9 computed by recurrent circuitry rather than directly from top-down inputs.

0 Predictive representations in hierarchical neural networks

ss1  Sensory brain regions are known to have a laminar structure, and distinct layer-specific response
ss2 characteristics in associative learning tasks [17,20,57]. In the context of the task involving
ss3  sensorimotor predictions, it has been suggested that motor-related input originates from motor
ss4 regions and first enters the primary sensory region via deep layers (L5/6) [2,58—60]. On the
sss other hand, the bottom-up sensory-related inputs first enter the primary sensory region via L4,
ass  which further projects to L.2/3 where the bottom-up and top-down inputs are integrated and pro-
a7 cessed [61,62]. To investigate the effects of the laminar structure on predictive processing, we
sss  extended the recurrent network model which has a single-module and no hierarchical structure,
a0 to a network model with three recurrently interconnected modules (Fig. 6). During associative
a0 learning, the network receives paired multimodal inputs. Crucially, the first module (M1) of
s91  the network receives inputs from one modality, and the last module (M3) receives inputs from
sz the other modality (Fig. 6a). Differently from previous work [17,39, 63], each module in our
se3  network computes bidirectional predictions, corresponding to inputs from the level above and

a4 below it in the hierarchy. For example, M2 computes predictions of activity in M1 and M3. Our
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ses hierarchical model can also be applied to cross-modal processing performed by distinct brain
sss regions that exchange predictive signals bidirectionally (e.g., auditory and visual cortices, [16]),
37 beyond laminar organization within a single brain-region.

398 We first studied the effects of module-specific gain parameters. After learning, the aver-
see age mismatch responses increase monotonically with b, and b, (Fig. 6b). We constrained the
a0 average mismatch response to be larger than certain threshold value and minimized the match
a1 responses for each module. Doing so gave a continuous set of parameter combinations for which
a2 the network satisfies those constraints (Fig. 6b, magenta line). We fixed b, such that the fraction
a3 of prediction error neurons in M2 after learning is similar to the fraction in the single-module
s« model (Fig. 3b), which also fixes b; and b3 (Fig. 6b, star). With these constrained parameters,
a5 we assessed how associative learning shapes neural representations across different modules.
406 In the z-only mismatch condition (z = 1,y = 0), the overall mismatch responses increase
a7 during learning, with notable module-specific differences (Fig. 6¢): neurons in M1 that directly
a8 receives the x-stimulus input have remarkably similar responses in the match and mismatch
a9 conditions throughout learning. In contrast, neurons in M3 respond predominately to stimu-
410 lus y but gradually become tuned to stimulus x as learning progresses. Neurons in M2 exhibit
411 the largest mismatch-match response ratio and develop the most significant prediction error
a1z responses after learning.

413 Next we categorized neurons along the hierarchy into functional cell-types. Before learn-
414 ing, neurons activated by the stimulus = independently of y (i.e.,  representation neurons) are
#15 concentrated in M1-the module receiving the stimulus z input directly. During learning, x
416 representation neurons arise also in M2 and M3, though the overall fraction of these neurons
417 decreases from M1 to M3 (Fig. 6d). PE neurons are initially very rare, and emerge in all mod-
s ules during learning, with the largest fraction concentrated in M2 (Fig. 6e). These results are

419 consistent with activity of layer-specific primary sensory cortex neurons [12,20, 58].
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420 We finally evaluated the network responses for two stimulus-pairs. Similar to the single-
221 module network model, mixed representation neurons arise in all modules after learning (Fig. 6f,
a2 g). The fraction of mixed representation neurons is maximal in M2, and it increases with the
223 number of learned stimulus-pairs (Fig. 6f,g). We found that the more pronounced desegrega-
224 tion of neural representations is accompanied with a significant decrease in the median balance
425 level in that module (Fig. 6h), suggesting that loose balance is the underlying circuit mecha-
226 nism supporting the mixed predictive responses at the cellular level. Unlike our findings in M2,
27 the fraction of mixed representation neurons and the median balance level in M1 and M3 do
28 not show strong dependence on the stimulus dimensionality. These results highlight the im-
420 pact of anatomical structure on shaping network function. Specifically, we found that different
a0 modules have different fractions of representation and prediction error neurons, reminiscent
s31 of recent experimental findings [18]. However, despite this heterogeneity, representations of

sz stimuli and prediction error are desegregated in all modules after learning.

= Discussion

s34 We investigated the neural representations formed in a class of recurrent neural networks that
35 learn to generate high-dimensional predictions in natural conditions. Our mathematical analysis
a6 reveals key neural mechanisms supporting high-dimensional predictive coding; generates novel
a7 testable hypotheses for functional properties of the corresponding neural circuits; and provides
a8 a framework within which experimental data of large-scale neural recordings can be quantita-
a9 tively analyzed. Additionally, our framework allows incorporating information on cell-types
a0 and anatomical structure into the model, which can elucidate their role in predictive computa-
441 tions.

442 We focused on a recurrent network model (Fig. 1) for two reasons. First, cortical cir-

a3 cuitry that performs predictive processing is known to be highly recurrent. Plasticity of re-
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a4 current connections forms functional neuronal assemblies [64], which were suggested to under-
a5 lie behaviorally-relevant sensory discrimination [65]. Second, predictions for sensory stimuli
as typically unfold over time, which can be naturally implemented by intrinsic dynamics of re-
a7 current networks [32,66]. While we focused on steady-state neural responses for mathematical
ws  tractability, our model could be extended in the future to study the temporal properties of high-
49 dimensional predictive coding. Other interesting directions to extend our study are: networks
a0 with asymmetric connectivity, which could be done by imposing sparse connectivity [67]; and
451 networks that learn predictions online [68, 69].

452 Our model suggests that balance between feedforward and recurrent input, or indeed be-
453 tween excitation and inhibition, can lead to robust internal predictions within local circuits.
s« While this has been suggested previously [32-34, 70, 71], an important novel prediction re-
a5 vealed by our analysis is that in realistic conditions there is an optimal, finite balance level,
sss  which decreases with stimulus dimension (Fig. 2). Our theory further suggests that a network
ss7 - with infinitely high balance [33] could be especially vulnerable to noise in high-dimensional
458 Scenarios.

459 Based on our results, we hypothesize that the large degree of heterogeneity of empirical E/I
a0 balance levels in different experiments [51] may be a signature of the differences in the stimulus
st ensembles animals were exposed to. Our results in Fig. 2 and Fig. 3 suggest that this hypothesis
a2 could be tested systematically by exposing animals to increasingly rich sensory environments.
a3 Here too the temporal dynamics of the network may be important, as synaptic delays may affect
s+ the optimal degree of balance in circuits performing low-dimensional predictions [34, 72].

465 The role that balance plays in computing predictions has important implications for the
a6 source of predictive signals and the timescale of learning them. (i) Previous work has shown
se7  that cross-modal predictions are often stimulus-specific [12,16,48]: signals from one brain re-

a8 glon can suppress responses to a particular predictable stimulus in another region (e.g., motor
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a9 cortex activity suppressing visual cortical responses). It is notable that within our model those
a0 computations are performed without fine-tuning long-range projections [2]. Rather, local re-
a7t current connections in the ‘receiving region’ can extract the predictions from long-range inputs
a2 with ‘promiscuous’ connectivity [11], relying on E/I balance and activity-dependent synaptic
473 plasticity. (ii) Prediction-error responses in the same cortical region can arise at very different
474 timescales, from as little as minutes [26] to days of training [12, 16]. We believe that the di-
a5 versity of the identified E/I balance mechanisms (e.g., firing-rate adaptation, synaptic-scaling,
as  Hebbian plasticity; see review in Ref. [43]), may explain this wide temporal range of predictive
a7 processing learning dynamics. Future work may reveal that our model has explanatory power
a8 also for the emergence of predictions over faster timescales than the experiments considered
479 here and thus could be applied to predictive processing circuits in subcortical regions and in
a0 invertebrates.

481 An important finding of our work is that predictive representations are desegregated: neu-
as2  rons that signal prediction-errors for one stimulus-pair may faithfully represent the presence of
ss3  stimulus for a second pair. Based on experiments where animals were probed with multiple
s8¢ types of unexpected sounds, we found signatures of this desegregation at the cellular-level in
sss  mouse auditory cortex (Fig. 4). Another recent study in mice performing multiple stereotyped
a6 motor actions reported mixed representations of the motor variables and reward prediction-
ss7 errors across the neocortex [73], as suggested by our model for high-dimensional scenarios.
a8 Our model differs from previous work (e.g., [17,39,49,63]) by not explicitly assuming that sep-
ss0 arate neural populations encode prediction and prediction errors. Rather, the network develops
a0 mixed neural representations as a direct consequence of minimizing the multimodal prediction
a9t errors under energy constraints.

492 Our findings are related to the expanding literature on mixed-selectivity [74—76], where neu-

a93  rons exhibit complex tuning to multiple stimulus features. While even a random network can

21


https://doi.org/10.1101/2024.08.05.606684
http://creativecommons.org/licenses/by-nc-nd/4.0/

bioRxiv preprint doi: https://doi.org/10.1101/2024.08.05.606684; this version posted August 7, 2024. The copyright holder for this preprint
(which was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made
available under aCC-BY-NC-ND 4.0 International license.

94 exhibit mixed-selectivity [75], the neurons’ tuning curves there are unstructured, which requires
s0s finely-tuned decoders to readout task-relevant variables. Here we report neurons that have
s96 mixed-selectivity to internally generated predictions of sensory and motor variables (Figs. 4, 5, 6).
a7 Crucially, the learned neural representations in our model are highly structured, and enable the
a8 reading out different stimulus features without 're-learning’ the decoder (Fig. 2).

499 Although neurons in our model network and in electrophysiological recordings from au-
so0 ditory cortex have mixed selectivity for stimuli and prediction-errors, the auditory cortex also
so1 contains neurons that more specifically encode prediction-errors [13]. Notably, the abundance
so2  of neurons with pure or mixed selectivity to stimulus and error could be also layer-specific [12].
sos This is recapitulated by our hierarchical network model (Fig. 6). Recent work in the mouse
so+ Vvisual cortex identified specific genetic markers that are over-expressed in neurons that en-
sos code positive versus negative prediction-errors [18]. The differences in methodologies and time
so6 courses of analysis make direct comparisons across these studies difficult, and it remains possi-
s07  ble that sensory cortex contains a large population of neurons that have shared roles in encoding
sos stimuli and prediction-errors, as well as neurons that more strictly encode one or the other. In-
so0 deed, our analysis reveals that those classes of neurons may exist in different modules within a
st0  single network.

511 In summary, predictive processing is a ubiquitous and fundamental computation supporting
stz diverse behaviors across animal species. Here we take a first step towards bridging the gap be-
si3  tween theory of predictive processing and circuit-level neural recordings in predictive process-
s1a  1ng paradigms. Our results reveal the functional roles of specific circuit motifs and mechanisms
515 1n performing multimodal high-dimensional predictive processing. In a broader context, our
sis - work will advance the understanding of how the brain constructs complex internal-models by
si7  shedding light on commonalities and differences between biological predictive coding circuits

sis and artificial systems, particularly those trained using self-supervised algorithms [39,77].

22


https://doi.org/10.1101/2024.08.05.606684
http://creativecommons.org/licenses/by-nc-nd/4.0/

bioRxiv preprint doi: https://doi.org/10.1101/2024.08.05.606684; this version posted August 7, 2024. The copyright holder for this preprint
(which was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made

519

520

521

522

524

525

526

527

528

529

530

531

532

533

available under aCC-BY-NC-ND 4.0 International license.

Methods

Recurrent network model

Our model network consists of N neurons whose firing-rates are described by the time-dependent
vector 7(t) = (r1(t),...,rn(t)). The network is driven by high-dimensional stimulus input,
denoted x(t) = (zt(t),...,2F(t)) and y(t) = (y*(¢),...,y"(t)). The vectors = and y corre-
spond to stimuli from two modalities that are paired during training.

The dynamics of the recurrent network are given by

d}:izgt) )+ b(Zme ) +I] ((t), y(t))>~ (1)

IR

7

Here h;(t) is the voltage level of each neuron and is related to its firing-rate via a nonlinear
activation function, r;(t) = ¢(h;(t)). Note that the input each neuron receives in Eq. (1) is
decomposed into the recurrent (]Z»R) and feedforward (]ZF ) components. We rescaled the con-
nectivity matrix .J;; and the feedforward input I/ (x(t), y(¢)) by a constant b, which can be
interpreted as a gain parameter.

The explicit forms of J;; and I} (x(t), y(t)) were determined based on a normative approach
as follows (derivation details appear in SI §1). We assume that the neurons’ dynamics jointly
minimize the following objective

i[ () = (0) + (440 + d) =3 (0)°] +

&

N
Z 2)

J/

’@II\D

TV TV
Prediction-errors Encoding efficiency

where Z(t) and 7(t) are the internal predictions generated by the network at time ¢ and F(r) is
a monotonically increasing function whose explicit form depends on ¢, the nonlinear activation
function (SI §1.1). For ReLU nonlinearity [¢(z) = max(z — 6,0)], F(r) = (r + 6)%/2.

Minimizing Eq. (2) is equivalent to performing Bayesian inference to extract the latent ‘cause’
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saa  of the sensory signals (SI §1.2). Furthermore, our network model generalizes previous models
ss5  of predictive coding [1,36,38,39,63], by incorporating the effect of response nonlinearity into
sss  a regularization term that controls encoding efficiency. We note that the parameter b in Eq. (2)
ss7 - controls a trade-off between minimizing prediction-errors and maximizing encoding efficiency.

We further assume that the internal predictions are linear readouts of the network activity
*(t) = —wh - r(t), g (1) = —v* - r(t). (3)

Here w*, v* € RY are the readout weight vectors. These internal predictions are, by definition,
predictions of future input, as indicated by the delay d in Eq. (2). However, we will focus on
the scenario where the input changes much more slowly than the neurons’ firing-rates. There-
fore, on the timescale of firing-rate changes [Eq. (1)], we will regard the stimulus inputs to be

approximately constant, i.e.,
Plrd) it mat, g d) () ~ )

538 We assume that the weight vectors w” and v* change during learning so as to minimize the
s39  objective function F(t) [Eq. (2)]. This optimization process can be viewed as weight-changes
so0 governed by a combination of gradient descent on the squared prediction error in Eq. (2), and
st homeostatic plasticity (SI §1.1). If weights are initialized randomly, learning increases the
se2  correlation between the weight vectors (SI §1.1). Specifically, we show that in the large network

se3  size limit (N — 00), the weight vectors have the following statistics,

(wivf) = p*. (5)

s« Here w! and v¥ are the components of w* and v*, which have zero mean and unit variance

ss due to homeostatic plasticity. The correlation between them is p*, which increases during
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se6  learning (i.e., as the objective function E decreases). These weight changes can also arise
se7 from local plasticity rules applied to dendritic compartments (SI §1.3). For simplicity, unless
sss noted otherwise, all stimulus-pairs have the same ‘age’, i.e., ,u"‘ = u does not depend on the
se9  index k. We further assume that the weight vectors have multivariate Gaussian distribution.
sso  Under these assumptions, we obtained analytical solutions for the dependence of steady-state
ss1 firing-rate distribution on the stimulus input and the correlation y in two limits (SI §2): the
ss2 high-dimensional case where both N and P are large, and their ratio « = P/N is finite; and the
ss3  low-dimensional case where only NV is large, and o = 0.

554 The presence or absence of each stimulus was modeled by setting the corresponding com-
sss ponents of « and y to 0 or 1. For example, the mismatch and match conditions for the k-th

ss6  stimulus-pair correspond to,

(=", ")
(=", ")

(¥, y*) = (1,1)  (match condition)

(1,0)  (z-only mismatch condition),

(0,1)  (y-only mismatch condition),

ss7 - We extended our results to apply in scenarios with associations between more than two stimuli

sss (SI§1.3).

0 (Geometry of representations of stimuli, predictions and prediction-errors

Under the above assumptions, the steady-state neural response vector [Eq. (1)] can be expressed

as,

7 o [a, ()T + a,(p)y + Va - noise] , . (6)

seo This form is revealing, since the stimulus-specific, ;-dependent vectors a (i), a, () corre-

ss1 spond to the directions along which the network encodes the stimuli in the x-only and y-only
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ss2 mismatch conditions. Eq. (6) also shows that, owing to the nonlinearity, the readout in the
ses matched condition is not a, (i) + a,(¢). The geometry of representing stimuli in the match
se+ and mismatch conditions is illustrated in Fig. 1d. Changes to these vectors during training
ses (i.e., p increases) correspond to the learned structure of neural representations of stimuli and
ses prediction-errors. We further note that the magnitude of the noise in Eq. (6) depends on the

se7  stimulus dimensionality «, and thus it captures the interference between learned stimuli.

sss Definition of balance level

The balance level for neuron ¢ is defined as,

IF

B = TF _ R

: (7)

seo Here, I!" and I are the feedforward and recurrent input currents to neuron i at steady-state
s7o  [Eq. (1)]. The balance level varies between neurons and between stimuli, because the weights
st wr and v¥ are different for different neurons and stimuli (indexed by 7 and k, respectively). The

s72  balance level distribution and its median shown in Fig. 2 were computed analytically (SI §2.3).

s Extracting the optimal balance level from experimental data

V-M experiment, Ref. [20]. We calculated the trial-averaged voltage of all the recorded L.2/3
neurons as a function of time (Fig. 3a). Voltage level of each neuron was measured with respect
to its baseline. We sampled 50 voltage levels from all recorded neurons and all time points in
the match and mismatch time windows (Fig. 3a), which were —0.1 — Os (match) and 0 — 0.1s
(mismatch). The time ¢ = 0 corresponds to point at which the treadmill was decoupled from
visual flow in virtual reality. We then computed the standard deviation over those 50 samples
of the voltage level in the match and mismatch conditions. By taking the ratio of these standard

deviations, we obtained a dimensionless quantity that has a direct analog in the model: the
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standard deviation of h; over neurons in the network in Eq. (1). Specifically, for P = 1,6 = 0,
we computed this ratio explicitly (SI §2.1),

Ur2nismatch — 1 :u2 + (1 - IUQ)(l + b/2)2
02 202+ p+ (1= )1 +b+ (1 — p)b?/4]

8)

s+ We use 1 = 0.97 as the correlation value after training and fit this formula to the ratio obtained
s75 from data by adjusting the value of 0. Using the best-fit value 0*, we computed the median of
s balance level B* in the network model (Fig. 3c¢).

577 A-M experiment, Ref. [12]. We calculated the trial-averaged firing-rates for all regular
s78 spiking neurons (n = 815) in the passive (mismatch) and movement (match) condition in two
s79  time windows: from ¢ = —0.1s to stimulus onset ({ = 0), and from stimulus onset to ¢ =
ss0  (0.06s (Fig. 3b). For every neuron, we calculated the change in its firing-rate between the two
ss1  time windows in both conditions. We sampled 400 firing-rate change values from 815 neurons
ss2 with replacement, and calculated the average firing-rate change in the passive and movement
ss3  conditions. We computed the equivalent quantity in the model, i.e., average of ¢(h;) over
ss« neurons in the network [Eq. (1)] in the match and mismatch conditions. For ReLU activation
ss5 function, the ratio is also given by Eq. (8) and can be fit to the ratio obtained from the data by
sss adjusting the parameter . Again we calculated the median of balance level B* based on the
ss7  best-fit value of b*. The fitting procedure for both experiments was repeated 100 times, giving

sss  the scatter plot of estimated B* values (Fig. 3c¢).

o Definition of functional cell types

so0  We denote the steady-state voltage of neuron 7 in the mismatch conditions as h{ (z-only) and
sot  hY (y-only), and in the match condition as h;”. To classify neurons into functional types, devia-
se2 tions of individual neurons’ voltage response relative to the mean were compared to the standard
se3 deviation (denoted o) of the steady-state voltage distribution. We evaluated o using the voltage

se« distribution in the z-only mismatch condition after learning (. = 0.97).
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A neuron ¢ is a representation (R) neuron for the z-stimulus if it is depolarized upon presen-
tation of the stimulus z, i.e., its voltage response in z-only mismatch condition is large, and its
voltage responses in the match and mismatch conditions are similar. Mathematically,

o

2

o

h? >
! 2

and |h — RhY| < )

A similar criterion was used to identify R neurons for the y-stimulus. A neuron ¢ is a
prediction-error (PE) neuron if it signals the ‘mismatch’ between x and y, i.e., its voltage re-
sponse in the z-only mismatch condition is large, and its voltage response in the match condition
is small. Mathematically,

h > % and h? — hYY > % (10)

ss  Neurons meeting these criteria are referred to as positive PE neurons, because their activity
se6 1ncreases when x is presented but not expected (based on y). The activity of negative PE neurons
se7 Increases when x is not presented but is expected. In our model, E neurons have a centered (zero
s mean) distribution of voltages for o = 0, therefore the threshold is applied to the voltage itself.
seo For excitatory neurons in the high-dimensional regime (o« > 0) and inhibitory neurons, since
s00 their voltage distribution has a non-zero mean, we used the centered voltage levels (b7, h;") in
so1 the above criteria.

602 Note that neurons in the network may not belong to any of the those three classes (Fig. S3a).
s0s  We computed the firing-rate statistics of neurons in the network analytically (SI §2, §3), which
so« allowed use to obtain the fraction of R and PE neurons for different values of ;1 and o, shown
sos 1n Fig. 4b,d. We further explored the effects of threshold level on the fraction of different

eos functional types in Fig. S3b.
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o7 Estimating functional segregation from responses to multiple stimuli from
s experimental data

sos We calculated the trial-averaged firing-rate change of each neuron in the match (active) and
st0 mismatch (passive) conditions, separately for each sound stimulus from our experimental data
st1 [13]. To calculate the segregation index for each type of probe sound, we restrict the analysis
s12 to neurons responsive in the passive condition to that probe sound and the learned (expected)
s13  sound. Responsive neurons were defined as those having firing-rate that was one half of the
s1« standard deviation above the mean firing-rate for the expected sound in the passive condition.
s15  Changing the threshold does not affect the results in Fig. 4e,f. For these neurons, we computed
s16 pairs of A values, defined as the difference between mismatch and match responses, for the
s17 probe and expected stimulus. The Pearson correlation coefficient between those A values was
s1s defined as the segregation index.

619 To estimate the similarity of the expected and probe stimuli, we computed individual neu-
s20 rons’ trial-averaged firing-rate change following presentation of those stimuli in the passive
e21 condition from our experimental data [13] (the same time windows used in the A-M experi-
e22 ment, Fig. 3). For each animal, we considered population firing-rate vectors consisting of all
s2s 1ts recorded neurons. Representation similarity was defined as the Pearson correlation of those
s24 vectors for pairs of auditory stimuli (expected and probe, Fig. 4f). We note that this similarity
e2s in the model is calculated from the activity of all neurons that are active in either the expected

e26 Or probe stimuli in passive condition.
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2 E/I network model

In the network with separate E and I neurons, the time-dependent voltages of E and I neurons

are given by the following set of differential equations,

E
dhzl I IE II I I
dt:—h+§J §J¢1h )+ 17 (11)

We assume that the activation function for inhibitory neurons is ReLU with zero threshold,
¢r(z) = max{x,0}. Matching the E neurons’ activity at steady state to the activity of neu-
rons in our original network [Eq. (1)] gives constraints on the connectivity components and the

feedforward input (SI §4),

JEE_JEI([_FJII)flJIE:J’

I — JEt = 1t (12)

e2s Here J and I are the connectivity matrix and feedforward input used in Eq. (1). We further
s20 assume that the matrix I + J! is invertible. In general, there are many possible solutions
0 {JEE JEL JIE JII TE [} satisfying Eq. (12). We therefore identify a family of solutions.
ear This continuum interpolates between the solution with private inhibition, where JZ is equal
s32 to the identity matrix; and solutions with an inhibitory internal prediction, where rows of J!¥
sas are given by the stimulus weight vectors (SI §4). Moreover, we show that up to a constant, the
s« balance level defined earlier [Eq. (7)] is the same as the stimulus-specific, local component of
s3s the E/I balance level in the E/I network (SI §4).

636 We extended the definition of functional cell-types [Egs. (9,10)] to I neurons. We note that
ss7 here the average input to inhibitory neurons is not 0, so we subtracted the mean from the voltage

s level [h’s in Egs. (9,10)] before applying the criteria on the deviations from the mean.
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s Analyzing responses of regular spiking and fast spiking neurons

ss0  We estimated the connectivity structure parameter \p; based on recordings of regular spik-
a1 1ng and fast spiking neurons [12]. Using the same time windows as Fig. 3b and Fig. 4e.f, we
ss2 calculated individual neurons’ trial-averaged firing-rate change in the passive and movement
ss3 conditions for the expected sound and the probe sound. Those firing-rate changes recorded in
ss« each animal form eight population vectors (regular/fast spiking, expected/probe sound, move-
ess ment/passive). We calculated the Pearson correlation between population vectors under move-
sss ment and passive conditions, giving four values for each animal, shown in Fig. 5d. The cor-
ss7 relation values for presentation of the expected sound were regarded as ‘after learning’, while
sss correlation values for presentation of the probe sound that was not associated with the lever

sss press were regarded as ‘before learning’.

sso  Hierarchical recurrent network model

In the hierarchical network model, each neuron belongs to one of three modules, indicated by

superscripts in the equations governing neural activity,

1
RO (Z MO + D Whae 4D V;z,qb(h?/(t))) MD)
k "
W s ’
k
3
ddhti — B3 (1) +b3(ZJ§’; (W) + > Wio(h2(t)) Z Vig) o
k

i
(13)

st The definitions of feedforward and recurrent connectivity are generalizations of the single mod-
es2 ule network. Moreover, this model can be extended to a hierarchical network with a arbitrary

ess number of layers. Details are provided in SI §1.3.
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Statistical tests

In Figs. 3c, 4f and 5d, we used two-sided, unpaired ¢-tests. * = p < 0.05 and ™ = p < 0.0005.
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e7s Fig. 1. Emergence of predictive stimulus representations in a recurrent network model
e7s during learning. (a) Schematic of a recurrent network model driven by P pairs of stimuli
e77 (r and y). Associative training increases the correlations between the feedforward weights
e7s carrying the input signals (w and v). The recurrent weights jointly optimize prediction-errors
79 and overall encoding efficiency. The neural representation formed under such optimal recurrent
ss0 connectivity allows reading-out the identity of the presented stimulus; predicting a ‘missing’
es1 stimulus; and evaluating the prediction-error. (b) Firing-rate responses of individual neurons
es2 in the match and mismatch conditions. Initially match and mismatch responses are correlated.
esss After learning, responses are less correlated, and match responses are suppressed while the
s« mMmismatch responses are amplified. (c) The ratio between average firing-rates in the mismatch
sss and match conditions increases during learning. (d) Reduced three-dimensional neural activity
sss space. Each vector represents the mean-subtracted firing-rate vector of neurons in the network
es7 at different conditions and stages of learning. (e) Learning leads to anti-correlation between
ess neural responses to the stimuli z and y when presented separately (blue), and decorrelates the
sss neural responses in the match and mismatch conditions (red), quantified by the angle between
s the population vectors. (f) Firing-rate responses of individual neurons to two stimulus-pairs
o1 in the match and mismatch conditions. In our model (left) there are no correlations between
ez the responses to the two stimuli. Those responses are expected to be strongly correlated in a
ses model in which predictive coding is functionally segregated (right). Error bars indicate standard
so+ deviations over 10 instances of the network. See Methods for additional details.
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e Fig. 2. Balance between feedforward and recurrent inputs is an important mechanism
o7 supporting predictive processing. (a) The input to each neuron is decomposed into feedfor-
ses ward and recurrent components, which respectively correspond to the actual stimulus signal and
9o internally generated predictions. Each neuron’s balance level B is the ratio between the total
700 feedforward input and the net input (Methods). (b) The median of B in the match and mis-
701 match conditions during learning (left, shaded area indicates inter-quartile range). ‘Snapshots’
702 of the distributions of B early and late in learning show that the distributions become separable
703 1n match and mismatch conditions (right). The arrows on the x-axis indicate the distribution
70 mode early in learning. (c) Schematic showing the nonlinear transformation from the stimulus
70 space (left) to neural activity space (center), which facilities a linear readout of relevant stim-
706 ulus features (here, decoding if x is presented in the match/mismatch condition).(d) Error of a
707 support vector machine classifier trained to identify the match/mismatch condition based on the
708 input stimuli (black) and on neural responses (green). After learning, a linear classifier based on
700 the average firing-rate (blue) performs almost as well as the optimal classifier, suggesting that
710 functionally relevant features from all stimulus-pairs can be extracted without re-learning. (e)
711 Illustration of the procedure to determine the optimal b*. The balance level B increases mono-
712 tonically with the gain parameter b (top). Increasing b leads to a larger margin between match
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713 and mismatch responses (improved separability) at the cost of higher firing-rates (bottom). The
714 optimal balance level B* is determined by constraining the average firing-rate in the mismatch
715 condition and minimizing it in the match condition. (f) Increasing the stimulus dimension leads
716 to decrease in B*, i.e., a more loose balance (shaded area indicates inter-quartile range). At
77 a = 0, we fit B* to experimental data (Methods, [20]).
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718

719 Fig. 3. Estimating the balance level from predictive coding experiments. (a) Schematic of
720 a learned visual-motor association between running and virtual reality visual flow [20]. Voltage
721 levels of different neurons in primary visual cortex reveal tuning to mismatch between running
722 speed and visual flow (prediction-errors). (b) Schematic of a learned audio-motor association
723 between a lever press and a sound [12]. Neurons’ firing-rates reveal tuning to auditory stimuli
724 presented without (passive, prediction-errors) and with a lever press (movement). (c) Estimat-
725 1ng the median optimal balance level for V-M (blue) and A-M (red) experiments gives similar
726 values. We assume that a = 0 based on the fact that the animals underwent extensive training
727 on a single pair of stimuli in both experiments. Error bars are based on repeated subsampling

72s  (Methods).
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730 Fig. 4. Desegregated stimulus and error representations in networks performing high-
731 dimensional predictive processing. (a) Schematic of typical tuning profiles of different func-
732 tional cell-types to the stimuli  and y. (b) Fraction of representation (R) and prediction-error
733 (PE) neurons in the model at different learning stages. Error bars indicate standard deviation
73 over 10 instances of the network. (c) Joint distribution of individual neurons’ A values, the
735 difference between mismatch and match responses to two specific stimulus-pairs. Only neurons
73 responsive to both stimulus-pairs are included in the distribution (Methods). Mixed represen-
737 tation neurons have significantly different A values for the two stimulus-pairs, i.e., they are in
738 the blue rectangular regions. As the stimulus dimension («) increases, more neurons have a
73 mixed representation of stimuli and prediction-errors. (d) The fraction of mixed representation
740 neurons increases as stimulus dimension increases. Error bars indicate standard deviations over
741 200 instances of the network. The threshold for defining response types was based on neural
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72 activity statistics at &« = 0 and was used for all values of « (SI §5). (e) Evaluating the seg-
743 regation of stimulus and prediction-error representations based on neural recordings during a
744 learned auditory-motor association. Shown are the A values of stimulus-responsive neurons for
725 the expected sound and each probe type (colors). Red ellipses indicate the spread of data. The
726 length and direction of major and minor axes correspond to the amplitude and direction of the
747 two leading principal components. (f) Segregation index as a function of representation similar-
728 ity for different pairs of expected and probe sounds. Colored points correspond to subsamples
720 of the data, and crosses correspond to the average for each probe type (Methods). Experimental
750 data is compared with equivalent quantities from the model, obtained by varying the sparsity of
751 responses in the model (f, see SI §3).
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Fig. 5. A data-constrained excitatory/inhibitory model suggests that internally-generated
predictions are distributed across the network. (a) Schematic of the E/I network with sepa-
rate connectivity components. Excitatory neurons receive external inputs, and their activity is
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756 constrained to equal that of neurons in our original model. (b) A family of E/I networks that
757 satisfy the desired constraints, identified based on non-negative matrix factorization. Solutions
758 are parameterized by Ag;, which interpolates between ‘private’ inhibition and inhibition that
70 signals ‘internal predictions’. Varying Ap; gives different patterns of inhibitory responses and
760 connectivity structures. (c¢) The cosine similarity (cos ¢/;) between the match and mismatch in-
761 hibitory responses to stimulus x (r,,, 7,), for different values of ;. and Ag; (left). Comparing
762 cos )y before and after learning (right) allowed us to link inhibitory connectivity structure to
763 1nhibitory representations. (d) Analogous correlation between population responses, computed
76« separately for regular-spiking (RS) and fast-spiking (FS) neurons from Ref. [12]. Each point
765 represents data from one animal. The mean and standard deviation of the correlations across
766 animals are also shown. RS neurons significantly decorrelate during learning, while FS neu-
767 rons’ correlation does not change. Correlations of RS and FS neurons after learning are similar.
768 (€) The angle 0; (left) between inhibitory population responses to the paired stimuli in the mis-
760 match conditions (r,, —r,), and the angle v/} (center) between match and mismatch inhibitory
770 population responses to stimulus y (7, r,). Angles are shown as a function of x and )\, lead-
771 ing to experimentally testable predictions pertaining to inhibitory representations. Fraction of
772 inhibitory R neurons (right) as a function of i and Ag;. For the experimentally constrained
773 parameter \g; = 0.6, this fraction decreases for inhibitory neurons (black), while it does not
77+ change significantly for excitatory neurons (Ag; = 0, blue, Fig. 4b). (f) Synaptic weight distri-
775 bution of all I-to-E connections before and after learning, when Ag; = 0 (left), and for pairs of
776 E and I neurons belonging to specific functional classes (R to R, middle; PE to R or PE, right).
777 Learning broadens the overall synaptic weight distribution and potentiates the inhibitory con-
778 nections between inhibitory R neurons. (g) Same as (f), when inhibitory structure is matched
779 to data (Ag; = 0.6). Here learning sparsifies and depresses inhibitory connections. Connec-
750 tions between R neurons remain very small throughout learning. Surprisingly, connections from
781 inhibitory PE neurons are strongly potentiated.
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723 Fig. 6. Representations of stimuli and prediction errors vary across a hierarchical net-
78« Work. (a) Hierarchical network for predictive processing with three modules. M1 and M3
785 receive stimulus x and y input, respectively. (b) The average x-only mismatch response in-
766 creases with the module-specific gain parameters b, 2 3. Line: mismatch response amplitude
7e7 used to constrain b; 3. Star: parameter values further constrained based on the fraction of
788 prediction error neurons in M2, used in panels (c-h). (c) The ratio between the average firing-
789 rates in the x-only mismatch and match conditions increases during learning. The increase is
790 most prominent in M2. (d) The fraction of x representation (R) neurons at different learning
791 stages. Differences between the modules diminish with x. (e) The fraction of prediction error
722 (PE) neurons at different learning stages. (f) Joint distribution of individual neurons’ A values,
703 defined the difference between mismatch and match responses to two specific stimulus-pairs
794 in M2. Mixed representation neurons are in the blue rectangular regions. The fraction mixed
795 representation neurons increases with the stimulus dimension «. (g, h) Effects of increasing
796 the stimulus dimension «. (g) The fraction of mixed representation neurons increases with « in
797 M2, and remains constant in M1 and M3. (h) The median balance level decreases with o in M2
7es and remains approximately constant in M1 and M3. Error bars indicate inter-quartile range.
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799

so Fig. S1. The geometry of predictive representations in the model. (a) Pearson correlation
sor coefficient between neural responses in different stimulus conditions. As in Fig. 1, the angle ¢
so2 1S measured between the network’s responses to the two stimuli in mismatch conditions (i.e.,
ss T, and —r,); while 1) is the angle between responses to the same stimulus in the match and
s« mismatch conditions (i.e., 7, and ;). Neural responses to stimuli from different stimulus-pairs
sos remain uncorrelated, suggesting that the predictive signal learned by the network is stimulus-
sos specific. Here o = 0. (b) Schematic of noisy stimulus inputs. Independent isotropic Gaussian
g7 noise (with S.D. denoted by o) is added to the inputs in the match and mismatch conditions,
sos relative to the noiseless stimulus presentation considered in Figs. 1,2. (c) The optimal balance
soo level decreases as stimulus presentation becomes more noisy for all values of a.
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Fig. S2. Estimated balance levels from individual animals. For each animal recorded in [12]
(n = 8), the balance level was estimated as described in the Methods, sampling the firing-rates
separately from each animal. There is marked variability across animals, suggesting that effects
of learning multiple stimuli in the future are best studied within animal during learning.
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Fig. S3. Abundance of functional cell types as a function of learning stage and classifica-
tion threshold. (a) Criteria for classifying different functional cell types. The classification is
based on setting two thresholds (o) on the voltage response in the x-only mismatch condition
(h¥), and its difference from the voltage response to match condition (h? — kY, see Methods).
The regions corresponding to prediction-error (PE) and representation (R) neurons for stimulus
x are shown in the plot. Here we do not distinguish positive or negative PE neurons. Similar
criteria are applied when replacing x with y. Also shown is the region corresponding to the
conjunctive (Conj.) neurons, which have a small response in z-only mismatch condition but a
large response in the match condition. (b) Fraction of R and PE neurons for different thresh-
old values, as a function of the learning stage p. The fraction of PE neurons increases during
learning independently of the threshold. Here o = 0.
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827

s Fig. S4. Fraction of mixed-representation neurons as a function of balance level and
s20 stimulus dimensionality o. (a) Here we vary the gain parameter b to generate a range of
s0 balance levels (median). As the stimulus dimensionality « increases, the fraction of mixed rep-
831 resentation neurons for a fixed balance level also increases. (b) Each neuron in the network
g2 1S a representation neuron for a certain number of stimulus-pairs (‘Number of R pairs’) and a
g3 prediction-error neuron for other stimulus-pairs (‘Number of PE pairs’). Plotted is the joint dis-
sa¢ tribution of these two numbers for neurons in a network when it is trained to associate P = 400
35 stimulus-pairs. The corresponding marginal distributions are also shown. The joint distribution
s has a positive correlation. This indicates that when all P stimulus-pairs are considered, more
g7 neurons have a mixed representation than would be expected if the representation of stimulus
s and prediction-error was independent across pairs.
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a0 Fig. SS. Segregation index as a function of representation similarity for different pairs of
st expected and probe sounds. Plotted are the segregation indices as a function of the represen-
se2 tation similarity for different probe types (similar to Fig. 4f). Here the segregation indices are
a3 computed based on the differences A between the motion-only mismatch (passive: movement-
s« only) and match (active: lever press + sound) neural responses. Colored points correspond to
sss  subsamples of the data. The results exhibit a similar trend as in Fig. 4f. The model curve shown
sss 1n this plot is computed using a different sparsity level (by varying the firing threshold #) com-
sa7 pared to the values used in Fig. 4f. Under our main modeling assumptions: connectivity that
sss 1S symmetric and puts the stimuli # and y on ‘equal footing” during learning, synaptic weights
se9  With Gaussian statistics, and ReLLU nonlinearity, we were not able to find a single value of 6 to
sso  fit the data with two definitions of mismatch responses. Future work with more realistic network
81 connectivity may give a choice of parameters that is consistent across both ways of comparing
ss2  neural responses in expected and unexpected stimulus conditions.
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s« Fig. S6. Abundance of functional cell types among inhibitory neurons. (a) Fraction of
sss inhibitory representation (R) and prediction-error (PE) neurons at different learning stages (dif-
sse ferent values of 1) when using different voltage thresholds (o). For the connectivity param-
57 eter that best matches our data (Ag; = 0.6), the effect of learning is consistent across different
sss  thresholds. (b) Fraction of inhibitory prediction-error neurons at different learning stages for
sso  different values of A\. Unlike other network properties that do depend on the architecture of
seo inhibitory connectivity (shown in Fig. 5), this quantity depends weakly on the parameter \g;.
sst  In this plot we set o = 0.
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g3 Fig. S7. Changes to inhibitory to excitatory connections during learning do not depend
se«  strongly on the functional cell type of the target. Synaptic weight distribution of I-to-E
ses connections before and after learning, when A\g; = 0 (top) and Ag; = 0.6 (bottom), for pairs of
ses E and I neurons belonging to different functional classes: (R to PE, left; PE to R, middle; PE to
g7 PE, right). These fine-scale distribution show similar trends as in Fig. 5f,g.
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3 1. A NORMATIVE FRAMEWORK FOR HIGH-DIMENSIONAL PREDICTIVE
2 PROCESSING

35 1.1. The recurrent network model
36 We consider a network of N recurrently connected neurons, where the firing-rates of the
» mneurons are denoted by the vector 7(¢) = (r(t),...,rn(t)). The firing-rate of each neuron

1 is related to its voltage level h; via a nonlinear activation function, r;(t) = ¢(hi(t)). We
% denote the learned paired inputs to the network as x(t) = (z'(¢),...,2F(t)) and y(t) =
o (y'(t),...,y" (t)). Notice that the dimensions of the paired inputs are not necessarily the
s same in this section.
In the predictive coding framework, the network continuously generates an internal pre-
diction of the inputs. We assume that internal predictions (denoted #*(¢), §*(t)) are linear

read-outs from the network activity, i.e.,

1
() = pwtr@), k=1,....P

/ 1 /
gr (1) = Nv’f r(t), K¥=1,...,P. (S1)

! . . .
2 Here w*, v* are the N-dimensional readout weight vectors.

13 Our aim is to derive a network model where the prediction-errors are minimized subject
s to some regularization term on encoding efficiency. Mathematically, we define the following

s objective function,

P P’ N

B() = 32 (#(0) 5 0)" + 3 (040) ~ 1 0)" + 2 S F). (2

k=1 k=1 i=1
s The first two terms of E(t) correspond to the prediction-errors. The regularization term, and
w the function F'(z) in particular, depend on the nonlinear activation function ¢. We consider
s those nonlinear activation functions where the firing-rate is ¢, (h — ) above a threshold 0,
s and 0 below the threshold. Mathematically,

¢i(h—0) if h >0,

¢(h) = - (S3)
0 if h <86.

so Here ¢, is a monotonically increasing smooth function which vanishes at 0, such that ¢

51 1s continuous. This class of functions includes a number of activation functions used in

29
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2 previous work, e.g., rectified linear activation (ReLU, ¢, (h) = h) and rectified nonlinear

53 units, ¢4 (h) = h? (p > 0), that coincide with ReLU for p = 1.

54 For this choice of ¢, we show below that the recurrent network dynamics
dh (t ) )+ Z Jijd(h;i(t)) + Z bwFa® + Z b y¥ (S4)
dt N P ’

with the connectivity matrix and choice of regularization,
P/
Jij:__ (Zw kvjk>,
k=1

Ry = [ 63 Gz or = Lo (s5)

55 minimizes the objective [Eq. (S2)]. Note that adding a nonzero firing threshold (§ > 0)
ss in the regularization function enforces sparse neural responses, penalizing large firing-rates.
57 For the ReL.U nonlinearity (p = 1), we have F/(r) = r2/2 + 0r = (r + 0)?/2 — 6% /2.

58 We assume that the timescale of changes to the inputs is much slower than the timescale
so of changes to neuronal activity, such that we can ignore potential time-dependencies of «
oo and y. Under this assumption, the objective [Eq. (S2)] can be written as a function of the
s1 neural activity and readout weights,

Bl fut o) = 3 [( Luter) (= dorr)

k=1

+ % > F(ri).  (S6)

=1

The neural activity r(t) governed by the dynamical equations [Eq. (S4)] with the connectivity
matrix [Eq. (S5)] minimizes the objective function [Eq. (S2)]. This can be shown by directly

evaluating the time derivative of E(t):

dE(t) <X OF Or; dh;

oV 2 20 dh;
— 2 'l 9 Ak U___ 1 ) — — /hi 7
; z +z 07 () bN]m)dt

P’ N
X [Z bwFak + Z boF ' — %Z (Z wkwk + Z ) — ¢ (ry) — 9]
k=1 k=1

j=1 \k=1 k=1
N
2 dh
— =) ¢ ()
N i=1

60


https://doi.org/10.1101/2024.08.05.606684
http://creativecommons.org/licenses/by-nc-nd/4.0/

bioRxiv preprint doi: https://doi.org/10.1101/2024.08.05.606684; this version posted August 7, 2024. The copyright holder for this preprint
(which was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made
available under aCC-BY-NC-ND 4.0 International license.

P
[Z bkt + Z bty — Z (Z w! Z vf'yf') P(h;) — hi]
N = =1

S Z (‘1’1) & (ho) (S7)

e In the line indicated by ® we used the identity ¢'(r)¢'(h) = (h — 0)¢'(h). Each term in

3 the sum that appears in the last line of Eq. (S7) is positive, so the time derivative of F(t) is
s« negative. The existence of Lyapunov function for Eq. (S4) indicates that the network will

s reach a (stable) fixed point which satisfies for each neuron i,

hE = Z Jiyd(h%) + wakxk + Z bol y*. (S8)

k=1
s Moreover, since F(r) is a strictly convex function of the firing-rate vector 7, the optimal
e fixed-point solution 7* is unique. From Eq. (S8), h* is also unique. Furthermore, that
s fixed point is a global minimum of F, which can be shown by evaluating the first-order
so derivatives of Eq. (S2) at the fixed point. Taken together, our results show that the network
7 is guaranteed to reach a stable fixed-point for any input combination (indicated by x* and
7 y¥), which is the minimum of Eq. (S2).

In the following sections, we will assume that there are P distinct pairs of stimuli indexed
by k, (2% ,4*). The corresponding feedforward weight vectors w*, v* are assumed to be
random, with mean 0. Associative training induces correlations between each component
of the feedforward weights, via, for example, Hebbian-type plasticity. More precisely, for
i,j=1,....,Nand k, k' =1,..., P,

!

= (M) =0, (wfwf) (vF vj ) = Okkr0ij, (wkv ) = 5kk/5w,u (S9)

72 Here (---) denotes the expectation over the probability distribution of synaptic weights. To
7 study how neural representations change during learning we vary u”* systematically. Note
7 that we have rescaled ¥ by N~! relative to the notation used in the main text.

75 Our choice of synaptic weight statistics [Eq. (S9)] arises from an optimization procedure
7 that minimizes the objective function [Eq. (S2)]. Indeed, performing gradient descent on E

77 within a short time window At induces the following weight changes,

Ak = P2 D DAY = 3 (o Lok r) () A= LorrAL,

N
Avf = —pPErle DAL — (4 — dot o) o(h)At= aytrat (S10)
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e We assume that the learning rate is small 7 < 1, such that the neural dynamics [Eq. (54)]
7o remain at the steady state r*. We will show below (SI §2.1) that during associative learning
0o (2% = y* = 1), the variables representing prediction errors are non-negative (5z*, jy* > 0),
&1 which implies that the weights could grow unbounded during learning.
To prevent this potential blow-up, we introduce a normalization mechanism that regu-
larizes the weights. After each ‘learning-step’ [Eq. S10], the weights change according to a

‘homeostatic-step’,

wk(t) — mk

wh(t) - SERRCES D OCICINNCAES DU CEIS AU

k
Ow

2 Here m* and oF are the means and the standard deviations of the weight vector w computed
g3 over the N neurons. Similar updates are applied to the weights v. We show that under
s these update rules, u*(t), the correlation between w* and v* at time ¢ during the learning
& process, increases monotonically.

We first note that the homeostatic step [Eq. (S11)] ensures that weight vectors have zero
mean and unit variance. Upon presentation of the stimulus-pair k, the steady-state input to
neuron i is independent of inputs to other neurons. Additionally, in the N — oo limit, 6z*'
and 6y* are nonzero only if &' = k. These properties are shown explicitly using a replica,
calculation below (SI §2.1). It is therefore sufficient to verify that applying the learning-step
[Eq. (S10)] does not lead to a decrease in the correlation. This can be done by a direct

calculation of the correlation in Eq. (S11). Notice that in the N — oo limit,

my, = (Awy)
(o5) " = ((wh(t) + Aut —m)?) ™
— (142 (wFAwl) + O(Ar?)) /2
=1— (wjAuwf) + O(AP)

=1—ni*sa" At + O(A). (S12)

Therefore the weight w? after the learning and homeostatic steps is,

K(t) + Awk — mh
wi.“(tJrAt)zwz()jL e
O-'I,U

= (wf(t) + Aw; — (Awf))(1 — ni*ox* At) + O(AL?)

= wf(t) + Awf — (Awf) — qul(t)2* 62" At + O(AP?). (S13)
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Using this approximation and a similar expression for v¥(t + At), the correlation is now,

pF(t+ At) = (wi(t + At)of(t + At))
= P (t) + <wavf(t) + vawf(t)> — nuP(t) (%52 4+ §76yF) At + O(AL?)

= (" (8) + [yt (02" — oy*pt (1)) + 2" (0y® — ot (1))]At + O(AE).  (S14)

In the match condition (z*¥ = y* = 1) we have from symmetry that £¥ = §* and dz* = y*.
We will show in SI §2.1 using a replica calculation that 2%, §2¥ > 0, which together imply
that the bracket is positive when p*(¢) < 1. Thus the correlation between the weight vectors
increases during associative learning. This justifies our choice of weight statistics [Eq. (S9)]

as a description for the network during associative learning.

1.2. A Bayesian inference perspective of the network model

The predictive coding framework is often used to account for inference of latent causes of
sensorimotor inputs to the brain, based on prediction and prediction-error signals [1, 17, 49,
55]. In this section we show that our model can similarly be viewed as a network performing
Bayesian inference. Specifically, the network’s neural dynamics [Eq. (S4)] implement the
inference (or state estimation) of latent variables driving inputs. Moreover, the slow synaptic
weight changes during learning [Eq. (S9)] can be viewed as a mechanism for improving the
accuracy of the inference performed by the network.

We consider a scenario where sensory inputs in the environment are generated by a prob-
abilistic generative model, p(x,y|r), where @,y are the (possibly time-dependent) sensory
inputs and r represents the latent variables that determine the statistics of the sensory
inputs. We denote the prior distribution over the latent variables as po(r). Then given
the sensory inputs «,y, the latent variables r can be inferred by maximizing the posterior

distribution via Bayes’ rule,

p(z, y|r)po(r)
p(z,y)

plrlz,y) = , (815)

where p(x,y) = [ p(x, y|r)po(r)dr is the marginal distribution of the sensory inputs, inde-
pendent of the latent variables.

Suppose that the generative distribution is a multivariate Gaussian and that its mean is
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s a linear readout of the latent variables,

1 L 2 1 2
Inp(x,ylr) = =—— [(m — —'wk ’r) + (yk - N'vk . r) + const. (S16)
o1 3=
we Further suppose that the prior distribution has the form,
;N
Inpy(r) = 2N ZZI F(r;) + const. (S17)

Then, recalling Eq. (S7), we see that the neural dynamics [Eq. (S4)] maximize the log
posterior distribution,

1
Inp(r|z,y) = Inp(z, y|r) + Inpy(r) + const = —— E(r) + const. (S18)
g1

o Here F(r) is the objective function in the previous section with b = o2 /c?. Thus, our
m model’s gain parameter b is related to the prediction accuracy o;. The latent variables r
2 here correspond to the firing rates of the neurons in the network.

13 In the more general case where sensory inputs are not generated exactly according to
s Eq. (S16), prediction accuracy can be improved by adjusting the readout weights w”, v* to
us  maximize the log posterior distribution [Eq. (S18)] based on the learning rule [Eq. (S11)].
us This weight optimization procedure is equivalent to using a variational approach for maxi-
7 mizing the Bayesian model evidence, as introduced in previous predictive coding literature
us  [17, 49, 78]. We also note that the nonlinear response function ¢ appears in the regulariza-

uo  tion F(r) [Eq. (S5)] is linked to the ‘encoding’ of prior information on the latent variables,

120 po(T‘).

121 1.3. Extensions of the network model

122 1.3.1. Associations between more than two modalities

123 Our network model can be generalized to apply to scenarios in which the animal is

e trained to associate multiple (M > 3) sensorimotor inputs. Here the network generates

1

N

s internal predictions for each input, that can be linearly read-out,

irt) = —wf-rt), k=1,...,P, 1=1,...,M, (S19)
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e where w! are the readout weights for each input in each stimulus modality. The objective

127 function [Eq. (S1)] is now,

SN

En(t) =33 (af(t) — 2k (1) +

P
=1 k=1

Z F(ri(t)). (S20)

The network dynamics and recurrent connectivity matrix are,

dhi(1) N M P
j=1 I=1 k=1
p M.P
Ty = N Z Z w0 (S21)
I=1 k=1
128 Using similar derivations as above, one can show that (i) Fy(t) is a Lyapunov function

1o for the network dynamics, and (i) the network will reach a unique stable fixed point for
130 any combination of the inputs xF. Assuming that the feedforward weights corresponding to
1 associated stimuli become increasingly correlated during learning (similarly to the M = 2
132 case), will make this model useful for studying predictive representations when training

133 animals on more complex stimulus combinations.

134 1.3.2.  Neurons with dendritic compartments

135 The network model with point neurons [Eq. (S4)] and the associated learning rules
136 [Eq. (S11)] can be extended to a model with dendritic compartments. Crucially, this exten-
137 sion allows the learning rule to be realized by local plasticity rules.

Following the approach introduced in Refs. [37, 38], we first notice that Eqs. (S4-S5) can

be rewritten by decomposing the connectivity to synaptic weights onto specific dendrites,

giving,
b b
k k. k k+P k. k
dhi(t) d = k k .k ” = k+P k. k
T = —hi(t)+ Y| JES(hi () +wfek |+ YD JEFo(hy(t) +ofyt| . (S22)
k=1 Lj=1 k=1 Lj=1

Here we think of h;(t) as the somatic membrane potential of neuron i. Next we introduce

P+ P’ dendritic compartments corresponding to neuron i. The voltages u¥ for k=1,..., P
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and for k = P+ 1,..., P’ 4+ P are respectively governed by the equations,

duf(t) _
Tu T Z )+ bw

duf*"(t) uFP (¢ EEP
T = ) + Z JE ) + buky (S23)

The somatic voltage level is then driven by the dendrites,

Tdfzit) = —h(t) + Z ub(t) + ; ul Tt (t). (S24)

k=1
Under the assumption that dendrite voltage changes faster than somatic voltage, 7, < 7,
this recovers our original model with point neurons [Eq. (S4)].
The learning rule of the dendrite-specific feedforward weights is given by,
k, k By b+Pp

ko T XU k_ Ny
Awi N Ik Avi N Ik+P ’

(S25)

where we have denoted I* = bwFz* and I**" = buFy*. Note that the quantities on the right
hand side are ‘local’ to the feedforward synapses w? and v¥. At steady-state, u¥ = bw¥dx*
and uf™ = bwFoy*. Together with the definition of IF, this learning rule is the same as
Eq. (S10). To avoid unbounded growth of the weights in this setting, we assume a similar
homeostatic mechanism which recovers the previous learning rule for the feedforward weights
[Eq. (S11)].

The recurrent weights are subject to the learning rules,

dJk n Ui
_dt] = ——Nuf(?“j —(ry) — [[—}g(ﬁ' —(r3)) +"75} Jjj,
dJik'+P n 77k-+-P
ar — N ) - L;lw(m {ri)) + "HP] 5 (526)

where nf = (uf), 7§ = (uf)@* and pb*7 = (uft7)gk

y~ are activity-dependent learning rates.
The dendrite-specific synaptic weights [Eq. (S22)] are solutions to these learning dynamics.

We note that the increase in correlation between w and v during learning is reflected in
this plasticity rule by the dependence of both J* and J**¥ on the firing rates r. Since those
rates depend on inputs from both modalities, both sets of dendrite-specific synaptic weights

change based on the interplay between the multimodal input.
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154 1.3.8.  Hierarchical network architecture

155 In the recurrent network model studied thus far, a single module integrates inputs from
15 multiple sensorimotor modalities. Here we generalize this model to a network consisting of
157 multiple (L) modules arranged in a layered structure. Each module has N neurons with
15s firing rates denoted as 7!, [ = 1,..., L. We assume that the paired stimulus inputs enter the
150 network via the first and the last module respectively (Fig. 6a). For convenience, we denote
w0 the inputs as £ = r° and y = rf+L.

161 Each module generates predictions of the activity of ‘adjacent’ (earlier and later) modules,

12 i.e., neurons in module [ generate predictions for neural responses in modules [ —1 and [+ 1.

1,3 Those predictions are assumed to be linear readouts of the firing rates,
P =Wl P =Tl (S27)

Here W', V! are the readout matrices. The objective function for this hierarchical network
is a sum of the objective function applied to each module-separately with the corresponding

prediction errors and firing-rate regularization,

1, , Al 1 . F(r!
B (V1) = 30 | o7 = S ez
Ul Ul 1

1 1 F(r
[?(rll _ WlT,,,,l)Q 4 _2(,rl+1 . Vl‘l',r,l>2 n (r )} 7
1

E(rhwhvh. (S28)

Il
I 10 1M
— = [

Here 0, measures the module-specific precision of predictions and b; is the module-specific
regularization. The assumption that the neurons in module [ minimize the module-specific
loss E(r'; W' V) implies that the neural dynamics within each module and the recurrent

synaptic weights have identical form to those in the single-module case,

dn! al al ) N
of = —othi(t) + D TGe(h(0) + b Y Wik (1) + by Vio(hi (1),
j=1 k=1 k=1
b N
[
Jz‘lj - N Z (Wzlichlk + ‘/ilk‘/jlk) : (529)
k=1

Similarly to the network with a single module, we assume that associative learning in-

duces correlations between the corresponding weight vectors for each stimulus-pair. In the
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hierarchical network, the feedforward weight matrices in the first and last modules W', V!
have dimensions N x P rather than the N x N dimensions of matrices in intermediate
modules. We assume that the intermediate feedforward weight matrices have rank P (the
stimulus dimension). Furthermore, because the process of training the network to associate
stimuli ¥ with y* is symmetric under the substitutions z < y, W < V, we assume that

W, V are symmetric matrices. With these assumptions, we the weight matrices are,

P P
. 1
w! :Zek(wli)j—? Wl = NZ’(UZ(’UJL)T, l:27"'7L7
k=1 k=1
P s
Vi —;ék(v,f)T, vi= N;v;(z};)i l=1,....L—1. (S30)

During associative learning, these weight vectors become correlated and their statistics are,
l l [ 1 11 k
(W) = <Um> =0, <wkiwk’j> = <Ukivk’j> = Ok 0y, <wkivk’j> = Ok Ot
<w§ciw§c/]’> = /lﬂ'vllc’j> = ﬁnvllc'ﬂ = 5kk/5ijﬂk7 I'#1. (S31)
Here the first line specifies the weight statistics within module [, and the second line specifies

the statistics across modules. The recurrent connectivity within each module simplifies to a

form which is identical to that of the single module network,

P
b IT ! Tyl
Jl:_ﬁl Z [wé/wkka(wé)T"”U]li,/ka’vk(’vi)T
k=1
Nooo b Lo dNT 4 ol (dNT 939
= —NZ [wi (wy,) " + v (vy) '] (532)

1« 2. PREDICTIVE REPRESENTATIONS IN RECURRENT NETWORKS

When the stimulus inputs do not depend on time, the objective function E [Eq. (S2)]

can be viewed as a function of the firing-rates and synaptic weights,

P T 2 2 N
Z 1 1 Z

r P N
2 (wk )2 + (vF - 7)?
; < zw” e —ytot o+ N +; (r;)
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=yt (w0 4 32 [+ 0. (533)

s The steady state firing-rates can be expressed as minimization over Ej, since the second

166 term in Eq. (S33) does not depend on 7,

r* = argmin Ey(r; {w®, v*}). (S34)

reR?

167 Next we will use the replica method [79, 80] to calculate the firing-rate distribution of neurons

168 in the network,

N
1
p(r) = N ; S(r —ry). (S35)
1o In general, firing-rates in the network depend on the specific realization of random weights
w wF, v¥. We find however that in the N — oo limit, the firing-rate distribution is self-

1 averaging and depends only on the distribution of synaptic weights. By choosing which
122 of the 2% and y*’s are nonzero, we can study the network response in different stimulus
i3 conditions. For convenience, we assume that at any given time, only a finite number of

17 stimulus-pairs are presented, or equivalently, there are only K = O(1) pairs (z*,y*) for

ws k=1,..., K, where at least one stimulus is nonzero. We set the decay timescale to 7 = 1.
176 2.1. Replica calculation of the firing-rate statistics
177 We consider the partition function
7 = / e PPo(r{wh ™) qp. (S36)
Y

s We suppress the domain of integration over firing-rates for readability in the following cal-
o culations. In the limit § — oo, the dominant contribution to Z comes from the fixed
180 point solution which minimizes Eo(7; {w", v*}) in Eq. (S34). The logarithm of the partition

11 function concentrates around its expectation, so we use the replica trick,

lim %: lim <%> = lim lim In (2 >

(937)

N—oo N N—o0 n—0N—oco nN

We make the standard assumption that the order of the limits can be exchanged in the last
equality. We first calculate (Z™). For readability, we use g for the gain parameter (instead

of b) in Subsection 2.1, and a,b = 1,...,n for the replica indices. Without loss of generality,
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we assume that the presented stimuli (i.e., indices k& such that z, or y, is nonzero) are the

first K pairs, k=1,..., K.

A :/dera <exp{—ﬁZF(T?)—%ZZ [(wk-'r‘l)Q‘i‘(’Uk-'r@)Q}}

X exp [gﬁ Z Z (*w® - r* 4 y*v° - ’l“a)] > ;

X <eXp {g/ﬁz ; |:<1,k:wk St 4 yk:,vk . ,r.a) _ % ((wk ) ra)? + (vk . Ta)2> }>

gL e (S R a)
L ot L kg gk
x<exp{g,622[ 2N(w r?) 2N(’u r®)? 4 2Fw" et 4 yFok }>

(S38)
Notice that we have split the summation over all P stimulus-pairs and averaging over the
corresponding synaptic weights into the presented pairs (kK = 1,..., K) and the rest (k =
K +1,...,P). We first perform calculations for the P — K ‘absent’ stimulus-pairs. Using

the integral representation of Gaussian function, we get,

kJ ) a w ™
6_%(10&7, dt a\/—e gﬂ[u itk \/ﬁ}
)
k,a _ gl 2 ka@]
o I d‘} g TR (S39)
™

Using these, the term corresponding to the P — K absent stimulus-pairs becomes,

P
<exp {—% Z Z [(wh - %) + (v - r)?] }>
a k=K+1
— <H H gﬁ /dtkad k,a *gﬁ[uk a)2+(9k a)2 r(tkvawk.ra+sk,avk.,,.a)]>

akK—i—l

= ( ) /Hdtk adgkae— [tk a)24 (skia) ] <6_% Za(tk,awk'ra+sk’avk.ra)>
k= K+1
[( ) /Ildtads € EE [ 1)) ] < N [(Z tert)w+ (32, sér)- 'u]>] . (840)
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In the last line we have suppressed the superscript k. Recall that for each k, angle brackets
denote the average over a pair of synaptic weight vectors, each of which has components
sampled from the same distribution with mean 0 and correlation p* [Eq. (S9)]. We work

out the last factor of the integrand,

__ 9B
<e VN

(0, tordywi+(32, 5778 >vj}>

N

(2, trr®)w+(E, s*r?) ] <
JHle

O g8 oo 98 o,

—Hf —\/—NZtrj,—\/—NZs 7’]- s (841)

=1

.

k

where f(z,y) is the joint characteristic function of the random vectors w*, v* with correla-

tion p*. The Taylor expansion of f(-,-) in the limit N — oo is,

—1- 922]@2 (Z t“r?) + 2" (Z t“rj) (Z sarg) + (Z sar;> +O(N72).

(S42)
Using this we get,
<e—%[<2at%a>-w+@a S“’"“>'”]>
N 5 2 2
9 a,.a k a,.a a,.a a,.a
j= a a a a
1" T;) agh 4 9 kpagh L gagh
e%—p)rxex ——Z (tt+uts —l—ss)
= exp [—% zb: q*" (1" + 2pMtes® + s“sb)] : (543)

1.2 In the last line we have introduced the usual definition of the order parameter,

¢ = %Z : (S44)
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Collecting terms, we find that Eq. (S40) becomes,

:k_KH{< ) /Hdt“d “

X exp [—% (Z [(t“)2 + (sa)Q} + gﬁzqab (tatb + QIuktaSb + Sasb)

a a,b

[
——

T )

P n k
1 1(t I, + t
- 10 <_) /dtdsexp - 989 1" gBq
s 1FgBq I, +gBq) \s

-1
I, +gBq prgBq

= ﬁ det ) (S45)

h=K 1 1igBa 1.+ gBq
183 Here ¢ is an n x n matrix [Eq. (S44)] and I, is the n x n identity matrix. In the next to last
e step of Eq. (S45) we rescaled the integration variables ¢, s by v/gf.
The term in Eq. (S38) corresponding to the K presented pairs can be calculated in a

similar fashion, which yields,

K
<eXp {Qﬁzz [—%(wk r?)? — %(U’C 192 4 ghgpk o 4 gkgk ,,,a] }>

a k=1

K
dtk’ad k’a ,a ,a NeY a ,a a
[l T 00 o) (st -ril)

a k=1

(S46)

185 We introduce the delta function to enforce the definition of the order parameter ¢,

1 “ ab rér
5<qab—ﬁz ) N/ =i, (S47)

Putting all terms together Eq. (S38) gives,

n " tk adsk a dqabdqab ab 8N ka2 ka2
(2") =(9B)""'N'= /H [ e S a5 Bl
a,b

N
x {/Hdra’ <6_Bza F(Ta)+gﬁZkya[(zk_itk,a)wkra_i_(yk_iskz,a)vkra]_Za’bqabTaT.b>}

-1

det

y l—P[ I, +9Bq 1FgBq
=Rt 1kgBq I, + gBq
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k,a.k,a Aab 3 ,ab
_ / H dt 2d8 H dq2dq o NF (g, geb ke sha). (548)
T

T
a,b
In the last line we have defined F(q®, ¢, k2, k) as,

F(qa 7qab tka k:,a) —

nk n In N ab ~ab gﬁ a,k\2 a,k\2
N 0(98) + o + D = T ) ) + (5]

a,b

+ ]_n {/Hd’r BZ F )+gﬁzk,a [(:Ek—itk’a)wkTO‘—F(yk—isk’a)vaa] Z bqabrarb>}

1 I, + F
—— 3 Indet 9Pq 9P | (549)

2N e 1kgBq I, + gBq

186 In the limit N — oo, we use the saddle point approximation to compute the integral in the
17 last line of Eq. (S48). Furthermore, because the Lyapunov function Ejy is convex [Eq. (S33)],

188 the saddle point solution is replica symmetric, i.e.,
0" = qodap + (1 = 0a), G = Gobar + (1 = 8w),  tF =1, stF =5t (S50)

We then simplify the terms in F,
Z q""G" = ngodo + n(n — )q1 s,
STIERY + (54 = n I + (547 (551)
a,k k

I, + k
In det 954 19PNy Get(L + gB(1 — p)g] + IndetlTy + gB(1 + 1)g

pkgBq I, + gBq

=nln [(1 +gB(1 — 1) (g0 — 1)) (1 + gB(1 + p*) (g0 — Q1))}
gB(1 — pF)ng gB(1 + p*)ng
o [(1 1 +gB(1 — p*)(q0 — QI)) (1 1y 9B+ p*)(qo — Q1>):| '

Simplifying the term in the third line of Eq. (S49) requires a number of additional steps.

Using the integral representation of Gaussian function we write,

o S @ = (io—1) Sa ()1 (S, 1)

~ ~ a d 22 - 5@
— o (d0=d1) X, (r)? / ;eﬁﬂzaﬂr z (S52)
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Substituting this into the integral in Eq. (S49) gives,

/ H dre < —B Y F(r®)+gB X, o[ (@F =itk )wkre 4 (yF —ishe)ohre] =32, ,,qabrarb>

dz _ 22 N 2k itk )k pa k_jgk.a)kpa
27Te 2 H {/ dvg(r)e —(Go—a1)(r*)*+iv/2q <egﬁ( o whre+(y ) >}
/DZ |:/ dVﬁ —(Go—q1)r?+i\/2qrz <egﬁ(:rkitk)wkr+(ykisk)vkr>:| ) (853)

189 Here we have introduced the notation,

ez, dvg(r) = dre PP (Sh4)
Therefore, under the replica symmetric ansatz, Eq. (S49) becomes

F(q07 q1, CjOa dla tka Sk) =

n?ln N ngp
ET+HCIOQO+R(R—1 Q1Q1—iz th)?

+ln/Dz [/ dl/ﬁ(r)e—(‘?o—él)TQJri\/ETz <Hebﬁ(fck—it’“)w’“r+(y’“—i8’“)vkr>]

k

_% 2 {mn (149801 = 1) a0 — a1) (1 + 981+ 1) (a0 — )]

+

““{ T — >)<Zfl—ql>)(”1+ggﬁﬁ<(11m?£§1—ql>>}}' (555)

Now we take the limits P, N — oo and n — 0, and identify o = P/N, which gives,

n A ooaogk Gk
lim 1H<Z > — lim f(QOanaQOtht y S )

Nooo nN N—oo n
n—0 n—0

. . (t*)? + (s*)?
ZQOQO_Ql%_gﬁZ%

/ Doln / dvs(r)e (@oql>r2+zmm<Hega(x’fz’tk)wkr+(y’wsk)vkr>

k

_ §< In [(1+ gB(1 — 1) (a0 — a1))(L + 981+ 1) (a0 — @1))]

1—pF 1 K
N 98( b )q 98( +5 )& > ‘ (556)
L+ gB801 =) (g0 — @)~ 14981+ p*) (0 — q1)
wo In the third line of Eq. (S56) we used the fact that for a well behaved function A(z),
lim — ln/DzA" /DzlnA (Sh7)
n—0 N
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o1 The last term in Eq. (S56) (proportional to «/2) was obtained by taking the limit over
12 P, N — oo and introducing «, and assuming that the number of presented stimulus-pairs
103 K is finite (necessary for the neural activity to remain finite, justified below). The average
e (---), is over the distribution of correlation values p*, k = 1,..., P (i.e., over all learned

105 stimulus-pairs).

©

196 To simplify the calculations, we define new variables

do — ¢ N 2¢1 q1
s q fr— ——’ q = —. 858
agp ag? 3 9B (558)

and further make the change of variables, t* — it* and s¥ — is*. With these simplifications,

q = 9B8(q0 — q), ¢ =2

we rewrite Eq. (S56) as,

. F(d.q.q,q,t", s
lim =
N—oco n
n—0

agB ., dq ()2 + (s*)°
S (@1—4d) + a5 +gﬁzk: 5

+ / Dzln { / ()95 0V (g9 [<xk—t'“>w'“+<y’f—sk>vk]>}

(1-wgBg | (1+pgbyg
1+(1-pg 1+(1+ u)q’>“ - 6

- 5 (I A= W)+ (14 )+

To extract information about the network’s response properties as N — 0o, we evaluated

these expressions at the saddle point of F(qo, q1, do, G1,t*, s¥). The saddle point satisfies,

Ozg;;zgﬁ(tk—/ngwkr),

0= % = gp <Sk—/dQ3vkr),

O_fﬁ_%b_< S B >
a¢ 2 |TT\1T0-we T 1rtwd/,

?

_OF _ogB 4 (1 —p)? (1+p)?
"o T2 |48 q+<u+<1—u>q'}2q+[1+<1+u>q/12q>,j’

L) VR )

¢ 2 \yp
_OF _agB ([, 1 /
0= 2~ 2 < q + NG d@s rz) . (S60)

17 Here we have defined the probability measure d@)s as,
(T)e—gﬁ#wsmm <egﬂrzk[(zk—tk>wk+<yk—sk>vk](

[ dvg )>
</dQﬁ(' N )> N /DZ fdyﬁ(r)e—gﬁaq;TQ +9BvVaqrz <6957"Zk[(ﬂfk*tk)w’w(ykfsk)v’“]> - (861)
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10 Indeed, the probability measure d()s contains a Boltzmann distribution with the correspond-

199 ing Hamiltonian,

K

H(r)=F(r) + gag’r — g/ agzr — grz (=" — )" + (" — s")o*]. (S62)
k=1

20 In the limit 8 — oo (‘zero temperature’), the Boltzmann distribution is dominated by the
20 minimum of H(r) (i.e., the ‘ground-state’). Since H(r) is strictly convex, there is a unique
200 Minimum r* > 0.

203 If 7* > 0, the ground state satisfies H'(r*) = 0, or equivalently,

0=¢'(r*)+ 0+ gag'r* —g\/_z—gz Jw* + (y* — sF)*]. (S63)

20 Otherwise, 7* = 0. Indeed, the two cases can be written in a compact way,

r=¢ ( goq'r* + g\/agz + gz Jut + (¢ — Sk)vkﬂ> : (564)

205 The solution of above equation defines a function r*(w*, v*, ). We recognize the argument

206 of ¢ as the total input to each neuron and r* as its nonlinear firing-rate response. It is
207 important to note that the solution 7* depends on the Gaussian integration variable (z), the
208 random synaptic weights (w, v), and the variables indicating the stimuli being presented
200 (1, y), so overall the saddle point equations are expected to give a distribution of firing-
a0 rates, not a single value.

Substituting the ground-state solution r* into the saddle point equation, we get at 8 — oo,

<’LU w U Z)>wk,vk,z’

<v (w”, v* Z)>wk,vk,z’

i= ([ ] ) o ([t ) o
g = (W 0" 2)%) s

1
~ <T*(wk7 Uka Z)Z>wk ok 2" (S65)
aqy T

q:

a1 Notice that the order parameters t* and s* coincide with the internal predictions 2% and ¥

22 [Eq. (S1)], and the order parameter ¢ is the second moment of the firing-rate distribution.
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213 2.2. Single-neuron and population statistics

214 We summarize the main results obtained from the above calculations: Given the distribu-

25 tion of synaptic weights {w*,v*} and a standard normal random variable z, the firing-rate

=

k ,k

26 distribution p(r) is the same as the distribution of the ground-state firing-rate r*(w”, v", 2)

=

) k

=

7 [Eq. (S34)]. The order parameters q,q,q,q,t* = 2%, s* = ¥ which appear in r*(w*, v*, 2)

s need to be solved from the saddle point equations [Eq. (S60)]. Moreover, the voltage dis-

2

it

210 tribution of the neurons in the network is simply the distribution of the argument of the

[t

20 firing-rate transfer function ¢ in Eq. (S64), i.e
R (w 0%, 2) = —bag'r* (w*, ", 2) + by/a z+bz Jw* + (y* = sF)M)] . (S66)

21 Below we restrict our analysis to the special case where {w*, v*} follow a multivariate
2 QGaussian distribution; all the stimulus-pairs are learned equally well ;¥ = p; and the acti-

23 vation function is ReLU, ¢ = [x — 6],

224 2.2.1.  The high-dimensional case, P/N — o > 0

Under the above assumptions, Eq. (S34) can be solved exactly, giving neurons’ firing-rate

and voltage distributions,

0
(o ko k k kY k
r(w,v,z):1+ b7 [\/ z—l—z w4+ (y —s)v)}—g ,
+
b
1—|—aq’b{ bL_
7'b 0
W (wk b, ) =1 — —2_ 12| 867
(w”,v", 2) 1T adb b, (S567)

For convenience, we denote the Gaussian variable I = \/acjz—i—ZkK:l (2P —tF)wh+(yF—sF)o*)].
Each neuron receives input with mean 0, and variance (denoted o?) that depends on the
stimuli presented — how many, and whether they are matched or mismatched. From the

above equation we see that neurons’ firing-rates follow a truncated Gaussian distribution.
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The saddle point equations [Eq. (S65)] can be simplified into,

g l-p n L+p
I+(1—-pd 1+ +p)q"

- [t ()
N AN TR v (@+we) |*
b ()

1+ abg’’

2 o2

(¢)? 2+_<9) of e 2?2
q= o+ ) ==

H (L) b Verb H (£)

SaF = pF gk — (1+q)a* — pg'y*
T4+ 2¢ + (1 2) (@)

e kO 04
L+ 2¢' + (1= p?)(¢)*

(S68)

where H(x) = f;o Dz is related to the complementary error function. Since ¢’ > 0 and

2% = y* =1 in the match condition, 6z* = éy* > 0. The variance o in the above equations

is given by,

]+ Z [(62%)% + (6y")* + 2uba"6y"]
2[(1 =) (1 + ¢')* + p?S + 2u1 — (1 = p?)(¢)*IT
[1+2¢ + (1 — p?)(q)*?
2Mw2&+(%%‘geeﬁw L+ +2(1 = p)g' + (1= p®) + (1 = p?)(¢)”
7@ |7 ) TV T+ 27+ (0 T |

+

(S69)

25  Here, we define variables that quantify the number of stimuli presented and whether their
26 presentation is matched or mismatched: S = 1S [(2%)2 + (y%)?] and T = S, aFyP.
27 Combining Eq. (S69) with the first and third lines of Eq. (S68) gives a solution for o, ¢/, .
28 By substituting these into the other saddle point equations, we get all the order parameters.

In this case, the mean and variance of the firing-rate distribution are,

() = 1+iﬂ@’{$2;' 0f{<;;>]
Var(r*) = m [b2‘72 <H (%) - %6_"5);) - % (1 -2 (bi))

en(Z) ()]
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229 2.2.2. The case v — 0

When a — 0, the saddle point equations reduce to,

0
'—bH —
¢ =0t (3.

o 2[(1 =) +q')? + ]S +2u[1 — (1 — i) (¢')?]T
7= T+27 + (1= (P ' 5Ty

20 Once the values of ¢’ and o are obtained from Eq. (S71), other order parameters in Eq. (S68)
a1 can be computed directly. Note that when 6§ = 0, then ¢ = b/2. For a general threshold
2 value 6 > 0, ¢ is proportional to the gain parameter b and can thus be regarded as an order
23 parameter quantifying the ‘effective gain parameter’ in the network. We see from Eq. (S71)
24 that ¢’ depends on o, which is scaled in turn by the quantities measuring the total stimulus
25 strength, S and 7. Thus, the changes of ¢’ in the match versus mismatch condition can be
236 viewed as a global gain component in the predictive signal.

237 The single neuron firing-rate [Eq. (S34)] is now,

K

=gl =l —0),, I

[wFéa” + v 5y*] ~ N(0,0%). (S72)
k=1

2s Notice that the mean and variance of the firing-rate [Eq. (S72)] can be obtained from
20 Eq. (S70) by setting o = 0, and that the variable I in this case coincides the voltage level
20 of neurons in the network [Eq. (S67)]. These results are used to generated the firing-rate
21 statistics in Fig. 1.

In the case where only one stimulus-pair is presented (K = 1), the Pearson correlation
between firing-rate vectors in the mismatch and match conditions can be calculated as
follows. We denote by I, I, I, the voltage levels in the z-only, y-only mismatch and
match conditions, respectively. The I’s are multivariate Gaussian variables with mean 0.
We computed the correlations between inputs to neurons in the different mismatch conditions
ph, = (I1,) — (I.) (1)) /(040,) and between the mismatch and match conditions pf ,, =
((Ielzy) — (I2) (Iay)) /(0204y). Here 02, 07, 02, are the variances of Iy, I, I, respectively.
We found,

o 201+ (1= p*)(d)’]
P (=) 4 )+ e
2(L+p)[1 + (1 — p)qT?

I : S
P = s P s+ @i ap@
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22 From the symmetry in the model we have pl . = pf ..
243 In most cases, the experimentally accessible quantity is the firing-rate rather than the
aa  input current, so we also computed the Pearson correlation between firing-rates. We denote
2«5 this correlation as py, ,,, where m, n can refer to the conditions x, y, xy, and write its formal
246 deﬁnition,

r <[b]m — ‘9]+[bIn — 9]+> B <[b]m — 0]+> <[bIn — 9]+>

B ' S74
Pran V/ Var([bl,, — 0] )Var([bl,, — 0],) o

When 6 = 0, the cross covariance between firing-rates can be worked out as,

2
bcomon [T ;

I
([T — 0, bI,, — 6],) = Ph + Pl arctan—=L"0 1 (ot )2 )
27 20 ' /1 — ( )2 ’

ol
(S75)
27 Together with the firing-rate mean and variance [Eq. (S70)], we obtained an explicit ex-

25 pression at for the firing-rate Pearson correlation, pj, . In the case of § = 0, Eq. (S74)

20 becomes,

1 i
R L= (Pl )2 |
250 2.3. Balance level distribution
251 The balance level for neuron ¢ in the network is defined as,
|| e (whah + ofyh)

B = - . (S77)

IF = I | (whoak + vfoyt)

The B;’s are i.i.d. random variables for each i. Here the denominator is the net input
§I; = I — I? to neuron i, i.e., the difference between feedforward and recurrent input
currents,

K K
I" =) (whab 4 ofyh), TR =) C(whEh 4ok, (S78)

k=1 k=1
From Eq. (S66), 61 can be expressed as
P

b 0
51 = S (whszh + vk sy :]—L{]——} , $79
> =T g (579)

80


https://doi.org/10.1101/2024.08.05.606684
http://creativecommons.org/licenses/by-nc-nd/4.0/

bioRxiv preprint doi: https://doi.org/10.1101/2024.08.05.606684; this version posted August 7, 2024. The copyright holder for this preprint
(which was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made
available under aCC-BY-NC-ND 4.0 International license.

2 where I = \/aqz + Zszl(wkéxk + v*§y*) is defined in Eq. (S67). To simplify the notation
3 we drop the subscript ¢ from 6I. Thus, to sample from the distribution of balance levels,
s one can first sample (w*, v¥, ) from their corresponding distributions and then compute I
255 and 0. The ratio between I and §I gives a sample of the balance level.

256 When the synaptic weights have Gaussian distribution and « = 0, the pair (I7,41) is
257 jointly Gaussian,

2
Of PBOFOS

(IF,61) ~ N | 0, (S80)
PBOFO§ 0?
The coefficients of the covariance matrix of (I*,61) are,
0% =2(S + ul),
g2 2= p?)(1+¢)% + ]S + 2ufl — (1= p2)(¢)T
’ [1+2¢' + (1 — u2) ()% ’
21+ (1 — p?)¢'1S + 2uT
= : S81
PR = T g (- ) .
s The balance level in this case can be expressed using a Cauchy random variable £ as,
B =" (582)
gs

0 where the probability density function for £ € R is,

ple) =L V1= rs (583)

_;(f—PBV‘f'l—PQB.

s0 This result means that the average of the balance level distribution diverges. We use the

21 quantiles to measure the magnitude of the balance level in the network (Fig. 2).

%2 3. CHARACTERIZING DIFFERENT FUNCTIONAL NEURON TYPES
263 3.1. Firing-rate correlations from two-body replica calculations

264 In this section we compute the probabilities of single neurons belonging to the different
x5 functional cell types for two stimulus-pairs. Since the stimulus-pairs and the neurons are
x6  statistically equivalent, we focus on the responses of neuron ¢ to the first two stimulus-pairs,

or (R, YT, RSN RTERY?) B ). To mathematically characterize those voltage responses,
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s we consider the joint distribution of the neurons’ firing-rates in two different stimulus con-

269 ditiOIlS,
p(r,72) 257’1—7” )8(ry — 7). (S84)

oo The superscripts A, B denote the stlmulus conditions, i.e., A and B are chosen from
o {x1, Y1, 2191, T2, Yo, Toye b We will show that at the limit N — oo, the joint distribution
o2 for all different combinations of stimulus conditions can be obtained from the calculation of
23 pairwise firing-rate correlations [Eq. (S84)].

To evaluate Eq. (S84), we consider two identical networks driven by different stimulus

inputs. The energy function of the 1st system with firing-rates r4 is,

1

Ed (r?; {w”, v" Zb ( 2Pk et — o et 4 N [(w" - r1)? + (vF- rA)2]>

+ Z F(rd), (S85)

s and similarly for the energy function of the 2nd system, EP(r?; {w* v*}). Note that in
s stimulus conditions A and B, only the first two stimulus-pair inputs are nonzero.

276 The partition function of the whole system is defined as
Ztotal — / G_BES‘(TA;{wk’vk})_BEOB(TB;{wk’vk})d’r'Ad’rB — ZA . ZB- (886)
RQN

o7 Again we use the replica trick,

- InZigra In Ziotal L . In(Z%.) . In(Z%7%)
i P = i () = g PR <y g R (s

)

Note that the neural activities 74 and 72 of the two separate but identical networks are

in fact statistically coupled due to the replica-average over (w*, v*). The calculation for

(Z%Z7%) is similar to the one shown in §2. We denote the order parameters under replica

symmetric ansatz as,
1 Aa Ab _
J
1 a
=~ D P =g ban + (1= ),
J

1 a
ng :N Z 79'4, TJB,b = QC,O(Sab + QC,I(l - 5ab)- (888)
J
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as The last order parameter represents the overlap between replicas in system A and system
a0 B. Thus, the calculation of firing-rate correlations is very similar to the one-step replica

20 symmetry-breaking calculation where the overlap between replicas within the same system

@

201 is different from the overlap between the systems [79)].
282 In the N,P — oo, P/N — a,n — 0 limit, with similar changes of variables as before
23 [Eq. (S58)], we write the result of the calculation as,

In (Z325)

:Foa 7A7 /7 A/7t7 . S89
— total (4,4, 4, 1, 5) (589)

Each order parameter in the function Fi. has 3 components. For example, ¢ has the

components (¢4, g, q.). The calculation gives the function Fiota,

‘ROt&l(q) (jv q’) q/\,7 t’ S) =

9B a 5 .
2 (A4 (07 (45 (") + 5 (G + s + )

9
agﬁ .
+ T(QAQA — 4ads + d5a8 — 4BYE + 4.9c — 49,
1
+ /DZ In {/ dl/ﬂ(T‘A)dl/g(TB) <@—BQ(TA,TB,z,wk,vk >} B llr%z— (lndet .A(,u q>>
n— n

(S90)

We introduced the functions,

G(ra,rg, z, w” vk) =

9 T darh — grava (\/Ezl + v qa — C]c22> —gra Z — th)w® + (v - Slﬁx)“k}

2
a
g grBf(@mT—qczg)—grBz b~ th )+ (h — )]
— gaq.rarg,
All A12
A(p, q) =
Al? A22

= [t 98aa11"  pu(dyl, + gBgall’)
11 —
(dadn + gBqallT) (1 +q4) L + gBgall’

"I, + gBq.11T "1, + gBq.11"
A= | @ 98q p(gely + gBgc11") (so1)

p(qLln + 9B 11" gL, + gBg 11T
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s From symmetry, Ay is obtained by replacing A <» B in A;;. Here, I, is the n x n identity
s matrix and 1 is an n-dimensional vector of 1’s. All the order parameters in Eq. (S90) should
26 be evaluated at the saddle point, in the limit § — oco. We obtain these order parameters as
2s7 follows.

First, we find the Hamiltonian corresponding to this system,

H(ra,r) = G(ra,rp, z, 0", v*) + F(ra) + F(rp)

92 darh — grava (\/azl +Vqa — Qc22> —gra Z — th)w® + (yh — s%)v"]
+ %QETB greva (\/;21 + VB — qczg) —grp Z — thw® + (v — sh)v*]

—gag.rarg + F(ra) + F(rp). (S92)

The extra terms F(r4) and F(rp) come from the probability measure dvg. When 5 — oo,

the unique minimum (r7%,r%) is given by,

K
rh=¢ (—ga@m +gva (Jq_ + /a4 — cm) + gZ — th)w* + (yh — sh)o")] + 9046%7“%) :

=1

H

K
rp=0¢ (—gac}};r*g +gva (\/@1 +/is — ch2’3> + gz — th)w* + (yf — spvh)] + gadé?"ﬁx) :
(S93)

23 At the saddle point, the derivative of Fioa [Eq. (S90)] with respect to §. is set to 0, giving
agp

TG mss) e G wse) )

20 In the limit § — oo we find that,

0=

(S94)

<< I )T*> _< 1oy 1 8rA> 59 (895)
Vie Vaa—a@.) /. \Vi0n Via—d.0=/, ‘
20 Similarly, the average over the term proportional to r} in Eq. (S94) is also 0. Substituting

201 this into Eq. (S94), we get at the saddle point,
g. = 0. (S96)

Next, we simplify the determinant of A(yu, q). It is useful to write the submatrices as,

1w 1w
A = Ly + )y @ I, + gBqa ®117,
w1l w1l

1 p 1 p
-’412 = qz ®In +9BQC ® ]-]-T- (897)
w1l w1l
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The symbol ® denotes the Kronecker product between two matrices. For this product, we
have the identity, (A® B)(C ® D) = (AC) ® (BD). Therefore the submatrices Ay and A9

commute and the determinant of A(u, q) becomes,

All A12

det A(p, q) = det = det( A1 Age — AL). (S98)
Az Az
The two terms are equal to,
1 L+p* 2u
A1 Az = Ion + (¢4 + dp) ® In + dudp ® I
! 2u 1+ p?
1+ u? 24
+ 9B(ngBaags + qads + daqn) ®117,
2 1+ p?
14+ 2u
Al = (208d.q. + ng*5%¢2 + O(¢7)) ®117, (S99)
2 1+ p?

where we used ¢. = 0. Note that we have kept the term linear in ¢/ in A%,, anticipating that
we will need to evaluate derivatives with respect to ¢. below. We find that the determinant

has the following form,

1 1
~n det( A1 Az — A3,) = ~n det(Qo ® I, + Q1(n) ® 117)

B 1 det(Qo + nQ1(n))
= Indet Qg + - In 4t Oy

"29 11 det Qo + tr[Q; ' Q1(0)]. (5100)

Here, Qo and Q1(n) are 2 x 2 matrices that depend on the order parameters,

Oy L+, pgy 1+4qp  pgp
0 — )
gy 1+4q, ngp  1+qp

1+p? 2u
2 1+ p?
(S101)

Q1(n) = [98(dhas + qads) + ng*B°(qaas — &) — 29Bd,q. + O(d})]

22 We use the above simplification to evaluate the derivative of Fiota [Eq. (S90)] with respect

203 t0 ¢, and set it to 0 at the saddle point,

R ) -
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e Using Eq. (S101), we find that an |q —o = 0. Therefore,
i, = 0. (S103)

Substituting this result into Eq. (S93), we see this is consistent with the one-body replica
results in Eq. (S34). Moreover, all the saddle point equations in the one-body scenario
[Eq. (S60)] will hold in the two-body scenario. The two new equations when taking deriva-

tives of Fiotal With respect to ¢. and qé are,

83 total agﬁ /
= = — d

8F:cotal agﬂ (j/ A 1 8Q1 (O)
0= — _fc _ . . S104
e "2 | e T\ Y o ), (5104)
25 The second equation can be further simplified as follows. From Eq. (S101), we find
9Q1(0 1+p? 2
e I (5105)
qc qé:[) 2,& 1 + /Jr2

Combining with Eq. (S101), we get

1 {Q 8@1(0)] _ (1 —p)*qe B (1+1)%q
28 [ 0q. Jlyme D+ —pal]l+ 1 —wdp] [T+ +pd][L+ 1+ m)gp]
= —C(1, ¢, 4p)4e- (5106)

Therefore, using Eqs. (5S104-S106), in the limit § — oo, we get,

Ge = (C (1, 04, q)) y Ge = (C (1t @as 0B))  (TAT ) i otz - (5107)
Below we consider the case where the activation function ¢ is ReLLU and p’s are the same

for all learned stimulus-pairs. In this case 7% and 7} can be solved in closed form,

ok k 9 0
- J |, =2
ry(w® 0", z) 1+a%g[A g]+7
x/( k .k g 0
=— 2 | [n—- =
TB(’UJ,U,Z) 1+an%g|:B g}+’
" 2
: : AR
—:qc: n N [A—— I -_— . 8108
Cp, qy, q) (1+a9q2;)(1+a9q§s)<[ gl L7 9l Lads (5109

The random variables representing the currents can be read from Eq. (593),
K

Iy =V (@zl + v qa — qcz2> + 57 [ =tk + (o — sh)ot)]

1

i

Mx

Ip = (\/&Zl +vVdB — qc23> +

(2 — th)w* + (yf — sh)™)] . (S109)

b
Il
—
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206 In summary, to obtain the joint distribution of neural activity under two stimulus condi-
27 tions A and B, we first sample w*, v*, z from their corresponding distributions, and calcu-
28 late [4 and Ip from Eq. (S109). The order parameters qa, ¢y, ¢B, ¢, 4a, G4, 4B, G5 are then
20 solved from the one-body replica equations [Eq. (S60)] and order parameters introduced in
30 the two-body calculation (q., ., gc, ¢.) are obtained from Eq. (S108). Finally, 7% and r} are
s calculated from Eq. (S93), which gives a random sample from the joint distribution.

302 The joint distribution of voltage levels can be computed similarly using the following

53 formula for A%,

N ;
WA (wh o, 2) = T, — —da9 [IA - —} . S110
S I (5110

s0¢ A similar formula holds for h}; with the corresponding input current and order parameters.
;s These results can be generalized to scenarios with more than two stimulus conditions. This
w06 joint distribution was be used to calculate the fraction of different functional neuronal types

s07 - as shown in Fig. 3b,d.

308 3.2. Explicit formulas in the Gaussian case

300 When the weights w* and v* are Gaussian, the input currents I4 and I are also Gaussian
20 variables. Moreover, their variances 0% = (I%) and 0% = (I3) are given by the one-body
su  calculation [Eq. (S69)]. We denote the input current covariance as oap = (I4lg). This

;12 covariance is given by,

K
oA = ad. + Z [53:’253:]}33 + P (628 0%, + ok oyh) + 5y’j](5y§} = ag. + o' p. (S111)
k=1
23 Here 095 can be obtained from the one-body replica equations [Eq. (S60)].
Substituting o4p this into Eq. (S108) (i.e., averaging over the correlated Gaussians

14, Ip), and defining pap = oap/(0a0B), we get a self-consistent equation for pap,

UOAB _ OébQC(/j,7 qz47 q,B) V 1- piB

oaop (1L +abdy)(1+ abdy)

<

y /+OO D. ie_éipg,?lji?;?:;i N prBZ —0 - prBZ -0 (Z . Q)
0 2m b\/2m(1 — plp) VA b
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When 6 = 0, the above equation for p4p simplifies into

0 9 .,

OAB ab’C(i, dy, qp) T PAB \/72

- - 5 tan ——— 1— '
pav 0A0B 27?(1 + abqu)(l 4 ab%) 2PAB + pap arctan = P%B + Pan

(S113)

Note that the quantity pap calculated here is the high-dimensional counterpart of Eq. (S73),

i.e., pap reduces to pfmn in the limit @ — 0. We computed the firing rate correlations in

the high-dimensional regime based on Eqs. (S74-S76) which give the correlation between the
input current pap.

The fraction of different functional neuronal types can also be obtained from the statistics

0%,0% and pap. Specifically, we set the stimulus conditions A =‘z-only mismatch condition’

and B = ‘match condition’. The fraction of PE and R neurons are defined as (Methods),

o o
fPE:]P){hA>§ahA_hB>§}7

g g
fR:P{hA>§7|hA_hB| <§}, (S114)

where h 4, hpg are given by Eq. (S110). In the low-dimensional limit o« — 0, ha = I4,hp = Ip
and have multivariate Gaussian distribution. There the fractions of PE and R neurons have

the explicit formulas,

= T (24— pan)

ﬁEz/" Do | Za__os AP
%4 \/1—<g—§—PAB)2

o s2s — (54— pan)s
fr :/ Dz |1—-H | A28 : (S115)
% V1= (3= pan)?

3.3. Imperfect match of paired stimuli

We consider a network that learns a single stimulus association, and is presented with a
‘probe’ stimulus that is an imperfect match to the expected (learned) stimulus. This differ-
ence is modeled by letting the recurrent weight vector w be different from the feedforward

weight vector w’, giving the dynamics,

dhi(t) b o

=) - > " (wiw; + vivy)(hy () + b (wiz + viy). (S116)

j=1

We used this model to understand recent experimental findings, where a motor-auditory

association was learned, and animals were probed with sounds that differed from the learned
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tone [13]. We assume that the components of w’ have mean 0 and unit variance [similarly

to w and v, Eq. (S9)], and the following cross terms,
(wiw}) = 0i;k, (viw}) = 0sjkp. (S117)

;24 Here 0 < k < 1 indicates the similarity between the learned stimulus input x and the one
35 used as a probe. When k = 1, the learned and probe stimuli are equal.
326 This network is very similar to the special case a — 0 of the network studied in §2.2.2.

27 To understand its steady-state response, we use Eq. (S34) and define similarly,
r = ¢(I%) = [bI" — 0], I" =w'e —wi +v(y — 7). (S118)

Here ¢ is assumed to be the ReLU function, & and y are the internal predictions [Eq. (S1)]
and are given by the saddle point equations [Eq. (S68)],

_ kg + (1= p*)(@))z + pa'y
1+2¢ + (1 - p2)(¢')?
rug'r + (¢ + (1= p?)(¢)ly

1+2¢ + (1= p2)(q)?

=

(S119)

<,
I

Note that we have modified them accordingly to account for fact that stimulus-pairing is
‘imperfect’. When all the weights have Gaussian distributions, the order parameters ¢, o

satisfy [similarly to Eq. (S71)],

6
"=bH
¢ =0t (5.

(0")% = 2(1 — K?) +

2r%[(1 — p*) (L + ¢')* + p°]S + 26p[l — (1 — p2)(¢')*]T
[1 + 2(], + (1 _ /~L2>(q/>2]2 :

(S120)

»s  We computed the representation similarity between stimuli semi-analytically by first solv-
no ing ¢, o, sampling I* from N(0,(¢")?), and finally calculating the Pearson correlation
s coefficient [Eq. (S74)] between r*=! and r* for different values of k.

To get the segregation index, we considered the difference between mismatch and match

responses A for an arbitrary x and k = 1,

A" = [bI7 — 0], — [bI7, — 0]+,
A= [pIE= — 0], — [pI5T — 0] (S121)

sn Note that I, I%, I5=" and I are random variables that depend on the random weights

2w, w and v, order parameters & and g, and the inputs x and y. The inputs were chosen
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s according to the stimulus condition (match/mismatch). The segregation index (as a function
s of k) is defined as the Pearson correlation between the two random variables A* and A1

35 which is shown in Fig. 4f.

s 4. THE E/I NETWORK MODEL
337 4.1. Derivation of the E/I connectivity in the model

We consider a network with two separate populations of excitatory and inhibitory neu-
rons. The time-dependent voltages of E and I neurons are given by the following system of

differential equations,

dn? ol
= Z TEPGRE) = T 6r(hl) + 17,
7j=1
dth I IE 11 I I
=N +ZJ ZJ or(hh) + I} (S122)

We assume that the activation function of inhibitory neurons is ReLLU with threshold value
equal to zero, ¢;(x) = max{z,0}. Notice the negative sign of the third term in both
equations. This implies that the connectivity matrices JZ¥, JEI J'E and J!I are non-
negative. We now derive these matrices, and the inputs I and I’, by matching the steady
state activity of E neurons in the E/I network to the neural activity in the original network

[Eq. (S4)]. At steady state, Eq. (S122) reads,

ZJEE ZJE[ h[ + IE

NE NI
hi=Y JFo(h) = Tl ér(h)) + 1. (S123)
j=1 Jj=1

18 We restrict ourselves to choices of connectivity in which inhibitory neurons operate in the

5o linear regime, i.e., h! > 0 = ¢;(h!) = hf. Substituting h! into hP in Eq. (S123) we get,

NE NI
he =Y [JEE = (I Iy, + T T () + 1P =Y D TE T (S124)
J=1 '

One can be check that the steady state solution is stable when 77 < 7. Here (I, + J)

is assumed to be invertible. From now on we suppress the subscript N; indicating the
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dimension of the identity matrix Iy,. Equating this with the steady state in the original

network [Eq. (S8)] gives the constraints on the connectivity and input,
p L
Tt = TP+ Ty = - > (whwh + ool
P
IF =[P+ T =0 ) (whak 4 ofy"). (S125)

Following a scheme for separating E/I connectivity used in previous work [54], we define

k

positive random variables £F,nF > 0 such that the variables w¥, v¥ are retrieved when the

mean is subtracted from the new variables. Mathematically,
wi=& & o= 1. (S126)

The means &, 77 are chosen to be independent of the neuron and pattern indices i, k. Using

the same trick as Ref. [54], the first equation in Eq. (S125) can be separated into two parts,

bP
JEP = 237 (gkek + i)
k=1
bP i P P i P .
+ 5 25 kZ + kZm anj
1 =1 =1
P
1yt = DD S ket ($127)
k=1

s Here v is an arbitrary positive number, which we set to 1 in all later results.

We make two additional assumptions: (i) ‘Feedforward’ stimulus input exclusively target
excitatory neurons (I! = 0); and (i) I-to-E connectivity has the form J#/ = JEI(I 4 JI1),

where JF! is a nonnegative matrix. Given these, Eqs. (5125, S127) become,

TEI IE 2b -
[Ty = 55 D (685 + i)
k=1
P
wax + ufyh). (S128)

To obtain the E /I balance level for excitatory neurons in this network, we write the total
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excitatory input IZ»E ' a5 the sum of different contributions,

[E,tot P P
- b Z(wfik +org) + Z(wka + vEyF) (stimulus-specific, local)
k=1 k=1
r P
+2 (5 Z 4+ q Z " (stimulus-specific, global)
k=1 k=1
9 P P N
+ N (_Z wf + 7 Z vf Z gb(riE) (stimulus-nonspecific, local)
k=1 k=1 i=1
N B P P
+ 20 (& +17°) Z P(rf) + ¢ Z " 47 Z y".  (stimulus-nonspecific, global)
i=1 k=1 k=1

(S129)

s Taking the ratio between the stimulus-specific, local component and the net input to each

s excitatory neuron, we get,

IR+ IF

BE/N _
ol;

7

= |—-1+2Bj|, (S130)

us where I I® §I; and B; are those defined in the original network model [without separation
s of Fand [, Eq. (S77)]. Therefore, for moderate values of B; > 1/2, up to a scaling factor
us and shift, the stimulus-specific, local component of the E/I balance level is the same as the
us balance level we analyzed in Figs. 2, 3. Note that in the range of o values analyzed in Fig. 2,

w7 the fraction of neurons with B; < 1/2 is negligible in both match and mismatch conditions.

348 4.2. Interpolation via nonnegative matrix factorization

Solving for J¥' and J'¥ in Eq. (S128) is equivalent to a nonnegative matrix factorization

problem [53]. Using the shifted, nonnegative weight vectors, we define the matrices Z, H, S,

X ' . & ... &
E:— . _ . . . RPXN
N N < ’
ert & ... &
1 n'’ . Moy =
H:N . :N . . ERPXN, S = H GRNXN. (8131)
ntT oo N 0
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s Throughout this section, we will assume 2P < N, and ‘0’ pads with 0’s such that S is a

30 square matrix. Thus, the connectivity equation [Eq. (S128)] can be rewritten as,
JELJIE —ob(2TE4+ HH) = b(y +1)S'S. (S132)

351 For each choice of a nonnegative matrix J/¥ the above equation has a nonnegative
sz solution JZ! if and only if the convex cone formed by the row vectors of J/Z contains the
53 convex cone formed by the row vectors of S [formally denoted as cone(J'®) D cone(S)].
3+ This condition can be derived from the definition of matrix multiplication [53]. Based on
s this condition, we identify a family of solutions {J#Z()), J'¥(\)} parameterized by A € [0, 1]
36 as follows. At one end, we choose J/E equal to the identity (J/Z(A\ = 0) = Iy). At the
57 other end, JIF(A = 1) = 5, where S’ is defined such that its first 2P rows are the same
s as the nonzero rows of S and the rest of its rows are randomly sampled from the vectors
w0 €¥/N, n*/N. This ensures that cone(S’) 2 cone(S). This family of solutions assumes that

0 the number of inhibitory neurons equal to the number of excitatory neurons.

361 The firing-rates of inhibitory neurons are given by,
N

i) = or(h) = hi = JF Oy (S133)
j=1

At the two ends, this reduces to,

. ¢ N . . .
(A= 1) = * + % Zjvl o(hF), if the ith row of S is €FT (5134)
g+ £ 570, o(hF), if the ith row of " is n*T

w2 Based on these equations, we call A = 0 the ‘private’ solution and A = 1 the ‘internal
I

33 prediction’ scenario. For A = 1, the second term in 7;(1) can be canceled by a global
34 disinhibtory input. For intermediate A’s, it may seem natural to choose a linear interpolation
%5 between the two solutions, J/E(\) = AJIE(1) + (1 — X\)J'E(0). We find however that this

s choice does not ensure that the solution for J*! is nonnegative.

Instead, we choose FE-to-I connectivity as follows. Two intermediate points within the

segment [0, 1] are denoted as A = 07 and A\ = 17, thereby dividing the segment into three.
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At those points we choose JF to be,

Epap 0 Epap | ZPN-2P
JIE(0F) = Hpap 0 ) JIE(1T) = Hpaop| Hpn—2p | - (S135)
0 NIN—2P 0 Ndlag(a)

Here, Epop, Hpop consist of the first P rows and first 2P columns of = and H, respectively;
Epn—2pr, Hp n_op consist of the first P rows and last N — 2P columns of = and H, respec-
tively; diag(a) is a diagonal matrix, with diagonal elements given by the N —2P components
of the vector a which is specified below. Again the 0’s are used for padding.

The interpolation of J'#()) from A =0 to A = 1 thus consists of three regions:

(I) A from 0 to 07: The upper left block of J/F changes from an identity matrix to a

matrix of stimulus input vectors.

(IT) A from 0% to 17: The upper and lower right blocks linearly interpolate the matrices

shown in Eq. (S135). Results in the main text are taken from here.
(III) A from 17 to 1: The lower part of the matrix changes to contain stimulus vectors.

We start with solutions in Region (II) which we found to be the most relevant to the
empirical measurements in [12], since we estimated A ~ 0.6. Network properties for a range
of X values between 0 and 1 (Figs. 5, S6, S7, S8) are also based on the results in Region
(IT). The connectivity matrices JZL(X) and JIZ(\) in Region (II) are given by,

Zpaop A=ZpN_2p
JE(N) = Hpop AHpn_op ;
0 |N[(L - N)Iy_op + Ading(a)

TEI(\) = 2b(5 H IO ) (S136)

Here J(\) is a N x (N — 2P) matrix whose elements are given by

(1— )‘)(giéj + 77i77j) i—1
(Aa; +1—=A)N ’ T

TNy = N, j=N-2P+1,..., N. (S137)

One can check that cone(J#(\)) D cone(S), and thus Eq. (S132) is satisfied and the ele-
ments of JZ! are nonnegative for every .
The interpolation in Region (I) requires smoothly ‘morphing’ the upper left block of

the connectivity matrix involving = and H to the identity matrix. This can be done by
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;22 replacing the last row and last column with 0 and then setting the last diagonal element
;3 to be 1. Repeating this replacement P times yields the identity matrix. We note that in
s« the low-dimensional case [P = O(1)], this procedure only changes the E connections to P
sss out of IV inhibitory neurons. Thus its effect on the overall statistics of inhibitory neurons’
s activity is negligible. In the high-dimensional case [P = O(N)], the distributions of neural
s7  activity and synaptic weights themselves change smoothly along this interpolation path.
;s Similarly, in Region (IIT), we replace every row in the lower part of the matrix with one of

;9 the randomly sampled vectors that appear in the matrix S’.

390 4.3. Plasticity of inhibitory weights during learning

301 The interpolation solutions presented in the last section are valid for any set of positive
32 real numbers a;, 1 = 2P +1,..., N. In Fig. 5 we choose the a;’s as follows,
1.4 + 12exp[1.5s; ()] if s;(n) <0
a;(p) = 0.002 if 0 < s;(p) < 0.97 (S138)
2.002 if s;(p) > 0.97
33 where
si(u) = [rza(1) — (rz )] [rzya () — (ray (). (5139)

2 Here r[;(u) and rl, ;(u) are the firing-rates of the i-th excitatory neuron in the z-only
s mismatch and match conditions for a given value of p. (rf(u)) and (rZ, (1)) are the average
w6 firing-rates over all the F neurons in the two conditions. This mathematical form for a; is
27 chosen to match the experimental data on fast spiking neurons (Fig. 5c,d).

308 To track individual synapses during learning, we generate the kth stimulus input vectors
w0 &% and n¥ as follows: (1) We first generate two independent isotropic Gaussian vectors

wo af, b, with mean equal to 3 and standard deviation equal to 1; (2) Then we form the a

w1 linear combination to generate two correlated Gaussian random variables,

a" = al, = pal + /1 — bk, (S140)

w2 (3) Finally, we clip both variables to positive and define them as £€* and n*. In this case, the
w3 Tesulting vectors w” and v* [Eq. (S126)] will be approximately correlated Gaussian variables

w4 with mean 0. These procedures are used to produce the plots in Fig. 5c,e,f,g.

95


https://doi.org/10.1101/2024.08.05.606684
http://creativecommons.org/licenses/by-nc-nd/4.0/

bioRxiv preprint doi: https://doi.org/10.1101/2024.08.05.606684; this version posted August 7, 2024. The copyright holder for this preprint
(which was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made
available under aCC-BY-NC-ND 4.0 International license.

w0 5. PARAMETER VALUES USED IN THE FIGURES

406 Unless specified, in all the main and supplementary figures, w* and v* have joint Gaussian

a7 distribution and satisfy Eq. (S9). The number of neurons in the network is N = 2000.

ws Figure 1: Weset a =0, § =0 and b = 150 throughout this figure.

409 Panel b: We use Eq. (S72) to generate N = 2000 samples of 2D random variables
410 (I3, I;y) and compute the corresponding firing-rates.

a1l Panel d: The theory lines for the Pearson correlation between different stimulus condi-
412 tions are calculated from Eqs. (S71, S73, S76). The simulation points are calculated by
a13 sampling the neurons’ firing-rates as described in the Panel b caption. As each vector
414 represents the mean-subtracted firing-rate vectors, the cosine of the angle is equivalent
a15 to the Pearson correlation coefficient between the original firing-rate vectors.

416 Panel f: The firing-rate distribution on the left ("Our model’) is generated in the same
a7 way as in Panel b. As the neural responses to two stimulus-pairs are mutually inde-
418 pendent at a = 0, the joint distribution is a product of the corresponding marginal
419 distributions. The firing-rate distribution on the right (’Segregated model’) is gen-
420 erated by using the same marginal distributions (as in the plot of ’Our model’), but
a2 adding a nonzero correlation (which equals to 0.9) in the input variables (1, I,,) that
22 are used to calculate the firing-rates.

w23 Figure 2: We set § = 0 throughout this figure.

a2 Panel b: o = 0, b = 150. The "Early’ and 'Late’ plots for balance level distribution
425 are calculated at 4 = 0 and p = 0.9 respectively.

426 Panel d: a« = 0, b = 150. For SVM classification, stimulus inputs in the mismatch
a7 condition are generated from Gaussian mixtures centered at (0,1) and (1,0), both of
428 which are isotropic and have variance 0.05. Similar Gaussian mixtures are used for
420 stimulus input in the match condition, except that the centers are at (0,0) and (1, 1).
430 The SVM model is fitted using the Matlab function 'fitcsvm’. The classification error
431 is calculated via the matlab functions 'crossval” and "kfoldLoss’.

a3 Panel e: This figure panel is an illustration and the parameters are oo = 0, o = 0.7.
433 Panel f: The threshold on the firing-rate for determining the optimal b is chosen such
434 that at a = 0, the optimal balance level is the same as the one fitted to experimental
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435 data [20] in Figure 3 (B* ~ 162).
ss Figure 3: We fit both sets of experimental data [12, 20] using Eq. (8) (Methods).

a7 Figure 4:

438 Panel b: a =0, b = 150.

439 Panel c¢: The values of b in both plots are chosen to be at the optimal values.

440 Panel d: Plotted on the y axis is the fraction of mixed-representation neurons among
aa1 all PE neurons for the stimulus pair 1.

442 Panel f: We set b = 189, which is the value extracted from the data [12]. The
443 sparsity levels are defined as the fraction of active neurons in the network and changed
a4 by varying the firing-rate threshold € in the network model. The threshold values
aa5 corresponding to the three plotted curves are § = 4.5,6.5,21.5.

us Figure 5: We set § = 0, J/! = 0 throughout this figure. Before and after learning corre-

aa7 spond to p = 0 and = 0.97. During learning, the functional cell types of a specific £
a8 or I neuron in the network might change. The cell-type-specific synaptic weight statis-
449 tics shown in Fig. 5f,g only include synapses whose pre- and postsynaptic neurons
450 maintain their identity throughout learning. Other parameter values can be found in
451 §4.3.

52 Figure 6: 6 = 0 throughout this figure. The number of neurons for each module is 400. All

453 the error bars are computed based on 30 random samples of synaptic weight vectors.
454 The steady state of the network is obtained by simulating the ODEs [Eq. (529)] for
455 total time t = 4.

456 Panel b : o = 0, p = 0.97. The colormap indicates the firing rate averaged over all
457 neurons in all modules in the z-only mismatch condition.

458 Panel c: by = b3 = 50 and by = 190 are the values at the star position in panel b.
459 u=0.97.

460 Panel d-h: by = b3 = 50 and by = 190 are the values at the star position in panel b.

w1 Figure S1:
462 Panel a: o =0, b = 150.

463 Panel c¢: The threshold on firing-rate for determining optimal b is chosen such that at

97


https://doi.org/10.1101/2024.08.05.606684
http://creativecommons.org/licenses/by-nc-nd/4.0/

bioRxiv preprint doi: https://doi.org/10.1101/2024.08.05.606684; this version posted August 7, 2024. The copyright holder for this preprint
(which was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made
available under aCC-BY-NC-ND 4.0 International license.

464 a = 0, the optimal balance level is the same as the one fitted to experimental data

465 [20] in Fig. 3 (B* &~ 162). This threshold remains fixed for different values of a.
ws Figure S3: Throughout this figure, « = 0, b = 150.
w7 Figure S4: Throughout this figure, u = 0.97,b = 150.

ws Figure S5: The threshold value corresponding to the model curve is § = —20. We set
469 b = 189, which is the value extracted from the data [12].

awo  Figure S6: Throughout this figure, we set o = 0, b = 150.

m Figure S7 and S8: We set # = 0, J/! = 0 throughout these figures. Before and after
a2 learning correspond to p = 0 and p = 0.97. Other parameter values are the same as

473 n Fig. 5.
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