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Reducing dimension redundancy to find simplifying patterns in high-
dimensional datasets and complex networks has become a major endeavor
in many scientific fields. However, detecting the dimensionality of their latent
space is challenging but necessary to generate efficient embeddings to be used
in a multitude of downstream tasks. Here, we propose a method to infer the
dimensionality of networks without the need for any a priori spatial embed-
ding. Due to the ability of hyperbolic geometry to capture the complex con-
nectivity of real networks, we detect ultra low dimensionality far below values
reported using other approaches. We applied our method to real networks
from different domains and found unexpected regularities, including: tissue-
specific biomolecular networks being extremely low dimensional; brain con-
nectomes being close to the three dimensions of their anatomical embedding;
and social networks and the Internet requiring slightly higher dimensionality.
Beyond paving the way towards an ultra efficient dimensional reduction, our
findings help address fundamental issues that hinge on dimensionality, such as

universality in critical behavior.

The problem of dimensions—identifying the dimensionality of the
relevant space associated with a given phenomenon—recurs across
disciplines in the natural sciences. In statistical physics, the number of
spatial dimensions is one of the few factors that determines the critical
properties and the universality class of extended systems where events
at multiple length scales make relevant contributions. In the string
theory framework for particle physics and quantum gravity, extra
invisible dimensions lie beyond the three that we observe in ordinary
space. However, those additional dimensions cannot be reached either
because they could all be curled up into tightly packed manifolds or
because, even though some of them could be large, events that we can
experience are locked onto some subset of dimensions. This last idea
also emerges in a completely different framework within computer
science and network science: complex data and interactions only
populate a small subspace of their original high-dimensional space.
This blessing of dimensionality"? —recast as a curse of dimensionality®
in other contexts where the sparsity of data may be problematic—is

sustained by phenomena of measure concentration as dimension
increases*®, which can greatly help mathematical analysis of real
systems’. Assisted by these effects, reducing dimension redundancy to
find simplifying patterns in high-dimensional datasets and graphs has
become a major endeavor.

In the field of computer science, a variety of data-driven techni-
ques have been proposed to facilitate this task®'2. These techniques
are most often based on some definition of similarity distance between
the elements in the dataset”™ and involve the construction of a
similarity graph that is mapped onto a latent low-dimensional space,
typically Euclidean, where connected nodes are kept close to each
other'* 8, However, the intrinsic geometry of complex datasets and
graphs is not obvious, and defining similarity distances in agreement
with their relational and connectivity structure is challenging. In
addition, the graph embedding techniques employed often assume a
latent space with a predetermined number of dimensions or imple-
ment heuristic techniques to find a suitable value for the embedding
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dimension, for instance by evaluating the quality of embeddings
across different dimensions'>'?. Moreover, different embedding mod-
els applied to the same network may lead to different values of the
selected embedding dimension. Independent principled methods are
thus required to find the intrinsic geometry and dimension of data with
complex structure.

In the framework of network science, the characterization of
dimensionality is linked to the definition of distance. The fractal
dimension of a network has been defined on the basis of scaling
properties under a length scale transformation using similarity dis-
tances defined in terms of topological shortest paths?*?%, The same
procedure has also been applied to networks using explicit geometry—
for instance, geography—as the reservoir of distances, with the result
that networks characterized by a wide distribution of link lengths in
Euclidean space have a fractal dimensionality higher than that of the
explicit space”. Alternatively, the dimensionality of such spatial net-
works has also been measured as a correlation dimension computed
from time series that describe network trajectories of random
walkers™.

Here, we introduce a method to infer the dimensionality of the
latent hyperbolic space underlying the connectivity of a complex
network without the need for any a priori spatial embedding. We also
avoid shortest path distances since they are strongly affected by the
small-world property and do not provide a broad range of distance
values. Within the context of network geometry®, our approach is
model-driven and assumes that real networks are well described by the
geometric soft configuration model in D dimensions, the S°/H’"!
model, which is a multidimensional generalization of the S! model*
and its H? purely geometric formulation in hyperbolic space®. The
SI/H2 model is based on fundamental principles to describe the
observed connectivity of real unweighted and undirected networks.
The model assumes a one-dimensional similarity space plus a popu-
larity dimension from which hyperbolic geometry emerges as the
geometry that naturally embodies the hierarchical architecture of
networks. In this way, the model explains many typical features of real
networks including sparsity, the small-world property, heterogeneous
degree distributions, and high levels of clustering®. Furthermore,
statistical inference techniques allow us to obtain maps of real net-
works in the hyperbolic plane that are congruent with the model®.
Beyond visualization, these representations have been used in a mul-
titude of tasks, including efficient navigation®*%; the detection of
patterns such as self-similarity*>****° and communities of strongly
interacting nodes**? and the implementation of a renormalization
procedure that brings to light hidden symmetries in the multiscale
nature of complex networks®”*° and enables scaled-down and scaled-
up network replicas®.

The geometric soft configuration model is able to do that while
being a maximal entropy model, meaning that it makes the minimum
number of assumptions to explain observations given the constraints
(degree distribution and level of clustering). Hence, it is the most
parsimonious option providing the simplest explanation for the
complex topology of real networks®. As we show below, the multi-
dimensional model can produce different graph structures—while
preserving sparsity and the small-world property—by changing the
degree distribution, parameter S that controls clustering, and the
dimension D that controls the chordless cycles spectrum. This
dependency of the densities of chordless cycles of different lengths on
the dimensionality of the model is the feature that we exploit to
implement our dimensionality detection methodology.

Results

Statistics of cycles and their relation with dimensionality

If networks are metrical and related to a latent space in such a way that
connections between nodes are more likely the closer the nodes are in
that space, then differences in the structure of the space due to

changes in its dimensionality should be naturally reflected in the
topology of the networks. This suggests that measuring the intrinsic
dimensionality of a complex network should be possible by computing
profiles of structural properties that are expected to be sensitive to
dimensionality. Synthetic surrogates produced with the generalization
of the S'/H? model to D similarity dimensions, the S°/HP*!
model*>**, can then be used to assess the statistics obtained. In what
follows, we prove that the frequencies in the graph of chordless cycles
of different lengths are just such key structural properties. A chordless
cycle is defined as a closed path in the graph without a cycle chord,
meaning that all edges between the nodes of the cycle belong to the
edge set defining it. Persistent homology of complex networks***® —a
recently developed computational method that quantifies the stability
of topological features (typically holes measured as voids bounded by
simplices) in the simplicial complexes of a sequence of successive
approximations of the original dataset—also focuses on the statistics of
a particular type of cycles to obtain geometrical information. In con-
trast to persistent homology, in our work we compute local edge
cycles in the original network and thus we are not restricted to sim-
plicial complexes. More importantly, persistent homology does not
shed any light on the manifold structure beyond its homology or on its
relation with network connectivity and, even if the qualitative geo-
metric structure of the data is detectable, the precise dimension is
highly sensitive to noise and difficult to estimate using this technique,
especially in medium-sized to large networks.

In the S° model, a node i is assigned two hidden variables: a
hidden degree k; quantifying its popularity or importance, and a
position in a similarity space, represented as a D-dimensional sphere,
denoted by v;. The probability of connection between any pair of
nodes i and j takes the form of a gravity law, and its magnitude
increases with their combined popularities and decreases as their
similarity distance increases, so that more popular and similar nodes
are more likely to be connected:

-1 with x; = RAO
Pjj 1+X§ Xij

i
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The hidden variable k; of node i is called its "hidden degree” because it
coincides with the expected degree of node i in the ensemble of graphs
produced by the model. Thus, the degree distribution of these graphs is
strongly related to the distribution of hidden degrees, p(k), which is
arbitrary. To model the degree heterogeneity observed in real net-
works, here we chose p(k) to be power-law distributed, that is, p(k) < k"
with y > 2. Af; is the angular distance between the two vectors, v;and v;,
positioning nodes i andj in the D-dimensional similarity sphere of radius

R=[-%

D+1
2m 2

F(%)ﬁ, where N is the number of nodes in the graph so that,

without loss of generality, the density of nodes on the D-sphere is set to
1. The parameter § (or inverse temperature) calibrates the coupling of
the network with the underlying metric space and controls the level of
clustering in the topology (cycles of length three in the network
induced by transitive relations) as a reflection of the triangle inequality
in the latent geometry. Finally, the parameter u controls the average
degree of the network. The Fermi-Dirac form of the connection
probability in Eq. (1) is the only possible choice that defines maximally
random ensembles of geometric graphs which are simultaneously
sparse, heterogeneous, clustered, small-worlds (if y < 3 or B < 2D),
and degree-degree uncorrelated™. In its isomorphic purely geometric
formulation, the H”*! model®**, the popularity and similarity
dimensions are combined into a single distance in (D+1)
hyperbolic space.

We next prove that cycles of different length and dimensionality
are intertwined in S? networks in a non-trivial way, which ultimately
enables us to determine D. In particular, clustering poses an upper
limit on the dimension of the similarity space. As noted in
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Fig. 1| Maximum clustering as a function of the dimension. Maximum value of
node clustering (A), and mean density of edge triangles (B), squares (C), and
pentagons (D), as a function of the dimension D and power law exponent y in
synthetic networks generated by the S? model. Values correspond to averages over
100 network realizations of size N=1000 and = «. The error bars are smaller than
symbol sizes. The value of u in Eq. (1) was adjusted so that the observed average
degree was <k>=10.0 £ 0.1 in all networks.

the supplementary material in*” and in*’, the distances between points
randomly scattered on the surface of a D-sphere become more
homogeneous and approach a constant as D increases, so that the
model becomes dependent on the hidden degree only and tends to a
zero-clustering limit for very large networks. This is illustrated by the
behavior of the average local clustering coefficient of nodes, C, and by
the mean density of edge triangles, C,, in synthetic networks generated
by the S? model with realistic parameters, Fig. 1A, B. Specifically, we
used power-law distributions for the hidden degrees P(k)~k" and
measured C, as the number of triangles incident on an edge properly
normalized. Normalization is performed by dividing the number of
triangles going through an edge by the maximum possible number
given the degrees at the ends of the edge and then averaged over links
that connect nodes in the network with a degree greater than one. The
maximum value of both C and C,; is obtained at = (or zero tem-
perature), for which the probability of connection becomes a step
function. These maximum values decrease as D increases for all
values of the exponent y, Fig. 1A, B. As shown, for a typical value of the
mean density of edge triangles in real networks, C,> 0.5 (see Table S1),
the dimension of the similarity space can be at most D=7 when y=2.5,
or D=5 if y=3. The dependency on dimensionality is also evident for
the mean density of (chordless) edge squares, C, and pentagons, C,,
shown in Fig. 1C and 1D. As in the case of triangles, normalization is
performed by dividing the number of squares (pentagons) going
through an edge by the maximum possible number given the degrees
at the ends of the edge discounting participation in triangles (partici-
pation in triangles and squares). The obtained quantity is averaged
over links that connect nodes in the network with a degree greater
than one. As opposed to edge triangles, the densities of edge squares
and pentagons are not monotonous but display a maximum for a value
of the dimension that increases with network heterogeneity. Notice
that clustering coefficients can alternatively be defined relative to
individual nodes, instead of edges. While the results are similar, in** we
found the definition relative to edges to be more stable with respect to
degree heterogeneity than the relative to nodes, which is what moti-
vated our choice.

Note that all our measurements in this work are of chordless
cycles, to ensure that the densities are not directly dependent on each
other. We can therefore exploit this independence by analyzing the
“phase space” defined by (C,, Cs, C,). In principle, the phase space can

be extended to cycles of higher order. However, in small-world net-
works, the frequency of chordless cycles above pentagons is extremely
low. Figure 2 shows the behavior of pairwise relations between the
mean densities of edge triangles, squares, and pentagons in networks
generated with the S?/HP*! model for different dimensions D and
values of y; the graphs reveal the delicate balance between the three
densities. For a fixed D and y, each curve is obtained by varying the
inverse temperature f € (D, ). The curves for the different dimen-
sions in Fig. 2A-C, showing the projection on the plane (C, Cp,
Fig. 2D-F, for the plane (C,, C,), and in Fig. 2G-1, for the plane (C,, Cy),
are clearly differentiated, meaning that each dimension presents a
characteristic profile.

There are several interesting patterns that can be observed in the
phase space (C,, C;, Cp). First, all the curves tend to collapse when there
is only a small level of clustering, thus becoming dimension indepen-
dent. This is to be expected because in this case the topological
equivalent of the triangle inequality breaks down, so that the network
loses its metric character. In addition, all the curves tend to be closer
together—and so tend towards dimension independence—as y- 2.
This implies that, beyond the fact that a metric space may be needed to
explain the observed levels of clustering, its dimensionality is not very
important when degrees are strongly heterogeneous and networks are
dominated by very big hubs. In turn, this explains why highly hetero-
geneous real networks are extremely well described by the S!
m0d6135'36'41'51.

Inferring hidden dimensions
These results suggest a method by which we can infer the hidden
dimension D* of a real network. First, we created an ensemble of syn-
thetic surrogates using the S model with different values of the
inverse temperature 8 and dimension D. To preserve the consistency
of the hidden degrees in the synthetic networks and of the observed
degrees in the original graph, we computed hidden degrees using an
iterative process® that forces a match between expected degrees in
the model and observed degrees, see subsection “Estimation of the
hidden degrees” in the Methods section. This step also ensures that the
model reproduces the degree distribution of the real network with
high fidelity. After obtaining the hidden degrees, we assigned homo-
geneous random positions to the N nodes in the D-dimensional simi-
larity space. To keep the process computationally efficient, we
restricted the ensemble of synthetic surrogates to feasible values of D
and S. The maximum achievable density of edge triangles happens at
[ = and decreases monotonously for increasing values of D, as shown
above in Fig. 1. Accordingly, we set the maximum dimension to be
explored as the maximum dimension able to reproduce the level of
edge clustering of the network under study. For each D less than or
equal to the maximum value, we decided the set of inverse tempera-
tures, S, to be explored by sampling homogeneously the phase space
of edge clustering in a neighborhood of the observed value, see sub-
section “Estimation of the range of inverse temperatures in the random
ensemble” in Methods. The sample of random surrogates was gener-
ated using the connectivity law Eq. (1). The densities of edge triangles,
squares, and pentagons were then computed for each surrogate in the
ensemble and for the real network. Finally, a data-driven classifier was
used to infer D* from the surrogates that best approximate the real
network in terms of edge cycles.

This method can produce as many random network surrogates
for a real network as needed to ensure statistical significance. Thus, a
simple classifier is suitable for predicting the dimensionality of a net-
work; we used K-nearest neighbors (K-NN). The K-NN classifier iden-
tifies the K surrogates closest to the original network in the surrogate
(G, G, Cp) phase space by minimizing Euclidean distance. To maximize
the accuracy of our procedure, we also implemented an optimization
of parameter K for each original network, see subsection “Classifier
selection” in Methods. The inferred dimension of the real network D* is
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Fig. 2 | Relation between densities of edge triangles, squares and pentagons for
different values of y. Panels (A-C) show the projection of the phase space in the
subspace (C,, C,), panels (D-F) show the projection in the subspace (C,, C,), and
panels (G-T) show the projection in the subspace (C,, Cy). In plots (A-F), the dashed
red line represents the §=2D limit separating the small-world and large-world

phases™. In these plots, the area on the left of the dashed red line corresponds to
B <2D (small-world phase) and the area on the right corresponds to > 2D (large-
world phase if y > 3). Each point represents an average over 10 network realizations.
Standard errors are smaller than the symbols themselves.

that which maximizes the weighted frequency f(D)= 3", @6, p,
where the normalized weights are inversely proportional to the dis-
tance d; between the real network and the i-th surrogate in the (C,
C,, Cy) space and 6, , is the Kronecker delta function, so that the most
recurrent dimension in neighboring surrogates closest to the original
network tends to dominate. We also carried out tests using decision
trees and neural networks as classifiers, and obtained similar results,
see subsection “Classifier selection” in Methods.

We evaluated the performance of our method by testing it on
model networks generated using the S /H?*! model. Model networks
were produced for specific values of y, 5, and D, and taken as test
networks, meaning that an ensemble of random synthetic surrogates
was generated for each of them, including the estimation of hidden
degrees from observed degrees in the test network. The inferred
dimensionality, D*, of the test networks was then used to generate
confusion matrices, defined as the probability of predicting D* in a
network generated with dimension D. To quantify the goodness of our
method, we computed confusion matrices for different types of
topologies. Specifically, we tested networks with different degree
heterogeneities by varying the exponent y, and for each of them we
inferred the dimension of networks within two different intervals of :
one corresponding to the high clustering regime centered around
B=2.5D, and the other to the low clustering limit in the neighborhood
of f=1.5D, more details can be found in subsection “Calculation of
confusion matrices” in Methods. Confusion matrices for these
experiments are shown in Fig. 3. An inference method is considered a
good method when the confusion matrices are close to the identity
matrix. As shown, the predictions were very good, only generating

mild confusion with contiguous values of D for low values of 3, y and D,
as expected. This fact is consistent with the tendency of the paired
density edge curves C, Cs, C, to converge for low values of S and y, as
shown in Fig. 2.

Dimensionality of real networks
We applied our method to infer the dimensionality of real complex
networks from different domains. As a case example, Fig. 4 shows mean
densities of edge cycles for three real networks: the Internet at the
autonomous system level’®, the email network within the Enron
company*’, and the human connectome from*. The curves for the dif-
ferent dimensions are clearly separated in the email network and in the
human connectome, which have very clean estimations of D* with
extremely high accuracies as shown in Table Sl in SI. In both cases, the
measured edge densities were well reproduced by the S° model with
D*=7 and D*=3, respectively. The case of the Internet at the autono-
mous system level is particularly interesting. Even though the dimen-
sion was clearly identified, D* =7, curves for different dimensions were
very close to each other, introducing a certain uncertainty into the
inference. This is due to the high heterogeneity of the degree distribu-
tion, with a power-law exponent y = 2.1, which implies that its topology
can be reasonable well reproduced even with D=1. Nevertheless, the
high value of the inferred dimension suggests that relevant information
is hidden in its complex similarity space. This evinces the need to
develop embedding algorithms working in arbitrary dimensions that
could be used to uncover the hidden attributes of their components.
The cluttering of the curves for the different dimensions in the
cycles phase space affects the accuracy of the estimated dimension of a
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Fig. 3 | Confusion matrices. The left column shows results for §=1.5D and different
values of y. This choice of 8 corresponds to the small-world phase even if y > 3. The
right column shows the same for 8= 2.5D. In this case, networks with y > 3 are large-
worlds. The color in each D - D’ box indicates the probability that the predicted
dimension is D" when the dimension used to generate the synthetic network is D.
Each panel is evaluated with approximately 5 x 10° networks, more details in sub-
section “Calculation of confusion matrices” in Methods.

real network, which is calculated as the proportion of random surro-
gates of the real network whose dimension is inferred correctly by the
corresponding K-NN classifier. Note that accuracy is a measure of the
resolution capacity of the dimensionality detection method (error rate
associated to the K-NN classifier), which is informative about the error
in the best estimate of the embedding dimension because it quantifies
how discernible is the dimension of a real network, and the more dis-
cernible it is the higher the likelihood that the method selects the best
value. Confusion matrices in Fig. 3, defined as the probability of pre-
dicting D* in a network generated with dimension D as a function of
clustering and heterogeneity in the network, complement the infor-
mation provided by accuracy. It should be noted that in more than half
of the 33 networks analyzed in this work the accuracy reached values of
over 90%, and in more than 40% the accuracy is of 99% or absolute.
Figure 5 shows the inferred dimensionality of the 33 real net-
works as a function of their domain. See also Table S1 where we
report the accuracy of the inference. In all the domains, we found
most of the networks to have very low to moderate dimensions, in
the range D*=[1, 4]. In the higher dimension range, the Internet has
an inferred dimension D* =7, and friendship (both online and offline)
and email networks range from D* =6 up to D*=9, which could be a
reflection of the extremely complex nature of human social interac-
tions. The PGP-trust and EUEmail networks are clear exceptions in the
category with D*=1 and D* =3, respectively. The former is driven by
digital trust between the users of an encryption program, while the
later represents email communications between members of a large
European research institution. Hence, both these cases depart from
the postulates of homophily in social intercourse. Interestingly, the
dimensionality of collaboration networks is lower than that of
friendship networks, as an indication of more constrained social
dynamics in professional environments. In the biological category,

we found one network with higher dimensionality as compared to the
others in the same category: the network of genetic interactions in
the organism Drosophila melanogaster. The higher dimension
observed for this network can be understood because it is the pro-
jection onto a single layer of a multiplex network that describes
different types of genetic interactions. In addition, the dimension-
ality of brain connectomes remains close to the three dimensions of
their anatomical Euclidean embedding, while transport networks are
slightly above the two dimensions of their geographical embedding.
Finally, the inferred dimensionality for networks of the co-
occurrence of terms in language and music is D*=5 and D*=6,
respectively, while the citation and hyperlink networks are within the
intermediate to low dimensionality region.

Discussion

Dimensionality is a key concept in the project of understanding the
geometrical structure of reality. In recent years, the quest to identify
dimensionality has reached computer science and network science
where, sustained by phenomena of measure concentration, complex
data and interactions only populate a small subspace of their original
high-dimensional space. The method we present here does not need
any a priori spatial embedding and infers the dimensionality of a graph
by exploiting the fact that the densities of edge cycles in its topology
carry information about its dimensionality. Our results not only prove
that complex networks populate a reduced region of a high-
dimensional space but also that they are well represented in hyper-
bolic geometry with ultra low dimensionality.

This claim is valid for complex networks that are simultaneously
sparse, small-world, and highly clustered, and possibly—but not
necessarily—with heterogeneous degree distributions. Even if a real
network is naturally embedded in Euclidean space, this minimal set of
complex features ensures that our methodology is applicable, mean-
ing that explicit Euclidean distances in those systems are not the only
factor that determines connectivity in the network and other features
may have arole as well. At the same time, our formalism is also valid for
geometric random graphs, which are very homogeneous and clustered
and non small world networks, which happen in our model when y >3
and B>2D. This means that graphs in this region of the parameter
space are effectively described by the geometry of the D-sphere, which
becomes the Euclidean space in the thermodynamic limit, rather than
by hyperbolic geometry. Finally, links in D-dimensional lattices are
strongly correlated whereas in our model links are statistical inde-
pendent. D-dimensional lattices are, thus, not suited to being descri-
bed by our hyperbolic multidimensional model.

We should also mention that some networks present anomalous
statistics of higher-order edge cycles that cannot be perfectly matched
by the geometric soft configuration model in any dimension. The
typical anomalous situation is one in which, for a given value of edge
triangles, the value of edge squares or pentagons is higher than the
maximum value when dimension D=1. In such cases, our method
would predict an inferred dimension D* =1, but such networks were
not included in the datasets we have explored in this work. Also, the S?
model will tend to give and upper bound to the dimension of real
networks with spurious clustering, like in one-mode projections of
bipartite networks, but the underestimation is minimized if the net-
work has a heterogeneous degree distribution. Nervertheless, in gen-
eral the model provides a very good description of the structure of real
networks proving that their latent geometry is hyperbolic.

We applied our method to a large number of real networks from
different domains and found dimensionalities in the range from one to
nine, with some striking regularities. Among these, we found tissue-
specific biomolecular networks in the cell to be extremely low
dimensional; connectomes in the brain to be close to the three
dimensions typical of their anatomical Euclidean embedding; and
social and a technological network, such as the Internet, to require

Nature Communications | (2022)13:6096



Article

https://doi.org/10.1038/s41467-022-33685-z

A Internet D EnronEmail G Human1-C
0.074 **= M2 0.081 oMM 0 o 0.201 A0 o
<1 L8 Sy @ §68s®
i o em o %&g .".o
0.061 o D=3 i T ”‘:’ 0.15
% D=4 .
&) o D=5 5 0.061 g, oy, T w| ey,
o) £ 2% R .y
A D=7 4 J o
0.04{ = D=3 “‘h“'{ﬂi‘i@f% 010 B g
Voo 0.04 r NN .
= &,
0.03 : 0.05 ‘ -
0.50 0.50 0.60
c
B E H , !
1 207><1[]*-‘
e X
0.351 0.231 oo ORI N -
®
_030 5020 (50-801 o ®
0.251 | -, OF
0.171 0.60 &E%ﬁ::“'h
0.201 0.40 a, May
0.15- ‘ ‘ L
0.50 0.60
C;
C F [ B
12072
0.35 0.23 Loo ‘\
. 1 [ )
0.30 N )
L0 0.201 0.801
U O o) &
0.251 | PS
0.17 0.60 ﬁﬁ '4
0.20
015 0401 &% .t"d
0.04 0.06 ’ 0.05  0.10 %15 0.20

Fig. 4 | Estimation of the dimension of real networks. Mean densities of edge triangles, squares, and pentagons for the Internet at the autonomous system level (A-C),

the email network within the Enron company (D-F), and a human connectome (G-I).
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more dimensions for a faithful description. This means that despite
complex networks having a much lower dimension than their overall
size in terms of the number of nodes, more than one similarity
dimension is typically needed to map their complex architecture.
Social networks based on friendship are at the top of the dimension-
ality ranking, which reflects homophily in human interactions being
determined by a multitude of sociological factors including age, sex,

social class and beliefs or attitudes®*. Our results are in the range of the
logarithmic relationship argued for in ref. 55, between the dimension
of an underlying metric space and the number of nodes in online social
networks. The case of the Internet is particularly striking. Despite being
a technological network, its higher dimensionality is a reflection of the
fact that many different factors influence the formation of connections
between autonomous systems and, as a consequence, a variety of
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relationships may be present, for instance provider-customer, peer-
to-peer, exchange-based peering, sibling, or backup relationships,
among others*. In any case, our estimations are well below estimations
based on Euclidean space because hyperbolic space is more appro-
priate to represent the hierarchical structure of real complex networks
and it is more suited to embed real world networks. To make a con-
crete example, the Internet requires only D=7 dimensions to be
embedded in hyperbolic space in our framework, while this number
multiplies by six scaling up to D =47 in Euclidean space”’.

Beyond providing a reliable multidimensional hyperbolic model
of complex networks that reproduces their structure faithfully with
ultra low and customizable dimensionality, our results pave the way
towards a meaningful practical method for an ultra efficient dimen-
sional reduction of complex networked system by embedding them in
their multidimensional hyperbolic space. Apart from providing more
accurate descriptions than two-dimensional maps in the hyperbolic
plane, multidimensional hyperbolic embeddings will help to reveal the
correlation of factors known to determine connectivity in complex
systems—such as geographic and cultural ones in economic and social
networks—with the dimensions identified. Another interesting ques-
tion concerns how the different dimensions in multidimensional
hyperbolic maps of real networks line up with multiplexity, where
different types of relationships connect pairs of nodes. In addition, our
findings can be exploited to create predictive models from relational
data with complex structure and help address fundamental issues that
hinge on dimensionality. In networks, not only does dimensionality
have an impact on the structural characterization of connectivity, but
is also crucial for understanding network function, as the dimension
governs dynamical processes on networks, such as diffusion and syn-
chronization, as well as their critical behavior.

Methods

Estimation of hidden degrees of real networks

Given a real network, our goal is to generate networks with the S?
model but preserving the degree distribution of the real network as
much as possible. In the S model, hidden degrees are given fixed
values but nodes’ degrees are random variables that depend on the
hidden degrees. Therefore, to reproduce the degree distribution, we
have to find the sequence of hidden degrees that better reproduces
the sequence of observed degrees. To do so, we generalize the method
in® to arbitrary dimensions. Given a set of parameters 8 and D, for each
observed degree class k in a real network, we infer the corresponding
hidden degree « so that the ensemble average degree of the S? model
of a node with hidden degree « is equal to its observed degree, that
is, k(k)=k.

After this procedure, the degree distribution of synthetic net-
works generated by the S® model with the inferred sequence of hidden
degrees is very similar to the one from the real network. Specifically,

1. Initially setk;=k; V i=1, N, where k;is the observed degree of node

i in the real network.

2. Compute the expected degree for each node i according to the S°
model as

1+ (_no b @)
(‘”{ikj)l'/D
1 Br(3)sin2e
where R= [2”’2’% r4))? and p= 2’(;2%(’()”.

3. Correct hidden degrees: Let €,,,, = max{|k(k;) — k;|} be the max-
imal deviation between actual degree$ and expected degrees.

* If emax>€, the set of hidden degrees needs to be corrected.
Then, for every class of degree k;, we set |k; + [k;— k(k)|u| — K;,
where u is a random variable drawn from U(O, 1). The random
variable u prevents the process from getting trapped in a local

minimum. Next, go to step 2 to compute the expected degrees

corresponding to the new set of hidden degrees.
* Otherwise, if €,u<€, hidden degrees have been correctly

inferred for the current global parameters.

Following this algorithm, we can generate surrogates of a given
network G with different D and g values without modifying the degree
distribution. The tolerance value of € used in this work is e =1.

Estimation of the range of inverse temperatures in the random
ensemble

Inverse temperature S can take any value within the range (D, «).
However, the relation between edge clustering Cf’ (B) and B in the SP
model is non-linear, approaching zero at § > D" (in the thermodynamic
limit) and converging to a constant value when - . Our aim is to
sample homogeneously the phase space of edge clustering in a
neighborhood of the observed value. That is, if C, is the observed edge
clustering of a real network, we have to generate surrogate networks
homogeneously within the interval (C; — AC,, C, +AC,).

We first focus on the one dimensional case D =1. In this case, we
first generate a small sample of 20 networks with the S' model for
different values of S drawn from an uniform distribution U(1, 15) and
perform a non-linear fitting to the obtained values as a function of
with the function

CiB) = Cimax(1 — €0, 3)

where C},max, a, and B, are fitting parameters. Once the fitting para-
meters are know, we can invert Eq. (3) to obtain $ as a function of C} as

1 C
.B:ﬁo—aln<1—clt ) 4

t,max

Then, to generate the final set of networks, we sample values uniformly
in the interval € € (C, — AC,, C, + AC,) and use Eq. (4) with C} = to get
the corresponding values of . In this work we use AC,=0.1.

For higher dimensions, we make use of the approximate empirical
scaling relation

CCB/D) _ Ci(B)
cP c!

t,max t,max

, 5

which implies that the functional dependence of edge clustering on 8
is approximately the same for every dimension up to scaling factors,
see Supplementary Fig. S1. This allows us to extrapolate the range of
values of f to be explored. Specifically, as in the one dimensional case,
we sample values uniformly in the interval € € (C, — AC,, C, +AC,).
Then, for each sampled value § we associate a value of § as

B=D[ﬁo—§ln<l—cf )} ©)

where parameters a and S, and C%,max are the ones obtained for the
case D=1. Notice, however, that in some cases it is not possible to
sample the same interval of edge clustering in all explored dimension.
This can be due to the imperfect scaling relation Eq. (5), to the fact that
C: +AC, is higher than the value that can be reproduced in a given
dimension, or that C, — AC, gives values of § below the minimum
allowed value, that we set to D +0.25. Using this procedure, we gen-
erate a set of 50 networks per dimension.

Classifier selection
In order to learn the relation between the proportion of triangles,
squares and pentagons in a real network and its dimensionality we
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have evaluated different supervised machine learning (ML) techni-
ques. Our examples are copies generated using the adjusted S model
and we use cycle proportions as predictors and the dimension as the
target property.

Let us consider the set of copies x=(¢y, ..., $n), €ach copy ¢
characterized by a vector ¢=[CA¢), C{(¢h), Cp(¢)] of 3 features and
dimension D(¢). Being D*(¢) the target feature to be estimated, the
problem consists of finding the function f such that f{gp) = D(¢p) + AD
that minimizes AD = |D*(¢p)-D(¢)| for every ¢ in x. Since the dimension
of each copy is known in the training step, we use supervised ML
techniques to estimate function f.

In our problem, the target estimation D is a discrete value.
Although, there exist many different ML algorithms to predict this kind
of values, the no-free-lunch theorem’® states that no ML algorithm is
the best for every problem. In fact, the performance of ML algorithms
strongly depends on the classification problem, and the number and
distribution of the input instances. Therefore, it is unknown a priori the
techniques showing a good performance, and finding them usually
requires a trial and error process.

When selecting the machine learning method that allows to infer
the dimensionality associated to a network following the process
described in this paper, we have carried out tests with neural
networks*’, decision trees®® and K-nearest neighbors (K-NN)*' meth-
ods. In the case of neural networks, we used a feed-forward archi-
tecture (FNN) with a 64-neurons hidden layer and Adam®® as
optimizer (hyperbolic tangent as the activation function). In the case
of K-NN, the target is predicted by local interpolation of the targets
associated to the nearest neighbors in the training set. The decision
tree uses a tree-like model of queries that allow to classify an
instance. Supplementary Fig. S2 illustrates the decision
regions learned by each of these three methods when generalizing
the dimensionality of a set of networks. For the sake of clarity, only
the proportion of triangles and squares have been taken into
account. We have obtained very good results with K-NN and neural
networks.

At the light of these results, we have selected the K-NN method
due to its simplicity and geometric interpretation. The implementation
of machine learning methods (including K-NN) used in our experi-
ments are those found in®. Finally, to maximize the accuracy of our
method, we select the value of the parameter K as the one maximizing
the proportion of synthetic networks correctly classified with respect
to their dimension. This value is then used to infer the dimension of the
original network using the K-NN method.

Calculation of confusion matrices
Tables 1 and 2.

Table 1| Intervals of C; for D =1 used to evaluate confusion
matrices for different regions of clustering and levels of
heterogeneity

y=21 y=2.7 y=3.5
Low clustering (0.28, 0.55) (0.18, 0.39) (0.14, 0.35)
High clustering (0.43, 0.77) (0.27, 0.69) (0.23, 0.65)

Table 2 | Number of surrogates used to evaluate confusion
matrices for different regions of clustering and levels of
heterogeneity

y=21 y=2.7 y=3.5
Low clustering 5215 5215 5215
High clustering 5215 3874 3725

Reporting summary
Further information on research design is available in the Nature
Research Reporting Summary linked to this article.

Data availability

All the data or their source reference are available in the manuscript
and the supplementary materials, or they will be provided upon
request.

Code availability

The codes for the computation of cycles in real networks and for the
implementation of S? surrogates can be accessed in the GitHub public
repository online at https://github.com/networkgeometry/detecting-
dimensionality, and can be cited as ref. 64.
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