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ABSTRACT Uptake of oxygen by hemoglobin (Hb), described by the oxygen-Hb dissociation curve, is obviously important
for the existence of all vertebrates. Its sigmoidal curve shape indicates that oxygen binds more tightly if sites already are
occupied, commonly referred to as the cooperative effect. The effect has been challenging to understand and quantify ever
since its experimental demonstration in 1904. Here, we derive an ab initio analytical expression for the dissociation curve
based on the fundamental principle of uniform oxygen chemical potential and absolute activity throughout the system at
equilibrium using the grand partition function. The resulting analytical dissociation expression therefore only has four mo-
lecular oxygen-Hb binding energies as free variables, which are determined by fitting the analytical expression to measured
data. The corresponding resulting negative reaction enthalpies identified in increasing magnitude are, DH1 ¼ � 41:6,
DH2 ¼ � 48:8, DH3 ¼ � 51:2, and DH4 ¼ � 51:8 kJ=mol, in the range observed experimentally. The difference between
DH1 and DH4 is � 10 kJ=mol, smaller than the maximum enthalpy difference measured experimentally, � 16:7 kJ=mol.
Hence, the cooperative effect can therefore be explained, from an energy point of view, as caused by the reaction enthalpy
difference between DH1 and the three subsequent enthalpy values. No impact of Hb's spatial and structural properties is
assumed. The finding highlights the importance of identifying the ligand-receptor molecular binding energies, and thereby
the reaction enthalpies, under different conditions as a way for calculating not only the oxygen-Hb but ligand-receptor disso-
ciation curves in general under various conditions, a priori, since the procedure for determining these curves ab initio has
been established.
WHY IT MATTERS The sigmoid shape and thereby the cooperative effect of the oxygen-hemoglobin dissociation curve
has been derived ab initio using the grand partition function. No assumptions about hemoglobin's spatial and/or
structural properties were assumed. The cooperative effect is hence explained from an energy point of view by the
difference between the first and three subsequent binding enthalpies. The reason is that the binding enthalpy difference
required to fit the dissociation curve is smaller than the enthalpy difference determined experimentally. The advance
matters since the hemoglobin-oxygen system is regarded as the Hydrogen-atom of ligand-receptor systems. Themethod
opens the possibility for determining not only the current but all ligand-receptor dissociation curves in general, a priori,
when the relevant binding enthalpies are known.
INTRODUCTION

In 1904, Christian Bohr, the father of the atom physi-
cist, discovered that oxygen molecules bind nonli-
nearly to hemoglobin (Hb) as illustrated by the black
bold curve in Fig. 1. The curve shows that binding of
oxygen to Hb at low oxygen pressure occurs more
tightly than expected due to its sigmoid shape (1,2).
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A linear relationship for 1:1 binding of the smaller ox-
ygen molecules (generally called ligands) to larger
Hb molecules (generally called receptors) was ex-
pected since Hb at that time was assumed to be single
stranded, well described by a conventional Langmuir
isotherm (3), as indicated by the blue dotted curve.

Adair (4) later discovered, using accurate osmotic
pressure measurements, that each Hb molecule in
fact binds up to four oxygen molecules, typically writ-
ten as HbðO2Þ4, when fully occupied. It therefore
seems like that subsequent binding of oxygen to Hb
somehow occurs more tightly if oxygen already oc-
cupies some sites on the Hb molecule. This tendency
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FIGURE 1 The oxygen-Hb dissociation curve at 37�C. The black
bold curve shows that binding of oxygen appears to increase nonli-
nearly at low oxygen pressure due to its sigmoid shape if some of
the four sites already are occupied by oxygen, as discovered exper-
imentally by Bohr et al. (1). The blue dotted line illustrates expected
curve without any cooperative effect present.
has therefore in general been referred to as positive
cooperative binding ever since Bohr's discovery and
it occurs frequently in biochemical systems in cases
where the receptor, typically a large protein molecule,
contains more than one binding site for the ligandmol-
ecules. The word positive indicates that the effect also
could be opposite, which is indeed the case. A nega-
tive cooperative effect occurs when the ligand binding
ability decreases for subsequent ligand molecules.
Furthermore, cooperativity is called homotropic if the
ligand only impacts binding of the same molecule or
heterotropic if it also impacts binding of other ligand
types (2). Quantification of the positive homotropic
cooperative effect in the oxygen-Hb system is the
focus of this work.

A vast amount of research has been undertaken
related to the positive cooperative effect, particularly
for the oxygen-Hb system due to its importance for
the existence of all vertebrates, but also in general
due to its frequent occurrence in many biochemical
and physiological processes. The research has been
focusing along two main lines, on the understanding
of the effect's mechanism from a molecular biology/
chemistry point of view (5) and on its quantitative
description (6–11), the latter mostly advanced by
physical-chemical scientists. None of the activities
can be stated fully closed, particularly the latter,
although large progress has been obtained over the
years (5,7). Research related to quantification of the
positive cooperative effect was initiated in 1910
when Hill published his famous equation describing
general binding of ligands to receptors each having n
available binding sites. It reads (2,12),

qH ¼ ½L�n
KD þ ½L�n ; (1)
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where, qH is the fractional receptor occupancy by li-
gands, KD is an apparent dissociation constant, and
½L� is the ligand concentration. The latter is typically re-
placed by the oxygen pressure, PO2 , when considering
the oxygen-Hb dissociation curve (Eq. 16). n is called
the Hill exponent and its value was originally assumed
to be equal to the number of binding sites on the re-
ceptor. It is smaller than unity for systems exhibiting
negative cooperativity and vice versa for the case of
positive cooperativity. The fractional receptor occu-
pancy is defined as the number of binding sites occu-
pied by ligands divided by the total number of sites
available in the system. No bindings are present
when qH ¼ 0, whereas all sites are occupied when
qH ¼ 1. It was, however, realized early that Hill's equa-
tion was unable to capture all aspects of cooperativity.
The exponent, n, is not four for the experimental oxy-
gen-Hb curve but varies typically in the range from
1:7 to 3:2. It can therefore not represent the number
of sites available on the receptor in general but is
more interpreted as a cooperativity parameter or an
interaction strength between ligand and receptor
(13,14). In addition, the equation is semiempirical as
the apparent dissociation constant, KD, and the
exponent, n, must be found by fitting the expression
to experimental data. Many researchers have there-
fore proposed different expression for quantifying
the dissociation curve more accurately based on
different generic functions and partition functions,
see, e.g., Adair et al. (6), Klotz (8), Pauling (9), Koshland
et al. (10), and Monod et al. (11). These works
have generalized Hill's equation by quantifying the
impact of adding intermediate polynomial terms, orig-
inating from intermediate oxygen-Hb forms such as
HbðO2Þn¼ 1;2 or 3, on the resulting dissociation curve.
None have, however, to the knowledge of the author,
used the grand partition function directly in a system-
atic way as the starting point for deriving the dissoci-
ation curve. Since varying particle number obviously is
an intrinsic part of the challenge, using such an
approach should be the most fundamental. It ac-
counts for the varying occupation numbers by utilizing
the fundamental principle of uniform oxygen chemical
potential and hence absolute activity throughout the
system at equilibrium regardless of whether oxygen
resides in solution or is bonded to Hb. It is extensively
used in thermodynamics, statistical mechanics, and
solid-state physics, e.g., in semiconductor theory (3).

Hence, the aim of the work is to use the grand parti-
tion function to derive an ab initio analytical expres-
sion for the oxygen-Hb dissociation curve. The
molecular binding site energies for each of the four ox-
ygen molecules are then the only unknown variables
left since no other dependencies are assumed, e.g.,



related to Hb's spatial and/or structural properties (5).
The magnitude of the molecular binding energies will
be identified by matching the analytical dissociation
expression to measured curves and their magnitudes
compared and discussed in relation to corresponding
measured reaction enthalpies reported in the litera-
ture. Furthermore, the relationship of the current
approach to Hill's equation is demonstrated and dis-
cussed. It should finally also be mentioned that, apart
from temperature and the Bohr effect (impact of pH
and CO2 on the shape of the dissociation curve), other
compounds have also been shown to affect the shape
of the oxygen-Hb dissociation curve, e.g., protons per
se, and 2,3-diphosphoglycerate (2,3-DPG) (15). A way
to account for such additional effects when calcu-
lating dissociation curves a priori is also discussed.
MATERIALS AND METHODS

Derivation of an ab initio expression for the
dissociation curve using the grand partition function

Consider systems characterized by particles formally of atomic or
molecular size in general referred to as ligands called L, which typi-
cally are able to bind to a larger molecule called a receptor denoted
R. The ligands will herein be oxygen and the receptor Hb, containing
four binding sites (n ¼ 4) for ligands. Each of these ligands may
have different molecular binding energies, ε1,.., ε4. These binding en-
ergies are relative to oxygen molecules at rest at infinite distance. If
q4 ¼ 4le� ε1=t þ 6l2e�ðε1þε2Þ=t þ 4l3e�ðε1þε2þε3Þ=t þ l4e�ðε1þε2þε3þε4Þ=t

1þ 4le� ε1=t þ 6l2e�ðε1þε2Þ=t þ 4l3e�ðε1þε2þε3Þ=t þ l4e�ðε1þε2þε3þε4Þ=t
: (5)
energy must be supplied to remove oxygen from the Hb molecule,
the binding energy will be negative, which is true for all cases herein.
As free oxygen molecules mostly possess kinetic energy at ambient
temperature in the order of kBT, the same amount of kinetic energy
must also be present in the bonded state when the system temper-
ature is uniform. kB is here Boltzmann's constant and T is the abso-
lute temperature. The energies, ε1,.., ε4, therefore represent the net
decrease in potential energy per molecule due to the exothermic
chemical reaction taking place when oxygen is bonded to the actual
Hb site (16). The aim is now to derive an ab initio expression for the
dissociation curve, q4, defined as,

q4 ¼ Number of binding sites occupied by ligands
Total number of binding sites available

;

(2)
as a function of the oxygen pressure. It is believed that application
of the grand partition function is the proper methodology for such

derivations as the particle number is varying. Hence, for a receptor
with four available sites, the grand partition function, Z4, is given
as (3),

Z4 ¼
X

n ¼ 0;1;::;4

X
s

lne� εs=t : (3)
Here, lhem=t , is the absolute activity where m is the internal chemical
potential of oxygen of thermal origin and t is following the terminol-
ogy by Kittel and Kroemer (3), the fundamental temperature given as
t ¼ kBT. The sum in Eq. 3 is over all states for all number of parti-
cles, which gives,

Z4 ¼ l0e0 þ
�
4

1

�
le� ε1=t þ

�
4

2

�
l2e� ðε1þε2Þ=t

þ
�
4
3

�
l3e� ðε1þε2þε3Þ=t

þ l4e�ðε1þε2þε3þε4Þ=t

¼ 1þ 4le� ε1=t þ 6l2e�ðε1þε2Þ=t

þ 4l3e�ðε1þε2þε3Þ=t

þl4e� ðε1þε2þε3þε4Þ=t; (4)

where the unity term comes from the zero-occupancy case when�
A
�

A!
n ¼ ε0 ¼ 0 and
B

¼ B!ðA�BÞ! is the binomial coefficient. The

fraction of sites occupied by oxygen on the Hb molecule versus
the oxygen pressure, i.e., the oxygen dissociation curve, is then given
as the probability of having one, two, three, or four oxygenmolecules
bonded to each Hb molecule normalized by Eq. 4. The fractional oc-
cupancy, q4, is then given as,
At equilibrium, the chemical potential of oxygen is everywhere
uniform, so the O2 molecules bonded to Hb must have the same
chemical potential as the O2 molecules in solution. This implies
that the absolute activity at constant temperature also must
be the same for bonded and nonbonded oxygen molecules since
l ¼ em=t . Hence,

mðO2 solutionÞ ¼ m
�
HbðO2Þ1�4

�
/

lðO2 solutionÞ ¼ l
�
HbðO2Þ1� 4

�
:

(6)

The chemical potential can be shown to be m ¼ t� ln ðr#=rQ),
where r# is the number density of oxygen gas and rQ is the quantum

concentration (3). The latter is the concentration associated with
one atom in a cube of side equal to the thermal average de Broglie

wavelength and given as rQh
�

mt
2p-2

�3=2. Here,m is the mass of the ox-
ygen molecule and - is Planck's constant divided by 2p. Assuming
that oxygen behaves like an ideal gas, that is PO2 ¼ r#t, implies

that the absolute activity can be written, l ¼ em=t ¼ r#
rQ

¼ PO2
trQ

, which

has the same value everywhere because of Eq. (6). Multiplying and
dividing all terms in Eq. (5) with eðε1þε2þε3þε4Þ=t and l4, respectively,
gives,
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q4 ¼
4
�
rQt

PO2

�3

eðε2þε3þε4Þ=t þ 6
�
rQt

PO2

�2

eðε3þε4Þ=t þ 4
�
rQt

PO2

�
eε4=t þ 1

�
rQt

PO2

�4

eðε1þε2þε3þε4Þ=t þ 4
�
rQt

PO2

�3

eðε2þε3þε4Þ=t þ 6
�
rQt

PO2

�2

eðε3þε4Þ=t þ 4
�
rQt

PO2

�
eε4=t þ 1

: (7)
Multiplying all terms with P4O2
gives the final expression for the oxy-

gen dissociation curve,

q4 ¼ 4P3
2;3;4PO2 þ 6P2

3;4P
2
O2

þ 4P4P
3
O2

þ P4
O2

P4
1;2;3;4 þ 4P3

2;3;4PO2 þ 6P2
3;4P

2
O2

þ 4P4P
3
O2

þ P4
O2

;

(8)
where the pressure coefficient terms are,

� �

P1;2;3;4 ¼ m

2p-2
3=2

ðkBTÞ5=2 � eðε1þε2þε3þε4Þ=4kBT; (9)

� m �3=2
5=2
P2;3;4 ¼
2p-2

ðkBTÞ � eðε2þε3þε4Þ=3kBT; (10)

� m �3=2
5=2
P3;4 ¼
2p-2

ðkBTÞ � eðε3þε4Þ=2kBT; (11)

� m �3=2
5=2 ε =k T
P4 ¼

2p-2
ðkBTÞ � e 4 B : (12)

Equation 8 is an ab-initio-derived expression for the oxygen-Hb
dissociation curve. The pressure coefficient terms in Eqs. 9–12

are dependent on the type of gas and the absolute temperature in
addition to the molecular binding energies. The former are given
by the system specifications leaving the magnitude of the molecular
binding energies ε1,., ε4, as the only free variables. They must be
determined by matching the q4 curve shape versus oxygen pressure
to measured data as demonstrated in the results.
The relationship to Hill's equation

As shown by many (2,13,17), Hill's equation in Eq. 1 can be derived
by considering the relative affinity of ligands, L, for being free or
bonded to the receptor, R, characterized by association and dissoci-
ation constants called ka and kd , respectively. It can be observed that
Eq. 1, qH ¼ ½L�n

KDþ½L�n, also appears from the grand partition function
(Eq. 3) for the case n ¼ 4 if all terms associated with binding of
one, two, and three ligand molecules are neglected. This is in line
with the assumption underlying Eq. 1, that no intermediate forms
of the ligand-receptor forms are considered. Hence, the simplified
version of the grand partition function in Eq. 4 then becomes,

ZL4 ¼
X

n ¼ 0 and 4

X
s

lne� εs=t ¼ 1þ l4e� 4ε=t: (13)

In analogy to Eq. 5, the dissociation curve, identical to Hill's equation,
then becomes,
qH ¼ l4e�4ε=t

1þ l4e� 4ε=t
¼ r4#

K
4
D þ r4#

¼ ½L�4
KD þ ½L�4 ; (14)
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where, l ¼ r#
rQ

has been used, ½L� is the molar concentration of li-

gands in solution, and KD ¼ K
4
D ¼

�
rQ
NA

�4
e4ε=t . NA is Avogadro's

number and the quantum concentration, rQ , must here be given in

the unit, #=dm3. If the version of the absolute activity expression
containing the oxygen pressure is applied, the dissociation curve
following from Eq. 13 instead becomes,

qH ¼ P4
O2

KD;PO2
þ P4

O2

; (15)

with KD;PO2
¼ ðrQtÞ4e4ε=t . For the purpose of characterizing the

extent of cooperativity, Hill's equation is conventionally linearized,

and expressed as,

log

�
qH

1 � qH

�
¼ nH � log

�
PO2

	 � log KD;PO2
; (16)

where the prefactor, nH , is now called the Hill coefficient and its value
is normally in the range from 1:7 to 3:2 (14). Log is here Log10. Equa-

tions 15 and 16 will be used for discussion and comparison pur-
poses herein, the latter in a form where the Hill fractional
occupancy, qH , is replaced by a general fractional occupancy, q.
RESULTS

Quantification of the oxygen-Hb dissociation curve

Identifying the grand partition function characterizing
the oxygen-Hb system, is considered key for deter-
mining the proper dissociation curve as shown in the
materials and methods. The fraction of sites occupied
by oxygen (q4) versus oxygen pressure (PO2 ), i.e., the
oxygen-Hb dissociation curve, is derived there and
given as Eq. 8,

q4 ¼ 4P3
2;3;4PO2 þ 6P2

3;4P
2
O2

þ 4P4P
3
O2

þ P4
O2

P4
1;2;3;4 þ 4P3

2;3;4PO2 þ 6P2
3;4P

2
O2

þ 4P4P
3
O2

þ P4
O2

;

(17)

where the pressure coefficient terms, P1;2;3;4, P2;3;4, P3;4,
and P4, are defined in Eqs. 9–12. It should be noted

that these terms are derived ab initio and therefore
contain the absolute activity of oxygen. The latter is
inversely proportional to the fundamental quantity
referred to as the quantum concentration whose value
is determined by solving the single-atom Schrødinger
equation for a cube with sides equal to the thermal
average of the de Broglie wavelength (3). Hence, the
only free variables left in Eq. 17 are the four molecular
oxygen-Hb binding energies, ε1, ., ε4, stemming from



TABLE 1 Numerical molecular binding energy values used to
determine the best match to experimental data in Fig. 2 together
with corresponding reaction enthalpies, DH

Planck's constant divided by 2p, - 1:055� 10�34 Js
Boltzmann's constant, kB 1:38� 10�23 J=K

Mass oxygen O2, m 5:31� 10�26 kg
Molecular binding energy ε1;

reaction enthalpy DH1 ¼ ε1NA

� 69 zJ; � 41:6 kJ=mol

Molecular binding energy ε2;
reaction enthalpy DH2 ¼ ε2NA

� 81 zJ; � 48:8 kJ=mol

Molecular binding energy ε3;
reaction enthalpy DH3 ¼ ε3NA

� 85 zJ; � 51:2 kJ=mol

Molecular binding energy ε4;
reaction enthalpy DH4 ¼ ε4NA

� 86 zJ; � 51:8 kJ=mol
the grand partition function expression. They must be
determined by fitting Eq. 17 to measured data since no
known method exists for calculating the change in
molecular binding energies for these reactions a priori.
By adjusting the molecular binding energies to the
values given in Table 1, the best match q4 curve to
the experimental data reported by Winslow et al. (18)
and Severinghaus (19) was obtained as shown in
Fig. 2.

The calculated curve matches the measured
data closely and was identified using the following
molecular binding energy values, ε1 ¼ � 69; ε2 ¼
� 81; ε3 ¼ � 85; and ε4 ¼ � 86 zJ. Correspond-

ing measurable reaction enthalpy values all in
kJ=mol are, DH1 ¼ � 41:6, DH2 ¼ � 48:8,
DH3 ¼ � 51:2, and DH4 ¼ � 51:8. The fit was ob-
FIGURE 2 Best match dissociation curve (Eq. 17) fit to measured
dataat 37�C. Thematchwasobtainedbyadjusting the fourmolecular
binding energies to the following values: ε1 ¼ � 69;ε2 ¼ � 81;
ε3 ¼ � 85; and ε4 ¼ � 86 zJ. The numerical value of kBT ¼
4:28 zJ at 37�C. These values completely determine the pressure co-
efficient terms (Eqs. 9–12 in the materials and methods) to the
following values: P1;2;3;4 ¼ 5 646, P2;3;4 ¼ 2 350, P3;4 ¼ 1 655,
and P4 ¼ 1 472 Pa. The pressure at 50% occupation is, 3;850 Pa
(29 mmHg). Experimental data fromWinslow at al. (18): temperature
37�C and pH 7.42, PCO2 ¼ 5333 Pa, 2,3-DPG¼ 0.89 mmol per mmol of
Hb tetramer. Severingshaus (19): temperature 37�C and pH 7.4.
tained by adjusting the values manually followed by
visual inspection. Since measurements of heat
release normally take place under constant pressure
experimentally, such values are conventionally re-
ported as changes in molar reaction enthalpy, DH.
The relationship between ε and the corresponding
molar reaction enthalpy value is therefore that the
latter equals ε multiplied with Avogadro's number,
i.e., DH1 ¼ ε1NA, DH2 ¼ ε2NA, etc. The enthalpy
values above are in the range typically measured
for the oxygen-Hb system (5,6,20–22). The most
important feature is, however, that the enthalpy dif-
ference between the smallest and largest value is
only 10:2 kJ

mol, well within the highest enthalpy differ-
ence measured experimentally according to Eaton
et al. (5), equal to 4 kcal

mol or 16:7
kJ
mol. It should, further-

more, be noticed that the energies required to
occupy the three last sites are quite similar and
therefore significantly more negative than for the
first site. Varying the value of ε1 relative to the other
three energies by keeping them equal and more
negative than ε1 shows that the gap in fact is
responsible for capturing the positive cooperative ef-
fect from an energy point of view. The requirement is
that the gap energy must exceed approximately
� 10 zJ. Varying the ε2, ε3, and ε4 values individually
impacts the shape of the dissociation curves from
lower to higher fractional values on the y axis.
Although each individual value can vary slightly,
their magnitudes and sequence can be considered
quite unique due to their coupled appearance in
the pressure coefficient terms. The dissociation
curve shape is, e.g., very sensitive to variation in
these binding energy values inducing changes in
the fraction of Hb sites occupied in the order of up
to 50:6 by varying each of the individual binding en-
ergies only 52% from their best match values. It can
also be shown that the cooperative effect disap-
pears completely, blue dotted curve, by putting all
binding site energies equal using, e.g., the average
of the four values defining the best match, εAvg ¼
� 80:25 zJ. The magnitude of all these binding en-

ergies is finally believed to possess physical/chemi-
cal significance and not only act as fit parameters,
since the correct dissociation expression has been
identified.

It can therefore be concluded that the proposed
dissociation expression (Eq. 17), together with the mo-
lecular binding energies identified, is able to explain
the positive cooperative effect in the oxygen-Hb sys-
tem, from an energy point of view, since the enthalpy
difference required to match measured dissociation
curves is well within the differences measured experi-
mentally. The difference in enthalpy values between
Biophysical Reports 3, 100124, December 13, 2023 5



FIGURE 3 Calculated dissociation curves for varying tempera-
tures. The curves show how the best match dissociation curve at
37�C varies with temperature. It is assumed that all the temperature
dependency is due to the explicit temperature terms in the pressure
coefficients, materials and methods, Eqs. 9–12.
the first and the second reaction induces the positive
cooperative effect. It should be noted that no impacts
of Hb's spatial and structural properties have been
assumed (5,11,23–25). Such effects may, however,
contribute to the explanation for the binding energy
variation observed but considered outside the main
scope of this work. One potential proposal related to
the issue will, however, be briefly discussed below.
The main advancement of the current approach is
therefore believed to be identification of the correct
mathematical expression for the dissociation curve
since it is based on an ab initio derivation using the
principle of uniform chemical potential as previously
mentioned. Hence, the somewhat complex relation-
FIGURE 4 Calculated temperature dependency of the pressure co-
efficient terms, P1;2;3;4, P2;3;4, P3;4, and P4. All temperature depen-
dencies are assumed to be accounted for by the T5=2 term plus
the Boltzmann factors, materials and methods, Eqs. 9–12. Since
the T5=2 term is common for all terms, the Boltzmann factors are
responsible for the differences seen. All the molecular binding en-
ergies are assumed independent of temperature and constant equal
to the values in Table 1 over the temperature range considered.
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ship between the different molecular binding energies
(Eq. 8) therefore follows and is a direct consequence
of the grand partition function originally established
by Gibbs, one of the most tested and well-supported
relationships occurring in statistical physical chemis-
try. The appearance of the molecular binding energy
terms in the dissociation curve expression can hence
therefore not be justified by any deeper theory/princi-
ple, simply because none are presently known.

A proposal for further research will finally be briefly
discussed. According to Dunne et al. (26) considering
adsorption of gases on solid surfaces: An increase in
heat of adsorption with gas loading is characteristic of
nonheterogeneous adsorbents (e.g., graphitized carbon)
with constant gas-solid energies of interaction. The in-
crease is due to cooperative interactions between ad-
sorbed molecules. Assume each oxygen site on Hb
initially is identical from a reaction point of view so
no special preference for any of the four sites exists.
The close proximity of an occupied site to the remain-
ing sites could hence induce a change in subsequent
reaction energies in a similar way as described for
the gas adsorption process. A lot of work has already
been performed addressing the issue as previously
discussed. There is, however, to the knowledge of
the author, not much work published using, e.g., mo-
lecular simulations. Such an approach could be useful
due to practical experimental challenges related to
tracking of the origin of the different energies involved.
It is therefore proposed to investigate the issue in
more detail using molecular simulations with the aim
of clarifying the relative contributions from the
different underlying causes quantitatively responsible
for the net cooperative effect observed.

Calculated dissociation curves using best-match
molecular binding energies at 37�C as the base are de-
picted in Fig. 3 for varying temperatures. The differ-
ence between the curves is in qualitative line with
measured data (27). The temperature dependency of
the pressure coefficient terms is assumed fully ac-
counted for by the T5=2 term plus the Boltzmann factor
(Eqs. 9–12 in the materials and methods) since they
are derived ab initio and any minor variation in molec-
ular binding energy versus temperature is neglected.

Fig. 4 shows the temperature dependency for each
of the pressure coefficient terms. The variations are
caused solely by the Boltzmann factors since all the
terms have the T5=2 term in common. They are there-
fore as expected according to the variation in molecu-
lar binding energies, ε1, being significantly smaller
than the others in absolute value. Hence, the terms
P2;3;4, P3;4, and P4 behave quite similar, whereas the
term, P1;2;3;4, which contains ε1, shows a significant
stronger temperature dependency. Since the effect
of temperature is in qualitative line with measured



FIGURE 5 Oxygen dissociation curves for the best match
compared with two cases of Hill's equation (Eq. 15). The black
bold curve is the best match. The red curve is Hill's equation with
KD;PO2

¼ 1:0� 1015 Pa4 calculated from the average molecular
binding energy value (εAve ¼ � 80:25 zJ) from the best match.
The blue curve is Hill's equation with KD;PO2

¼ 3:76�1019 Pa4,
calculated using the first molecular binding energy value (ε1 ¼
� 69 zJ) in the best match.
data and captured well by the pressure coefficient
terms identified, the results in Figs. 3 and 4 add addi-
tional empirical support to the methodology used, i.e.,
applying the grand partition function for deriving the
dissociation curve.
Relationship to the Hill equation and its linearized
form

As shown in thematerials andmethods, Hill's equation
can be derived from the grand partition function, if ne-
FIGURE 6 Hill plots (materials and methods, Eq. 16) for calculated
and experimentally measured dissociation curves. The black bold
and blue dotted curves show the best match and Hill's equation us-
ing the average binding energy for the best match, respectively. The
square green and triangle red dots show experimental data accord-
ing to Winslow et al. (18) and Severinghaus (19), respectively. The
vertical dotted lines indicate pressure values corresponding to frac-
tional occupancies of 0.1 and 0.9, respectively.
glecting the influence of all intermediate forms of the
HbðO2Þn complex, i.e., for the n ¼ 1;2; and 3 cases.
Two cases using Hill's equation, materials and
methods, Eq. 15, are compared in Fig. 5 to the best
match indicated as the black bold curve. The red curve
is based on the average molecular binding energy
(εAve ¼ � 80:25 zJ) for the best match giving a
KD;PO2

¼ 1:0� 1015 Pa4. The curve shape confirms
the inability for Hill's equation to fit the best match
curve and thereby experimental data at low and high
fractional occupancies. It is interesting to note that Se-
veringhaus (19)was able to improve thefit tomeasured
data considerably by includingonly one additional term
proportional to the oxygen pressure in the Hill expres-
sion in Eq. 1, ad hoc. The blue curve is based on the first
molecular binding energy identified for the best match,
ε1 ¼ � 69 zJ, which gives a significantly larger value
for KD;PO2

¼ 3:76�1019 Pa4. The curve location con-
firms the general sensitivity of the dissociation expres-
sions to the magnitude of the molecular binding
energy. Shifting the value from, � 80:25 to � 69 zJ,
shifts the dissociation curve more than an order of
magnitude to the right. Fig. 5 therefore shows that
the presence of the intermediate terms in the dissocia-
tion expression are significant. Their presence sup-
ports the hypothesis proposed by Adair et al. (6)
almost 100 years ago, advanced by subsequent re-
searchers, stating that the Hb molecule is built up
and broken down in stages such that the system at
all times contains all forms of the complexHbðO2Þ1;.;4.

The linearized form of Hill's equation (called a
Hill plot) is given in Eq. 16 in the materials and
methods. Applied to the proposed dissociation
curve expression (materials and methods, Eq. 8), it

becomes, log
�

q4
1� q4

�
¼ log½ð4P32;3;4PO2 þ6P23;4P

2
O2

þ
4P4P3O2

þP4O2
Þ =P41;2;3;4� versus log½PO2 �. Hill plots for

the experimental data, the Hill equation using average
energy from the best match together with the best
match, are shown in Fig. 6 where the general
log

�
q

1� q

�
term is plotted versus log½PO2 � for all cases.

The dotted vertical lines mark pressure values corre-
sponding to fractional occupancies of 0:1 and 0:9,
respectively. The Hill equation, shown as the dotted
blue line, gives a straight line with slope 4. The value
therefore confirms that the Hill exponent overesti-
mates the magnitude of the Hill coefficient, nH, since
the experimental curves have slopes of approximately,
2:4 and 3, over the middle range. The proposed disso-
ciation curve is, however, able to closely fit the exper-
imental data over the whole range up to log½PO2 �,
approximately equal to 4:1. This corresponds to a
log

�
q

1� q

�
value of approximately 1:5, which again corre-

sponds to a fractional occupancy of approximately
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0:97. The deviation between the calculated linearized
dissociation curve and the experimental data in the
upper region above this value is believed to be caused
by two main effects. The experimental uncertainty is
higher in this region than elsewhere (18,19,28) and
the calculated theoretically dissociation curve is very
sensitive and in principle unbounded here. Hence,
from a practical experimental point of view, uncer-
tainty in the measured fractional occupancy is there-
fore likely to limit the maximum reliable value of the
term log

�
q

1� q

�
to less than two. A value of two corre-

sponds for example to a fractional occupancy of
q ¼ 0:99.
DISCUSSIONS

The results reported show that oxygen-Hb dissocia-
tion curves possibly also can be calculated under
different conditions, e.g., under the influence of the
Bohr effect (1,2) (variations with pH and CO2) or vary-
ing 2,3-DPG concentration a priori, if the impact of
these compounds is quantified from a reaction
enthalpy point of view. Imai and Yonetani (21) report,
e.g., a change in reaction enthalpy for increased con-
tent of 2,3-DPG and inositol hexaphosphate. Wyman
(22) reports a change in reaction enthalpy of approxi-
mately � 13 kJ

mol from � 42 to � 54 kJ
mol to occur when

pH increases from 6.8 to 9.5 in qualitative line with
the dissociation curve expression proposed. The re-
sults presented therefore highlight the importance of
increased focus on the quality of such reaction
enthalpy measurements as a promising way for calcu-
lating reliable oxygen-Hb dissociation curves under
various conditions a priori.

As previously mentioned, much work has been per-
formed related to quantification of the cooperative
effect in the oxygen-Hb system. Adair (4) proposed
a dissociation curve of the form, qA ¼
0:25ðKxÞþ0:25ðKxÞ2þ0:25ðKxÞ3þðKxÞ4
1þKxþ0:5ðKxÞ2þ0:333ðKxÞ3þðKxÞ4 , where x is oxygen pres-

sure and K is related to kinetic theory, already in
1925. Subsequent fundamental works by Pauling (9),
Klotz (8), and Koshland et al. (10), all end up with
similar expressions although the rationales behind
and the coefficients turn out differently (2,5). All the re-
sulting expressions are generally in a form similar to
the dissociation curve proposed herein but contain
in general several additional parameters, which makes
it challenging to derive reliable consequences. Proced-
ures for fitting all parameters involved to measured
data is therefore commonly applied (29). The pro-
posed ab-initio-derived dissociation curve could there-
fore also appear advantageous from a scientific
falsification point of view, as it has fewer free vari-
ables, i.e., only the four binding energies, which addi-
8 Biophysical Reports 3, 100124, December 13, 2023
tionally are relatively accessible from an
experimental point of view.
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