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ABSTRACT
As individuals are exposed to a myriad of potentially harmful pollutants every day, it is important to determine which actors have
the greatest influence on health outcomes. However, jointly modeling the associations of multiple pollutant exposures is often
hindered by the presence of highly correlated chemicals originating from a common source. A popular approach to analyzing
associations between a disease outcome and several highly correlated exposures is Weighted Quantile Sum Regression (WQSR)
modeling. WQSR provides increased stability in estimating model parameters but requires data splitting to estimate individual
and group effects of chemicals, which reduces the power of the approach. A recent Bayesian implementation of WQSR regression
provides a model fitting procedure that avoids data splitting at the cost of high computational expense on large data. In this paper,
we introduce a Frequentist Grouped Weighted Quantile Sum Regression (FGWQSR) model that can be fitted efficiently to large
datasets without requiring data splitting. FGWQSR produces estimates of the joint effect of mixture groups and of individual
chemicals, and likelihood-ratio-based tests that account for FGWQSR’s non-standard asymptotics. We demonstrate that FGWQSR
is well calibrated for type-I errors while outperforming both Bayesian Grouped Weighted Quantile Sum Regression and Quantile
Logistic Regression in terms of statistical power to detect the effects of mixture groups and individual chemicals. In addition, we
show that FGWQSR is robust to model misspecification and can be fitted on large datasets in a fraction of the time required for
BGWQSR. We apply FGWQSR to a dataset of 317 767 mother-child pairs with exposure profiles generated by chemical transport
models to study the associations between several components found in particulate matter with an aerodynamic diameter smaller
than 2.5 𝜇m (PM2.5) and child Autism Spectrum Disorder (ASD) diagnosis before age 5. PM2.5 copper and PM2.5 crustal material
are found to be statistically significantly associated with ASD diagnosis by five years of age.
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1 | Introduction

Every day, people are exposed to a variety of potentially harm-
ful chemicals through the air they breathe, the food and water
they consume, and the items they touch. Chemicals can origi-
nate from many sources, including vehicle emissions, industrial
emissions, and consumer products [1, 2]. Recent environmental
epidemiology studies have attempted to uncover underlying asso-
ciations between several chemical exposure levels and diverse
health outcomes [3–7]. Many of these studies focus on the link
between environmental pollution and the risk of different can-
cers, pulmonary illnesses (asthma), diabetes, heart disease, and
stroke. In these studies, researchers have utilized various statisti-
cal methods to study both the joint and individual effects of highly
correlated chemical exposures.

Models for complex chemical mixtures can be described as sta-
tistical models equipped to handle the underlying correlation of
chemical mixtures and provide means for inference on the rel-
ative importance of individual mixture components. We define
a mixture as any collection of exposures that may be grouped
by having a common source. For example, one might consider
jointly investigating exposure to hydrocarbons, carbon monox-
ide, nitrogen oxides, and particulate matter (PM) components
that arise as the products of combustion from diesel fuels in vehi-
cles [8]. Because chemical mixtures often originate from common
sources, their individual chemical components can be highly
correlated. In smaller studies, traditional modeling techniques
including linear and logistic regression with highly correlated
exposures (i.e., multicollinearity), often lead to inflated standard
error estimates, which can in turn result in a lack of power to
detect important effects. Additionally, the inclusion of highly
multicollinear covariates may lead to the reversal paradox, a sit-
uation in which the directionality of effect estimates are reversed
in the presence of co-varying variables [9]. This occurs when
the correlation between exposures induces a negative correlation
between estimated model parameters, which may in turn “flip” a
parameter’s direction of association. Thus, a framework for mod-
eling mixtures must be able to handle a non-negligible degree of
underlying correlation within chemical mixtures.

A traditional approach for dealing with covariate multicollinear-
ity is to employ shrinkage (penalization/regularization) tech-
niques [10, 11]. Penalized regression including Lasso and Ridge
regression, most commonly used in high-dimensional 𝑝 >> 𝑛

scenarios, include a model complexity penalty in their loss func-
tions that controls the bias-variance trade-off and adds stability
to estimated effects in the presence of multicollinearity. Lasso
models in particular benefit from variable selection, as its 𝐿1
penalty allows estimated effects to be set to exactly zero. How-
ever, Lasso models tend to select an arbitrary covariate among
a group of correlated covariates with fairly low specificity [10,
12, 13]. By contrast, Ridge regression does not perform variable
selection as estimated parameter effects are never exactly zero.
In the presence of highly correlated covariates, Ridge regression
tends to “spread” the estimated group effect across all covari-
ates within a correlated group [10]. Although either behavior
may not be of concern when the goal is a prediction of the out-
come, in our epidemiological context, both the lasso and ridge
properties described above would be undesirable since we would

like to identify important individual chemicals within correlated
mixtures. The use of penalized methods also precludes perform-
ing inference on parameters, such as computing standard errors,
confidence intervals, and performing hypothesis tests, which are
critical for quantifying the association between a chemical and
the disease outcome of interest [14].

To address the limitations of penalized regression for modeling
mixtures, Carrico et al. proposed the Weighted Quantile Sum
Regression (WQSR) model [15]. In the last several years, exten-
sions and improvements of WQSR have been developed [16–18].
To handle nonlinearities, all of the quantile-sum approaches first
transform individual chemical values (e.g., concentrations) into
quantiles. WQSR was introduced for a single group of chemi-
cals. Individual chemical weights, which are positive and add to
one, quantify the importance of a chemical within a group (see
Equation (2) and methods section below for a summary of the
WQSR model). The group effect parameter represents the effect
on the outcome corresponding to a unit increase in the weighted
sum of the chemicals within the mixture group. A two-step model
fitting procedure is used to fit the WQSR model. This requires
a training/testing split of the data set to separately estimate
the chemical weights and group effect. The individual chemi-
cal weights are first estimated through an importance-weighted
bootstrap sampling procedure, and a group effect is subsequently
estimated through a regression on the linearly weight-combined
chemical exposure using the testing dataset. The estimation pro-
cedure of the group effect yields inferential statistics, which quan-
tify the significance of the group of chemicals. Chemical weight
estimates can be analyzed to infer the relative importance of com-
ponents within the mixture.

Wheeler et al. extended WQSR to mixture problems that require
joint analysis of multiple chemical groups [16]. The Grouped
Weighted Quantile Sum Regression (GWQSR) approach esti-
mates a set of group effects and accompanying chemical weight
sets for each mixture group. This framework enables the estima-
tion of mixture group effects that may have differing directions
of association with the outcome. For example, a potential chem-
ical mixture analysis could comprise both a group of chemicals
previously found to have a deleterious health effect and a group
of chemicals known to protect against disease. The model for
which GWQSR performs parameter estimation can be seen in
Equation (2) with 𝐺 ≥ 1. Similar to WQSR, GWQSR also uses a
two-step model fitting procedure that requires a training/testing
data split and provides inferential measures for the estimated
group effects. As the weight estimation procedure relies on
numerical nonlinear optimization performed on bootstrap sam-
ples, GWQSR is computationally intensive and slows down
quickly as a function of sample size and mixture covariate space.

With the goal of applying GWQSR without the need for data split-
ting, Wheeler et al. proposed a Bayesian formulation of the model
for estimating the parameters in Equation (2) [17]. Instead of a
two-step fitting procedure, Bayesian Grouped Weighted Quan-
tile Sum Regression (BGWQSR) relies on Markov Chain Monte
Carlo (MCMC) to sample from the posterior distribution of chem-
ical mixture parameters from which tests and posterior credible
intervals can be derived. Because BGWQSR avoids data splitting,
the model detects individual and group effects with greater power
than GWQSR.
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Although BGWQSR is an elegant solution to the problem of infor-
mation loss due to data splitting, the approach has limitations
that hinder its general applicability in epidemiological studies.
To begin, the model fitting procedure of BGWQSR becomes com-
putationally intensive as a function of sample size and eventually
becomes infeasible for large sample size studies. In larger stud-
ies, utilizing BGWQSR requires condensing the dataset through a
subsampling procedure to run models that can be fitted in reason-
able amounts of time, highlighting BGWQSR’s inability to handle
large datasets. Furthermore, BGWQSR tends to be conservative in
its power to detect significant group effects and individual chem-
ical effects, which does not come as a surprise since Bayesian
methods in general are biased toward their prior distributions.
Although BGWQSR models can reduce said bias by incorporat-
ing priors that contain relevant information, the default config-
uration for BGWQSR utilizes uninformative priors, where many
users of the method often would not modify the predefined model
settings. Finally, some researchers may simply be unfamiliar with
inferential procedures in a Bayesian context and can have diffi-
culty interpreting BGWQSR models. To appropriately analyze a
BGWQSR model, one should be familiar with extracting posterior
estimates and credible intervals from MCMC results, verifying
model convergence, and examining both traceplots and autocor-
relation plots.

To overcome the limitations of BGWQSR, we introduce a
Frequentist Grouped Weighted Quantile Sum Regression
(FGWQSR) model. FGWQSR employs a Maximum Likeli-
hood (ML) fitting procedure to estimate the parameters found in
Equation (2) with corresponding inferential measures for both
weights and group effects in addition to adjusting covariates.
In contrast to GWQSR, which also calls itself a Frequentist
method, FGWQSR estimates model parameters in a single ML
procedure without requiring any data splitting. Inferences for
group effects and weights are performed using Likelihood Ratio
tests (LRT). In addition, FGWQSR can handle large datasets in
a fraction of the time it would take BGWQSR to fit, enabling
epidemiologists to use weighted quantile sum mixture models
in large studies. We showcase FGWQSR’s ability to handle large
datasets in Section 2.4, where we fit an FGWQSR model on
317767 observations.

2 | Materials and Methods

2.1 | Model Specification

We first describe the WQSR model and the approaches that
researchers have taken to fit it in the past. Afterward, we intro-
duce our proposal for a simpler Frequentist fit of the model.
In the context of chemical mixture modeling, we are gen-
erally interested in studying the relationship between 𝐺 ≥ 1
non-overlapping chemical mixtures and an outcome 𝑌 , where
each chemical mixture group is composed of 𝑐𝑔 ≥ 1 distinct
chemicals. For concreteness, we describe the weighted-quantile
sum regression for a binary disease outcome (presence vs.
absence of disease); however, the model can accommodate any
generalized linear model outcome (e.g., continuous, binary,
count). In addition to chemical exposures, we assume there are
𝑟 covariates of interest the researcher wants to adjust for. The
relation between the chemical mixture exposures, covariates, and

risk of disease is described through the following logistic regres-
sion model:

𝑦𝑖 ∼ Bernoulli(𝜋𝑖) (1)

logit(𝜋𝑖) = 𝑐0 +
𝐺∑

𝑔=1
𝛾𝑔

(
𝑐𝑔∑

𝑘=1
𝑤𝑔,𝑘 ⋅ 𝑞𝑔,𝑘,𝑖

)
+

𝑅∑
𝑟=1

𝜙𝑟𝑧𝑟,𝑖 𝑖 = 1, . . . , 𝑛

(2)

where, for subject 𝑖, 𝑦𝑖 represents the observed disease out-
come, 𝜋𝑖 the probability of disease and 𝑞𝑔,𝑘,𝑖 the exposure to
chemical 𝑘 in mixture group 𝑔. As described above, the chem-
ical exposure is quantized to handle potential nonlinearities
in exposure-outcome relations. Given a number of prespecified
quantiles 𝑞, the chemical exposure data are quantized so that the
first quantile of the exposure is coded as 0 and the 𝑞𝑡ℎ quantile as
𝑞 − 1. With this coding, the intercept term 𝑐0 can be interpreted
as the baseline odds of the outcome for individuals in the first
quantile of exposure across all chemical exposures and baseline
levels of the covariates. The parameter 𝛾𝑔 captures the overall
effect of chemical mixture 𝑔, while 𝑤𝑔,𝑘 represents the fraction
of the effect due to the 𝑘𝑡ℎ chemical in the mixture such that∑𝑐𝑔

𝑘=1𝑤𝑔,𝑘 = 1 and 𝑤𝑔,𝑘 ∈ [0, 1]. Finally, 𝑧𝑟,𝑖 denotes the 𝑟𝑡ℎ adjust-
ment covariate value for subject 𝑖, and 𝜙𝑟 the effect of covariate 𝑟

on the outcome.

Importantly, all chemicals within a particular group are modeled
to affect the outcome in the same direction—either positive or
negative. We refer to this as the directionality assumption. It is
noted that (2) can be viewed as a reparameterization of standard
logistic regression under the constraint that all coefficients within
a mixture group are in the same direction [18]. By forcing all effect
estimates within a mixture group to be in the same direction, the
reversal paradox is avoided, and increased stability of estimated
effects in the model is achieved. The directionality constraints are
akin to shrinkage methods in the manner that, by model opti-
mization over a subset of ℝ𝑝, we can expect a decrease in model
variability.

Before discussing our proposal for a Frequentist fit of the model,
we give a brief overview of the fitting procedures of both the
GWQSR and the BGWQSR approaches. The fitting procedure of
the WQSR model is not discussed since it is very similar to the
algorithm used in the GWQSR model.

GWQSR model fitting requires the splitting of the observations
into training and validation data sets. Estimation of the group
weights begins by taking bootstrapped resamples from the
training data set. Each bootstrap resample dataset is fitted by
constrained ML using nonlinear optimization to enforce the con-
straints of the group weights. The final estimates for the sets of
group weights are calculated as a test statistic weighted average,
with test statistics and sets of weight estimates resulting from
each bootstrap fit on the training data. After the group weights
have been estimated, each chemical group is linearly combined
into a single variable per group. A logistic regression is then
fitted using the validation data set on the new set of linearly com-
bined group variables. From this regression, the estimated group
effects are derived with corresponding inferential measures (e.g.,
𝑝-values, confidence intervals). However, the GWQSR model
does not yield inferential estimates for individual chemicals [16].
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Wheeler et al. proposed a Bayesian formulation to estimate the
parameters of the WQSR problem (2) [17]. Group effects and
adjusting covariates are assigned noninformative Normal priors
by default, but the user may change the specification of the prior
distributions. Group weights are given Dirichlet priors, where

(𝑤1, . . . , 𝑤𝑘) ∼ Dirichlet(𝛼1, . . . , 𝛼𝑘) ⇒
𝑘∑

𝑖=1
𝑤𝑘 = 1, 𝑤𝑘 ∈ (0, 1)

BGWQSR uses Markov Chain Monte Carlo (MCMC) to esti-
mate the posterior distributions of the model parameters. Unlike
GWQSR, BGWQSR can perform inference on the group weights
of chemicals through posterior 95% credible intervals.

2.2 | The Frequentist Grouped Weighted
Quantile Sum Regression

We approach fitting the model in Equation (2) within a fully Fre-
quentist ML framework. Unlike GWQSR, our proposal does not
require data splitting, which yields a model more inferentially
efficient. In addition, FGWQSR does not require the use of com-
putationally costly MCMC, which allows its applicability to large
data sets.

There are two main challenges in a fully Frequentist approach to
model (2). First, the model must perform computationally effi-
cient estimation of the model parameters subject to constraints.
Second, after parameter estimation, statistical inference on these
constrained parameters must be handled with care as constrained
ML does not follow standard asymptotics. We first discuss param-
eter estimation in FGWQSR.

2.2.1 | FGWQSR Parameter Estimation

The challenge in FGWQSR model optimization comes from the
estimation of the group weight parameters that are constrained to
satisfy the directionality assumption. To perform constrained ML
estimation, we considered two approaches: Repeated constrained
optimization in the original WQSR parameterization, and repa-
rameterization to an unconstrained model. We discuss both these
approaches and their benefits/drawbacks. The final procedure
utilized for estimation in FGWQSR hybridizes the two techniques
according to their strengths.

If we knew the signs of the group effects in the model, the
constrained MLE could be obtained using standard “box”
constrained optimization. For example, suppose 𝐺 = 2, 𝜷 𝑖 =
{𝛽𝑖,𝑗 | 𝑗 ∈ 𝐼} where 𝐼 = {1, . . . , 𝑐𝑖} and 𝑐1, 𝑐2 denote the number
of chemicals in groups 1 and 2 respectively. If we knew that
all group effects were positive, we would have the constraints:
(𝜷1, 𝜷2) ∈ [0,∞)𝑐1 × [0,∞)𝑐2 . Since these are in the form of inter-
vals or “boxes,” we could solve this optimization problem using
a “box” constrained optimization routine like a quasi-newton
method (e.g., limited memory BFGS algorithm [19]. In R, this can
be implemented, for example, in the optim function. In general,
we can partition the parameter space into 2𝐺 separate regions
represented by box constraints. In the example above we would
have the following four regions: (𝜷1, 𝜷2) ∈ [0,∞)𝑐1 × [0,∞)𝑐2 ,
(𝜷1, 𝜷2) ∈ [0,∞)𝑐1 × (−∞, 0]𝑐2 , (𝜷1, 𝜷2) ∈ (−∞, 0]𝑐1 × [0,∞)𝑐2 ,

and (𝜷1, 𝜷2) ∈ (−∞, 0]𝑐1 × (−∞, 0]𝑐2 . Within each region, we can
run “box” constrained optimization to obtain the within-region
maximum. The overall maximum will be the largest of the
within-region maxima. Coefficients corresponding to confound-
ing variables are unconstrained to avoid affecting partition into
regions. For each group, we can derive both the group effect and
pollutant weights as follows:

𝛾𝑔 =
𝑐𝑔∑

𝑘=1
𝛽𝑔,𝑘 (3)

𝑤𝑔,𝑘 =
𝛽𝑔,𝑘∑𝑐𝑔

𝑘=1𝛽𝑔,𝑘

=
𝛽𝑔,𝑘

𝛾𝑔

(4)

An immediate consequence of this model-fitting approach is
that computational complexity increases quickly as a function
of the number of groups, which becomes especially apparent in
cases when 𝐺 ≥ 4. Although more computationally intensive, the
box-constrained model fitting approach allows more precise esti-
mation of parameters that are projected, under the constraints,
onto the boundary of the parameter space, an advantage that we
will later leverage in FGWQSR’s hybrid fitting procedure.

As a computationally less intensive approach, we also consider
fitting FGWQSR by transforming our constrained problem into
an unconstrained one through reparameterization. Specifically,
we propose a reparameterized formulation for FGWQSR as
follows:

𝑦𝑖 ∼ Bernoulli(𝜋𝑖)

logit(𝜋𝑖) = 𝑐0 +
𝐺∑

𝑔=1
𝛾𝑔

⎛⎜⎜⎝
𝑐𝑔−1∑
𝑘=1

𝑒𝛼𝑔,𝑘

1 +
∑𝑐𝑔−1

𝑗=1 𝑒𝛼𝑔,𝑗

𝑞𝑔,𝑘,𝑖 +
1

1 +
∑𝑐𝑔−1

𝑗=1 𝑒𝛼𝑔,𝑗

𝑞𝑔,𝑐𝑔 ,𝑖

⎞⎟⎟⎠
+

𝑅∑
𝑟=1

𝜙𝑟𝑧𝑟,𝑖

= 𝑐0 +
𝐺∑

𝑔=1

𝛾𝑔

1 +
∑𝑐𝑔−1

𝑗=1 𝑒𝛼𝑔,𝑗

⎛⎜⎜⎝
𝑐𝑔−1∑
𝑘=1

𝑒𝛼𝑔,𝑘 𝑞𝑔,𝑘,𝑖 + 𝑞𝑔,𝑐𝑔 ,𝑖

⎞⎟⎟⎠ +
𝑅∑

𝑟=1
𝜙𝑟𝑧𝑟,𝑖

(5)

The reparameterization in Equation (5) is essentially the param-
eterization used in multinomial logistic regression applied sepa-
rately to each set of group weights. For a particular group 𝑔, the
chemical weights can be recovered as

(𝑤𝑔,1, . . . , 𝑤𝑔,𝑐𝑔−1
, 𝑤𝑔,𝑐𝑔

)

=
⎛⎜⎜⎝ 𝑒𝛼𝑔,1

1 +
∑𝑐𝑔−1

𝑗=1 𝑒𝛼𝑔,𝑗

, . . . ,
𝑒

𝛼𝑔,𝑐𝑔−1

1 +
∑𝑐𝑔−1

𝑗=1 𝑒𝛼𝑔,𝑗

,
1

1 +
∑𝑐𝑔−1

𝑗=1 𝑒𝛼𝑔,𝑗

⎞⎟⎟⎠
The parameterization in Equation (5) has unconstrained param-
eters, eliminating the need to optimize over multiple different
subregions. Although more computationally efficient, this
parameterization yields less precise estimates when chemical
weights are close to the boundary (either 0 or 1). This is because
0 and 1 correspond to −∞ and +∞ respectively in the reparam-
eterized scale. Numerically, this means that weights with true
underlying values of close to 0 or 1 would be estimated as a large
(in magnitude) negative or positive value in the reparameterized
scale. These estimates would be necessarily far from the
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boundaries (−∞ or +∞), resulting in a loss of precision when
converted back to the original [0,1] scale. Although these errors
may be small, they can affect the asymptotic evaluation of our
estimators.

Given that the box-constrained optimization is more precise yet
slower and the reparameterized optimization is less precise but
faster, we propose a hybrid approach that tailors to the strengths
of each. First, the constrained regression problem is optimized
using the reparameterized fitting procedure to get an initial but
less precise estimate. In particular, we can determine which sub-
region of the constrained parameter space our ML solution falls
in by looking at the signs of the initial estimated group effects.
We then use box-constrained optimization over the derived sub-
region hot-started with initial values set to the initial estimates.
Chemical weights and group effects are finally computed from
the final box-constrained fit.

2.2.2 | Inference for FGWQSR

FGWQSR allows inference on both group effects and individ-
ual chemical weight estimates. Specifically, in addition to the
estimates, we can construct tests of the hypothesis that a group
(omnibus test) or individual effect is zero. For testing a group or
an individual effect, we compute a likelihood ratio test statistic
by fitting models with and without (i.e., under 𝐻0) the group or
individual chemical of interest from the model. A challenge is
that, because of the constrained ML estimation, these likelihood
ratio statistics do not have standard asymptotic chi-square distri-
butions [20]. We now briefly describe the non-standard asymp-
totics of these likelihood ratio statistics. The interested reader is
referred to the Supporting Informations for details.

It can be shown that for a constrained model, the likelihood ratio
statistic has an asymptotic distribution equal to that of the likeli-
hood ratio test statistic for testing that the mean of a single multi-
variate normal realization equals zero under certain constraints
[20]. More precisely, let 𝑍 ∼ 𝑁𝑝

(
𝜽0, 𝐼

−1(𝜽0)
)
, where 𝜽0 denotes

the true parameter values for the FGWQSR model {𝜽 = 𝛽𝑔,𝑘| 𝑔 ∈
{1, . . . , 𝐺}, 𝑘 ∈ {1, . . . , 𝑐𝑔}}, and 𝐼−1(𝜽0) denote the inverse of
the Fisher Information evaluated at 𝜽0. We can translate our like-
lihood ratio testing problem in FGWQSR into a likelihood ratio
testing scenario where we perform ML estimation for the mean
vector 𝜽 of 𝑍 over approximating cone regions 𝐶Ω0

and 𝐶Ω1
that

approximate the constrained regions Ω0 and Ω1 corresponding to
hypotheses 𝐻0 and 𝐻1, respectively. For example, the likelihood
ratio statistic for testing that a particular group 𝑔 has no effect
on the outcome (i.e., 𝛽𝑔,𝑘 = 0, 𝑘 ∈ {1, . . . , 𝑐𝑔}) has asymptotic dis-
tribution equal to that of the likelihood ratio statistic for testing
𝜽 ∈ 𝐶Ω0

vs. 𝜽 ∈ 𝐶Ω1
, where 𝐶Ω0

and 𝐶Ω1
are approximating cones

to Ω0 and Ω1, the original null and alternative hypotheses 𝐻0 and
𝐻1. For a discussion on approximating cones and further deriva-
tion of the likelihood testing procedure for FGWQSR, we refer the
reader to the Supporting Informations and Self and Liang [20].

Derivation of the asymptotic distribution requires knowledge of
the true parameter values 𝜽0, which of course we do not know.
However, Self and Liang propose using the ML estimates of the
parameters of interest 𝜽̂ as an approximation of the location
of 𝜽0 [20]. We adopted their proposal for FGWQSR, using 𝜽̂ =

{𝛽𝑔,𝑘| 𝑔 ∈ {1, . . . , 𝐺}, 𝑘 ∈ {1, . . . , 𝑐𝑔}} as a consistent estimator
of 𝜽0, where each 𝛽𝑔,𝑘 is derived from the fitted FGWQSR model.
In general, the asymptotic distribution of the LRT above is ana-
lytically complex but is very straightforward to simulate. In our
implementation, we approximate the null distribution of the LRT
using 10 000 Monte Carlo simulations.

2.2.3 | Scalability of FGWQSR

Accounting for both the initial and subsequent nested fits for like-
lihood ratio testing, FGWQSR estimates 𝐺 + 𝑝 + 1 constrained
regression models, where 𝑝 =

∑𝐺

𝑔=1𝑐𝑔 , and computes (by default)
10, 000 × (𝐺 + 𝑝) one sample multivariate normal constrained
optimizations. For a fixed chemical mixture setting, the primary
impact of increasing data sample size is longer optimization run-
times for fitting the 𝐺 + 𝑝 + 1 constrained regression models.
Interestingly, FGWQSR’s inferential procedure generally benefits
from larger sample sizes, as having more mixture components
estimated with greater precision potentially reduces the num-
ber of regions of optimization in the Monte Carlo simulations.
Model fitting and one sample multivariate normal optimizations
are all independent procedures and are completely parallelizable
to multiple computing cores. The FGWQSR function includes an
option 𝑐𝑜𝑟𝑒𝑠 that allows the user to specify how many computing
cores to parallelize on in their machine.

2.3 | Simulation Study Design

2.3.1 | Simulations Under Correct Specification

We evaluated FGWQSR through a simulation study, comparing
its performance to that of competing approaches: Quantile logis-
tic regression (QLR) and BGWQSR. GWQSR is not included as
a competitor in the simulation set as Wheeler et al. have already
shown that BGWQSR outperforms GWQSR in terms of both sta-
tistical power and mean squared error [17]. We followed a sim-
ulation design similar to scenario set D in Wheeler et al. [17]
QLR models were fitted with the glm function in R using quan-
tized PM2.5 components and BGWQSR models were fitted using
an implementation of BGWQSR included in the fgwqsr package
that utilizes parallel MCMC from the runjags package. QLR was
included as the baseline comparison model since it can be viewed
as the unconstrained analog to FGWQSR. In each simulation sce-
nario, we considered three groups denoted as groups A, B, and C,
with sizes 5, 4, and 5 chemicals each, respectively. Within each
of the three groups, the individual chemicals were assigned the
following weight sets: w𝐴 = ( 1

3
,

1
3
,

1
3
, 0, 0); w𝐵 = ( 1

2
,

1
2
, 0, 0); and

w𝐶 = ( 1
3
,

1
3
,

1
3
, 0, 0). We included null chemicals in all scenarios

to assess how well the nominal type 1 error rate was preserved.

We considered 5 configurations for the strengths of asso-
ciation (SOA) SOA = (exp(𝛾1), exp(𝛾2), exp(𝛾3)), where exp(𝛾𝑔)
corresponds to the odds ratio for group 𝑔: SOA1 =(1,1,1);
SOA2 =(0.9,1.1,1.1); SOA3 =(0.85, 1.15, 1.15); SOA4 =(0.8, 1.2,
1.2); and SOA5 =(0.7,1.3,1.3). Finally, we specified three different
configurations of within– and between–group chemical correla-
tion structures (CCS) CCS = (𝜌𝑤, 𝜌𝑏), where all pairwise correla-
tions between chemicals within a group 𝑔 are set to 𝜌𝑤, and all
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pairwise correlations between chemicals in different groups are
set to 𝜌𝑏 ∶ CCS1 =(0.5,0.1); CCS2 =(0.7,0.3); and CCS3 =(0.9,0.5).
These levels of within and between correlations are the same as
in Wheeler et al. [17] aiming to capture realistic levels of correla-
tion for chemicals within a mixture (weak, moderate, strong). The
combination of SOA and CCS configurations yields 5 × 3 = 15
total simulation scenarios.

For each simulated dataset the sample size was set to 𝑛 = 500 and
the number of simulation replicates to 𝑛.𝑟𝑒𝑝 = 1, 000 datasets.
Exposure data was generated by sampling from a multivariate
normal distribution with mean set to 𝟎𝑝 and covariance matrix
defined by each simulation scenario CCS. The binary outcome
was generated as Bernoulli random variables with probability
depending on each scenario’s SOA based on the exposure levels
quantized into quintiles. The intercept was chosen to maintain
a 1:1 case-control ratio for each simulation scenario. When fit-
ting FGWQSR, BGWQSR, and QLR models, quintiles were used
to quantize the multivariate normal exposure data. For infer-
ence using FGWQSR, we set the number of multivariate normal
simulations to 10 000 to be performed within each of the 𝑛.𝑟𝑒𝑝

simulation replicates. For BGWQSR, we set the number of pos-
terior samples to 10 000 per each of the two chains with 5 000
burn-in samples, 1 000 adaptive iterations, and a thinning inter-
val of size 1.

Several metrics were computed from the fitted models in the
simulation including power for detecting group and individual
chemical effects, as well as bias and mean squared error (MSE)
for estimating the model parameters. To perform power analy-
sis using BGWQSR, we checked whether the highest posterior
density 95% credible interval for the group effects and individual
chemicals included 0. Since a value of zero is on the boundary
of the support of the posterior distribution for each weight, we
defined a cutpoint 𝑏 = 1 × 10−8 to serve as a “tolerance”. Any esti-
mated weight 95% credible interval with left endpoint less than
or equal to 𝑏 was considered “statistically insignificant”. For QLR,
we computed likelihood ratio tests for group effects and used
Wald tests for individual chemical tests at the 𝛼 = 0.05 level. To
compare parameter estimation bias and MSE between the mod-
els, we parameterized FGWQSR and BGWQSR in the constrained
regression parametrization

(𝛾1⋅𝑤1,1, . . . ,𝛾1 ⋅ 𝑤1,𝑐1
, . . . ,𝛾𝐺 ⋅ 𝑤𝐺,1, . . . ,𝛾𝐺 ⋅ 𝑤𝐺,𝑐𝑔

) =

(𝛽1,1, . . . ,𝛽1,𝑐1
, . . . ,𝛽𝐺,1, . . . ,𝛽𝐺,𝑐𝑔

)

Bias and MSE calculations were computed using posterior mean
estimates for BGWQSR, whereas point estimates were derived
from ML estimation in FGWQSR and QLR.

2.3.2 | Simulations Under Misspecification

In practice, it may sometimes be the case that the directional-
ity assumption (recall that this asserts all effects within a mix-
ture group are in the same direction) of particular exposure vari-
able groupings does not hold. To evaluate the performance of
FGWQSR when the directionality assumption does not hold, we
performed a similar set of simulations as discussed previously,
with the addition of three different levels of model misspecifica-
tion. Misspecification was introduced by the inclusion of negative

weights within weight group B, while groups A and C remain cor-
rectly specified. A negative weight −𝑤𝐵,𝑘 in group 𝐵 corresponds
to having an individual chemical effect of −𝛾𝐵 ⋅ 𝑤𝐵,𝑘 included in
group 𝐵, which directly models having chemical(s) in the model
that violates the directionality assumption. In this simulation sce-
nario, the total number of chemicals was set to 16, with group
sizes of 5, 6, and 5 chemicals. We analyze three levels of model
misspecification:

1. (Minor Violation):

w𝐴 =
(

1
3
,

1
3
,

1
3
, 0, 0

)
,

w𝐵 =
(

1
6
,

1
6
,

1
6
,

1
6
,

1
6
, − 1

6

)
,

w𝐶 =
(

1
3
,

1
3
,

1
3
, 0, 0

)
2. (Moderate Violation):

w𝐴 =
(

1
3
,

1
3
,

1
3
, 0, 0

)
,

w𝐵 =
(

1
6
,

1
6
,

1
6
,

1
6
, − 1

6
, − 1

6

)
,

w𝐶 =
(

1
3
,

1
3
,

1
3
, 0, 0

)
3. (Extreme Violation):

w𝐴 =
(

1
3
,

1
3
,

1
3
, 0, 0

)
,

w𝐵 =
(

1
6
,

1
6
,

1
6
, − 1

6
, − 1

6
, − 1

6

)
,

w𝐶 =
(

1
3
,

1
3
,

1
3
, 0, 0

)
We iterate over the aforementioned 5 (SOA) × 3 (CCS) = 15 sim-
ulation sets and record power and precision metrics for the three
models with the same options for FGWQSR and BGWQSR from
the previous simulation set.

2.3.3 | Runtime Comparison Between FGWQSR
and BGWQSR

Since the ability to analyze large datasets was a central moti-
vation for developing FGWQSR, we performed simulations to
compare the runtimes of FGWQSR and BGWQSR on datasets
of varying sample sizes. Additionally, two different mixture
group configurations were studied in our simulations to further
understand the computational burden of increasing the number
of mixture groups in FGWQSR and BGWQSR models. First, we
use a mixture group configuration with 14 total chemicals dis-
tributed into group sizes of 5,4 and 5. We set SOA = (0.8, 1, 1.2),
CCS = (0.7, 0.3), and the weight distribution as follows:
w1 = ( 1

3
,

1
3
,

1
3
, 0, 0); w2 = ( 1

2
,

1
2
, 0, 0); and w3 = ( 1

3
,

1
3
,

1
3
, 0, 0).

The second mixture group configuration consists of 28 chemicals
distributed into groups of sizes 5, 4, 5, 5, 4, and 5. In these larger
mixture simulations, SOA is set to SOA = (0.8, 1, 1.2, 0.8, 1, 1.2),
CCS remains at CCS = (0.7, 0.3), and the chemical weight dis-
tributions are as follows: w1 = ( 1

3
,

1
3
,

1
3
, 0, 0); w2 = ( 1

2
,

1
2
, 0, 0);

and w3 = ( 1
3
,

1
3
,

1
3
, 0, 0), w4 = ( 1

3
,

1
3
,

1
3
, 0, 0); w5 = ( 1

2
,

1
2
, 0, 0); and

w6 = ( 1
3
,

1
3
,

1
3
, 0, 0) Simulations were performed on simulated
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data with sample sizes ranging from 100 to 100 000, with 10
replications performed per sample size. The same arguments
for FGWQSR and BGWQSR from the first simulation set were
used here, with the addition of setting the number of cores for
FGWQSR to 10 and fitting the two independent MCMC chains
for BGWQSR on separate cores with 5000 posterior samples per
chain (10 000 total, the default for BGWQSR).

Correctly specified and misspecified simulations were run on
the University of Southern California’s Center for Advanced
Research Computing (CARC) resource. However, the runtime
simulations for FGWQSR and BGWQSR were performed locally
on a 2021 Macbook Pro with an M1 Max processor and 10 com-
puting cores to reflect more common computing resources avail-
able to analysts.

2.4 | Application

We applied FGWQSR to a large dataset comprised of 317 767
mother-child pairs with data derived from electronic medical
records from Kaiser Permanente of Southern California (KPSC)
between the years of 2001–2014 and PM2.5 exposure fields gener-
ated by researchers at the University of California, Davis. The goal
was to study the associations between in-utero averaged exposure
to components of particulate matter with aerodynamic diameter
< 2.5𝜇𝑚 (PM2.5) and Autism Spectrum Disorder (ASD) diagno-
sis in children. Exposure fields were estimated using Source Ori-
ented Chemical Transport models that describe emissions, trans-
port, deposition, and chemical reaction to predict airborne PM2.5
concentrations at maternal residential addresses geocoded using
ArcGIS [21–23]. In particular, we focused on the associations
between ASD and the following PM2.5 averaged component con-
centrations: Iron (Fe), copper (Cu), manganese (Mn), nitrate (N),
sulfate (S), secondary organic aerosols (PM-SOA), elemental car-
bons (EC), organic carbon (OC), other metals (Metl), and residual
PM2.5 mass (RM).

Several maternal- and child-level covariates were selected a pri-
ori to include in our model based on expert knowledge and
existing literature to control for potential confounding, includ-
ing child birth year, seasonality (wet = November–March, dry
= April–October), maternal age at delivery, child parity, mater-
nal race, maternal educational level, maternal comorbidity (0
= no comorbidity, ≥ 1 = heart, lung, kidney, and/or liver dis-
ease; cancer), median family income in census tract of residence,
child sex, maternal obesity status, and maternal diabetes diagno-
sis, and total PM2.5. In addition, we also adjusted for trimester
averages of ozone and nitrogen dioxide levels, as these expo-
sures may confound PM2.5 component associations. A penalized
spline with 4 degrees of freedom (guided by AIC) was used for
the child birth year variable due to historical changes in inci-
dence rates of ASD [24]. Child birth weight and gestational age
were not adjusted for in the analysis, as the two variables are
suspected to be on the causal pathway between air pollution
and ASD [25, 26]. Child ASD diagnoses in the dataset are deter-
mined through ICD-9 codes s 299.0, 299.1, 299.8, 299.9 from at
least 2 separate visits before five years of age [27]. Children were
followed from birth through electronic medical records until
either clinical diagnosis of ASD, loss to follow-up, or five years
of age, as consistent with prior studies from this cohort [22, 23].

Due to the rarity of ASD, the dataset contains only 4522 ASD
cases.

PM2.5 components were organized into mixture groups based on
their correlation structure. Specifically, we assigned components
to a particular mixture group based on an apriori hierarchical
clustering and non-negative matrix factorization of the correla-
tion matrix 𝐶 (for hierarchical clustering, the matrix of 1 − |𝐶|)
of the components. Both methods agreed on the potential pres-
ence of 3 underlying latent mixture group clusters, where compo-
nent group members agreed between the two methods. The PM2.5
mixture group assignments are as follows: 𝐺1 = {Cu, Fe, Mn};
𝐺2 = {N, S, PM-SOA}; and 𝐺3 = {EC, OC, RM, Metl}. The clus-
ter configurations in 𝐺1, 𝐺2, and 𝐺3 can naturally be referred to
as trace metals, secondary PM, and other primary PM2.5.

As a baseline comparison with a traditional method, we analyzed
the KPSC data using QLR with PM2.5 components quantized into
quintiles and the same set of adjusting covariates included in the
analysis with FGWQSR. BGWQSR was not included as a com-
parison model due to the overly long fitting times required for
this size dataset. In contrast, FGWQSR was fitted on all 317 767
mother-child pairs in 49 min across 24 cores on a Windows Server
2022×86-64 architecture.

3 | Results

3.1 | Simulation Study

3.1.1 | Correctly Specified Simulation

Unless explicitly mentioned, the results discussed here apply to
all simulation scenarios. However, we only show the results of
the simulation scenarios with the highest levels of within and
between correlations, CCS3 = (0.9,0.7), as these are the most chal-
lenging for traditional methods (Figure A1). Results for CCS1 =
(0.5,0.1) and CCS2 = (0.7, 0.3) are included in Figures S1 and
S2. FGWQSR demonstrated the greatest power to detect nonzero
group effects while achieving the nominal significance level for
truly null group effects. Across all simulation sets, FGWQSR had
the largest power to detect nonzero group effects, followed by
BGWQSR and QLR, respectively. Additionally, as shown previ-
ously by Wheeler et al. [17] BGWQSR had greater power than
QLR to detect group effects due to exploiting the directionality
assumption when it holds.

In addition to the power to detect group effects, we also compared
each model’s ability to detect individual exposure effects. Gen-
erally, FGWQSR had the highest power for truly non-zero indi-
vidual exposures. BGWQSR’s 95% credible interval for individual
exposure inference was underpowered, where many individual
weights had particularly wide credible intervals. For a majority
of nonzero individual exposure effects, QLR had higher power
than BGWQSR across the 5 SOAs, which may be due to overly
conservative Bayesian credible intervals.

Among the three models, BGWQSR generally had the lowest
estimated MSE, followed by FGWQSR and QLR. We expected
QLR to be the least precise, as BGWQSR and FGWQSR’s
constrained estimation reduces variability when the
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directionality assumption holds. The reduction in model vari-
ability for the two constrained methods comes at the expense
of increased bias. Generally QLR produces individual exposure
effect estimates with the least amount of absolute bias. How-
ever, for simulations SOA1 = (1,1,1), BGWQSR had the smallest
amount of absolute model bias because of the model’s implicit
bias toward the null prior. For a majority of the scenarios,
FGWQSR and BGWQSR had comparable levels and directions of
bias, with FGWQSR often showing slightly smaller absolute bias.
Individual chemicals from groups with positive effects (groups B
and C) had very small negative bias for nonzero effects and very
small positive bias for null effects, and vice versa for members of
group A with a negative group effect. This pattern of bias arises
from the model constraints, where individual chemicals with
null effects belonging to groups with non-null group effects have
their constrained estimates in the direction of their group.

3.1.2 | Misspecified Simulations

Figure A2 presents the results of the moderate model misspecifi-
cation and correlation structure CCS3 = (0.9,0.5). All other results
are included in the Supporting Information as Figures S3–S10.
In these simulations, the misspecified group B is of the great-
est interest. Overall, FGWQSR remains the highest powered for
group and individual chemical effects for correctly specified
groups A and C, while being well calibrated for type 1 error in
those groups (for chemicals with null weights).

In the case of minor model misspecification (Figures S3–S5),
FGWQSR and BGWQSR maintain their power gains over QLR
to detect the misspecified group B, as well as for the correctly
specified groups A and C. Individual chemical effects were still
detected with higher power in FGWQSR models compared to
QLR, except for the misspecified chemical 6 in group B, which
QLR had higher power to detect than FGWQSR and BGWQSR.
Chemical 6 in group B also had a much larger bias than other
pollutants within group B. This is not surprising as QLR fits
unconstrained models, and therefore, it is not misspecified. Nev-
ertheless, BGWQSR and FGWQSR maintained the lowest levels
of individual chemical effect MSEs.

The moderate level of misspecification introduces greater model
violation to FGWQSR and BGWQSR. Across the range of effects
explored, FGWQSR and QLR generally had similar power levels
to detect a non-null effect for group B, with BGWQSR showing
the lowest power (Figures S2, 2, and S7). At this level of model
misspecification, FGWQSR, and QLR had comparable power to
detect individual chemical effects, with the exception of QLR hav-
ing had much higher power for detecting the misspecified chem-
icals 5 and 6 within group B. Bias for these two chemicals were
accordingly higher in FGWQSR and BGWQSR models compared
to QLR. The less flexible constrained models had lower MSE for
individual exposure effects in comparison to QLR.

The extreme misspecification scenarios do result in considerably
biased inference for FGWQSR and BGWQSR (Figures S8–S10).
When half of the individual chemical effects in group B are pos-
itive and half negative, the constrained methods generally esti-
mate a null effect for the group. In all the simulations under this
scenario, QLR had the highest power to detect group B, while

power for FGWQSR and BGWQSR tended to remain at their null
nominal levels. In addition, QLR also had the highest power to
detect associations with individual chemicals compared to the
constrained methods. FGWQSR and BGWQSR both exhibited
positive biases for individual negative effects when the group B
effect was estimated to be positive and negative bias for individ-
ual effects when the group B effect was estimated to be negative.
QLR had a low bias for individual chemical effects. Again, this is
not surprising as the QLR model is not misspecified under this
scenario.

3.1.3 | Runtime Comparison Between FGWQSR
and BGWQSR

For small sample sizes, BGWQSR fits quicker than FGWQSR
(Figure A3). However, for moderate and large sample sizes
FGWQSR proves to be faster than BGWQSR. For example, with
𝑛 = 100, 000, BGWQSR takes 1.14 and 1.66 h for three and size
group mixture scenarios respectively, while FGWQSR fits the
same models in 1.35 and 7.55 min respectively. In contrast to
the computational expense of MCMC methods, as sample size
increases, FGWQSR’s inference has a fixed cost, with the 𝐺 + 𝑝 +
1 model optimizations required incurring only a slight increase
in time as 𝑛 grows. FGWQSR is affected by the size and number
of mixture groups, as its Monte-Carlo-based inference needs to be
run separately (or in parallel) for each mixture group and individ-
ual chemical. That being said, FGWQSR models can comfortably
accommodate reasonable mixture group configurations for anal-
yses commonly performed in environmental epidemiology.

3.1.4 | Data Application

In the KPSC cohort, 4 522 children were diagnosed with ASD by
age 5, of which 3 673 (81.2%) were boys and 849 (18.8%) were girls.
Children were more likely to be diagnosed with ASD by age 5
from mothers who were older, nulliparous, diabetic, obese, and
who had health comorbidities (Table S1).

Among the PM2.5 components, nitrate had the largest median
concentration, with copper and manganese having much smaller
concentrations (Figure A4). The copper concentration had the
most skewed distribution, while the others remained fairly sym-
metric. The most correlated pairs of PM2.5 components were
iron and copper (𝜌 = 0.95) and iron and manganese (𝜌 = 0.89)
(Figure A5).

The trace metals and other primary PM2.5 mixture groups were
both associated with ASD diagnosis by age 5, with estimated odds
ratios (OR) of 1.13 and 1.11 per one unit increase in exposure
respectively (𝑝 < 0.001, 𝑝 = 0.01) (Table A1). A one-unit increase
in exposure for a chemical mixture group corresponds to an
increase of one quintile for all chemicals in the group. Secondary
PM2.5 was not significantly associated with ASD (OR=1.02,
𝑝 = 0.7).

Within the trace metals group, the largest individual weight was
for copper (0.65), while iron and manganese had weight estimates
of 0.13 and 0.22 respectively. Copper was the only component
within the trace mixture group that was statistically significant at
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a conventional 5% significance level (𝑝 = 0.02). In the secondary
PM2.5 group, the weight for sulfate was estimated to be 1, and both
nitrate and secondary organic aerosols had estimated weights of
0. Consistent with the group inference, none of the individual
pollutants in the secondary PM2.5 group were statistically signif-
icant. Finally, for the other primary PM2.5 group, the individual
weights were estimated as 0.46, 0.37, 0.17, and 0 for residual
mass, other metals, elemental carbon, and organic carbon
respectively. Among the three components with nonzero weight,
residual mass was the only statistically significant pollutant
(𝑝 = 0.039).

Estimates of individual pollutant ORs were comparable between
FGWQSR and QLR for deleterious effects (Table A2). QLR esti-
mated slightly protective but not significant effects for nitrate,
secondary organic aerosols, and organic carbon (𝑝 = 0.40, 𝑝 =
0.78, and 𝑝 = 0.29). Both FGWQSR and QLR identified copper
as an associated pollutant (𝑝 = 0.019 and 𝑝 = 0.036 respectively).
Residual mass was identified as significantly associated in the
FGWQSR model (𝑝 = 0.039), whereas it was not identified as sta-
tistically associated within the QLR model (𝑝 = 0.097).

4 | Discussion

We have introduced FGWQSR, a Frequentist weighted quan-
tile sum regression for chemical mixtures. Model parameters in
FGWQSR are estimated by ML using a full dataset, in contrast to
its non-Bayesian predecessor GWQSR, which requires data split-
ting. Similar to BGWQSR, FGWQSR yields estimates for both
individual chemical and chemical mixture effects. Our simula-
tions show that FGWQSR almost always had greater power to
detect both groups of chemicals and individual chemicals in com-
parison to QLR and BGWQSR. In particular, BGWQSR yielded
inferences that were often conservatively biased toward its null
priors. Critically, FGWQSR can be fitted efficiently. As a result,
it can be used in applications with large datasets as we have
demonstrated in our analysis of the KPSC cohort with 317 767
observations.

FGWQSR’s model parameterization, similar to that of BGWQSR,
assumes that the effects on the outcome of chemicals within a
mixture group are all in the same direction. By utilizing the extra
information the directionality assumption provides, FGWQSR
can detect significant group and individual chemical effects with
higher power over unconstrained methods. This increased power
is especially valuable in contexts where the effect of chemicals
may be small. Since chemical exposures, either individual or in
mixtures, are almost never expected to have protective effects, the
directionality assumption is reasonably robust and unlikely to be
violated in real studies. However, even in cases of moderate levels
of misspecification, FGWQSR remains robust and maintains its
ability to detect significant group and individual chemical effects.
When the directionality assumption is violated, type-I errors for
detecting chemicals with misspecified effects are often conserva-
tive. FGWQSR suffers the greatest in scenarios of extreme model
misspecification, which occurs when the members of a mixture
group have their effects in both positive and negative directions,
with chemical effects in opposing directions having similar mag-
nitudes. In this situation, although significant group and individ-
ual chemical associations exist, FGWQSR tends to estimate these

effects toward the null, with a slight bias in a certain direction
incurred by the particular correlation structure of the data.

FGWQSR, like other WQS models, is most effective when analyz-
ing groups of highly correlated covariates, enabling researchers to
jointly model disease risk based on grouped exposures. However,
FGWQSR differentiates itself from WQS competitors as it is the
first fully Frequentist WQS model that avoids data splitting to esti-
mate both group effects and weights, and can be applied to large
datasets. Previously, the high computational complexity of many
WQS methods, including BGWQSR, has limited their applicabil-
ity in large-scale datasets. FGWQSR was specifically designed to
efficiently handle the data volume of the KPSC dataset and scales
well to even larger datasets.

FGWQSR is most comparable to BGWQSR in terms of model out-
put. However, while BGWQSR relies on posterior credible inter-
vals for inference, FGWQSR uses a Monte Carlo-based approach
centered on likelihood ratio test statistics. This distinction is par-
ticularly important when interpreting inference on individual
constituents within a group. When credible intervals are used for
inference on constrained weight parameters, they never numeri-
cally include the true null value of a zero weight. This is expected,
as the null lies on the boundary of the parameter space. To
address this, our simulations adopt a lenient threshold of 10−8

for BGWQSR credible intervals as the decision boundary for
whether they include the null. In contrast, FGWQSR’s inference
procedure inherently respects the model’s parameter constraints,
allowing 𝑝-values to be directly used for statistical significance
testing. As a result, FGWQSR provides more interpretable infer-
ential estimates that align with the imposed model constraints.
For the group effect, which is an unconstrained parameter, both
𝑝-value and credible interval estimation are equally valid for
detecting signals across groups of chemicals. However, if interval
estimation is the primary concern, BGWQSR is better suited, as
FGWQSR in its current form outputs effect estimates and 𝑝-values
for statistical inference.

When configuring an FGWQSR model, a researcher should select
mixture groups a priori based on substantive knowledge. Mixture
groups should be constructed to maximize within-group corre-
lation levels while also obeying the directionality assumption.
In the absence of prior knowledge, we suggest possible ways
of constructing mixture groups solely based on correlation. For
example, one may perform hierarchical clustering on the dis-
tance matrix constructed by evaluating one of 1 − 𝐶 , 1 − |𝐶|,
or 1 − 𝐶2, where 𝐶 is the correlation matrix corresponding to
the data of our chemical mixture components of interest and 𝐶2

denotes element-wise squaring of 𝐶 . If there is suggestive cluster-
ing, one may accordingly lump chemicals into mixture groups for
FGWQSR analysis. Ideally, the plausibility of the directionality
assumption should still be evaluated by consulting with existing
literature. Techniques other than clustering, for example, factor
analysis or a non-negative matrix factorization on 𝐶 , depending
on whether there are negative correlations, can be similarly used
to define mixture groups.

When fitting model models with FGWQSR, it may be the case that
certain chemicals from particular mixture groups are estimated to
the boundary value of 0. One may be interested in whether such
boundary-estimated chemicals are misspecified within their

9 of 17



mixture groups and potentially violate the directionality
assumption. A possible sensitivity analysis that can be performed
is to remove the suspected chemicals from their respective mix-
ture groups and include them as an (appropriately scaled)
adjusting covariate in the model formula. By doing this, such
chemical is instead fitted in a traditional unconstrained manner,
and one may examine the direction of association for these
suspected chemicals. If a misspecified chemical is identified, one
can invert the functional association of the exposure variable by
applying a monotonically decreasing function. For non-negative
exposures, one such transformation could be 𝑓 (𝑥) = 𝑥−1.

While FGWQSR offers significant advantages in computational
efficiency and statistical inference, several limitations should
be addressed. Like other WQS models, FGWQSR benefits from
increased power over traditional linear models by imposing the
directionality assumption model constraints. However, in cases
where mixture groups are constructed with elements that have
opposing directions of effect, any WQS method may struggle
to identify important groups or individual actors. Addition-
ally, as a Frequentist approach, FGWQSR relies on asymptotic
evaluations that require adequate sample sizes for reliable infer-
ence. Through simulation, we have observed that FGWQSR can
accommodate smaller datasets (e.g., 150 observations with 16
chemical constituents, not included in the manuscript) and still
outperform traditional linear regression in terms of power due
to its model constraints. However, for small datasets, we recom-
mend comparing FGWQSR results with those from BGWQSR,
as the Bayesian framework in BGWQSR uses exact posterior dis-
tributions and can leverage informative priors to achieve more
robust results in such settings. In addition, FGWQSR performs
similarly to standard logistic regression when handling varying
case-control ratios, with estimation remaining robust except
in cases of extreme imbalance. On a different note, FGWQSR
requires complete observations without missing data. There-
fore, the performance of FGWQSR when applied to an imputed
dataset would rely on the quality of the data imputation.

FGWQSR can accommodate interaction variables as uncon-
strained parameters in the model. However, in its present
form, FGWQSR does not handle interactions between mixture
constituents. Extensions of FGWQSR to include constrained
interactions would be nontrivial. To more effectively examine
interaction in pollutant mixture models, the Bayesian Kernel
Machine Regression (BKMR) flexibly measures interaction in
pollutant mixture models using Gaussian process regression [11,
28]. However, because BKMR is computationally expensive, the
method can only be applied to moderately sized datasets. In a
recent paper, Lee et al. introduce a WQS model that investigates
interaction by estimating stratum-specific weights of exposure
in mixtures, which may be of interest to researchers who wish to
perform WQS interaction analysis in mixture model settings [29].

We applied FGWQSR to a large longitudinal birth cohort com-
prised of 317 767 mother-child pairs to study the associations
between several PM2.5 components and child ASD diagnosis by
age 5. From the results of the FGWQSR model fitting, it was found
that the trace metal and other primary PM2.5 groups were asso-
ciated with ASD, where the two groups were comprised of the
components {Cu, Fe, Mn} and {EC, OC, RM, OM}. Within the
two mixture groups, Copper and Residual PM2.5 mass were both

significant and can be viewed as the drivers of association within
their mixture groups. Particles belonging to the Residual PM2.5
mass component often derive from crustal material that arises
from windblown dust and unpaved road dust resuspension. Cu
PM2.5 in ambient air primarily originates from vehicular brake
wear and is most concentrated in high-traffic areas [23, 30, 31].

Our FGWQSR mixture analysis aligns with existing literature on
the developmental neurotoxicity of prenatal PM2.5 exposure on
autism risk [21, 23, 32]. Additionally, several studies have doc-
umented the adverse effects of fine particulate metal exposure
on children’s developmental health, including cognitive impair-
ments, respiratory issues, and asthma [33–35] Notably, the PM2.5
constituents identified as statistically significant in our anal-
ysis primarily stem from non-tailpipe emissions. While strin-
gent regulatory efforts have successfully reduced tailpipe-related
PM2.5 in Southern California over the past two decades, our find-
ings highlight the need for increased attention to non-tailpipe
sources, particularly brake wear, which remains unregulated. The
contribution of non-tailpipe emissions is expected to rise with
the widespread adoption of electric vehicles [36, 37]. Therefore,
updating emissions standards to address brake-related particu-
late pollution is essential to further mitigate the health risks asso-
ciated with vehicular emissions.

It should be noted that the spatial resolution of the exposure
fields used in this analysis was 4 km, which precludes the analy-
sis of near-roadway effects. Additionally, each exposure variable
has potential measurement error and uncertainty that have not
been accounted for in the present analysis. Future studies will use
updated exposure fields that combine higher spatial resolution
and more accurate concentration estimates to consider implica-
tions for FGWQSR analysis.

In our previous work with this cohort, we reported that Cu, Fe,
and Mn were individually associated with an increased risk of
ASD [21]. These results were derived from single-constituent
models, that is, separate models for each constituent. We did
not include all three constituents simultaneously in our previous
work due to very high (ranging from 0.88 to 0.96) correlations
among them. Consequently, it is possible that Fe and Mn showed
significant associations in our previous study due to their high
correlation with Cu. In this application, the multi-constituent
FGWQSR model handled all constituents simultaneously and
showed that Cu was the significant factor independent of other
constituents including Fe and Mn, whereas Fe and Mn were not
independently associated with child ASD.

Our proposed FGWQSR framework allows researchers to employ
a mixture model framework in situations where the use of other
mixture modeling tools were previously unfeasible due to com-
putational limitations. We have demonstrated that FGWQSR
outperforms its unconstrained analog QLR in terms of power
to detect significant group and individual chemical effects
in correctly and minorly-moderately misspecified scenarios.
FGWQSR is also often higher powered than its Bayesian coun-
terpart BGWQSR while maintaining nominal type 1 error lev-
els. Although we have applied FGWQSR to pollutant exposure
data, the method can be used in any situation where covariates of
interest are highly correlated and an inherent grouping structure
exists among the covariates. In our R package fgwqsr, we have

10 of 17 Statistics in Medicine, 2025



implemented FGWQSR for binary, continuous, and count out-
comes; extension to Cox regression for survival outcomes should
be straightforward. Future implementations of FGWQSR may
also consider handling measurement errors on collected mix-
ture constituents. We believe FGWQSR will enable researchers in
the field to further understand underlying relationships between
modifiable environmental exposures and disease outcomes.

5 | Software

Our R package fgwqsr implementing FGWQSR can be found
at https://github.com/Daniel-Rud/fgwqsr with instructions for
installation and examples of use.
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FIGURE A1 | Results of correctly specified simulations comparing the performance of FGWQSR, BGWQSR, and QLR over 1 000 replicates of simu-
lated datasets with size 𝑛 = 500 with a case-control ratio of approximately 1:1. Columns 1–4 correspond to mixture group effect power, single chemical
power, individual chemical MSE, and individual chemical bias, respectively. In the presented simulations, CCS is fixed to (0.9,0.5) and the weight distri-
bution of chemicals within groups is set as follows: w𝐴 = ( 1
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3
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3
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, 0, 0); and w𝐶 = ( 1

3
,

1
3
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3
, 0, 0). Each row denoted (A)–(E) corresponds

to five levels of SOA: SOA1 =(1, 1, 1); SOA2 =(0.9,1.1,1.1); SOA3 =(0.85, 1.15, 1.15); SOA4 =(0.8, 1.2, 1.2); and SOA5 =(0.7, 1.3, 1.3). Lines and points
denoted by green, mustard, and light blue colors correspond to metrics computed from FGWQSR, BGWQSR, and QLR models, respectively. Dashed
horizontal purple and black lines in power plots denote powers of 0.04, 0.05, and 0.06 as a reference for type 1 errors in the presence of null mixture
group effects and null individual chemicals effects. Individual chemical effects colored in dark red denote null individual chemicals with weights of 0.
Note that row (A) corresponds to the case where all group effects are null, which imposes that all individual chemical effects are also null.

13 of 17



0.02

0.03

0.04

0.05

0.06

A B C
Group

(A)

Group Power

0.00

0.02

0.04

0.06

A1 A2 A3 A4 A5 B1 B2 B3 B4 B5 B6 C1 C2 C3 C4 C5
A B C

Group

Single Chemical Power

0.00

0.01

0.02

0.03

A1 A2 A3 A4 A5 B1 B2 B3 B4 B5 B6 C1 C2 C3 C4 C5
A B C

Group

Single Chemical MSE

−0.005

0.000

0.005

0.010

A1 A2 A3 A4 A5 B1 B2 B3 B4 B5 B6 C1 C2 C3 C4 C5
A B C

Group

Single Chemical Bias

0.1

0.2

A B C
Group

(B)

0.00

0.02

0.04

0.06

A1 A2 A3 A4 A5 B1 B2 B3 B4 B5 B6 C1 C2 C3 C4 C5
A B C

Group

0.00

0.01

0.02

A1 A2 A3 A4 A5 B1 B2 B3 B4 B5 B6 C1 C2 C3 C4 C5
A B C

Group

−0.02

−0.01

0.00

0.01

0.02

A1 A2 A3 A4 A5 B1 B2 B3 B4 B5 B6 C1 C2 C3 C4 C5
A B C

Group

0.1

0.2

0.3

0.4

0.5

A B C
Group

(C)

0.000

0.025

0.050

0.075

0.100

A1 A2 A3 A4 A5 B1 B2 B3 B4 B5 B6 C1 C2 C3 C4 C5
A B C

Group

0.00

0.01

0.02

A1 A2 A3 A4 A5 B1 B2 B3 B4 B5 B6 C1 C2 C3 C4 C5
A B C

Group

−0.02

0.00

0.02

A1 A2 A3 A4 A5 B1 B2 B3 B4 B5 B6 C1 C2 C3 C4 C5
A B C

Group

0.2

0.4

0.6

A B C
Group

(D)

0.00

0.05

0.10

A1 A2 A3 A4 A5 B1 B2 B3 B4 B5 B6 C1 C2 C3 C4 C5
A B C

Group

0.00

0.01

0.02

A1 A2 A3 A4 A5 B1 B2 B3 B4 B5 B6 C1 C2 C3 C4 C5
A B C

Group

−0.04

−0.02

0.00

0.02

0.04

A1 A2 A3 A4 A5 B1 B2 B3 B4 B5 B6 C1 C2 C3 C4 C5
A B C

Group

0.00

0.25

0.50

0.75

1.00

A B C
Group

(E)

0.00

0.05

0.10

0.15

0.20

A1 A2 A3 A4 A5 B1 B2 B3 B4 B5 B6 C1 C2 C3 C4 C5
A B C

Group

0.00

0.01

0.02

0.03

A1 A2 A3 A4 A5 B1 B2 B3 B4 B5 B6 C1 C2 C3 C4 C5
A B C

Group

−0.03

0.00

0.03

0.06

A1 A2 A3 A4 A5 B1 B2 B3 B4 B5 B6 C1 C2 C3 C4 C5
A B C

Group

Model: FGWQSR BGWQSR QLR

FIGURE A2 | Results of moderate misspecification simulations comparing the performance of FGWQSR, BGWQSR, and QLR over 1 000 replicates
of simulated datasets with size 𝑛 = 500 with a case-control ratio of approximately 1:1. Columns 1–4 correspond to mixture group effect power, indi-
vidual chemical power, individual chemical MSE, and individual chemical bias, respectively. In the presented simulations, CCS is fixed to (0.9,0.5) and
the weight distribution of chemicals within groups is set as follows: w𝐴 = ( 1
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1
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1
3
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1
6
,

1
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,

1
6
,− 1
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6
); and w𝐶 = ( 1
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3
, 0, 0). Each row

denoted (A)–(E) corresponds to one of five levels of SOA: SOA1 =(1, 1, 1); SOA2 =(0.9, 1.1, 1.1); SOA3 =(0.85, 1.15, 1.15); SOA4 =(0.8, 1.2, 1.2); and
SOA5 =(0.7, 1.3, 1.3). Lines and points denoted by green, mustard, and light blue colors correspond to metrics computed from FGWQSR, BGWQSR, and
QLR models, respectively. Dashed horizontal purple and black lines in power plots denote powers of 0.04, 0.05, and 0.06 as a reference for type 1 errors
in the presence of null mixture group effects and null individual chemicals effects. Individual chemical effects colored in dark red denote null individual
chemicals with weights of 0. Individual chemicals in group B with a dark blue shading (B1–B4) have a positive weight of size 1

6
while chemicals with

an orange shading (B5 and B6) have a negative weight of size − 1
6

. Note that row (A) corresponds to the case where all group effects are null, which
imposes that all individual chemical effects are also null.
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FIGURE A3 | Results of runtime comparison simulations between FGWQSR and BGWQSR. Runtimes are resolved at dataset sizes of 𝑛 = {100,
500, 1 000, 2 000, 5 000, 7 500, 10 000, 20 000, 50 000, 100 000} with a case-control ratio of approximately 1:1, and CCS fixed to (0.7, 0.3). Simulations are
run for 3-group and 6-group mixture configurations with SOA3-group = (0.8, 1, 1.2) and SOA6-group = (0.8, 1, 1.2, 0.8, 1, 1.2) with weight distributions as
follows: w1 = ( 1
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, 0, 0). Lines and points denoted by green and orange colors correspond to the averaged runtimes of FGWQSR and

BGWQSR models, respectively, over 10 replicates. Solid lines correspond to runtime simulations under a 3-group configuration, while two-dash lines
correspond to runtime simulations under a 6-group configuration. Model runtimes are plotted in the scale of log60(minutes) with labels at selected
runtimes.
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FIGURE A4 | Distribution of pregnancy averaged PM2.5 component
exposure generated from Source Oriented Chemical Transport models.
Red points denote mean PM2.5 component exposure levels. Pollutant con-
centrations are displayed in log(𝜇𝑔∕𝑚3) units.
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FIGURE A5 | Correlation plot of PM2.5 components. Red boxes denote resulting clusters from hierarchical clustering on 1 − 𝐶 , where 𝐶 denotes
the correlation matrix, using a complete linkage and a cutpoint value to establish 3 clusters.
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TABLE A1 | FGWQSR summary output for the association between pregnancy averaged maternal PM2.5 component exposure levels on child ASD
diagnosis by age 5. Included in this analysis are adjustments for the following potential confounders: Maternal ozone exposure, maternal nitrogen
dioxide exposure, total PM2.5 mass, child birth year, seasonality, maternal age at delivery, maternal race, maternal education level, maternal comorbidity,
median family income in census tract of residence, child sex, maternal obesity status, and maternal diabetes diagnosis. Odds ratio (OR) estimates for
mixture group effects can be interpreted per one unit increase in weighted mixture PM2.5 exposure.

Group Group effect OR LRT 𝑷

Trace metals 1.127 25.830 < 0.001 ***
Secondary PM2.5 1.019 0.959 0.748
Other primary PM2.5 1.106 10.938 0.011 *

Group Chemical name Weight estimate LRT 𝑷

Copper 0.648 4.215 0.019 *
Trace metals Iron 0.129 0.126 0.364

Manganese 0.223 0.812 0.208
Nitrate 0 0 1

Secondary PM2.5 Sulfate 1 0.471 0.336
Secondary organic aerosols 0 0 1

Elemental carbon 0.172 0.571 0.169
Other primary PM2.5 Organic carbon 0 0 1

Residual mass 0.457 3.385 0.039 *
Other metals 0.371 1.538 0.116

TABLE A2 | Comparison of odds ratio (OR) estimates and 𝑝-values for individual pollutant effects from FGWQSR and Quantile Logistic Regression
(QLR) models. ORs are interpreted per one-quintile increase in pollutant exposure level. Individual chemical ORs for FGWQSR are computed as the
exponential of the product between the chemical’s group effect multiplied by the chemical’s weight. Included in both models are adjustments for the
following potential confounders: Maternal ozone exposure, maternal nitrogen dioxide exposure, total PM2.5 mass, child birth year, seasonality, maternal
age at delivery, maternal race, maternal education level, maternal comorbidity, median family income in census tract of residence, child sex, maternal
obesity status, and maternal diabetes diagnosis. Bolded 𝑝-values indicate statistical significance at threshold 𝛼 = 0.05.

Individual chemical OR estimate 𝑷

Group Chemical name FGWQSR/QLR FGWQSR/QLR

Copper 1.081/1.083 0.019/0.036
Trace metals Iron 1.016/1.017 0.364/0.702

Manganese 1.027/1.022 0.208/0.462
Nitrate 1/0.975 1/0.39

Secondary PM2.5 Sulfate 1.019/1.012 0.336/0.564
Secondary organic aerosols 1/0.993 1/0.783

Elemental carbon 1.017/1.027 0.169/0.28
Other primary PM2.5 Organic carbon 1/0.972 1/0.294

Residual mass 1.047/1.043 0.039/0.097
Other metals 1.038/1.037 0.116/0.227
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