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ARTICLE INFO ABSTRACT
Keywords: In the current paper, path deviation equations in absolutely parametric parallel geometries are
Parameterized absolute parallelism geometry derived. It is considered as a geodesic deviation equation. Additionally, it is modified by a torsion
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term. It proposes the deviation path equation that describes the trajectory deviation of a particle
under the influence of the gravitational field. To examine the singularity of the Cosmological
models, the modified version of the Raychaudhuri equation is utilized. The generalized law of the
variation of Hubble’s parameter is utilized to achieve some Cosmological models.

1. Introduction

Many researchers have studied the stability of models of the universe using Riemannian geometry. Sawicki and Hu investigated the
stability of cosmic models in f(R) gravity [1]. De Felice et al. examined the nonlinear stability of the Cosmic models in the massive
gravity [2]. Furthermore in Riemannian geometry, many researchers examined the problem of the initial singularity of the universe
evolution; for illustration, see Ref. [3]. Several researchers investigated the effect of torsion on Cosmology. Shie et al.considered the
scalar torsion mode of the Poincar’e Gauge theory of gravity. They proposed it as a viable model to explain the current status of the
universe [4]. Camera et al.studied the influence of the torsion gravity via Galaxy clustering and cosmic shear measurements [5].
Furthermore, one of the wide class of the extended theories of gravity, the so-called f(T) gravity theory, arises. It is a generalization of
the teleparallel gravity, where the curvature is replaced by the torsion. As a consequence, the torsion scalar (T) is replaced by the
curvature scalar (R) in the Lagrangian; see Refs. [6,7]. To investigate the significant effect of a torsion tensor on the cosmic models,
Capozziello et al. studied the f(R) Cosmology with torsion [8]. This study was restricted by homogeneous and isotropic Cosmological
models. It led to an accelerated expansion of the universe in the f(R) gravity with torsion (see Tables 6 and 7).

Wanas constructed a parameterized absolute parallelism geometry (PAP) [9]. This geometry may be considered as a generalization
of the absolute parallelism geometry (AP) and the Riemannian geometry. From the PAP geometry, Wanas derived the equation of path,
also; and the modified Raychaudhuri equation was achieved by Wanas and Bakry [10]. These two equations contain an extra term
expressing torsion. Through the cancelation of the torsion parameterized, the path equation gives the geodesic one. On the other hand,
the modified Raychaudhuri equation yields the ordinary Raychaudhuri one.

This paper, by serving the generalized path of the deviation equation, the Raychaudhuri equation in PAP space, addressed the role
of torsion on the two important issues in theoretical cosmology i.e., stability and singularity. More precisely, it is done by including
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torsion in the path deviation equations as well as the original Raychaudhuri equations, which are then applied to four cosmological
models with different assumptions about the evolution of the deceleration parameters. Torsion is indeed a non-Riemannian geometric
extension of standard general relativity, which allows spins of matter and warping of spacetime to be included. Cosmological models
with torsion have been considered in the literature to solve problems of either the very early or the present-day Universe. These
questions and questions include the origin of the universe, the existence of singularities in black holes, the nature of inflation and dark
energy, the origin of the matter-antimatter asymmetry in the universe, and the nature of dark matter. For this reason, this paper focuses
on the stability and singularity of certain cosmological models in PAP and the influence of torsion. Furthermore, the study aims to
examine the influence of torsion on space-time in different stages. To clarify the presentation, the remainder of this paper will be
organized as follows: a review of PAP geometry, generalized path deviation equations, the Cosmological Models, the stability of the
suggested Cosmological models, the singularity problem, and the concluding remarks are in Sections (1-6), respectively.

1.1. A review of the PAP geometry

In the what follows, a review of the PAP geometry is outlined. The building of the conventional AP space is completely defined in
the 4-dimensions by a tattered vector A/ (i= 1,2, 3, 4) to indicate the vector number. Moreover, (y = 1,2, 3,4) indicates the coordinate
component, the covariant vector of /1{ is [11]

MAia=080,1%q =25, (€]
Consider the metric tensor:

8ap = Aiahip, guﬁ = /1?/1?7 and g/iygaﬁ = 5(; (2)
The square line element is given by

ds* = gapdx"dx’ 3

The covariant derivative is defined as follows:
Ap,=Ay, — 37 A Q)
Py Py a ﬂ as

where { z ﬂ} =g (gas,/i + 8pea — ga/i.s) /2 5)

One can define a non-symmetric connection I, as:

F;’,/, =Niap=—Ai aﬂ{/, (6)
The non-symmetric connection (6) is a consequence of the following condition:

Aia|p=4iap =Tl iy )
Using the affine connection as given by Eq. (6), one can define:

AV

ap — FZﬂ - F;ia = _A;m (8)

andWZ/}:F2/17{2 ﬂ}:}“”ia;ﬂ: 7)“1'!1]';(;/” 9)

where A/, is the torsion tensor, and y, is the contortion tensor.
The general absolute derivative is given by [9].

Al p=Aup — Vigh,, 10)

and A, =A% + V2 A7 an

In addition, the connection V} is given by
4
Vs = { a } + by, (12)

where b is a non-dimensional parameter.
The path equation in the PAP geometry is given by Wanas as [9].

z’
{ ’ }z‘*z’ =—bA
ap

ﬁ+ (a 7)Z{IZ/7 (13)
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where A’;a

Now, consider the following remarks:

y is the symmetric part of the torsion tensor, and Z* = dx*/dx.

1. In the case when b = 0, the PAP-space will be reduced to the Riemannian geometry. In this case, Eq. (13) will be concentrated to the
geodesic equation. This is clear by substituting the value of the parameter into Eq. (12) to give

_J7
vgﬁ_{a ﬂ} (14)

2. In the case when b = 1, it can be easily shown, that the geometry will be abridged to the conventional AP geometry with: V,, =
|y

3 3.Eq. (13) is anew path in the PAP space. As above, this equation can be converted to the geodesic equation when b = 0. This case
represents the trajectory of the test particle in the background gravitational field. Furthermore, the torsion term at the right end of
Eq. (13) can be represented as a kind of connection between the warping of the background gravitational field and some intrinsic
property of the moving particle.

1.2. Generalized path of the deviation equation

In this section, a generalized path of the deviation equation that is valid for any two paths, with arbitrary tangent vectors and not
compulsorily parallel, is derived. The assumption of the path deviation utilizes the following conditions:

1 When the two curves represent the following two different paths

DZ! DZ!
el N =2 _ 1
o, — Oand T2 =0, (15)
where 7 and ¢ are the affine parameters.

2. The deviation vector between two points on the paths is & (7). If dr and do are infinitesimal arcs on the paths 1 and 2, respectively, it
follows that the deviation vectors between & (7) and & (7 +dr) gives

do dA
E—lJrl,andE—O (16)

3. The paths are infinitesimally close in a neighborhood U as

B(o)=x +e&(1) a7

4. As a linear analysis, the higher orders in (¢), &, and 627, will be disregarded.
5. For simplicity, one may define the deviation vector & as connecting between two points of equal arc lengths. Let dr = do = ds and
the tangent vector satisfies the following relations:

ZV(5)Z1 4(s) = Z* where 7} = dx/lj(s)/ds (18)
and
Z8(5)Zay(s) = Z* where Z§ = d5(s) /ds (19)

Physically, the elapsed proper time, between two observers moving with two test particles on the paths, is given as
For the equation of path 1, one gets

pZ! 4z’ [y p

D= dr a p (N)Z*Zy" +b N, ) () Z:°Z)" =0 (20)

For the equation of path 2, one finds

DZ!  dz,’
Diszzdij {Z /,v}(x1+§)zzasz+bAfm (01 +¢) 2°Z," =0 @

Eq. (20) may be written as:

(f+& dlxi +&°) dixf +¢&)
Fh ) lds )+<{Z ﬂ}(x1+§)+bAfa7) (x1+§)> <%‘dis):o (22
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Using the Taylor expansion up to first order in, one catch

{rpheva={t o+ {1 Jo e, (23)

and Al (x1 +&) = A, (1) + Al (1) 2 & 29

Combining equations ((15)-(17) and (20) and (22)-(24), ond finds

&> v s | ax*dg ¥ s dx® dy
FJFZH }H’A(“”}EE H“ ﬂ}H’A(a w] .Aﬁgf =0 (25)

2. Cosmological models

Berman and Gomide studied the Cosmic models by using the law of variation of Hubble’s parameter, which gives a constant
deceleration parameter (CDP) [12,13]. Following this work, some researchers derived some models of the universe by assuming a
linearly varying deceleration parameter (LVDP); see Refs. [14,15] for an illustration. The quapic deceleration parameter (PUVDP); see
Ref. [16]. Moreover, the periodic varying deceleration parameter in f(R, T) gravity (PVDP); see Ref. [17]. Throughout this section,
some types of the generalized variation law of Hubble parameter are examined to achieve the deceleration parameter q and scale factor
S(t). One may summarize the previous works in the following table:

The deceleration parameter (q) is given by [18]

dH!

g=———1 (26)

From (26) and Table 1, one gets.

The physical behavior of these Cosmological models was studied in previous works. For more convenience, the deceleration pa-
rameters versus the Cosmic time t will be plotted by using m = 1.5, for CDP, m = 1.6 and a = 0.09 for LVDP, n = 0.5 for PUVDP, and
m = 1.55, k = 0.1 for PVDP.

From Fig. 1, we see that in PUVDP model, when g = —0.73. Accordingly, this model gives t;, =13.7 Gyr, represents the now time,
for the other models, see Refs. [14-17].

In the next section, the stability analysis of cosmological models and the results for singularities will be examined. Particular
attention is salaried to those caused by the torsion of the geometric effect in space-time.

3. Stability analysis of the cosmological models

The stability of cosmological models has been studied by many researchers using different methods in different theories; see, for
example, Sawicki and Hu elucidating the stability of cosmological solutions in gravitational models [1]. In addition, Gorini et al.
reported the stability of some models of perfect fluid cosmology [19]. Dappiaggi et al. studied stable cosmological models driven by
free quantum scalar fields [20]. This section is dedicated to studying the behavior of homogeneous and isotropic universal models by
using state-of-the-art techniques from stability theory. This technique was first used in the GR by Wanas and Bakry [21]. The study of
the stability of cosmological solutions is closely related to the formation of the large-scale structure of the universe. This structure exists
in our universe. They cannot form in a stable world model. It would be interesting to see if a world model is capable of generating
large-scale structures such as galaxies and galaxy clusters.

Typically, some authors have used opposing components of the deflection vector to achieve stability criteria. They used the co-
variate/contravariant of the deflection vector in driving stabilizing conditions. On the other hand, one might suggest another pro-
cedure which mainly depends on using the magnitude of the deflection vector. This method is independent of the coordinate system.

Therefore, the following assumptions can be considered: e; = |§V §7|1/ % To examine the stability of the model; see Ref. [21] for an

explanation. The tetrad gives the structure of AP space and has homogeneity and isotropy, expressed by Robertson in spherical polar
coordinates (t,r,0, ¢) as follows [22]:

Table 1
The Hubble parameter and the derivatives of the scale factors.
.. » S Type Model
S S H— § yp!
S
D? (1 —m)St—2m DS-m Ds™ CDP t: 0—c0
4S(1-m+at) 28 2 LVDP ¢ : 0»27
2 (2m — at)* t (2m — at) t (2m — at) a
S(1-3t2+12nt—8n?) S 1 PUVDP t : 0—4n

2 (2n —t)* (4n — 1)°

Sk? (1 — cos kt)
m sin® kt

t(2n—t) (4n—t)

Sk
m sin kt

t(2n—t) (4n—t)

_k
m sin kt

PVDP t: 0-100




M.A. Bakry and A. Eid Heliyon 9 (2023) ¢15663

LOF T T T
0.5t \grrmrmmms s mmmsamammm s smsms s mmmmaram
0.0F ]
—~ —0.5F :
=
o' -1.0f el ]
...... CDP model ) N
-15f —_——— LVDP model ]
—2.0F PUVDP model 3
----- PVDP model RO
-2.5E . N MR T
0 5 10 15 20 25 30
t
Fig. 1. q versus t.
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27
. 0L*sm€s1n(pL cosﬁsm(p+4\/l?rcos¢L cos @ — 4\/I?rcoso951nqo (27)
2 48 4r S ’ 4rS sin 0
2~ 4o LY cos@® —L sin @ \/_I?
3 48 7 4rS S

where y = 0,1, 2, 3 represents the coordinate components, and L* = 4 & Kr?, K is the curvature constant = (— 1,0, 1), and S(t) is the
scale factor.
The definition (2) may be replaced by:

ap — nl'jj'i a/li B (28)
where, n; = diag(1, — 1, =1, — 1).

Eq. (28) defines the pseudo-Riemannian structure that is associated with the AP structure. The metric tensor corresponding to the
tetrad as given by (27) and (28) is given by:

go=1,8n=—(4S/L*), g0 =g r*,and g3 = g1, 7 sin’ 0 (29)
Using (3), (27), (28) and (29), one gets

ds® =df* — 163()

[d? + 7 (d6” +sin” 0 dp?)] (30)

The Christoffel symbols are given by,

0 : 0 . :
+2 _ 2 +2 _ 2 2 +2
1}—165S/L {22}—16rSS/L ,{33}_16rsm 6SS/L

i
{ }—_21<r/L+ {él}:{éz}:{?m}:g
(32} -0en (), }-pe

{% 2}:{? 3}:L’/rL+,{§ 3}:73in90030,{; 3}:cot9, (€19

where S = dS/dt.
The non-vanishing contortion components are given by:

Vo =V = Vo = 7S/S7 v = 716SS/L+2:W§2 =y, Pl =y, P sin’ 0
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Wh=—uh = 4VKsin0 /L'yl = —yi, = 4VK [L" sin0 32)
The non-vanishing symmetric torsion components are listed as:

A= 16SS/L*27A?2 =16 rzss'/L”,A?3 3 =167 sin® aSS/L+2

Ay o =Ahy=Aly= =5 /28 (33)

Substituting from equations (31) and (33) into Eq. (25), with the moving coordinate’s condition, one gets.
& — 0 (34)

¢ (2-b)Sde

i — 35
dr? S dt ’ (35)
where p =1,2,3.
Integrating equations (34) and (35), one finds
0=, =Pt (Forb=2), (36)
&—c ar (For b #2) 37)
- S2-b° or ’

where C° and C” are constants.

It is worthy to note that, in the case of b = 0, Eq. (37) is reduced to the deviation vector in Riemannian geometry; see Wanas and
Bakry [21]. The current work only considers the cases of b= 0 and b = 2.

Using the scale factor as given in Table 2and Eq. (37), we get the following Tables (3, 4 and 5).

This integration is evaluated by the Mathematica software (12.0.0.0). It should be noted that the integration constants given in
equations (36) and (37) are taken as unity.

In the following, the physical behavior of e, is plotted against cosmic time t. For this purpose, three figures will be represented by
choosing the value as given in Fig. 1, and then they will be compared with the conclusion of Berman [12].

From the above figures, one may reach th following remarks: In Figs. 2 and 3, the CDP and the LVDP models in the case of (b = 0 or
b = 2), in the light of the concept of stability/instability, are an unstable position. This is because the deviation vector increases with
time. Throughout Fig. 4, the PUVDP model at (b =0 or 2) starts from the unstable at t € [0,1], because the deviation vector increases
with increasing time. Then it comes to a stable position at t € [1,2], because the deviation vector decrease with the increase of time.
Finally, in Fig. 5, the PVDP model at (b = 0 or b = 2) gives an oscillatory stability. It does not explain the instant of a Big Rip. Also, the
behaviors of the stability in the case of 0 < b < 1 give an unstable models.

4. Singularity of the cosmological models

Many researchers have investigated singularity in different ways. For example, it has been investigated along with the Big Bang
model without singularities; for instance, see Ref. [23]. Furthermore, they tested a new type of isotropic Cosmological models and find
it is not subjected to singularity. Vacuum theory provided a possible solution to the singularity of Cosmology, see Ref. [24]. For
singularity-free Cosmological models, see Refs. [25-27], and many others.

Now, we aim to realize the effect of torsion on the existence of the initial singularity of our proposed cosmological model. For this
purpose, a modified version of Raychaudhuri’s equation can be defined in the PAP geometry, which includes a torsion term [10], as

de

2
a2 (@ -+ % +Z°Z°Z) (Rap + b Lap) — bZ* (A +Z0) A, — g(azaca =0, (38)

where O is the expansion scalar, Q is the rotation scalar, and X is the shear scalar defined by ® = Zf" wQap =2 ,,],92 = %Q“ﬂga/;,

Table 2
The deceleration parameters and the scale factor.
S(t) q Type Model
(Dt)l/m m-1 CDPt:0—c0
t 1/m m—1-at LVDP t: 0—2m/a
(Zm - at)
¢ (4n — o] /" (8n2 — 1) — 12nt+ 3¢2 PUVDP ¢ : 0—4n
[(Zn - t)2}
(tan kt/2)1/"' mcos kt — 1 PVDP t: 0—100
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The deviation vector for the suggested cosmological models.

Type model The deviation vector &
b=0 b=2

CDP t:0— oo -2/m t

LVDP t: 0— 33 —4t(3.2t71 — 0.09)"?*Hypergeometric2F1[—1.25, —0.25,0.75,0.03 ] t

(1-0.030)"%

PUVDP t: 0— 2 1 t t
510g<2 - t) -t

PVDP ¢ : 0— —8.73¢0s(0.05t) (sin 0.05 t)** Hypergeometric2F1[1.15,1.15,2.15, (cos 0.05 t)°] t

100 (tan 0.05 1)*#°
Table 4

The magnitude of the deviation vector at (b = 0).

Type model

The magnitude of the deviation vector e, = |&, 5"\1’/2

CDP t:0—-
LVDP t: 0—»2m/a

PUVDP t: 0—2

PVDP t: 0—-100

|tim-1/m|

|4 ¢ (3.2 — 0.09)°%° Hypergeometric2F1 [~1.25, —0.25,0.75,0.03 ]
| (1-0.030)'% |

/2
(2= (G s - o

|=8.73 cos(0.05¢) (sin 0.05 t)"* Hypergeometric2F1[1.15,1.15,2.15, (cos 0.05 £)°]|
‘ (tan 0.05 £)*° |

Table 5
The magnitude of the deviation vector at (b = 2).
Type model e =g, &
CDP t: 0—o0 ‘t(m+1)/m‘
LVDP t: 0-2m/a {1625
‘(3,2 —0.09 £)%62%
PUVDP t: 02 {5 2- t)O»S
e

PVDP t: 0—100 ‘t (tan 0.05 t)o.ss‘

Table 6
The modified Raychaudhuri equation for the cosmological models.
Type model The modified Raychaudhuri equation
CDP t: 0—co de/dt =3(b - 1)/
LVDP t: 0—2m/a do/d — 12(b—1)(m —zat)
t2(2m — at)
PUVDP t: 0—4 — 2 _
n d® /dt = 3(b —1)(8n’ 122nt+3t2)
t2(4n —t)
PVDP t: 0-100 2(b—
- do /dt - 3k3(b : lz)coskt
m sin® kt

Table 7
The relation between the cosmic time t, and the redshift z.
Type model t(z)
CDP Is not exist
LVDPz: — 1-4 2m
a+(1+2z)"
PUVDPz: — 14 i 1+z
Vz2 +22+2
PVDPz: — 1-4 g tan-! 1
k (1+2)"
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Fig. 5. e, versus t, for PVDP model, m = 1.55 and k = 0.1.

(€] 1
Zop=Z@a| p— ﬁP T = Ezaﬁ Zap Pap =2"8ap — ZuZp

and 2> =Z2°Zy, Co = Y, 5, Z,2°ZPN], , = 0 (39)

The R, is the Ricci tensor and L,, is defined by
a £ £ € a
Ll“f = (V/,er.a - ll/ﬁa.a) +b (lllr all/u ¢ l//g awy rt) + Vea™

Hu o
8 a E £ 8 £

+ - )
{M G}W” {ﬂ G}W“” {/4 G}W“”

After a long but straightforward calculation, the result of the modified Raychaudhuri equation as given in (38), in the PAP ge-
ometry, is obtained as

e) § 8
A CE) {SZS} (41)

This result has been previously shown by Wanas et al. [28]. The term containing the parameter b in Eq. (41) comes from the torsion
effect. Some researchers have generalized the Raychaudhuri equation by adding a new term expressing the torsion in the space-time;
for illustration, see Wanas and Bakry [10,29]. Comparing the modified version of the Raychaudhuri equation as given in Eq. (38) with
the original Raychaudhuri equation that developed in Riemannian geometry, we found some additional terms as given by Ray-
chaudhuri [30]. The disappearance of the parameter b indicates that the interaction between quantum spin and twist is switched off. In
short, the disappearance of parameter b indicates that the moving particles are non-rotating. The combination of Eq. (41) and Table 1
results in the following table:

The existence of the initial singularity depends mainly on the solution of Eq. (41). Particularly, it depends on the resulting sign on
the left-hand side of the term (d®/dt). The same conclusion can be obtained by using the standard conventions of the singularity
theorems of GR. In other words, the singular models are characterized by d®/dt < 0, which is a necessary condition, but not sufficient.
In what follows, the function d®/dt will be plotted versus the Cosmic time ¢, for the considered Cosmological models.

In Fig. 6, the CDP model, for (b = 0), starts with a singular case. Then, it comes to a non-singular case. Simultaneously, at (b = 2),
the model has always non-singular case.

In Fig. 7, the LVDP model for (b = 0) starts with a singular case. Then, it enters into a non-singular case. Consequently, it ends with
a non-singular, at a Big Rip time at t = 33 (Gyr). As (b = 2), it starts with a non-singular case, and then ends with a singularity, at a Big
Rip time t = 33 (Gyr).

In Fig. 8, the PUVDP model (b = 0) has an oscillatory singularity. It starts with a singular case, and then ends with a non-singular
case, at a Big Rip time t = 1 Gyr, and finally ends with a singular case at a time t = 2 Gyr. By contrast, at (b = 2), it starts with a non-
singular case, and then comes to a singularity at a Big Rip time at t = 1 Gyr. Subsequently, it ends with a non-singular case, at the time
t =2 Gyr.

In Fig. 9, the PVDP model, for (b = 0), has a periodic singularity. It starts with a singular case, and ends with a non-singular case. As
(b = 2), it has a periodic singularity; it starts with a non-singular case, and then ends with a singular case.

It can be seen from Figs. (10-13) that the cosmological model approaches non-singularity as the value of b increases.

According to the analysis of these cosmological observations, it is said that the transition redshift of accelerated expansion occurs at
7, = 0.43 + 0.07; for instance, see Refs. [31,32]. The behavior of the function d®/dt is graphically studied versus to the transition
redshift z. Therefore, For the considered cosmological model, the relationship between cosmic time t and redshift z is given in the
following table:

(40)
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Fig. 6. d®/dt versus t, for the CDP model.
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Fig. 7. dO®/dt versus t, for the LVDP model, where m = 1.6 and a = 0.09.

200
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-100

Fig. 8. dO/dt versus t, for the PUVDP model, where n = 0.5.

In what follows, the function d®/dt will be plotted versus the red shift z, for the considered Cosmological models as seen in Fig. 13.

In Fig. 14, the LVDP model, for (b = 0), starts with a non-singular case at z = —1 and enters to a singular case at z > 0.4 (which is an
accelerating expansion consistent with the observational data). As (b = 2), it starts with a singular case, and then ends with a non-
singular one.

In Figs. 15 and 16 the PUVDP and PVDP models, have the same physical behavior as the LVDP model.

It is clear from Figs. 6-12 that the influence of the term that represents the torsion in the Raychaudhuri equation, reverses the
behavior of the function d®/dt.

5. Concluding remarks

The current paper investigates a path deviation in the absolute parameterized parallelism geometry to study the stability criteria for
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0.2F

0.1F

0.0

de/dt

—

(=]
[
=

=

Fig. 9. d®/dt versus t, for PVDP model, where m = 1.55 and k = 0.1.

100 =3

Fig. 10. dO©/dt versus t and b for the CDP model.

-5

Fig. 11. dO/dt versus t and b for the LVDP model, where m = 1.6 and a = 0.09.

some Cosmological models. Additionally, the singularity cases are included in the modified Raychaudhuri equation. The analysis

focuses on the torsion influence in both cases. At this end, from the above mentioned results the following conclusions may be drawn as
follows:
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20°3

Fig. 12. dO/dt versus t and b for the PUVDP model, where n = 0.5.

10019

Fig. 13. dO/dt versus t and b for PVDP model, where m = 1.55 and k = 0.1.

de/dt

Fig. 14. Displays the d®/dt versus the redshift z, for the LVDP model, where m = 1.6 and a = 0.09.
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2000

1000

de/dt
o

—-1000

—2000 ku

4

de/dt

Fig. 16. Displays the d®/dt versus the against redshift z, for PVDP model, where m = 1.55 and k = 0.1.

e The Parameter b exists on the right side of the equation of motion (13) by which we study the stability of motion, and it is also
found in the modified Raychaudhuri equation (41), which explains to us the existence of the initial singularities in the cosmic
models. The physical meaning of this parameter has previously been interpreted in many works of literature as having a quantum
nature, with effects occurring at the beginning (the Big Bang) and the end (the Big Rip) of the universe. For more information, see
[9,33,34,35].

e The torsion term in the path deviation equation and the modified Raychaudhuri equation can be expressed as a connection
between the torsion of the background gravitational field and some inherent properties of the universe.

The torsion term does not affect the stability/instability of the Cosmological models. The Universe started with the stable case at the
Big Bang. Simultaneously, it gradually moved to the instability case.

A modified version of Raychaudhuri’s equations is used to check for singularities in models of the universe.

In the Riemannian geometry, there is an initial singularity in Cosmological models. As b = 0, the Universe began with a singularity
at the Big Bang, and ended up with a non-singularity at a Big Rip. This problem, with GT, needs more clarification.

In PAP geometry with torsion terms, the universe begins with the non-singularity of the Big Bang and ends with the singularity of
the Big Rip. This result is physically compatible with the evolution of the Universe; for illustration, see Ref. [36]. In general, if b > 1
then all FRW models will be free from the initial singularities. The exact experimental determination of the parameter (b) will judge
the problem of initial singularities. The space-time torsion generates gravitational repulsion in the early universe full of quarks and
leptons, preventing cosmic singularities [37]. Concerning the singular free cosmological models, there is a lot of literature con-
firming the results of the current study, for illustration, see Refs. [38-41].

The Cosmological model comes from a non-singularity state at the redshift z = —1 and ends with a singularity state for (b = 0),
while reflecting its behavior for (b = 2)

In the end, the results (stability and singularity) are model dependent, since it depends on the scaling factors describing the model
under study.
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