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Fractality a la carte: a general
particle aggregation model

J.R. Nicolas-Carlock?, J. L. Carrillo-Estrada’ & V. Dossetti'?

In nature, fractal structures emerge in a wide variety of systems as a local optimization of entropic and

. energetic distributions. The fractality of these systems determines many of their physical, chemical and/
Accepted: 14 December 2015 - or biological properties. Thus, to comprehend the mechanisms that originate and control the fractality
Published: 19 January 2016 : is highly relevant in many areas of science and technology. In studying clusters grown by aggregation

: phenomena, simple models have contributed to unveil some of the basic elements that give origin to

fractality, however, the specific contribution from each of these elements to fractality has remained

hidden in the complex dynamics. Here, we propose a simple and versatile model of particle aggregation

thatis, on the one hand, able to reveal the specific entropic and energetic contributions to the clusters’

fractality and morphology, and, on the other, capable to generate an ample assortment of rich natural-

looking aggregates with any prescribed fractal dimension.
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From the formation of mineral veins, complex biopolymers to clusters of galaxies, aggregation phenomena are
out-of-equilibrium processes of fractal pattern formation ubiquitous in nature!=%. Since the appearance of the
diffusion-limited aggregation* (DLA) and ballistic aggregation® (BA) models, a plethora of studies have been
developed trying to understand the ultimate aspects of the aggregation dynamics that give rise to self-affine or
fractal clusters, the relationship of this fractality with their physical and chemical properties, and the most effec-
tive methods and techniques to controll fractal growth®-5.

Furthermore, these simple paradigmatic models, proposed as way to understand aggregation under
short-range interactions, have contributed to reveal that the main sources of fractality in particle-cluster aggrega-
tion are related to the general entropic and energetic characteristics of the system. That is, when long-range inter-
actions are negligible, the entropic information of the growing medium (such as its temperature and viscosity),
encoded in the mean squared displacement of aggregating particles, is the main element of the dynamics that
determines the fractality and morphology of the clusters. For example, random trajectories of the wandering
particles in DLA generate branching clusters with fractal dimension D < d, where d is the dimension of the
embedding space, whereas ballistic (straight line) trajectories in BA generate compact clusters with D= d°-!4. On
the other hand, when attractive or repulsive interactions can no longer be disregarded, aggregation dynamics can
become quite complex. Nonetheless, experimental reults'®-!® and computational models?*-* have shown that for
short-range repulsive interactions, clusters tend to be compact with D~ d. Conversely, long-range attractive
interactions generate highly ramified clusters with a non-trivial fractal behavior characterized by D < d, as the
range of the interactions becomes larger.

In the last case, fractality is enhanced by the branching growth process that emerges from screening effects
generated by the aggregated particles®?, a fact that has led to consider that the main contribution to the fractality
and morphology of the clusters is of an energetic character only, making the entropic one of no special signifi-
cance but just as an intrinsic stochastic element of the dynamics?*-*. However, while screening and anisotropic
effects might play an important role when interactions are present*!-*’, in this Article we show that the entropic
contribution cannot be trivially considered as this intrinsic stochastic element, but as an important aspect of the
dynamics that contributes greatly to the fractality of the clusters, making it also a remarkable source of shape and
texture in fractal pattern formation. To this end, trough the incorporation of an effective interaction or aggrega-
tion range?®, ), in the dynamics of the standard two-dimensional off-lattice particle-cluster DLA and BA mod-
els, we introduce a simple but non-trivial stochastic scheme that allows one to separate and characterize the subtle
contributions of entropic and energetic character of the dynamics to the fractality and morphology of the clusters.
This scheme also allows one to generate fractal clusters with rich morphological features, and most important, to
harness absolute control over their fractal dimension.
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Figure 1. Implementation of the interaction. A step-by-step diagram is provided regarding the
implementation of attractive interactions in our model. (a) Every particle in the cluster is provided with an
effective radius of aggregation ), starting with the seed particle. (b) Upon aggregation, the overlap between the
independent interaction regions of the particles define an effective interaction boundary. (c) A particle far from
this region does not interact with the cluster until (d) its trajectory is such that, for its next step, it intersects for
the first time the interaction boundary of any aggregated particle. This is determined when its perpendicular
distance to the particles in the cluster is less than \. Then, the positions of the aggregated particles are projected
to determine the closest one along the direction of motion. Finally, (e) the position of first crossing is computed
and the position of the new particle in the cluster is determined.

The aggregation dynamics of our model is quite simple as illustrated in Fig. 1. In this work, we considered
identical particles of a diameter equal to one, all distance quantities are measured in this particle-diameter units
and, in order to characterize the fractality of the aggregates, we used the fractal dimension, D= Dy, defined
through the radius of gyration, Rg= kNP where k is a constant, N is the number of particles in the cluster, and
B=1/D;. This quantity is estimated from the numerical derivative of R(N) in logarithmic scale and averaged over
alarge ensemble (see Methods). Finally, we will refer to the known fractal dimension of the DLA or BA aggregates
as Dy=1.71 or 2, respectively.

Results

Aggregation under a constant interaction-range. For A= 1, or direct-contact interaction, we obvi-
ously recover the usual DLA or BA models, as shown in Figs 2a and 3a, respectively (see also the Supplementary
Animations S1 and S2 online). When A > 1, interactions modify the local morphology of the aggregates, leading
to a more stringy structure. However, two well defined features emerge due to the interplay of the long-range
interactions and the way particles approach the cluster (in relation with their trajectories): a multiscaling branch-
ing growth and a crossover in fractality, from D— 1 (as A — o) to D= D, (when N — o), as shown in Figs 2b,c
and 3b,c.

It can be appreciated that this growth presents three well defined stages. In the first one, the growth is lim-
ited by the interactions and is characterized by D — 1 as A — o. This is due to the fact that the radial size of the
cluster is small compared to \. In consequence, the individual interaction regions of the aggregated particles are
highly overlapped, forming an almost circular envelope or effective boundary of aggregation around the cluster
(see Figs 2d and 3d). This makes the last (outermost) aggregated particles the most probable aggregation points
in the cluster for the next incoming particle. Because of this, there is a tendency for the clusters to develop three
main arms, clearly seen as A — oo (see Figs 2e and 3e). This structural feature is reminiscent of a mean-field (MF)
behavior?, characterized by D = 1, with three well defined branches. In the second stage, clusters exhibit a transi-
tion in growth dynamics. Here, the envelope starts to develop small deviations from its initial circular form, with
typically three main elongations or growth instabilities associated with the main branches. When the distance
between the tips of two adjacent branches becomes of the order of ), a bifurcation process begins, generating
multiscaling growth. Then, when the interactive envelope develops a branched structure itself, particles are able
to penetrate into the inner regions of the aggregate and another transition in growth dynamics takes place, from
interaction-limited to trajectory-limited. In the third stage, when the distance among the tips of the main branches
becomes much larger than ), growth is limited by the mean squared displacement of the wandering particles.
In this case, the asymptotic value D= D, as well as the main features in the global structure of the cluster are
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Figure 2. DLA-based multiscaling aggregates. (a) Aggregates containing N= 150 x 10° particles each, for
A=1,10,100 and 1000 units, visualized at 5%, 10%, 30% and 100% of their total size. The blue squares display
the multiscaling evolution of the structure. (b) Radius of gyration, R,, and (c) fractal dimension, D, versus
the number of aggregated particles, N, in log-log and lin-log plots, respectively. Notice that, when A — oo, the
structure of the aggregates tends to MF (D = 1). Each curve was computed as an average over an ensemble of
aggregates. (d) Evolution of the growing front for the first two stages of growth. (e) Typical structure of a MF
aggregate.
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Figure 3. BA-based multiscaling aggregates. (a) Aggregates containing N= 300 x 10° particles each, for
A=1,10,100 and 1000 units, visualized at 5%, 10%, 30% and 100% of their total size. The blue squares display
the multiscaling evolution of the structure. (b) Radius of gyration, R, and (c) fractal dimension, D, versus
the number of aggregated particles, N, in log-log and lin-log plots, respectively. Notice that, when A — oo, the
structure of the aggregates tends to MF (D = 1). Each curve was computed as an average over an ensemble of
aggregates. (d) Evolution of the growing front for the first two stages of growth. (e) Typical structure of a MF
aggregate.

remarkably recovered as N — oo, inheriting the main characteristics of the aggregation model used, either DLA
or BA. That is, even though interactions leave a strong print in the local structure and fractality of the clusters, the
stochastic nature of the particle trajectories will ultimately determine their global characteristics. Nonetheless,
clusters cannot be trivially described by a single fractal dimension as it was previously thought*>*, since this
multiscaling behavior is able to span many orders of magnitude in the space they occupy.

The previously described growth stages can be clearly observed in the behavior of D for A =100 and 1000,
in Figs 2c and 3c (see also the Supplementary Animations S3 and S4 online). Even though the same crossover
is present for smaller values of ), the effects of the interactions in the first stage of growth are masked by the
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Figure 4. Tunable aggregates. (a,b) Log-log plots for R(N) and lin-log for D(N), for aggregates grown with
specific values of € in [0.01, 1], for BA (blue) and DLA (red) up to N= 10 particles. Notice how the multiscaling
behavior gives way to a single well-defined fractal dimension D= D(e). One can also appreciate the difference in
the morphology of these monofractal-aggregates with respect to ¢ at the top. (c,d) Plots of the specific entropic
[D(e)f,] and energetic [D(¢)f;] contributions to the clusters’ fractal dimension D(¢) for BA and DLA as above.
(e) Plots of ¢ vs. D for aggregates based on DLA and BA. These numerically obtained curves can be used to grow
clusters with any prescribed D. (f) BA- and DLA-based clusters with the same fractal dimension, D=1.51 and
1.31, grown with a very high precision in D.

small-cluster-size regime. Furthermore, in both DLA and BA cases, the number of aggregated particles required
to recover their typical fractal and morphological global behavior is directly proportional to the range of the
interaction. On the other hand, as expected, the structural and fractal features will tend towards a MF behavior
(despite the particle trajectories) when A — oo.

Aggregation under a scaling interaction-range. The previous results have an important consequence.
When long-range attractive interactions are introduced in the growth dynamics, the only way to obtain self-affine
clusters, that is, clusters with a single fractal dimension, is to maintain a proper balance of energetic and entropic
contributions in the growth process. In fact, taking into account that the spatial size of the clusters is proportional
to the radius of gyration Ryex N'/7, the desired balance can be achieved by scaling the interaction range with the
number of particles in the cluster through the generalized A(N) = A\ N*. Here, ), is fixed to one, while ¢ is the scal-
ing parameter that takes values in [0, 1]. As shown in Fig. 4a,b, given a fixed value of ¢, this choice for A(N) cor-
rects for the multiscaling behavior of log R, previously observed for a constant interaction and, remarkably, every
aggregate grown under the scaling interaction proposed has a precise and uniquely defined fractal dimension
D= D(¢). In fact, by computing D(¢) for different values of ¢, one can define the ratios f, = (D(¢) — 1)/(D, — 1)
and fy= 1 — f,, that respectively quantify the specific entropic and energetic contributions to the fractal dimension
of the clusters (see Fig. 4c,d). Here, one can clearly appreciate the transition in growth regimes from entropic,
when € — 0, to energetic, as € — 1, and the non-trivial interplay between them to generate clusters with a specific
fractal dimension; for the case of a constant and finite ), the behavior of f; and f is nontrivial due to the multiscal-
ing characteristics of clusters, however, f, — 1 and f; — 0 as N — oo, This important finding allows one to estimate
the inverse of the relation, (D), in order to grow aggregates with any prescribed fractal dimension D in [1, D],
once the underlying DLA or BA model is selected as shown in Fig. 4e,f (see Methods). As far as we know, this con-
trol over the fractal dimension of the clusters and the range it spans, as well as over the morphology of the clusters,
has not been obtained before under any other related scheme of tunable fractality*** or morphology**-*.
Discussion

As previously stated, the entropic and energetic elements are two aspects of the complex aggregation dynamics
which in nature are closely correlated. Nonetheless, this reductionist approach of encapsulating the information
of all the finer details of the dynamics into an effective interaction or aggregation range has proven to be quite
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Figure 5. Fractality diagram. The diversity of aggregates that can be obtained with the introduction of A(N)

is astounding. (i) With e = 0 and A\, =1, one has the well-known transition from BA to DLA by changing the
mean squared displacement of the wandering particles, from ballistic to diffusive, respectively. (ii) With e =0
and a constant A\, > 1 multiscaling aggregates are obtained, while MF behavior is obtained in the limit A — oo.
Otherwise, for a finite N, one recovers usual BA or DLA behavior. Finally, (iif) with € > 0 and A\, = 1, aggregates
with a tuned D from BA or DLA to MF, can be obtained by adequately scaling A with N.

rewarding as one can appreciate in the diagram presented in Fig. 5, where we generically describe the whole
family of fractal clusters that can be generated under this simple scheme of aggregation. Here, we shall recall
that in two-dimensional systems (d = 2), by changing the fractal dimension of the particle trajectories, d,,, from
d,,=2 (random) to 1 (ballistic), one can generate the whole set of clusters between D= 1.71 (DLA) to 2 (BA)**,
this corresponds to the regime A= 1 in Fig. 5. However, we are no longer restricted to purely entropic models of
fractal growth (A= 1) as, with the introduction of the energetic character provided by the interaction-range A(N),
we can now explore the full range of clusters with fractal dimensions in [1, D,]. Nonetheless, the purely entropic
models (DLA or BA) have two important contributions to the clusters” structure: first, they establish an upper
limit to the fractal dimension (D,) and, second, they define a characteristic morphology for the clusters (that is of
DLA or BA) as shown in Fig. 4f. Additionally, we are not necessarily bound to d = 2, since our model can be easily
extended to higher dimensions*.

Furthermore, we have some interesting results regarding fractal universality. On one side, for a constant inter-
action range and only in the thermodynamic limit (N — o), we have aggregates that will remain within the same
universality class (that is, same fractal dimension D, and growth process*>*¢) corresponding to the underlying
non-interactive aggregation model used to generate them, which can be BA, DLA or anything in-between. In
this case, the entropic character of the dynamics is the main element that defines the universality class of clusters.
However, when the condition N — oo is not fulfilled, clusters with the same number of particles will present differ-
ent fractal characteristics, as the growth process is highly dependent on the range of A (Figs 2b,c and 3b,c). On the
other hand, when the interaction range is properly scaled with the size of the cluster, the scaling parameter (D),
that keeps all the information about the energetic contribution of the dynamics, defines the universality class of
the aggregates. In this case, even though the stochastic character of particle trajectories of the aggregation model
used (BA, DLA or anything in-between) determines the upper range D, of possible fractal dimensions in [1, D]
and the global morphological features of the clusters, the energetic character of the dynamics contained in £(D)
ultimately controls the growth process and therefore, defines the whole family of clusters belonging to the same
universality class (Fig. 4a,b).

It is worth to mention that the model we propose remains quite simple in contrast to Lagrangian models
(i.e., based on a molecular dynamics approach), where the cluster fractality comes from the stochastic and
deterministic forces experienced by the particles?*?*. Additionally, in contrast with the screened-growth or
sequential-algorithm used to control the fractal growth in some other models**->%*, we are now able to generate a
remarkable range of multifractal and tunable fractal structures (once £(D) is properly set), with no other param-
eters or pre-factors to determine.
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Finally, because of its easy extension to higher dimensions and other spatial configurations, we anticipate that
our model can be well exploited beyond aggregation phenomena, as it could provide important insights in the
study of fractal growth phenomena, from fracture dynamics*, growth of bacterial colonies*®*, to networks>**,
as well as lead to novel applications in neuroscience®>*?, complex materials®**°, and bio-inspired engineering®®*,
among others.

Methods

Attractive interactions and aggregation dynamics. The effective attractive interaction and aggrega-
tion dynamics in our model were implemented as explained in the discussion regarding Fig. 1. Additionally, A
can remain constant all along the dynamics or scale with N, depending on the desired application, i.e., to produce
a multiscaling aggregate or an aggregate with a tuned fractal dimension. Further on, for aggregates based on BA,
we follow the standard procedure in which particles are launched at random from the circumference of a circle
of radius L =r,,,,+ 9, with equal probability in position and direction of motion. Here, 7,,,, is the distance of the
farthest particle in the cluster with respect to the seed particle placed at the origin. In our simulations we used
6=1000 particle diameters to avoid undesirable screening effects. In the case of aggregates based on DLA, parti-
cles were launched from a circle of radius L = r,,,,+ A+ 6, with 6= 100. The mean free path for the motion of the
particles is then set to one particle diameter, A\;= 1. We also used a standard scheme that modifies (increments)
the mean free path as the particles wander at a distances greater than L or in-between branches, and set a killing
radius at L, = 2L, in order to speed up the aggregation process.

Evaluating the fractal dimension. Asit is usual in analyzing this kind of aggregates, the fractal dimen-
sion, D, is estimated from the radius of gyration, R,, by means of a linear-fit to R,= kN in a log-log plot, where k
is a constant, N is the number of aggregated particles and 5= 1/D. In practice, it is assumed that (3 is constant as
long as the number of particles in the cluster is large. Because the multiscaling models do not develop a constant
fractal dimension at their early stages of growth, the simplest way to quantitative and qualitative characterize the
behavior of D is through the derivative of R, in the logarithmic scale. We did so by means of standard two and
three point numerical differentiation methods: f'(x) = [f (x + h) — f (x)]/h, at the ends of the differentiation
intervalsand f’(x) = [f (x + h) — f (x — h)]/2h, in between. Here f(x) = log R,(N) and R,(N) are computed as
a discrete quantity therefore, / is set as the distance between the points, x= X; andx+h= X1 In all cases, Rg is
computed as an average over a large ensemble of aggregates. Specifically, the results for the multiscaling aggre-
gates shown in Figs 2b and 3b, were obtained over 64 and 15 aggregates containing 1.5 x 10° and 3 x 10° particles
for those based on DLA and BA, respectively. In this case, Rg was calculated every 10 particles. In Figs 2c and 3c,
192 and 128 aggregates containing 5 X 10* and 10° particles were used to obtain the averages of D(N), respectively,
while R, was calculated every 7 particles in order to capture the features of D at small scales in N. The results for
tunable aggregates based on DLA and BA, shown in Fig. 4, were obtained over 128 and 48 aggregates, respectively,
containing 10° particles, and R, was computed every 10 particles. We must point out that the fluctuations
observed in D(N), depicted by the grey curves in Figs 2¢, 3c and 4a,b, are due to the numerical and local aspect of
the derivative’s estimation and the stochasticity of the model. These fluctuations decrease as \ increases, when the
aggregates tend towards a better defined structure. Thus, with the purpose of improving the visualization of the
observed tendencies, the curves in color were computed by means of a running-average over N.

Tunable aggregates. Aggregates with a prescribed (tuned) fractal dimension, either based on BA or DLA,
have a well defined D for each given value of . Therefore, we computed D for ¢ € {0.01,0.05,0.1, ... ,0.95,1.0} in
order to obtain the functional dependence of € on D. Then, for a desired D', we estimated the corresponding value
of £(D) through a linear approximation using the two closest points in D to the desired D". In this case, a linear
approximation is a valid method since the difference among consecutive points in (D) is small and the curve is
well behaved as can be appreciated in Fig. 4e., in these examples, the fractal dimension of the aggregates is esti-
mated from a linear-fit to the plot of R, in log-scale. All quantities are averaged over an ensemble of 128 clusters
for each given value of .

References
1. Mandelbrot, B. B. The Fractal Geometry of Nature (Freeman, San Francisco, 1982).
. Ben-Jacob, E. & Garik, P. The Formation of Patterns in non equilibrium growth. Nature 343, 523-530 (1990).
. Vicsek, T. Fractal Growth Phenomena (World Scientific, Singapore, 1992).
. Witten, T. A., Jr. & Sander, L. M. Diffusion-Limited Aggregation, a Kinetic Critical Phenomenon. Phys. Rev. Lett. 47, 1400 (1981).
Vold, M. J. Computer simulation of floc formation in a colloidal suspension. J. Colloid. Sci. 18, 684-695 (1963).
. Meakin, P. Fractals, Scaling and Growth Far from Equilibrium (Cambridge University Press, Cambridge, 1998).
. Sander, L. M. Diffusion-limited aggregation: A Kinetic critical phenomenon? Contemp. Phys. 41, 203-218 (2000).
. Sander, L. M. In Mathematics of Complexity and Dynamical Systems (ed. Meyers, R. A.) pp. 429-445 (Springer, New York, 2011).
. Meakin, P. Cluster-particle aggregation with fractal (Levy flight) particle trajectories. Phys. Rev. B 29, 3722 (1984).
. Matsushita, M., Honda, K., Toyoki, H., Hayakawa, Y. & Kondo, H. Generalization and the Fractal Dimensionality of Diffusion-
Limited Aggregation. J. Phys. Soc. Jpn. 55, 2618-2626 (1986).
. Huang, Y.-B. & Somasundaran, P. Effects of random-walk size on the structure of diffusion-limited aggregates. Phys. Rev. A 36,
4518-4521 (1987).
12. Huang, S.-Y., Zou, X.-W., Tan, Z.-]. & Jin. Z.-Z. Particle-cluster aggregation by randomness and directive correlation of particle
motion. Phys. Lett. A 292, 141-145 (2001).
13. Ferreira, Jr., S. C., Alves, S. G., Faissal Brito, A. & Moreira, J. G. Morphological transition between diffusion-limited and ballistic
aggregation growth patterns. Phys. Rev. E 71, 051402 (2005).
14. Alves, S. G. & Ferreira, S. C., Jr. Aggregation in a mixture of Brownian and ballistic wandering particles. Phys. Rev. E 73, 051401
(2006).
15. Hurd, A. J. & Schaefer, D. W. Diffusion-Limited Aggregation in Two-Dimensions. Phys. Rev. Lett. 54, 1043-1046 (1985).

—_

—
—

SCIENTIFIC REPORTS | 6:19505 | DOI: 10.1038/srep19505 6



www.nature.com/scientificreports/

16.
17.
18.
. Wen, W, Zheng, D. W. & Tu, K. N. Fractal-chain transition of field-induced colloid structure. Phys. Rev. E 58, 7682-7285 (1998).
20.

21.
22.

23.

24.

37.
38.
39.

40.

41

42.

43.
44.

45.
46.

47.

48.

49.

50.
51.

52.
53.

54.

55.
56.

57.

Helgesen, G., Skjeltrop, A. T., Mors, P. M., Botet, R. & Jullien, R. Aggregation of Magnetic Microspheres: Experiments and
Simulations. Phys. Rev. Lett. 61, 1736-1739 (1988).

Liu, ], Shih, W. Y,, Sarikaya, M. & Aksay, I. A. Fractal colloidal aggregates with finite interparticle interactions: Energy dependence
of fractal dimension. Phys. Rev. A 41, 3206-3213 (1990).

Wen, W. & Lu, K. Electric-field-induced diffusion-limited aggregation. Phys. Rev. E 55, R2100-R2103 (1997).

Meakin, P. Diffusion-controlled flocculation: The effects of attractive and repulsive interactions. J. Chem. Phys. 79, 2426-2429
(1983).

Jullien, R. A new model of cluster aggregation. J. Phys. A: Math. Gen. 19, 2129 (1986).

Block, A., von Bloh, W. & Schellnhuber, H. J. Aggregation by attractive particle-cluster interaction. J. Phys. A: Math. Gen. 24,11037
(1991).

Nakagawa, M., Kobayashi, K. & Namikata, H. An extended diffusion-limited aggregation model with repulsive and attractive
interactions. Chaos Soliton. Fract. 2, 1-10 (1992).

Indiveri, G., Scalas, E., Levi, A. C. & Gliozzi, A. Morphologies in two-dimensional growth with attractive long-range interactions.
Physica A 273, 217-230 (1999).

. Vandewalle, N. & Ausloos, M. Magnetic diffusion-limited aggregation. Phys. Rev. E 51, 597-603 (1995).

. Pastor-Satorras, R. & Rub, J. M. Particle-cluster aggregation with dipolar interactions. Phys. Rev. E 51, 5994-6003 (1995).

. Kun, F. & Pal, K. E. Simulating fractal pattern formation in metal-oil electrorheological fluids. Phys. Rev. E 57, 3216-3220 (1998).

. Carlier, F, Brion, E. & Akulin, V. M. Fractal growth in the presence of a surface force field. Eur. Phys. J. B 85, 152 (2012).

. Meakin, P. & Witten, T. A., Jr. Growing interface in diffusion-limited aggregation. Phys. Rev. A 28, 2985 (1983).

. Halsey, T. C. Diffusion-Limited Aggregation as Branched Growth. Phys. Rev. Lett. 72, 1228-1231 (1994).

. Niemeyer, L., Pietronero, L. & Wiesmann, H. J. Fractal Dimension of Dielectric Breakdown. Phys. Rev. Lett. 52, 1033-1036

(1984).

. Meakin, P, Feder, ]. & Jossang, T. Radially biased diffusion-limited aggregation. Phys. Rev. A 43, 1952-1964 (1991).
. Kim, Y,, Choi, K. R. & Pak, H. Aggregates with based random walks on a square lattice. Phys. Rev. A 45, 5805-5813 (1992).
. Meakin, P, Feder, J. & Jossang, T. Growth of adaptive networks in a modified diffusion-limited-aggregation model. Phys. Rev. A 44,

5104-5110 (1991).

. Meakin, P. An Eden Model for Randomly Branched Structures. Phys. Scripta 45, 69-74 (1992).
. Meakin, P, Leyvraz, F. & Stanley, H. E. New class of screened growth aggregates with a continuously tunable fractal dimension. Phys.

Rev. A 31,1195-1198 (1985).

Grzegorczyk, M., Rybaczuk, M. & Maruszewski, K. Ballistic aggregation: an alternative approach to modeling of silica sol-gel
structures. Chaos Soliton. Fract. 19, 1003-1011 (2004).

Filippov, A. V,, Zurita, M. & Rosner, D. E. Fractal-like Aggregates: Relation between Morphology and Physical Properties. J. Colloid
Interf. Sci. 229, 261-273 (2000).

Skorupski, K., Mroczka, J., Wriedt, T. & Riefler, N. A fast and accurate implementation of tunable algorithms used for generation of
fractal-like aggregate models. Physica A 404, 106-117 (2014).

Havlin, S., Nossal, R. & Trus, B. Cluster growth model for treelike structures. Phys. Rev. A 32, 3829 (1985).

. Nittman, J. & Stanley, E. Non-deterministic approach to anisotropic growth patterns with continuously tunable morphology: fractal

properties of some real snowflakes. J. Phys. A: Math. Gen. 20, L1185-L1191 (1987).

Vandewalle, N. & Ausloos, M. Construction and properties of fractal trees with tunable dimension: The interplay of geometry and
physics. Phys. Rev. E. 55, 94-98 (1997).

Hastings, M. B. Fractal to Nonfractal Phase Transition in the Dielectric Breakdown Model. Phys. Rev. Lett. 87, 175502 (2001).
Tolman, S. & Meakin, P. Off-lattice and hypercubic-lattice models for diffusion-limited aggregation in dimensionalities 2-8. Phys.
Rev. A 40, 428-437 (1989).

Sander, L. M. Fractal growth processes. Nature 322, 789-793 (1986).

Mathiesen, J., Procaccia, I., Swinney, H. L. & Thrasher, M. The universality class of diffusion-limited aggregation and viscous
fingering. Europhys. Lett. 72, 257-263 (2006).

Muhammad, S. Flow phenomena in rocks: from continuum models to fractals, percolation, cellular automata, and simulated
annealing. Rev. Mod. Phys. 65, 1393-1534 (1993).

Ben Jacob, E. From snowflake formation to growth of bacterial colonies II: Cooperative formation of complex colonial patterns.
Contemp. Phys. 38, 205-241 (1997).

Motoike, I. N. & Takigawa-Imamura, H. Branching pattern formation that reflects the history of signal propagation. Phys. Rev. E 82,
046205 (2010).

Banavar, J. R., Maritan, A. & Rinaldo, A. Size and form in efficient transportation networks. Nature 399, 130-132 (1999).

Bru, A., Alds, E., Nuiio, J. C. & Fernandez de Dios, M. Scaling in complex systems: a link between the dynamics of networks and
growing interfaces. Sci. Rep. 4 (2014).

Luczak, A. Measuring neuronal branching patterns using model-based approach. Front. Comput. Neurosci. 4, 135 (2010).

Di leva, A. et al. Fractals in the Neurosciences, Part I: General Principles and Basic Neurosciences. Neuroscientist 20(4), 403-417
(2014).

Bannwarth, M. B. et al. Colloidal Polymers with Controlled Sequence and Branching Constructed from Magnetic Field Assembled
Nanoparticles. ACS Nano 9, 2720-2728 (2015).

Shang, J. et al. Assembling molecular Sierpinski triangle fractals. Nat. Chem. 7, 389-393 (2015).

Aono, M. et al. Amoeba-inspired nanoarchitectonic computing implemented using electrical Brownian ratchets. Nanotechnology 26,
234001 (2015).

Ziaei, S., Lorente, S. & Bejan, A. Morphing tree structures for latent thermal energy storage. . Appl. Phys. 117, 224901 (2015).

Acknowledgements

The authors gratefully acknowledge the computing time granted on the supercomputers MIZTLI (DGTIC-
UNAM) and, through the project “Cosmologia y astrofisica relativista: objetos compactos y materia obscura’, on
XIUHCOATL (CINVESTAV). We also acknowledge partial financial support from CONACyT and from VIEP-
BUAP.

Author Contributions

J.R.N.-C. carried out all the calculations, performed the analysis of the data and prepared all the figures. V.D.
supervised the development of the calculations. J.L.C.-E. supervised the research. All of the authors contributed
in the discussion of the results and the preparation of the manuscript.

SCIENTIFIC REPORTS | 6:19505 | DOI: 10.1038/srep19505 7



www.nature.com/scientificreports/

Additional Information
Supplementary information accompanies this paper at http://www.nature.com/srep

Competing financial interests: The authors declare no competing financial interests.

How to cite this article: Nicolas-Carlock, J. R. et al. Fractality d la carte: a general particle aggregation model.
Sci. Rep. 6,19505; doi: 10.1038/srep19505 (2016).

This work is licensed under a Creative Commons Attribution 4.0 International License. The images

TEE o1 other third party material in this article are included in the article’s Creative Commons license,
unless indicated otherwise in the credit line; if the material is not included under the Creative Commons license,
users will need to obtain permission from the license holder to reproduce the material. To view a copy of this
license, visit http://creativecommons.org/licenses/by/4.0/

SCIENTIFIC REPORTS |6:19505| DOI: 10.1038/srep19505 8


http://www.nature.com/srep
http://creativecommons.org/licenses/by/4.0/

	Fractality à la carte: a general particle aggregation model

	Results

	Aggregation under a constant interaction-range. 
	Aggregation under a scaling interaction-range. 

	Discussion

	Methods

	Attractive interactions and aggregation dynamics. 
	Evaluating the fractal dimension. 
	Tunable aggregates. 

	Acknowledgements
	Author Contributions
	﻿Figure 1﻿﻿.﻿﻿ ﻿ Implementation of the interaction.
	﻿Figure 2﻿﻿.﻿﻿ ﻿ DLA-based multiscaling aggregates.
	﻿Figure 3﻿﻿.﻿﻿ ﻿ BA-based multiscaling aggregates.
	﻿Figure 4﻿﻿.﻿﻿ ﻿ Tunable aggregates.
	﻿Figure 5﻿﻿.﻿﻿ ﻿ Fractality diagram.



 
    
       
          application/pdf
          
             
                Fractality à la carte: a general particle aggregation model
            
         
          
             
                srep ,  (2015). doi:10.1038/srep19505
            
         
          
             
                J. R. Nicolás-Carlock
                J. L. Carrillo-Estrada
                V. Dossetti
            
         
          doi:10.1038/srep19505
          
             
                Nature Publishing Group
            
         
          
             
                © 2015 Nature Publishing Group
            
         
      
       
          
      
       
          © 2015 Macmillan Publishers Limited
          10.1038/srep19505
          2045-2322
          
          Nature Publishing Group
          
             
                permissions@nature.com
            
         
          
             
                http://dx.doi.org/10.1038/srep19505
            
         
      
       
          
          
          
             
                doi:10.1038/srep19505
            
         
          
             
                srep ,  (2015). doi:10.1038/srep19505
            
         
          
          
      
       
       
          True
      
   




