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ARTICLE INFO ABSTRACT
Keywords: In this study, we present a comprehensive analysis of the laminar time-dependent magnetohy-
Ethylene glycol drodynamic (MHD) flow of ethylene glycol-based aluminum oxide nanofluid through a rectan-

Rectangular channel
Permeable walls
Nanoparticle aggregation
Method of moments
Expanding contracting walls

gular channel with contracting/expanding porous walls. We investigate the influence of
aggregation/non-aggregation of nanoparticles, as well as the presence of thermal radiation. By
imposing self-similarities in space and time, we obtain a system of nonlinear ordinary differential
equations governing the flow. To solve these equations, we employ a well-known semi-analytical
technique known as the Method of Moments (MoM). Additionally, we compare our results with
the outcomes achieved through an application of another commonly utilized numerical approach
(shooting technique with the Runge-Kutta-Fehlberg scheme). The comparison shows an excellent
agreement that endorses the accuracy of the calculated solutions. The velocity and temperature
profiles obtained from our analysis exhibit variations due to the changes in involved dimen-
sionless parameters. We present these variations through graphical representations along with
their explanations. Interestingly, our study reveals that the aggregation of nanoparticles in-
fluences the fluctuations caused by other parameters, and to some extent, suppresses them.
Consequently, we observe less deviation among the velocity and temperature curves for the ag-
gregation case compared to the non-aggregation case. These findings have significant implica-
tions in real-world engineering and industry. The understanding of the flow behavior of
nanofluids through expanding/contracting rectangular channels can aid in the design and opti-
mization of various engineering systems, such as heat exchangers and microfluidic devices.
Additionally, our study provides valuable insights into the effects of nanoparticle aggregation and
thermal radiation in such systems, offering opportunities for enhancing their efficiency and
performance.

1. Introduction

The fluid movement through flexible domains is useful for a variety of purposes in industrial and engineering processes like coolant
transmission systems, cleaning and circulation processes, aerospace technology and inter-body transportation systems in living or-
ganisms, etc. Both the contractions and expansions play important roles in various fluid mechanics applications, such as pipe fittings,
nozzles, diffusers, valves, and hydraulic systems. A comprehensive understanding of how fluids behave in these geometric transitions is
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Nomenclature

u, v velocity components, horizontal and vertical respectively

Xy Distance components, horizontal and vertical respectively

T, T;, T, Fluid Temperature, Lower and Upper wall temperatures respectively
LD Time and pressure respectively

s Effective density for base fluid

Prf Effective density for nanofluid

Page Effective density for nanoparticle aggregation

(Cp)s Specific heat for base fluid
(Cp),  Specific heat for nanofluid
(Cp)qge  Specific heat for nanoparticles aggregation

Hy Effective dynamic viscosity for base fluid

Hng Dynamic viscosity for nanofluid

Hagg Effective dynamic viscosity of nanoparticles aggregation
o5 Electric conductivity of base fluid

Onf Electric conductivity of nanofluid

Oagg Electric conductivity of nanoparticles aggregation

R Lower wall Permeation Reynolds

Onf Thermal diffusivity

(pCp)ys  product of density and specific heat of nanoparticles

Ay Upper wall permeability

A Lower wall permeability

k¢ Effective thermal conductivity of base fluid

ks Thermal conductivity of nanofluid

kagg Effective thermal conductivity of nanoparticles aggregation
ax Mean absorption constant

o* Stephen Boltzmann constant

Bo Strength of Magnetic field

M Magnetic strength parameter

a deformation rate for channel walls

Grad Thermal radiation

Rd Radiation strength parameter

@ Solid volume fraction for nanoparticles

Pr Prandtl numbers respectively

S Porosity parameter

0, Walls and reference temperature’s ratio

(j;(g? ))’> Non-dimensional functions for velocity and temperature profiles
n Dimensionless distance in vertical

R Upper wall Permeation Reynolds

D Fractal index for the solid nanoparticles

(Rp, Rqgg) Radii of primary and aggregated nanoparticles respectively
Pmax Maximum particle packing fraction

Pine Intrinsic packing fraction of nanoparticles

essential for maximizing the performance, efficiency, and safety of these systems. Uchida and Aoki [1] laid foundation for studying
flows within contracting/expanding domains. Their seminal work provided a fantastic research avenue (by converting Navier-Stoke
equations to a single ordinary differential equation) for investigators to carry out research in permeable channels with con-
tracting/expanding walls. Taking contraction of the walls into account, Goto and Uchida [2] examined the flow in pipes and suc-
cessfully studied the characteristics of viscosity and the pressure distribution during the flow. Dauenhauer and Majdalani [3]
contributed jointly in studying the injection driven flow in a dilating channel. They established that the flow properties can be
translated in the form of two non-dimensional parameters i.e., expansion parameter a and permeation Reynolds number R. They
evaluated shear stress, streamlines and pressure distribution as functions of space and time. Majdalani et al. [4] presented asymptotic
solution for the flow between a permeable channel. They removed the overly imposed simplification assumptions made by Bhatnagar
[5] and many other researchers. The behavior of large injection/suction in dilating and sequencing walls was also studied by Majdalani
and Zhou [6]. Ahmed et al. [7] offered a finite element analysis for the flow in an expanding and squeezing permeable channel. Noor
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and Naveed [8] carried out a semi-analytical investigation of the flow of ZnO — SAE50 nanolubricant in a horizontal asymmetrical
porous channel with walls that expand and contract.

The significance of understanding fluid motion in daily life has increased greatly due to the flow of different fluids over diverse
surfaces and their unique structures. This has led to significant advancements in various specialized fields for the research community.
In recent years, nano-fluidic flow nanotechnology has gained significant importance due to improved thermal properties. The heat
capacity of fluids can be improved by incorporating various nanoparticles into base fluids, such as ethylene glycol, water, and engine
oils. The metallic and non-metallic thermophysical properties of nanosized particles are the driving force behind nanofluidic tech-
nology. Researchers are currently exploring the use of these properties in efficient heat exchangers for microchips, nuclear reactors,
engines as coolants, and other nanometer-sized equipment, including their nitrides, carbides, and oxides. Numerous researchers have
conducted extensive investigations into the vast array of potential applications for nanofluids within various industrial and engi-
neering domains. For instance, the pioneering work of Choi and Eastman [9] was centered on the augmentation of thermal conduc-
tivity within fluids through the incorporation of nanoparticles. Simultaneously, Xuan and Li [10] delved deeply into the exploration of
convective heat transfer characteristics and flow behaviors specific to nanofluids. Additionally, Buongiorno’s contributions [11] have
provided valuable insights into the intricate convective transport phenomena exhibited by nanofluids. Furthermore, Khan et al. [12]
have expanded the scope of their investigations to clarify the intricate nonlinear radiation effects on the magnetohydrodynamic (MHD)
flow of nanofluids over a nonlinearly stretching/shrinking wedge. The work of Basit et al. [13] has propelled advancements in thermal
performance by harnessing the potential of multi-walled carbon nanotubes (MWCNTSs) in water-based nanofluids, particularly in the
context of shell and helical coil heat exchangers.

Aggregation in nanoparticles refers to the process of two or more particles coming together and forming clusters or aggregates. This
can occur due to various factors, including electrostatic forces, van der Waals forces, hydrogen bonding, and hydrophobic interactions.
The process of aggregation can alter the physical and chemical properties of nanoparticles, such as size, shape, surface area, stability,
and bioavailability. These properties of aggregation lead an unusual moment of heat in nanoparticles. Also, many rheological and
thermal properties in fluid flow problems are affected under the impact of nanoparticles aggregation. Motlagh and Kalteh [14]
investigated the heat transportation in a nanochannel and concluded that nanoparticle velocity is exaggerated in presence of nano-
particle aggregation. Joule heating and nanoparticles aggregation effects on fluid flow were analyzed by Swain and Mahanthesh [15].
Mahanthesh et al. [16] also explored the heat transfer in the context of the flow of nanoparticle aggregation. Sabu et al. [17] opted for
an inclined flat surface to investigate the motion characteristics of nanoparticle aggregation. Many other investigators like Wang et al.
[18,19], Benos et al. [20], Sunthrayuth et al. [21], Acharya et al. [22], Ellahi et al. [23], Mackolil and Mahanthesh [24,25] published
their work with useful experimental study for nanoparticles aggregation flow phenomena.

Thermal radiation deals with the expulsion of electromagnetic beams over a hot surface to the adjacent region in every direction.
The thermal rays belonging to each object travel towards their respective points of absorption at a speed of light. Thermal radiation is
important in many applications such as in the design of power plants, solar panels, and the insulation of buildings. By understanding
the principles of thermal radiation, engineers can design systems that minimize heat loss and maximize energy efficiency. Kothan-
dapania and Prakash [26] investigated the thermal radiations impact upon peristaltic motion in an asymmetric channel. They explored
their research work for the Williamson fluid flow mechanism. Narayana et al. [27] studied electrically conducting fluid flow in a
vertical and permeable system. They analyzed the thermal radiation execution and heat propagation for a mixed convection
incompressible viscous flow. Naveed et al. [28] described the thermal radiation impression upon viscous fluid flow for a deformable
channel. They conducted their study on a horizontal porous channel of asymmetrical nature. Anil Kumar et al. [29] improved the
understating of rotating fluid flow for Hall current and radiation impacts in a vertical column. Adnan et al. [30] discussed the solar
thermal radiations effects in Magnesium Zinc—Zirconium engine oil for three dimensional convectively heated surface. Recently, Saha
etal. [31,32] investigated the effect of obstruction size and position on buoyancy-driven convection in a concentric annulus. They also
explored how the shape of the obstructions (square and circular) influenced the thermal performance of the system.

The branch of science known as Magnetohydrodynamics (MHD) focuses on the examination of fluid flows that are electrically
conductive and affected by magnetic fields. In such cases, the impact of magnetic fields on the fluid flow must be taken into
consideration when modeling the flow. In industries MHD is used to improve thermal conductivity of the fluids. This combination of
magnetic fields and fluid flow is critical due to its utilization in numerous technological devices such as nuclear reactors, MHD
generators and MHD pumps. These engineered fluids do also have a variety of applications in engineering and medicine, including
cooling processes, heat exchangers and drug delivery systems. Numerous studies by various researchers [33-40] have emphasized the
significance of MHD flows in fields such as meteorology, solar physics, geophysics and even in industries and medicine.

After the innovative work described above, there have been numerous research efforts presenting the diverse characteristics of fluid
behavior through the contracting and expanding permeable channels. However, no one has ever attempted to examine the aluminum
oxide - ethylene glycol-based flow incorporating aggregation properties within a dilating and squeezing channel of porous walls that
too under the impact of magnetic field and thermal radiation. Understanding the effects of nanoparticle aggregation is important for
the design and optimization of engineering systems, such as heat exchangers and microfluidic devices, where nanofluids are utilized.
By studying the behavior of nanofluids with aggregated nanoparticles, researchers can gain valuable insights into improving the ef-
ficiency and performance of such systems. Thus, to bridge this research gap, we have modeled this problem by applying the relevant
conservation laws, so that we achieve a system of nonlinear partial differential equations which is further reduced to a system of
nonlinear ordinary differential using similarity transformations. The solution of the problem is then obtained through a well-known
semi-analytical technique labeled as Method of Moments. Besides this, shooting technique along with Runge-Kutta-Fehlberg (RKF)
scheme is also employed and the results are found in an excellent agreement. The nanoparticles flow behavior and heat transfer
properties are expressed through graphs and tables. A comprehensive study for aggregation and non-aggregation phenomena has also
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been carried out to explain the impact of different significant physical factors in the field geometric concepts.
2. Formulation of problem

We have analyzed the aluminum oxide - ethylene glycol-based fluid flow through expanding contracting walls within a rectangular
channel. Aluminum oxide Al,O3 is a chemical compound of aluminum Al, and oxygen Oz, which is commonly used in different
chemical and industrial processes [41-43]. The base fluid ethylene glycol (CH,OH), is a colorless and odorless raw substantial bio-
logical carbon bounding which is frequently used as an antifreeze lubricant as well as in many other man-made industrial and domestic
organic materials [44]. On the other hand, geometrically the movement of the channel’s walls are either away or towards each other.
That is, the height of the channel a(t) varies exhibiting squeezing or dilating motion. In conjunction with the motion of the upper and
lower walls of the channel, the leading edge (which is covered with a stretchable nonpermeable membrane) also exhibits a syn-
chronized motion. The walls of the channel are permeable and nanofluid is permitted to be injected in. The problem is modeled for
aggregation and non-aggregation phenomena along with the injunction aspects. The geometric development of the problem is
characterized in the subsequent (Fig. 1).

The central point of the leading membrane is considered as the origin and the center line of the channel is taken as the positive x
axis. The upper and the lower walls’ temperatures are termed as T, and T; respectively. Furthermore, the walls have different per-
meabilities and we have applied a uniform magnetic force which is normal to the lower wall of the channel. On the other hand, we have
also taken into account the radiative fluxes while modeling the energy equation.

Under aforementioned assumptions, the mathematical formulation of the problem can be listed as follows: [2,6].

du ov
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here, Eq. (1) is mass conservation law, Egs. ((2)-(3)) represent momentum conservation law and Eq. (4) expresses energy con-
servation law.

The heat flux g4 in Eq. (4) is due to the thermal radiation and it can be expressed in terms of the following Rosseland approxi-
mation [45,46].

46°T> oT

Grad = Ga & %)

Eq. (5) shows that the radiative flux can be expressed as a function of temperature T and the temperature gradient (%) . In the same

equation, ¢ represents the Stefan-Boltzmann constant and a, stands for the average absorption constant.
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Fig. 1. Physical flow diagram.
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The associated boundary conditions can be outlined as follows:

U= 0,v= -V, = —Aid, T =Taty= —a(7), (6)

= 0,v= -V, = —A,d,T=T,ay=a(?). %)

Egs. (6) and (7) are the boundary conditions specifying the velocity and temperature values at the lower and upper walls of the
channel, respectively. Moreover, u and v are the components of velocity in the direction of X and y, respectively. Moreover, B, is
magnetic field, p is pressure, T is the temperature of fluid, T, is the temperature of upper wall, T, is the temperature of lower wall, A, is
the upper wall’s permeability and A; is the lower wall’s permeability.

Additionally, the expressions for various physical properties of the nanoparticles like effective dynamic viscosity u,,, effective
density p,y, electric conductivity oy, thermal diffusivity 3y, effective thermal conductivity ks and the product of density and specific
heat (pCp),, are given in Egs. ((8)-(18)). These equations incorporate the aggregation behavior of nanoparticles and the properties of
the base fluid and solid nanoparticles (Ref. [18,23]).
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From fractal theory the above equations described that ¢,,,, represents the maximum particle packing fraction and it has a fixed
value 0.605 for the shape of spherical bodies. Furthermore Rp and R, are the radii of primary nanoparticles and radii of aggregation
respectively, with the ratio %‘j” = 3.34 and D is the fractal index having value 1.8 for the solid nanoparticles. Furthermore, by setting
Pine = 1.0, @gq, becomes equal to ¢ and with further assumption ¢, = 1.0, leads our calculations towards nanoparticles non-
aggregation scenario.

We have cross-differentiated Egs. (2) and (3) to get rid of the pressure gradient term, Eq. (19) shows the consequent equation that
is:

’u ou Fu _0u  dudn Ou owov L0l
”nf(%*ﬁ) _”"’(%+“ﬁ+$$+vﬁ+$ﬁ) BT
v oV v OV o 0V VoV
:”n[(@2ﬁ+$> “ FPuf (m+ M§+6§Jifc+vﬁ§+3§6§)

(19)

After formulating the mathematical equations, we proceed to simplify them by introducing non-dimensional variables and
transformations, which are listed in Eq. (20). This simplification leads to a set of non-linear ordinary differential equations in a non-
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dimensional form.

_ 3; ~ _ '9/' }'f_"l(”v}) ~_ 19/]?(7]7/5 o T -7,
n=—-=, u= 2 i V= — ) (W) - = =
a(f) a(7) a(t) T, —-T,
So that, the equation of continuity is satisfied identically and the remaining momentum and energy equations gross the subsequent
arrangement:

(20)

_ -
Fom + 1;9_:/ (a < j;;m ) —Fafw +Ffm > — MDD, — a&_f:fnm =0, (21)
nmn
The parameter a = ad/9 in Eq. (21) expressed the wall deformation rate and its negative and positive values are corresponded to
contraction and expansion respectively. To accomplish a self-similar result for time, we may take a to be a constant and f to be purely a
function of 5 that in turn allows us to remove the termfwi, (See. Uchida and Aoki [47] as well as Majdalani and Zhou [6]). The value of
a may be calculated on the basis of initial height of the channel a, and the dilation rate dy.
Following the same assumption, the energy equation leads to:

K (PCp)

- -Pr
ke ™ (pCp)g

(oan +FR)0,+RA[{1 + (8,-1)0(n) } 05y +3 ({1 + (8,-1)0(n) }*) (6,-1)(8,)*] = . (22)

Now the boundary conditions can be written as:

Ty = R fy ()= = 0,000, =1,
7

_ 23
(= Ry, 1= 0,60(0)], 1= O, 3

here for the lower and upper walls, the permeation Reynolds numbers are R; = V;—f“ andR = %, respectively. For injection situation, we

have considered the positive values of the Reynolds number.
The governing Egs. (21) and (22) strengthen with boundary conditions (23) are further simplified using the following scale var-
iables to enhance their clarity and applicability.

d=d 'u,v=d v, ¥=d'x,f =/R (24)

Hence, introducing Eq. (24), we finally obtain a non-dimensional form for the governing equations related to momentum and
energy in the form nonlinear ODEs as follows:

F 4 {aGf +0f) = R(Ef =)} —f RMD,D,= 0 (25)
138 + Prr,(om + fR)6-RA[{1 + (6,—1)6}°0 +3({1 + (6,—1)6}*) (9,~1)6%] = 0 (26)
with dimensionless boundary conditions:

Fm)=S,£(n)=0,0(n)= 1, forp= —1 27)
Sf(n)=1,f (n)= 0,6(n)= 0, forn= 1.

Furthermore, in above equations we have,
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(33)

(34)

(35)

(36)

(37)

(38)

(39

The skin friction coefficient C; and local Nusselt number Nu are required physical quantities of interest which are presented as:

a(®)T,,
—2
pnfvl x

du
Tw = MUy <7)
/ dy y=cta(r)

Cf:

where the skin friction in non-dimensional form for upper and lower walls is given as:

3 Pmax
. mar N
GR™= -1

(1 - (ﬂagg)pf + Pageh aggJ

3 Pmas
1 s
) Ponax o
CR,” = 1)

(1 - (/’ngg)pf t+ Puggl, aggj

Ni a (k ’ﬁ+ >
U= ——=——=— | ky5—+ Graa
ke(T) —T.) dy y=al)

here, the nondimensional case of local Nusselt for lower and upper walls is as listed below:

Nu[ower: 79/(71)[1'3 + Rd{l+(9,*l)e(*l)}?}

Nttgpper= —8 (1)[r3 + R{14+(6,—1)6(1)}’]

(40)

(41)

(42)

(43)

(44)

(45)

(46)

Table 1, displays the thermo-physical properties of the base fluid ethylene glycol and nanoparticles aluminum oxide (AL,Os) .

Table 1
Thermo-physical properties of base fluid ethylene glycol and nanoparticles aluminum oxide (Al,O3) [25,48].
Fluid c P [ Hy Pr
/(ohm=t.cm™1) /(kg/ m®) /(J/(kg.K)) /(Ns/ m?)
Ethylene Glycol 1.07 x 10°° 1114 2415 0.0157 204
Al,05 35 x 10° 3970 765 - -
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3. Solution methodologies for presented problem

The solution of the flow problem is initially calculated through a semi analytical procedure named as Method of Moments (MoM)
[49-51]. MoM is a subdivision of the trial-based solution (generally a linear combination of orthonormal basis) of weighted residual
process [52]. The Method of Moments (MoM) is a semi-analytical technique used to solve differential equations by transforming them
into algebraic equations. It involves expressing the unknown solution as a trial function with adjustable parameters and minimizing the
deviation between the trial solution and the actual solution through a weighted residual function. By equating the weighted residuals
to zero, a system of algebraic equations is obtained, and solving these equations provides the values of the parameters. The resulting
values are used to construct an approximate solution for the original differential equation. The MoM is a versatile and efficient method
for semi analytical solutions when pure analytical solutions are unavailable, offering reasonable accuracy and finding applications in
various scientific and engineering domains. The basic methodology of this technique can be outlined as follows.

3.1. Method of moments (MoM)

In order to understand how the MoM operates, we consider an ordinary differential equation as follows:
D(v(x)) =f(x), (47)

along with associated initial and boundary conditions specified upon the domain Q. Eq. (47) expresses a transformation of the
depended variable v(x) under the differential operator D to a source function f(x).
To solve Eq. (47), we propose the following trial solution V(x) for the estimation of the actual solution (v(x)),

V() 27(x) = o + Z e (x) 48)

where, ¢;s are the constants to be computed and (x)i7 i=1,2,3,......... ,n are the basis functions for trial solution v(x). This trial solution
in Eq. (48) itself becomes the numerical solution of the flow problem if it satisfies the differential equation (47) as well as the associated
boundary condition. However, this ideal situation is a very rare feast, mostly it drops a nonzero error which is termed as residue
function. The residue function can be expressed as follows:

R(x)=D(v(x)) = f(x)#0 (49)

In MoM, Firstly, a weighted residual is calculated and then it is set equal to zero. The associated mathematical expression is as follows

/R(x) wi(x)dx= 0, wherei=1,2,3,......... . (50)
o

Using Eq. (49) in Eq. (50), setting the weights w;(x) = (x)" ' and integrating the weighted residual function R(x), we get a system of
algebraic equations in constants c;s. The obtained system of these algebraic equations coupled with the boundary residue is used to find
the unknown parameters c; s that fit the trial solution to the actual solution of the differential equation. In the Method of Moments
approach, c; s represents the coefficients of the trial solutions for the unknown functions and they are crucial in obtaining an
approximate semi-analytical solution for the flow problem

For the application of MoM to solve the differential equations of our flow model (Egs. (25)-(27)), we need two trial solutions
enlisted the following equations:

Fn)="bo Jrzbi-(’?)i» (51
=0

0(n) =co + Z ci.(n)’ (52)
i=0
To obtain the estimated solution for these trial functions of velocity and temperature, the set of values for different parameters is
given as follows:

¢ =00l 0=—15R=25,S = —0.5,Pr=204, M =Rd= 2.0. (53)

We use Egs. (51)-(53) along with the thermophysical values in the differential equation and associated conditions to get the re-
sidual functions and boundary residues. Preceding in a similar manner as stated above, we get the values of the paraments by setting
weighted residuals and boundary residues to zero. Consequently, we get the solutions for both aggregation and non-aggregation cases
(mentioned in Egs. (54) to (57)).

For aggregation case:
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F(n) = ()= 0.280063953199712223 + 1.039387948872390061— 0.04757679323842620851> —0.21084433514998701 7
+0.006061375288927554551" —0.07136962269311954151°+0.01032210325953797011° —0.007222290273865434807
+0.0011373587617140001°+4.353437340828516 x 104 +0.00001372166920089657'°+0.0000306289267682878x"!

— 0.0000217184441912165'2+-0.00001331564601080967'

(54)

o(n) = 5(7]): — 0.396166594169481412 + 0.6396536749180089521— 0.63882698771852086717+0.513374222223433985°
+1.818035945122451261* —5.472869081052764715°+1.186070082937185087° +8.64707176299851987’

— 3.533356926014181287° — 7.81742142386972549,°+2.525402597430466587'°+4.02738687364134762n"!
—0.4611581175887446435'>— 1.03719602874209205,"

(55)

For non-aggregation case,

F(p) = f(n)=0.281120592806166414 + 1.043519343748858135— 0.050020487339356677 11> —0.217951112999000884
+0.007576391873085646347* —0.06946692510740846981° +0.0103821586982916474#° —0.006233798656286527321"
+0.00096465789100965401%4-0.000088278098349486241° — 2.474230332673914 x 107 #'°+0.000032032874317775"!
— 0.0000208388546075051'>+-0.000012180578422370,"

(56)

6(n) = 6(n)= — 0.394334454672910839 + 0.6363778619564457457— 0.6529639567935016105°+0.5897850789533962691
+1.73841601984538530n" — 5.644935282631931457° +1.478307075246289027°4-8.832304088 12593559

— 3.91499999511738439,% — 7.94397603080290349° +2.749684778038973935'°+4.091023852474860335"!

— 0.5041094665475630575'2—1.06057956794350172,"

(57)

For the other sets of values of the physical parameters, their respective solutions expressions can be obtained by repeating the same
procedure. To double check the accuracy of the solutions, we employ another scheme which is purely numerical and it is in fact a
couple of two different techniques that is Shooting method and Runge Kutta Fehlberg algorithm.

In the following tables a comparison between the results of both the methodologies is constructed. In aggregation case, velocity
profile is discussed in Table 2 while Table 3 is listed for temperature profile. For non-aggregation case, we have constructed Table 4 and
Table 5 for velocity and temperature profiles respectively. All the comparative tables indicate an excellent agreement between both the
solutions. It raises our confidence further that the solutions are correct.

4. Results and discussion

In this section we have penned down the physical outcomes of the flow characteristics for different sets of the values of the pa-
rameters involved. The relevant parameters are deformation rate for walls a, permeation Reynolds number R, magnetic strength
parameter M, porosity parameter S, Al;O3 volume fraction ¢ and thermal radiation Rd. For the illustration of aggregation and non-
aggregation phenomena, we take two scenarios: one with nanoparticles aggregation (¢;, # 1, green solid lines in the plots) and
the other without nanoparticles aggregation (¢;,, = 1, black dashed lines in the plots). Moreover, the observations are made for both
dilating and squeezing cases, together with injection, for both velocity and temperature profiles against the various parameters. The
plots related to the velocity are given in the figures Fig. 2 - Fig. 12, while for the temperature distribution Fig. 13 - Fig. 23 are displayed.
Furthermore, at the end of this section, we have plotted the graphs for local Nusselt numbers at both the upper and lower walls (see
Fig. 24 - Fig. 27).

We first focus on discussing the velocity profile under the impacts of contraction and expansion. The terms “contraction” and
“expansion” refer to the decrease and increase in the height of the channel, respectively. We have constructed Fig. 2 for contraction
(a< 0) along with injunction case (R> 0), the tangential velocity is decreasing at the center of the channel and rising near the walls.
Fig. 3 shows an exact opposite behavior in the case of expansion (a> 0). In both these cases, the deviation among the curves is more
prominent when the nanoparticles are not aggregating. Figs. 4 and 5 highlight the changes in tangential velocity based on the vari-
ations in permeation Reynolds number R. The former is for squeezing, whereas the latter is for dilation cases. As the injunction

Table 2
RKF and MoM result’s comparison for velocity profile, (Aggregation case).

n RKF MoM Absolute Error

-1.0 —0.499999998269063 —0.500000000000000 1.73093728239593 e—9
-0.8 —0.443666764545050 —0.443666766685329 2.14027928713278 e—9
-0.6 —0.308116096675929 —0.308116094562113 2.11381578907321 e—9
-0.4 —0.128868623400056 —0.128868636963313 1.35632564624011 e—8
—-0.2 0.0720033388266327 0.0720033394653363 6.38703659405770 e—10
0 0.280063953199712 0.280063970294678 1.70949654432206 e—8
0.2 0.484339147569769 0.484339141606658 5.96311011680228 e—9
0.4 0.674168349955648 0.674168341675094 8.28055379820114 e—9
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Table 3

RKF and MoM result’s comparison for temperature profile, (Aggregation case).

Heliyon 9 (2023) e22415

n RKF MoM Absolute Error
-1.0 0.999999999882447 1.00000000000000 1.17553522471781 e—10
-0.8 —0.137089702911014 —0.137174189747291 0.0000844868362769591
-0.6 —0.625918490502684 —0.625927348583954 8.85808126971366 e—10
-0.4 —0.693992872436875 —0.694090586421631 0.0000977139847565534
-0.2 —0.549136868647589 —0.548662018972201 0.000474849675387690
0 —0.396166594169481 —0.396860177242529 0.000693583073047621
0.2 —0.288350524076665 —0.287619657098249 0.000730866978416067
0.4 —0.204082325640286 —0.204566293313965 0.000483967673678976
Table 4
RKF and MoM result’s comparison for velocity profile, (non-Aggregation case).
n RKF MoM Absolute Error
-1.0 —0.499999997232649 —0.500000000000000 2.30700453185406 e—9
-0.8 —0.444076993851173 —0.444076996564964 2.71379074767708 e—9
-0.6 —0.308863283069074 —0.308863281848754 1.22031906801823 e—9
-0.4 —0.129382908690677 —0.129382921811391 1.31207134601574 e—8
-0.2 0.0721946117839444 0.0721946117146629 6.92814694502886 e—11
0 0.281120592806166 0.281120608089909 1.52837427158659 e—8
0.2 0.486070513149918 0.486070507389484 5.76043401867565 e—9
0.4 0.676091763440645 0.676091755473399 7.96724664020587 e—9
Table 5

RKF and MoM result’s comparison for temperature profile, (non-Aggregation case).

n RKF MoM Absolute Error

-1.0 0.999999999866988 1.00000000000000 1.33012267866661 e—10
—-0.8 —0.149368000251169 —0.149457906723485 0.0000899064723156318
—-0.6 —0.636276941047703 —0.636287638995515 0.0000106979478117220
—-0.4 —0.697582064930145 —0.697679110059266 0.0000970451291208985
—-0.2 —0.547883221381597 —0.547383177803531 0.000500043578065767

0 —0.394334454672911 —0.395064419056430 0.000729964383519188

0.2 —0.287290135732765 —0.286512522913998 0.000777612818766760

0.4 —0.203489852020349 —0.204005959054668 0.000516107034319035
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Fig. 2. Velocity profile for « < 0.

parameter (injunction refers to the process in which fluid flow from low to the higher-pressure area) increases, the velocity values in
the lower half the channel increase, and they decrease in the upper half. However, the overall values of the tangential velocity are
higher for the case of expansion especially near the center of the channel.

Figs. 6 and 7 are pictured to detect the influence of magnetic strength parameter M. The magnetic strength parameter is a

10
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Fig. 3. Velocity profile for « > 0.
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Fig. 4. Velocity profile for varying R, a < 0.
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Fig. 5. Velocity profile for varying R, a > 0.

dimensionless number used to describe the influence of magnetic fields on fluid flow and heat transfer. It is defined as the ratio of the
magnetic force to the viscous forces in a flow and affects the tangential velocity. Fig. 6 depicts contraction together with injunction and
the next considers expansion combined with injunction. Near the walls, the development of Hartmann’s boundary layer is noted. In
both the figures, rising the values of M acceletrates the flow near the walls and do the opposite near the center. However, a slightly
greater fluctuation in the velocity profile due to nanoparticle non-aggregation is seen in expansion case. The results of rising Al,O3

11
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Fig. 6. Velocity profile for varying M, < 0.
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Fig. 7. Velocity profile for varying M,a > 0.
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Fig. 8. Velocity profile for varying ¢, a < 0.
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volume fraction ¢ for both squeezing and dilating cases are portrayed in Figs. 8 and 9, respectively. Enhancement in volume fraction
means the addition of more nanoparticles into the base fluid. With growing ¢, for contraction case, the velocity enhances in the central
zone of the channel while it decreases near the walls. On the other hand, for expansion an exactly opposite behavior of the velocity is
seen with lesser deviation in velocity curves compared to those of contraction scenario. Moreover, aggregation dominates in
contraction while nanoparticles’ non-aggregation causes faster motion of the fluid in expansion case. In Figs. 10 and 11, the impression

12
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Fig. 9. Velocity profile for varying ¢, o > 0.
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Fig. 10. Velocity profile for varying S, o < 0.
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Fig. 11. Velocity profile for varying S ,a > 0.

of porosity parameter upon the tangential velocity is demonstrated. Porosity S is the measurement of ratio between permeation ve-
locities of the lower and the upper walls. As the direction of the velocities is opposite, its value is considered to be negative. The results
for both contraction and expansion show that the higher impact of porosity raises flow velocity a slightly higher deviation is observed
for non-aggregative scenarios. The squeezing (a< 0) and dilating (a> 0) effects on velocity flow are discussed in Fig. 12. From the
graph, it is apparent that as o increases, the tangential velocity near the walls decreases, but near the center of the channel, the opposite

13
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Fig. 12. Velocity profile for a.
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Fig. 13. Temperature profile for a.
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Fig. 14. Temperature profile for varying a < 0.

behavior is observed. The deviation in velocity curves is greater for

non-aggregation than for aggregation.

After highlighting the impressions of different significant parameters on the velocity profile, we next focus on explaining how the

variations in the involved parameters affect the temperature profile

. In Fig. 13, we observe a thermal boundary layer near the lower

wall whose thickness decreases with decreasing the values of a, and it increases with increasing the values of the same. The phe-
nomenon remains same for both expansion and contraction cases however a thicker boundary layer is observed for expanding channel.

14
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Fig. 15. Temperature profile for varying o > 0.
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Fig. 16. Temperature profile for varying R ,a < 0.
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Fig. 17. Temperature profile for varying R, a > 0.

Moreover, for contracting channel, the boundary layer is thicker for aggregation case. For expansion however, non-aggregative fluid
tends to have a thicker boundary layer. The same phenomenon is clarified more in Figs. 14 and 15. It is also worth mentioning that the
case a= 0 represents fixed parallel walls.

Figs. 16 and 17 provide insight about the temperature distribution following the increase in permeation Reynolds number R for
contraction and expansion cases, respectively. In former case, the thermal boundary layer thickness increases with increasing R; and in
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Fig. 18. Temperature profile for varying S ,a < 0.
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Fig. 19. Temperature profile for varying S ,a > 0.

the later, the phenomenon is reversed and we see a decline in thermal boundary layer thickness with increasing R. The boundary layer
is thicker in the aggregation case as compared to the non-aggregation case.

Porosity S is a quantity of the measurement that defines the ratio between permeabilities of the lower and upper walls. In the next
two plots (Figs. 18 and 19), the temperature profile is plotted for increasing absolute values of S; first is for contraction and the second
is for expansion case. For both the cases, a thermal boundary layer is formed near the heated wall and the boundary layer thickness
grows with increasing absolute S. The overall thickness remains lower in contraction case as compared to the expansion case.
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Fig. 20. Velocity profile for varying Rd, o < 0.
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Moreover, aggregation produces slightly higher thickness in both the cases.

The radiation parameter is used to assess the significance of thermal radiation in the overall heat transfer process. It helps us
determine the relative importance of radiation compared to other heat transmission mechanisms, such as convection or conduction.
For example, in cases where the radiation parameter is large, thermal radiation may dominate heat transfer, and neglecting it in the
analysis would lead to inaccurate understanding. By considering the radiation parameter, researchers and engineers make sure to
develop more realistic models to analyze heat transfer in fluid flow problems. It leads to improved designs, optimizations, and pre-
dictions in various engineering and scientific fields. A reduction in thermal boundary layer thickness against the enhancement in
radiation Rd is seen in Figs. 20 and 21. Moreover, in contraction case, small pockets of visible temperature drop can be found near the
center, and in the upper quarter of the lower half of the channel.

Figs. 22 and 23 represent the variation in temperature profile due to increasing nanoparticle volume fraction ¢ for injection
combined with contraction and expansion, respectively. At the center of channel, a smaller boost in temperature of the fluid in both
contraction and expansion for increasing values of ¢ is noted. It increases the thermal boundary layer thickness in both cases and the
deviation among the curves is more prominent in expansion case.

The Nusselt number represents rate of heat transfer, or specifically it is called local rate of heat transfer if it is calculated on some
particular points of the domain, for example at the boundaries. In Figs. 24-27 results regarding local Nusselt number for lower as well
as the upper wall ((Nu); and (Nu),,, respectively) are plotted against radiation parameter Rd owing to the variations in other involved
parameters. Fig. 24 portrays a reduction in local rate of heat transfer at upper wall and an increment at lower wall with increasing
values of Rd. Moreover, at higher absolute o (contraction case), the Nusselt number decreases on the upper wall and increases on the
lower wall. Furthermore, the rate of change of heat transfer appears to be more sensitive to the changes in Rd and « for aggregative case
as compared to the non-aggregative case. Fig. 25 shows exactly the same behavior of Nusselt number with increasing Rd but they
change due to a is exactly oppositive to the case of contraction that we discussed in the previous figure.

Fig. 26 depicts the changes in Nusselt number at upper and lower walls due to increasing permeation Rynolds number R and
radiation parameter Rd. Increase in radiation increases absolute rate of heat transfer at both the walls. The effect of increasing R is
adverse and we see a decline in absolute rate of heat transfer at both the walls. Fig. 27 describes the deviation in local rate of heat
transfer against Rd, upon decreasing the porosity parameter S. With decreasing S, absolute local rate of heat transfer decreases at both
the walls. Moreover, it’s worth mentioning that for all the cases aggregation bears higher values for absolute Nusselt number.

5. Conclusion

This manuscript analyzes the flow of ethylene glycol-based aluminum oxide nanofluid through a rectangular channel with con-
tracting and expanding permeable walls. The flow is influenced by thermal radiation and a constant magnetic field. The effects of
nanoparticle aggregation and non-aggregation are also considered. The Method of Moments is utilized to solve the mathematical
equations associated with the flow model. The solution was sought to analyze the variations in the velocity and temperature profiles
due to the changes in involved dimensionless parameters. Results were presented in the form of tables and plots accompanied by
suitable explanations and discussion.

The key findings of the research are as follows:

e The absolute errors, which were found to be as low as 107! in certain cases, offer a comprehensive comparison between the
outcomes obtained from Method of Moments (MoM) and the Runge Kutta Fehlberg algorithm.

e Contraction of the channel leads to faster flow near the walls and decreases the flow at the center, while expansion shows the
opposite behavior with a reserved pattern for tangential velocity.
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Fig. 21. Velocity profile for varying Rd, o > 0.
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Fig. 22. Velocity profile for varying ¢, o < 0.
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Fig. 23. Velocity profile for varying ¢,a > 0.
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Fig. 24. Nusselt number upon o < 0 with R > 0.
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Fig. 26. Nusselt number upon with R, o > 0.

e The presence of permeable walls affects the velocity profile, increasing the velocity at the lower walls and decreasing it at the upper
walls. However, the effect is negligible near the origin for contraction and near the ending walls for expansion.

e A Hertzman boundary layer is observed in both contracting and expanding walls, where the tangential velocity slows down in the
central section compared to the walls.

e Increasing the volumetric fraction of nanoparticles enhances the velocity profile near the center of the channel for contraction,
while the opposite effect is observed for expansion.

e The absolute porosity parameter has a positive impact on the velocity flow, meaning that increasing S leads to higher velocities in
both contraction and expansion scenarios.

e The temperature in the center of the channel decreases for contraction and increases for expansion, while the temperature at the
walls remains unchanged in both cases.

e With an increase in the values of R, the temperature in the central region rises due to contraction and it reverse for expansion,
leaving the walls unaffected in both contraction and expansion.

e The temperature of the nanolubricant is higher by the hike in absolute values of porosity constraint S.

o A fall in temperature profile is evident for rise in thermal radiation.
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Fig. 27. Nusselt number upon S with « > 0 and R > 0.

o Asslight growth in temperature of nanolubricant is noted following the rise in volumetric fraction of nanoparticles.

e The velocity curves with nanoparticles aggregation have comparatively lesser deviation than the non-aggregation one.

For lesser values of a in contraction and for small R temperature decline faster in non-aggregation, however the aggregation
development has almost negligible effect on temperature profile for the rest parameters.

While providing valuable insights, the study’s limitations include simplifications in the model, homogeneous nanoparticle
dispersion assumption, limited thermal radiation model, and constant material properties assumption. Future research opportunities
lie in exploring turbulent flow regimes, developing advanced nanoparticle aggregation models, considering temperature-dependent
material properties, conducting experimental validation, performing optimization studies, and exploring multi-physics effects. In
future more generalized models can be established on the basis of the current model which would try to minimize the simplification
assumptions.
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