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Abstract: This paper considers the existence and uniqueness of stochastic entropy solution for a
nonlinear transport equation with a stochastic perturbation. The uniqueness is based on the doubling
variable method. For the existence, we develop a new scheme of parabolic approximation motivated
by the method of vanishing viscosity given by Feng and Nualart (J. Funct. Anal. 2008, 255, 313–373).
Furthermore, we prove the continuous dependence of stochastic strong entropy solutions on the
coefficient b and the nonlinear function f .
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1. Introduction

In this paper, we consider the existence and uniqueness of the solutions to the nonlinear transport
equation with a stochastic forcing:{

dρ(t, x) + b(x) · ∇x f (ρ(t, x))dt = A(ρ(t, x))dWt, t > 0, x ∈ Rd,
ρ(t, x)|t=0 = ρ0(x), x ∈ Rd,

(1)

where Wt is a one-dimensional Wiener process on a stochastic basis (Ω,F ,P, {Ft}t>0) and A : R→ R
is a real valued function. f : R → R and b : Rd → Rd are Borel functions, and the initial data ρ0

is non-random.
When divxb = 0, then b(x) · ∇x f (ρ(t, x)) = divx(b(x) f (ρ(t, x))), the equation in (1) models the

phenomenon of complex fluid mixing in porous media flows and other problems in mathematics and
physics [1–5]. A particular application of this model involves two-phase fluid flow, which has been
used to study the flow of water through oil in a porous medium [6,7]. For the porous media flows,
the spatial variations of porous formations occur on all length scales, but only the variations at the
largest length scales are reliably reconstructed from data available. The heterogeneities occurring on
the smaller length scales have to be incorporated stochastically. Consequently, the flows through such
formations are stochastic [8].

There has been an interest in studying the effect of stochastic force on the corresponding
deterministic equations, especially on the existence and uniqueness. Most of papers focus on the
following Cauchy problem:{

dρ(t, x) + divxF(ρ(t, x))dt = A(t, x, ρ(t, x))dWt, t > 0, x ∈ Rd,
ρ(t, x)|t=0 = ρ0(x), x ∈ Rd,

(2)
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where Wt is a one-dimensional standard Brownian motion or a cylindrical Brownian motion, or a
space-time Gaussian white noise.

The various well-posedness results have been established for the Cauchy problem (2).
When d = 1, the L∞ solution has been established in [9,10] for A = A(ρ) and A = A(t, x),
respectively, under hypotheses that ρ0 ∈ L∞ and A has compact support. For general A, even for
initial data ρ0 ∈ L∞, the solution is not in L∞ since the maximum principle is not available.
Therefore, Lp (1 6 p < ∞) is a natural space on which the solutions are posed.

When A = A(x, ρ), the framework of Lp-solutions (2 6 p < ∞) was first established
by Feng and Nualart [11], but the existence was true only for d = 1. These solutions were
generalized to weak-in-time by Bauzet, Vallet and Wittbold [12], Biswas and Majee [13], and
Karlsen and Storrøsten [14]. For any dimension d > 1, the well-posedness of kinetic solutions
was obtained by Debussche and Vovelle [15], and then the result was extended by Hofmanová [16].
Recently, due to the fact that uniform spatial BV-bound is preserved for problem (2) if A satisfies
a Lipschitz condition, Chen, Ding and Karlsen [17] supplied a result on well-posedness of ∩p>1Lp

solutions in Rd for d > 1. Furthermore, there are many papers devoted to the study of the Cauchy
problem (2), such as the study on bounded domains [18–20], invariant measures [21,22], Lévy
noises [23–26] and long time behaviors [27]. For more details in this direction for random fluxes,
we refer the readers to [28–31].

When F depends explicitly on x, so far as we know, there are few research works on the Cauchy
problem (2). Even though for the problem (1), there are still few works since that the presence of b will
bring us some new difficulties on the proof of existence and uniqueness of solutions. Moreover, from the
viewpoint of conservations laws and numerical simulations, L∞ is a natural space on which solutions
are posed, how to get the boundedness of solutions is another difficulty. We would like to point out that
there are two big difficulties arisen here. One is how to get the compactness of solutions for the viscosity
equation, another is how to prove the boundedness of solutions. To overcome the first difficulty, we
develop a new scheme of parabolic approximation, which sheds some new light on the method of
vanishing viscosity. For the second difficulty, we use the Ito’s formula and the cut-off technique.
We know that there are probably three classical methods to deal with the compactness of solutions
for the viscosity equation so far when F is independent of x. The first is based upon Young’s relaxed
measure [11,14], which is suitable to space-time Gaussian white noise. The second is to estimate the
spatial BV-bound and temporal L1-continuity [17], which is suitable to get the convergence of solutions
for almost everywhere (t, x) and almost surely ω. The third is to use the kinetic formulation [15,16],
which is suitable to cylindrical Brownian motion.

In this paper, we adapt the method given by [11,14], but there is a significant difference. The more
important thing is that we obtain the continuity of solutions in the temporal variable. The arguments
for problem (1) can be generalized to an equation in which the stochastic term is represented by∫

z∈Z
A(x, ρ(t, x), z)W(t, dz),

where Z is a metric space, and W is a space-time Gaussian white noise martingale random measure
with respect to the filtration {Ft}t>0, if one assumes in addition that A is Lipschitz continuous in x.
Up to longer and more tedious calculations, the arguments for space-time Gaussian white noise is
similar to problem (1). There is no new component except some minor changes, which is also similar
to the proof given in [11]. To make the present proof more refined, we discuss the simple case and
prove the existence and uniqueness of solutions to (1) in this paper. Encouraged and inspired by the
definition given in [11], we first give a notion of stochastic entropy solution.

Definition 1. Let |b|, divb ∈ L1
loc(R

d), f ∈ C2(R), A ∈ C(R), ρ0 ∈ L1 ∩ L∞(Rd). An {Ft}t>0-adapted
and L2(Rd)-valued stochastic process ρ = ρ(t, x, ω) is said to be a stochastic entropy solution of (1), if
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(i) for every T > 0 and every p ∈ [1, ∞),

ρ ∈ C([0, T]; Lp(Ω; Lp
loc(R

d))) (3)

and

sup
06t6T

‖ρ(t)‖L1(Ω×Rd) + sup
06t6T

‖ρ(t)‖L∞(Ω×Rd) < ∞; (4)

(ii) for every entropy pair (η, q), (η ∈ C∞(R), η′′ > 0, q(v) =
∫ v

η′(s) f ′(s)ds, f ′(s) = d f (s)/ds),
every nonnegative function ϕ ∈ C2

0 (Rd) and every 0 6 s < t < ∞,∫
Rd

ϕ(x)η(ρ(t, x))dx−
∫
Rd

ϕ(x)η(ρ(s, x))dx

6
∫ t

s

∫
Rd

divx(b(x)ϕ(x))q(ρ(r, x))dxdr +
1
2

∫ t

s

∫
Rd

η′′(ρ(r, x))A2(ρ(r, x))ϕ(x)dxdr

+
∫ t

s
dWr

∫
Rd

η′(ρ(r, x))A(ρ(r, x))ϕ(x)dx, P− a.s., (5)

where the stochastic integral in the last term in (5) is interpreted in Itô’s sense.

Furthermore, stochastic entropy solution ρ is called a stochastic strong entropy solution if the below
conditions hold:

(iii) for each {Ft}t>0-adapted L2(Rd)-valued stochastic process ρ̃(t, x, ω), satisfying (3) and (4), we define η̃

through each entropy function η by

η̃(r, v, y) :=
∫
Rd

η′(ρ̃(r, x)− v)A(ρ̃(r, x))ψ(x, y)dx, (6)

where r > 0, v ∈ R, y ∈ Rd and ψ ∈ C2
0 (R2d), there is a deterministic function D(s, t), such that

E
∫
Rd

[ ∫ t

s
η̃(r, v, y)dWr

]
v=ρ(t,y)

dy 6 E
∫ t

s

∫
Rd

∂vη̃(r, v = ρ(r, y), y)A(ρ(r, y))dydr + D(s, t); (7)

(iv) for each T > 0, there exist partitions 0 = t0 < t1 < · · · < tn = T such that

lim
max(ti−ti−1)→0

n

∑
i=1

D(ti−1, ti) = 0. (8)

We now state our main results. The first one is focused on the uniqueness.

Theorem 1. Let f ∈ C2(R), ρ0 ∈ L1 ∩ L∞(Rd) and

b ∈ BVloc(Rd;Rd), divb,
|b(·)|

1 + | · | ∈ L∞(Rd), A ∈ C
1
2 (R). (9)

Suppose that ρ1 and ρ2 are stochastic entropy solutions of (1), and one of them is a stochastic strong entropy
solution. Then, for every t > 0,

E‖ρ1(t)− ρ2(t)‖L1(Rd) = 0. (10)

Remark 1. Compared with the uniqueness results given in [11,17], Theorem 1 is new since the 1/2-Hölder
continuity of A is enough to ensure the uniqueness. Moreover, compared with the uniqueness result for stochastic
differential equations in [32], the hypotheses of 1/2-Hölder continuity on A is optimal.

If b, f and A are more regular, we also have the following existence results.
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Theorem 2. Let f ∈ C2(R) such that f ′ is bounded and f (0) = 0. Assume that b ∈W1,∞(Rd;Rd) and

ρ0 ∈ L1 ∩ L∞(Rd), A ∈ Lip(R), A(0) = 0, and ∃ N > 0, A(u) = 0, ∀ |u| > N. (11)

Then,

(i) (1) has a stochastic strong entropy solution.
(ii) Moreover, in addition ρ0 ∈ BV(Rd), for every T > 0, we have ρ ∈ L∞([0, T]; L1(Ω; BV(Rd))) and

there is a constant C depending only on ‖b‖W1,∞(Rd) and ‖ f ′‖L∞(R) such that

sup
06t6T

E‖ρ(t)‖BV(Rd) 6 C(‖b‖W1,∞(Rd), ‖ f ′‖L∞(R))‖ρ0‖BV(Rd). (12)

Remark 2. (i) If divb = 0, then f (0) = 0 is not needed.
(ii) For a general function A, even for initial data ρ0 ∈ L∞, the solution is not in L∞. To maintain the

boundedness of solutions, additional assumptions on A should be added. Inspired by [9,10], we can
suppose that A has compact support.

We now discuss the continuous dependence of the solutions on b, f and A. Some results for the
continuity on A have established for the case of constant vector field b [17]. Here, we only give the
continuous dependence of the solutions on b and f .

Theorem 3. Let ρ̃0 ∈ L1 ∩ L∞(Rd), ρ0 ∈ L1 ∩ L∞ ∩ BV(Rd), b, b̃ ∈ W1,∞(Rd;Rd). f , f̃ ∈ C2(R) such
that f ′, f̃ ′ are bounded and f (0) = f̃ (0) = 0. A meets the assumption (11). Let ρ be the unique stochastic
strong entropy solution of (1) and ρ̃ be the unique stochastic strong entropy solution of{

dρ̃(t, x) + b̃(x) · ∇x f̃ (ρ̃(t, x))dt = A(ρ̃(t, x))dWt, t > 0, x ∈ Rd,
ρ̃(t, x)|t=0 = ρ̃0(x), x ∈ Rd.

For every T > 0, there exists a constant C > 0, which depends only on ‖b‖W1,∞(Rd) , ‖ f ′‖L∞(R),
‖ f̃ ′‖L∞(R), ‖divb̃‖L∞(Rd), ‖b̃‖L∞(Rd) and T, such that

sup
06t6T

E
∫
Rd
|ρ(t, x)− ρ̃(t, x)|dx 6

∫
Rd
|ρ0(x)− ρ̃0(x)|dx

+C[‖b− b̃‖L∞(Rd) + ‖ f ′ − f̃ ′‖L∞(R)]‖ρ0‖BV(Rd). (13)

Remark 3. Without the noise, (1) has been discussed by Chen and Karlsen. Some results on the existence and
uniqueness of solutions as well as continuous dependence on b and f have been obtained in [33]. Here, we get an
analogue of [33] (Theorem 3.2) but simplify some assumptions on the velocity fields b and b̃.

The present paper is organized as follows. In Section 2, we give the proof of Theorem 1. Section 3
is devoted to the proof for Theorem 2. In Section 4, we prove the continuous dependence of solutions
on b and f .

We end up this section by introducing some notations. N is natural numbers set. m ∈ N and
Cm

0 (Rd) stands for the vector space consisting of all functions φ, which, together with all their partial
derivatives ∂αφ of order |α| 6 m, are continuous and have compact supports in Rd. Given a measurable
function ς, ς+ = max{ς, 0} = ς ∨ 0 and ς− = −min{ς, 0} = −[ς ∧ 0]. The symbols ∇, div, ∆, if not
differently specified, are referred to derivatives in x. For every R > 0, BR := {x ∈ Rd : |x| < R}. It
almost surely can be abbreviated to a.s.. The letter C will mean a positive constant, whose values may
change in different places.
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2. Proof of Theorem 1

Let ρ1 be a stochastic entropy solution of (1) with the initial data ρ1
0 and ρ2 be a stochastic strong

entropy solution of (1) with the initial data ρ2
0, respectively. We set ρ12(t, x) := ρ1(t, x)− ρ2(t, x) for

every t > 0 and x ∈ Rd.
Let $ be a 1-dimensional standard mollifier,

$(r) = C0 exp(
1

r2 − 1
)1|r|<1(r),

∫
R

$(r)dr = 1. (14)

For θ > 0, we set $θ(r) = $(r/θ)/θ and define

ηθ(r) =
∫ r

−∞

∫ s−θ

−∞
$θ(τ)dτds. (15)

For any δ > 0 and any 0 6 ϕ ∈ C2
0 (Rd), we set

ψδ(x, y) = (δ−d
d

∏
k=1

$(
xk − yk

δ
))ϕ(

x + y
2

) ∈ C2
0 (R2d). (16)

If one chooses the entropy function by ηθ , the test function by ψδ(x, y), and δ = θ2/3, in view of
the assumption b ∈ BVloc(Rd;Rd), then all calculations from [11] (Lemma 3.1) to [11] (Lemma 3.3) are
adapted to the present case. Furthermore, noting the fact that if g ∈ L1(Rd), for every ε > 0, we define
gε(x) = 1|g|6ε(x)|g(x)|/ε, then for almost everywhere x ∈ Rd,

gε(x)→ 0 as ε ↓ 0. (17)

Hence, Ref. [11] (Lemma 3.4) holds true as well if A ∈ C 1
2 (R).

Therefore, for every t > 0, we conclude that

E
∫
Rd

ϕ(x)[ρ12]+(t, x)dx−
∫
Rd

ϕ(x)[ρ12]+(0, x)dx

6 E
∫ t

0

∫
Rd
[divb(x)ϕ(x) + b(x) · ∇ϕ(x)]1[0,∞)(ρ12(r, x))[ f (ρ1(r, x))− f (ρ2(r, x))]dxdr

6 ‖ f ′‖L∞([−a,a])E
∫ t

0

∫
Rd
|divb(x)ϕ(x) + b(x) · ∇ϕ(x)|[ρ12]+(r, x)dxdr, (18)

where a = [sup06t6T ‖ρ1(t)‖L∞(Ω×Rd)] ∨ [sup06t6T ‖ρ2(t)‖L∞(Ω×Rd)].
Let the test function ϕ in (16) satisfy that supp(ϕ) ⊂ B2, ϕ = 1 on |x| 6 1. Let R > 0 be a real

number, and set ϕR = ϕ(·/R). With the help of (9): divb, |b(·)|/(1 + | · |) ∈ L∞(Rd), if one takes
ϕ(·/R) instead of ϕ in (18) and lets R tend to infinity, then

E
∫
Rd
[ρ12]+(t, x)dx−

∫
Rd
[ρ12]+(0, x)dx

6 ‖ f ′‖L∞([−a,a])‖divb‖L∞(Rd)E
∫ t

0

∫
Rd
[ρ12]+(r, x)dxdr. (19)

Thus, by the Grönwall inequality, one easily finds that

sup
06t6T

E
∫
Rd
[ρ12]+(t, x)dx 6 exp{‖ f ′‖L∞([−a,a])‖divb‖L∞(Rd)T}

∫
Rd
[ρ12]+(0, x)dx. (20)

Similar arguments imply that

sup
06t6T

E
∫
Rd
[ρ21]+(t, x)dx 6 exp{‖ f ′‖L∞([−a,a])‖divb‖L∞(Rd)T}

∫
Rd
[ρ21]+(0, x)dx. (21)
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Combining (20) and (21), we complete the proof. �

3. Proof of Theorem 2

(i) We prove the existence of stochastic strong entropy solutions for (1) by the method of vanishing
viscosity, that is, we regard (1) as the ε ↓ 0 limit of the viscosity equation{

dρε(t, x) + b(x) · ∇ f (ρε(t, x))dt = ε∆ρε(t, x)dt + A(ρε(t, x))dWt, t > 0, x ∈ Rd,
ρε(t, x)|t=0 = ρε

0(x), x ∈ Rd,
(22)

where ρε
0 is an approximation to ρ0.

We now divide the proof into three steps.

Step 1. Existence and uniqueness of mild solutions to the Cauchy problem (22).

Here, ρε is said to be a mild solution of (22), if ρε(t) is an Ft-adapted L2(Rd)-valued stochastic
process and satisfies

ρε(t, x) =
∫
Rd

Gε(t, x− z)ρε
0(z)dz +

∫ t

0

∫
Rd

divz(Gε(t− r, x− z)b(z)) f (ρε(r, z))dzdr

+
∫ t

0
dWr

∫
Rd

Gε(t− r, x− z)A(ρε(r, z))dz, P− a.s., (23)

for every t > 0, almost everywhere x ∈ Rd, where the heat kernel Gε(t, x) = e−
|x|2
4εt /(4πεt)d/2.

We choose ρε
0 ∈ L1 ∩ L∞ ∩ H1(Rd) such that ρε

0 → ρ0 in L1 ∩ L2(Rd) as ε ↓ 0. For every fixed ε,
every p ∈ [1, ∞], ‖ρε

0‖Lp(Rd) 6 ‖ρ0‖Lp(Rd). With the help of Banach contraction mapping principle,
there is a unique mild solution ρε to (22). Moreover, for every T > 0,

ρε ∈ C([0, T]; L2(Ω; H1(Rd))) ∩ L2([0, T]×Ω; H2(Rd)) ∩ L∞([0, T]; Lp(Ω×Rd)), ∀p ∈ [1, ∞).

Furthermore, for every 1 6 p < ∞, every T > 0, we have

sup
06t6T

E
[
‖ρε(t)‖p

Lp(Rd)

]
+E

[
ε
∫ T

0
‖∇ρε(t)‖2

L2(Rd)
dt
]

6 C(‖b‖L∞(Rd), ‖divb‖L∞(Rd), ‖ f ′‖L∞(R), T)
[
‖ρε

0‖
p
Lp(Rd)

+ ‖ρε
0‖2

L2(Rd)

]
6 C(‖b‖L∞(Rd), ‖divb‖L∞(Rd), ‖ f ′‖L∞(R), T)

[
‖ρ0‖

p
Lp(Rd)

+ ‖ρ0‖2
L2(Rd)

]
(24)

and

E‖∇2ρε‖L2([0,T]×Rd) 6 C(‖b‖W1,∞(Rd), ‖ f ′‖L∞(R), ε)‖∇ρε
0‖L2(Rd). (25)

We show that (4) holds for ρε. Let ηθ be given by (15). ∀M > 0, define ηM
θ (r) = ηθ(r−M), then

ηM
θ (r)→ (r−M)+ as θ ↓ 0. (26)

Let $̃ be a d-dimensional standard mollifier, i.e.,

$̃(x) = C1 exp(
1

|x|2 − 1
)1|x|<1(x),

∫
Rd

$̃(x)dx = 1. (27)

For δ > 0, we define $̃δ(x) = $̃(x/δ)/δd. Let ϕ(x) = C1e−|x|, with C1 = [
∫
Rd e−|x|dx]−1 and for

every given natural number n ∈ N, we set ϕn
δ (x) = (ϕ1|x|<n(·)) ∗ $̃δ(x).
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By using Itô’s formula and the integration by parts, then

E
∫
Rd

ϕn
δ (x)ηM

θ (ρε(t, x))dx−
∫
Rd

ϕn
δ (x)ηM

θ (ρε
0(x))dx

6 E
∫ t

0

∫
Rd

div(b(x)ϕn
δ (x))qδ

M(ρε(r, x))dxdr + εE
∫ t

0

∫
Rd

ηM
θ (ρε(r, x))∆ϕn

δ (x)dxdr

+
1
2
E
∫ t

0

∫
Rd
(ηM

θ )′′(ρε(r, x))A2(ρε(r, x))ϕn
δ (x)dxdr, (28)

where in (28) we have used the fact

∆ηM
θ (ρε1(t, x)) > (ηM

θ )′(ρε1(t, x))∆ρε1(t, x). (29)

For θ, δ, M and ε be fixed, if one lets n approach to infinity, (28) turns to

E
∫
Rd

ϕδ(x)ηM
θ (ρε(t, x))dx−

∫
Rd

ϕδ(x)ηM
θ (ρε

0(x))dx

6 E
∫ t

0

∫
Rd

div(b(x)ϕδ(x))qM
θ (ρε(r, x))dxdr + εE

∫ t

0

∫
Rd

ηM
θ (ρε(r, x))∆ϕδ(x)dxdr

+
1
2
E
∫ t

0

∫
Rd
(ηM

θ )′′(ρε(r, x))A2(ρε(r, x))ϕδ(x)dxdr

6 E
∫ t

0

∫
Rd

div(b(x)ϕδ(x))qM
θ (ρε(r, x))dxdr + εE

∫ t

0

∫
Rd

ηM
θ (ρε(r, x))ϕδ(x)dxdr

+CE
∫ t

0

∫
Rd

1
θ

1|ρε(r,x)−M|6θ A2(ρε(r, x))ϕδ(x)dxdr,

where ϕδ(x) = (ϕ ∗ $̃δ)(x) and in the last inequality we use the fact ∆ϕδ(x) 6 ϕδ(x). Then, taking
δ→ 0, we arrive at

E
∫
Rd

ϕ(x)ηM
θ (ρε(t, x))dx−

∫
Rd

ϕ(x)ηM
θ (ρε

0(x))dx

6 E
∫ t

0

∫
Rd

div(b(x)ϕ(x))qM
θ (ρε(r, x))dxdr + εE

∫ t

0

∫
Rd

ηM
θ (ρε(r, x))ϕ(x)dxdr

+CE
∫ t

0

∫
Rd

1
θ

1|ρε(r,x)−M|6θ A2(ρε(r, x))ϕ(x)dxdr. (30)

Observing that f ′ is bounded, (ηM
θ )(M) = (ηM

θ )′(M) = 0 and (ηM
θ )′′ > 0, then

|qM
θ (ρε)| =

∣∣∣ ∫ ρε

M
f ′(v)(ηM

θ )′(v)dv
∣∣∣ 6 ‖ f ′‖L∞(R)

∣∣∣ ∫ ρε

M
(ηM

θ )′(v)dv
∣∣∣ = ‖ f ′‖L∞(R)η

M
θ (ρε). (31)

By virtue of (11), taking M > N, from (30) and (31), we have

E
∫
Rd

ϕ(x)ηM
θ (ρε(t, x))dx−

∫
Rd

ϕ(x)ηM
θ (ρε

0(x))dx

6 [C(‖b‖W1,∞(Rd), ‖ f ′‖L∞(R), T) + ε]E
∫ t

0

∫
Rd

ϕ(x)ηM
θ (ρε(r, x))dxdr + Cθ,

for all 0 6 t 6 T (T > 0 is a given real number). Therefore,

E
∫
Rd

ϕ(x)ηM
θ (ρε(t, x))dx 6 C

∫
Rd

ϕ(x)ηM
θ (ρε

0(x))dx + Cθ,

uniformly for ε 6 1.
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Due to (26), letting θ ↓ 0, for M > ‖ρε
0‖L∞(Rd), we get

E
∫
Rd

ϕ(x)(ρε(t, x)−M)+dx 6 C
∫
Rd

ϕ(x)(ρε
0(x)−M)+dx = 0. (32)

Since ρε is in C([0, T]; L2(Ω × Rd)), using the dominated convergence theorem,
for M > ‖ρε

0‖L∞(Rd), from (32), one has

E
∫
Rd

ϕ(x)(ρε(t, x)−M)2
+dx = 0, ∀ t ∈ [0, T]. (33)

By the convexity of ηM
θ , with the help of (28), (32) and (33), if M > max{N, ‖ρε

0‖L∞(Rd)}, we have

E sup
06t6T

∫
Rd

ϕ(x)(ρε(t, x)−M)+dx

6 C
∫
Rd

ϕ(x)(ρε
0(x)−M)+dx + CE

∫ T

0

∫
Rd
(ρε(t, x)−M)+ϕ(x)dxdt

+C
[
E
∫ T

0

∣∣∣ ∫
Rd
(ρε(t, x)−M)+ϕ(x)dx

∣∣∣2dt
] 1

2

6 C
∫
Rd

ϕ(x)(ρε
0(x)−M)+dx + CE

∫ T

0

∫
Rd
(ρε(t, x)−M)+ϕ(x)dxdt

+C
[
E
∫ T

0

∫
Rd
(ρε(t, x)−M)2

+ϕ(x)dxdt
] 1

2
= 0.

For the above calculations for ηM
θ adapted to ξM

θ = ξθ(r + M), if M > max{N, ‖ρε
0‖L∞(Rd)},

we have

E sup
06t6T

∫
Rd

ϕ(x)(ρε(t, x) + M)−dx 6 C
∫
Rd

ϕ(x)(ρε
0(x) + M)−dx = 0,

where ξθ(r) = ξ(r/θ)/θ, ξ : R→ R is a C∞ convex function satisfying

ξ(0) = 0, ξ ′(r)


= 0, when r > 0,
∈ [−1, 0], when − 2 6 r 6 0,
= −1, when r < −2.

Therefore, (4) is true for ρε, and

sup
06t6T

‖ρε(t)‖L∞(Ω×Rd) 6 max{N, ‖ρ0‖L∞(Rd)}. (34)

Step 2. Existence of the stochastic entropy solution to the Cauchy problem (1).

We choose ρε
0 as in Step 1, and when ε = εi (i = 1, 2) in (22), we use the notation ρεi (i = 1, 2) to

denote the unique stochastic entropy solution now. Suppose that ηθ is given by (15), then

∆yηθ(ρ
ε1(t, x)− ρε2(t, y)) > −η′θ(ρ

ε1(t, x)− ρε2(t, y))∆yρε2(t, y). (35)

Let 0 6 J, ϕ ∈ C2
0 (Rd), such that

J(x) = 0, when |x| > 1,
|∇x J(x)| 6 CJ(x), when x ∈ Rd,∫
Rd J(x)dx = 1.

{
ϕ(x) = 1, when |x| 6 1,
|∇x ϕ(x)| 6 Cϕ(x), when x ∈ Rd.

(36)
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For any δ > 0, we set

ψδ(x, y) = Jδ(x− y)ϕ(
x + y

2
) = δ−d J(

x− y
δ

)ϕ(
x + y

2
) ∈ C2

0 (R2d).

In view of (29) and (35), by using Itô’s formula and the integration by parts,∫
R2d

ψδ(x, y)ηθ(ρ
ε1(t, x)− ρε2(t, y))dxdy−

∫
R2d

ψδ(x, y)ηθ(ρ
ε1
0 (x)− ρε2

0 (y))dxdy

6
∫ t

0

∫
R2d

[divx(b(x)ψδ)q
ε1
θ (ρε1(r, x), ρε2(r, y)) + divy(b(y)ψδ)q̂

ε2
θ (ρε1(r, x), ρε2(r, y))]dxdydr

+
1
2

∫ t

0

∫
R2d

ψδ(x, y)η′′θ (ρ
ε1(r, x)− ρε2(r, y))|A(ρε1(r, x))− A(ρε2(r, y))|2dxdydr

+
∫ t

0

∫
R2d

ηθ(ρ
ε1(r, x)− ρε2(r, y))[ε1∆x + ε2∆y]ψδ(x, y)dxdydr

+
∫ t

0
dWr

∫
R2d

ψδ(x, y)η′(ρε1(r, x)− ρε2(r, y))[A(ρε1(r, x))− A(ρε2(r, y))]dxdy

= : H1(t) + H2(t) + H3(t) + H4(t), (37)

where

qε1
θ (ρε1(r, x), ρε2(r, y)) =

∫ ρε1 (r,x)

ρε2 (r,y)
η′θ(v− ρε2(r, y)) f ′(v)dv,

q̂ε2
θ (ρε1(r, x), ρε2(r, y)) =

∫ ρε1 (r,x)

ρε2 (r,y)
η′θ(ρ

ε1(r, x)− v) f ′(v)dv.

Clearly, EH4(t) = 0. For ε1, ε2 and δ are fixed, then

lim
θ↓0

EH1(t) =
∫ t

0

∫
R2d

[divx(b(x)ψδ) + divy(b(y)ψδ)]1[0,∞)(ρ
ε1(r, x)− ρε2(r, y))

×[ f (ρε1(r, x))− f (ρε2(r, y))]dxdydr

6 C
∫ t

0

∫
R2d
|divx(b(x)ψδ) + divy(b(y)ψδ)|[ρε1(r, x)− ρε2(r, y)]+dxdydr

6 C‖divb‖L∞(Rd)

∫ t

0

∫
R2d

ψδ(x, y)[ρε1(r, x)− ρε2(r, y)]+dxdydr

+C‖∇b‖L∞(Rd)

∫ t

0

∫
R2d

ϕ(
x + y

2
)|∇x Jδ(x− y)|[ρε1(r, x)− ρε2(r, y)]+dxdydr

+C‖b‖L∞(Rd)

∫ t

0

∫
R2d
|∇x ϕ(

x + y
2

)|Jδ(x− y)[ρε1(r, x)− ρε2(r, y)]+dxdydr.

6 C
∫ t

0

∫
R2d

ψδ(x, y)[ρε1(r, x)− ρε2(r, y)]+dxdydr, (38)

where in the last inequality we have used (36).
Moreover, limθ↓0 EH2(t) = 0 and

lim
θ↓0

EH3(t) =
∫ t

0

∫
R2d

[ρε1(r, x)− ρε2(r, y)]+[ε1∆x + ε2∆y]ψδ(x, y)dxdydr. (39)

For every T > 0, by (37)–(39), we obtain
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sup
06t6T

[
E
∫
R2d

ψδ(x, y)[ρε1(t, x)− ρε2(t, y)]+dxdy
]
−
∫
R2d

ψδ(x, y)[ρε1
0 (x)− ρε2

0 (y)]+dxdy

6 sup
06t6T

C
[
E
∫ t

0

∫
R2d

ψδ(x, y)[ρε1(r, x)− ρε2(r, y)]+dxdydr
]

+ sup
06t6T

[
E
∫ t

0

∫
R2d

[ρε1(r, x)− ρε2(r, y)]+[ε1∆x + ε2∆y]ψδ(x, y)dxdydr
]
. (40)

Observing that

|[ε1∆x + ε2∆y]ψδ(x, y)| 6 C
ε1 + ε2

δ2 ψ̃δ(x, y),

where

ψ̃δ(x, y) =
1
δd J̃(

x− y
δ

)ϕ̃(
x + y

2
) ∈ C0(R2d), J̃, ϕ̃ ∈ C0(Rd).

With the help of dominated convergence theorem, then

lim
ε1↓0,ε2↓0,δ↓0, ε1+ε2

δ2 →0
sup

06t6T
lim
θ↓0

EH3(t) = 0. (41)

Combining (40), (41), and with the aid of Grönwall’s inequality, then

lim
ε1↓0,ε2↓0,δ↓0, ε1+ε2

δ2 →0
sup

06t6T
E
∫
R2d

ψδ(x, y)[ρε1(t, x)− ρε2(t, y)]+dxdy = 0.

Similar arguments also hint that

lim
ε1↓0,ε2↓0,δ↓0, ε1+ε2

δ2 →0
sup

06t6T
E
∫
R2d

ψδ(x, y)[ρε1(t, x)− ρε2(t, y)]−dxdy = 0.

Therefore,

lim
ε1↓0,ε2↓0,δ↓0, ε1+ε2

δ2 →0
sup

06t6T
E
∫
R2d

ψδ(x, y)|ρε1(t, x)− ρε2(t, y)|dxdy = 0. (42)

On the other hand, we have∫
R2d

ψδ(x, y)|ρε1(t, x)− ρε2(t, y)|dxdy

=
∫
R2d

J(u)ϕ(v)|ρε1(t, v +
δu
2
)− ρε2(t, v− δu

2
)|dudv

=
∫
R2d

J(u)ϕ(v)|ρε1(t, v)− ρε2(t, v− δu)|dudv

+
∫
R2d

J(u)[ϕ(v− δu)− ϕ(v)]|ρε1(t, v)− ρε2(t, v− δu)|dudv. (43)

In view of (34),

lim sup
δ↓0

sup
ε1,ε2

sup
06t6T

E
∫
R2d

J(u)|ϕ(v− δu)− ϕ(v)||ρε1(t, v)− ρε2(t, v− δu)|dudv = 0. (44)

By (42)–(44), then

lim
ε1↓0,ε2↓0,δ↓0, ε1+ε2

δ2 →0
sup

06t6T
E
∫
R2d

J(u)ϕ(v)|ρε1(t, v)− ρε2(t, v− δu)|dudv = 0. (45)
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Let J and ϕ be given in (36), then, for δ = (ε1 ∧ ε2)
1/3, we have∫

Rd
ϕ(v)|ρε1(t, v)− ρε2(t, v)|dv =

∫
R2d

J(u)ϕ(v)|ρε1(t, v)− ρε2(t, v)|dvdu

6
∫
R2d

J(u)ϕ(v)|ρε1(t, v)− ρε2(t, v− δu)|dvdu +
∫
R2d

J(u)ϕ(v)|ρε2(t, v)− ρε2(t, v− δu)|dvdu.

We conclude that

lim
ε1↓0,ε2↓0

sup
06t6T

E
∫
Rd

ϕ(v)|ρε1(t, v)− ρε2(t, v)|dv = 0. (46)

Let R > 0 be a real number. If one takes ϕR(x) = ϕ(x/R) instead of ϕ in the above calculations,
then we get an analogue of (46),

lim
ε1↓0,ε2↓0

sup
06t6T

E
∫
Rd

ϕR(v)|ρε1(t, v)− ρε2(t, v)|dv = 0. (47)

Thus, there is an Ft-adapted L1
loc valued random process ρ(t), such that: ρ ∈

C([0, T]; L1(Ω; L1
loc(R

d))) and ρε → ρ in C([0, T]; L1(Ω; L1
loc(R

d))). Moreover, by applying the estimates
(24) and (34), (4) holds true.

On the other hand, for every entropy flux pair (η, q) (η ∈ C∞(R), η′′ > 0 and
q(v) =

∫ v f ′(s)η′(s)ds) for every 0 6 s < t < ∞ and every 0 6 ϕ ∈ C2
0 (Rd),∫

Rd
ϕ(x)η(ρε(t, x))dx−

∫
Rd

ϕ(x)η(ρε(s, x))dx

6
∫ t

s

∫
Rd

div(b(x)ϕ(x))q(ρε(r, x))dxdr +
1
2

∫ t

s

∫
Rd

η′′(ρε(r, x))A2(ρε)ϕ(x)dxdr

+
∫ t

s
dWr

∫
Rd

η′(ρε(r, x))A(ρε)ϕ(x)dx + ε
∫ t

s

∫
Rd

η(ρε(r, x))∆ϕ(x)dxdr, P− a.s. (48)

Furthermore, if one approaches ε ↓ 0 in (48), then (5) holds for ρ(t, x). Thus, ρ is a stochastic
entropy solution to (1).

Step 3. Existence of the stochastic strong entropy solution to the Cauchy problem (1).

For every {Ft}t>0-adapted L2(Rd)-valued stochastic process ρ̃(t, x, ω) (meeting (3) and (4)),
every given ψ ∈ C2

0 (R2d) and every given smooth convex function η, we set η̃ by (6) and

S(η, ψ)(s, t, v, y) =
∫ t

s

∫
Rd

η(ρ̃(r, x)− v)A(ρ̃(r, x))ψ(x, y)dxdWr,

then ∫
Rd

[ ∫ t

s
η̃(r, v, y)dWr

]
v=ρε(t,y)

dy =
∫
Rd

S(η′, ψ)(s, t, ρε(t, y), y)dy,

where ρε is the unique solution of (22).
Let $ be given in (14), and set $δ(·) = $(·/δ)/δ, then for almost all ω ∈ Ω, we have∫

Rd
S(η′, ψ)(s, t, ρε(t, y), y)dy = lim

δ↓0

∫
Rd

∫
R

S(η′, v, ψ)(s, t, v, y)$δ(v− ρε(t, y))dvdy. (49)

In view of the Itô formula for semi-martingales (d(XY) = XdY + YdX + d[X, Y]), (49) and the
integration by parts, one derives that
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E
∫
Rd

S(η′, ψ)(s, t, ρε(t, y), y)dy

= E
∫
Rd

∫ t

s
S(η′, ψ)(s, r, ρε(r, y), y)drdy

+E
∫
Rd

∫ t

s
S(η′′, ψ)(s, r, ρε(r, y), y)(−b(y) · ∇y f (ρε(r, y)))drdy

+E
∫
Rd

∫ t

s
S(η′′, ψ)(s, r, ρε(r, y), y)ε∆yyρε(r, y)dr)dy

+
1
2
E
∫
Rd

∫ t

s
S(η′′′, ψ)(s, r, ρε(r, y), y)A2(ρε(r, y))drdy

−E
∫
Rd

∫
Rd

∫ t

s
η′′(ρ̃(r, x)− ρε(r, y))A(ρ̃(r, x))A(ρε(r, y))ψ(x, y)drdxdy

=: I1
ε (s, t) + I2

ε (s, t) + I3
ε (s, t) + I4

ε (s, t) + I5
ε (s, t). (50)

The calculations for Ii
ε(s, t) (i = 1, 2, 3, 4) are similar, and we take I2

ε (s, t) for a typical example.
Firstly, through integration by parts, it follows that

|I2
ε (s, t)|

=
∣∣∣E ∫

Rd

∫ t

s

[ ∫ r

s

∫
Rd

η′′(ρ̃(τ, x)− v)A(ρ̃(τ, x))divy(ψ(x, y)b(y))dxdWτ

]
v=ρε(r,y)

f (ρε(r, y))drdy
∣∣∣ (51)

6 CE
∫
Rd

∫ t

s
sup
|v|6N1

∣∣∣ ∫ r

s

∫
Rd

η′′(ρ̃(τ, x)− v)A(ρ̃(τ, x))divy(ψ(x, y)b(y))dxdWτ

∣∣∣drdy,

where N1 = N ∨ ‖ρ0‖L∞ .
For p > d ∨ 2, using the Sobolev embedding theorem W1,p(−N1, N1) ⊂ L∞(−N1, N1) and

Hölder inequality, from (51), we have

lim inf
ε→0

I2
ε (s, t)

6 C
∫
Rd

∫ t

s

( ∫ N1

−N1

E
∣∣∣ ∫ r

s

∫
Rd

η′′(ρ̃(τ, x)− v)A(ρ̃(τ, x))divy(ψ(x, y)b(y))dxdWτ

∣∣∣pdv
) 1

p drdy

+C
∫
Rd

∫ t

s

( ∫ N1

−N1

E
∣∣∣ ∫ r

s

∫
Rd

η′′′(ρ̃(τ, x)− v)A(ρ̃(τ, x))divy(ψ(x, y)b(y))dxdWτ

∣∣∣pdv
) 1

p drdy (52)

6 C
∫
Rd

∫ t

s

[ ∫ N1

−N1

E
( ∫ r

s

∣∣∣ ∫
Rd

η′′(ρ̃(τ, x)− v)A(ρ̃(τ, x))divy(ψ(x, y)b(y))dx
∣∣∣2dτ

) p
2 dv
] 1

p drdy

+C
∫
Rd

∫ t

s

[ ∫ N1

−N1

E
( ∫ r

s

∣∣∣ ∫
Rd

η′′′(ρ̃(τ, x)− v)A(ρ̃(τ, x))divy(ψ(x, y)b(y))dx
∣∣∣2dτ

) p
2 dv
] 1

p drdy

6 C(N1, T, ‖b‖W1,∞ , η, ψ)
∫ t

s
(r− s)

1
2 dr = C(N1, T, ‖b‖W1,∞ , η, ψ)|t− s|

3
2 =: D(s, t),

where D is a deterministic function which meets the property (8).
By using dominated convergence theorem, we also have

lim
ε→0

I5
ε (s, t) = −

∫
Rd

∫
Rd

∫ t

s
η′′(ρ̃(r, x)− ρ(r, y))A(ρ̃(r, x))A(ρ(r, y))ψ(x, y)drdxdy (53)

and

lim
ε→0

E
∫
Rd

S(η′, ψ)(s, t, ρε(t, y), y)dy = E
∫
Rd

S(η′, ψ)(s, t, ρ(t, y), y)dy. (54)

Combining (50) and (52)–(54), we know that (7) is true for ρ.
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(ii) In this case, we choose ρε
0 ∈ BV ∩ L∞ ∩ H1(Rd) such that ρε

0 → ρ0 in L2 ∩ BV(Rd) as ε ↓ 0.
Let η : R→ R be a C∞ even function satisfying

η(0) = 0, η′′ > 0, η′(r) =


−1, when r < −1,
∈ [−1, 1], when |r| 6 1,
1, when r > 1.

For any δ > 0, we define ηδ by ηδ(r) = δη(r/δ). Then,

ηδ(r)→ |r| as δ ↓ 0. (55)

Let ϕ(x) = C1e−|x|, with C1 = [
∫
Rd e−|x|dx]−1. Since ρε ∈ C([0, T]; L2(Ω; H2(Rd))) for every

T > 0, we can take the derivative of (22) with respect to xi first, then by using the Itô formula to
ηδ(ρ

ε
xi
(t, x)),

dηδ(ρ
ε
xi
(t, x)) + η′δ(ρ

ε
xi
(t, x))∂xi (b(x) · ∇x f (ρε(t, x)))dt

= dηδ(ρ
ε
xi
(t, x)) + η′δ(ρ

ε
xi
(t, x))∂xi b(x) · ∇x f (ρε(t, x))dt

+b(x) · ∇x(η
′
δ(ρ

ε
xi
(t, x)) f ′(ρε(t, x))∂xi ρ

ε(t, x))dt

−η′′δ (ρ
ε
xi
(t, x)) f ′(ρε(t, x))∂xi ρ

ε(t, x)b(x) · ∇xρε
xi
(t, x)dt

= εη′δ(ρ
ε
xi
(t, x))∆ρε

xi
(t, x)dt + η′δ(ρ

ε
xi
(t, x))A′(ρε(t, x))ρε

xi
(t, x)dWt

+
1
2

η′′δ (ρ
ε
xi
(t, x))|A′(ρε(t, x))ρε

xi
(t, x)|2dt

= ε∆ηδ(ρ
ε
xi
(t, x))dt + η′δ(ρ

ε
xi
(t, x))A′(ρε(t, x))ρε

xi
(t, x)dWt

+
1
2

η′′δ (ρ
ε
xi
(t, x))|A′(ρε(t, x))ρε

xi
(t, x)|2dt− εη′′δ (ρ

ε
xi
(t, x))|∇xρε

xi
(t, x)|2dt

6 ε∆ηδ(ρ
ε
xi
(t, x))dt + η′δ(ρ

ε
xi
(t, x))A′(ρε(t, x))ρε

xi
(t, x)dWt

+
1
2

η′′δ (ρ
ε
xi
(t, x))|A′(ρε(t, x))ρε

xi
(t, x)|2dt. (56)

Assume R > 0, we set ϕR(·) = ϕ(·/R), then

E
∫
Rd

ηδ(ρ
ε
xi
(t, x))ϕR(x)dx−

∫
Rd

ηδ(ρ
ε
0,xi

(x))ϕR(x)dx

6
1
2
E
∫ t

0

∫
Rd

η′′δ (ρ
ε
xi
(r, x))|A′(ρε(r, x))ρε

xi
(r, x)|2 ϕR(x)dxdr

+
εC
R2E

∫ t

0

∫
Rd

ηδ(ρ
ε
xi
(r, x))ϕR(x)dxdr

+C(‖b‖W1,∞(Rd), ‖ f ′‖L∞(R))E
∫ t

0

∫
Rd
|η′′δ (ρε

xi
(r, x))||ρε

xi
(r, x)||∇xρε

xi
(r, x)|ϕR(x)dxdr

+C(‖b‖W1,∞(Rd), ‖ f ′‖L∞(R))E
∫ t

0

∫
Rd
|∇xρε(r, x)|ϕR(x)dxdr

6 CE
∫ t

0

∫
Rd
|ρε

xi
(r, x)|1|ρε

xi (r,x)|6δ ϕR(x)dxdr +
εC
R2E

∫ t

0

∫
Rd

ηδ(ρ
ε
xi
(r, x))ϕR(x)dxdr

+C
[
E
∫ t

0

∫
Rd

1
δ
|ρε

xi
(r, x)|1|ρε

xi (r,x)|6δ|∇xρε
xi
(r, x)|ϕR(x)dxdr

]
+CE

∫ t

0

∫
Rd
|∇xρε(r, x)|ϕR(x)dxdr, (57)

where, in the last inequality, we apply the fact η′′δ (ρ
ε
xi
(r, x)) 6 C1|ρε

xi (r,x)|6δ/δ.
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Observing that, for almost everywhere, (t, x) ∈ [0, T] × Rd, |ρε
xi
|1|ρε

xi |6δ/δ → 0 almost surely,
as δ ↓ 0, from (57) by using dominated convergence theorem, if one lets δ ↓ 0 first and sums over i
from 1 to d next,

E
∫
Rd
|∇ρε(t, x)|ϕR(x)dx−

∫
Rd
|∇ρε

0(x)|ϕR(x)dx

6
εC
R2E

∫ t

0

∫
Rd
|∇ρε(r, x)|ϕR(x)dxdr + CE

∫ t

0

∫
Rd
|∇xρε(r, x)|ϕR(x)dxdr.

Therefore,

sup
06t6T

E
∫
Rd
|∇ρε(t, x)|dx 6 C(‖b‖W1,∞(Rd), ‖ f ′‖L∞(R), ε)

∫
Rd
|∇ρε

0(x)|dx. (58)

Let ηδ be defined as before (meeting property (55)), and ϕ(x) = 1 when |x| 6 1. We multiply ϕR
on both sides of (56), in view of integration by parts, we derive that

E
∫
Rd

ηδ(ρ
ε
xi
(t, x))dx−

∫
Rd

ηδ(ρ
ε
0,xi

(x))dx

6
1
2
E
∫ t

0

∫
Rd

η′′δ (ρ
ε
xi
(r, x))|A′(ρε(r, x))ρε

xi
(r, x)|2 ϕR(x)dxdr

+
ε

R2E
∫ t

0

∫
Rd

∆ϕ(
x
R
)ηδ(ρ

ε
xi
(r, x))dxdr

−E
∫ t

0

∫
Rd

η′δ(ρ
ε
xi
(r, x))∂xi b(x) · ∇x f (ρε(r, x))ϕ(

x
R
)dxdr

+E
∫ t

0

∫
Rd

η′δ(ρ
ε
xi
(r, x)) f ′(ρε(r, x))∂xi ρ

ε(r, x)divx(b(x)ϕ(
x
R
))dxdr (59)

−E
∫ t

0

∫
Rd

η′′δ (ρ
ε
xi
(r, x)) f ′(ρε(r, x))∂xi ρ

ε(r, x)b(x) · ∇xρε
xi
(r, x)ϕ(

x
R
)dxdr

6 CE
∫ t

0

∫
Rd
|ρε

xi
(r, x)|1|ρε

xi (r,x)|6δ ϕR(x)dxdr +
ε

R2E
∫ t

0

∫
Rd

∆ϕ(
x
R
)ηδ(ρ

ε
xi
(r, x))dxdr

+C(‖b‖W1,∞(Rd), ‖ f ′‖L∞(R))E
∫ t

0

∫
Rd
|∇xρε(r, x)|

[
ϕ(

x
R
) +

1
R
|∇ϕ(

x
R
)|
]
dxdr

+C(‖b‖L∞(Rd), ‖ f ′‖L∞(R)E
∫ t

0

∫
Rd

1
δ
|ρε

xi
(r, x)|1|ρε

xi (r,x)|6δ|∇xρε
xi
(r, x)|ϕ( x

R
)dxdr.

With the help of (25) and (58), from (59), by taking δ ↓ 0 first, R ↑ ∞ next, then

sup
06t6T

E
∫
Rd
|∇ρε(t, x)|dx 6 C(‖b‖W1,∞(Rd), ‖ f ′‖L∞(R))

∫
Rd
|∇ρε

0(x)|dx. (60)

From (24) and (60), and noting that ρε
0 → ρ0 in L2 ∩ BV(Rd), by letting ε ↓ 0, (12) is true and we

finish the proof. �

4. Proof of Theorem 3

For ε > 0, we denote ρε the unique solution of (22) with ρε
0 ∈ L∞ ∩ BV ∩ H1(Rd) and

ρε
0 → ρ0 ∈ L2 ∩ BV(Rd), as ε ↓ 0. Let ρ̃ε

0 ∈ L1 ∩ L∞ ∩ H1(Rd) and ρ̃ε
0 → ρ̃0 in L1 ∩ L2(Rd), as ε ↓ 0.

We assume ρ̃ε is the unique stochastic strong entropy solution of the following Cauchy problem:{
dρ̃ε(t, x) + b̃(x) · ∇x f̃ (ρ̃ε(t, x))dt = ε∆ρ̃ε(t, x)dt + A(ρ̃ε(t, x))dWt, t > 0, x ∈ Rd,
ρ̃ε(t, x)|t=0 = ρ̃ε

0(x), x ∈ Rd.
(61)

Let ηδ be given by (56). We set the difference ρε(t, x)− ρ̃ε(t, x) by ξε(t, x). Since ρε
0, ρ̃ε

0 ∈ H1(Rd),
ξε ∈ L2([0, T]×Ω; H2(Rd)). From (22) and (61) and by applying Itô’s formula, then
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dηδ(ξ
ε(t, x)) = −η′δ(ξ

ε(t, x))[b(x) · ∇x f (ρε(t, x))− b̃(x) · ∇ f̃ (ρ̃ε(t, x))dt

+εη′δ(ξ
ε(t, x))∆ξε(t, x)dt +

1
2

η′′δ (ξ
ε(t, x))|A(ρε(t, x))− A(ρ̃ε(t, x))|2dt

+η′δ(ξ
ε(t, x))[A(ρε(t, x))− A(ρ̃ε(t, x))]dWt

6 −η′δ(ξ
ε(t, x))[b(x)− b̃(x)] · ∇x f (ρε(t, x))dt

−η′δ(ξ
ε(t, x))b̃(x) · ∇[ f (ρε(t, x))− f̃ (ρε(t, x))]dt

−η′δ(ξ
ε(t, x))b̃(x) · ∇[ f̃ (ρε(t, x))− f̃ (ρ̃ε(t, x))]dt

+ε∆ηδ(ξ
ε(t, x))dt + η′δ(ξ

ε(t, x))[A(ρε(t, x))− A(ρ̃ε(t, x))]dWt

+
1
2

η′′δ (ξ
ε(t, x))|A(ρε(t, x))− A(ρ̃ε(t, x))|2dt. (62)

Let ϕR be given in (57) and we integrate (62) against ϕR. By analogue calculations from (56) to (59),
and then letting δ ↓ 0 first, R ↑ ∞ next, it yields that

E
∫
Rd
|ξε(t, x)|dx 6

∫
Rd
|ξε(0, x)|dx + C‖divb̃‖L∞(Rd)‖ f̃ ′‖L∞(R)E

∫ t

0

∫
Rd
|ξε(r, x)|dxdr

+C
[
‖b− b̃‖L∞(Rd)‖ f ′‖L∞(R) + ‖b̃‖L∞(Rd)‖ f ′ − f̃ ′‖L∞(R)

]
E
∫ t

0

∫
Rd
|∇ρε(r, x)|dxdr.

With the help of (60), then

E
∫
Rd
|ξε(t, x)|dx 6

∫
Rd
|ξε(0, x)|dx + C‖divb̃‖L∞(Rd)‖ f̃ ′‖L∞(R)E

∫ t

0

∫
Rd
|ξε(r, x)|dxdr

+C
(
‖b‖W1,∞(Rd), ‖ f ′‖L∞(R), ‖b̃‖L∞(Rd)

)[
‖b− b̃‖L∞(Rd) + ‖ f ′ − f̃ ′‖L∞(R)

] ∫
Rd
|∇ρε

0|dx. (63)

From (63), there is a constant C > 0, which is dependent on ‖b‖W1,∞(Rd), ‖ f ′‖L∞(R), ‖ f̃ ′‖L∞(R),
‖divb̃‖L∞(Rd), ‖b̃‖L∞(Rd) and T, such that

E
∫
Rd
|ξε(t, x)|dx 6

∫
Rd
|ξε(0, x)|dx + C

[
‖b− b̃‖L∞(Rd) + ‖ f ′ − f̃ ′‖L∞(R)

] ∫
Rd
|∇ρε

0(x)|dx. (64)

From (64), by taking ε ↓ 0, one ends up with the inequality (13). �

5. Conclusions

In this paper, we have established three results on the existence and uniqueness of stochastic
entropy solutions for a nonlinear transport equation by a stochastic perturbation, and the continuous
dependence of stochastic strong entropy solutions on the coefficient b and the nonlinear function f .
Compared with the results on uniqueness given in [11,17], Theorem 1 is new since the 1/2-Hölder
continuity of A is enough to ensure the uniqueness, and compared with the results on uniqueness
for stochastic differential equations in [32], the hypotheses of 1/2-Hölder continuity on A is optimal.
Moreover, we develop a new method of parabolic approximation to obtain the existence of solutions,
which sheds some new light on the method of vanishing viscosity put forth by Feng and Nualart [11].

Author Contributions: All authors carried out the proofs and conceived the study. All authors read and approved
the final manuscript.

Funding: This work was supported by National Natural Science Foundation of China under grant No. 11471129.

Acknowledgments: The authors are grateful to the anonymous referees for helpful comments and suggestions
that greatly improved the presentation of this paper.

Conflicts of Interest: The authors declare no conflict of interest.



Entropy 2018, 20, 395 16 of 17

References

1. Kang, J.; Tang, Y. Value function regularity in option pricing problems under a pure jump model.
Appl. Math. Optim. 2017, 76, 303–321. [CrossRef]

2. Kang, J.; Tang, Y. Asymptotical behavior of partial integral-differential equation on nonsymmetric layered
stable processes. Asymptot. Anal. 2017, 102, 55–70. [CrossRef]

3. Wang, G.; Tang, Y. Fractal dimension of a random invariant set and applications. J. Appl. Math. 2013,
2013, 415764. [CrossRef]

4. Wang, G.; Tang, Y. Random attractors for stochastic reaction-diffusion equations with multiplicative noise
in H1

0 . Math. Nachr. 2014, 287, 1774–1791. [CrossRef]
5. Wu, E.; Tang, Y. Random perturbations of reaction-diffusion waves in biology. Wave Motion 2012, 49, 632–637.

[CrossRef]
6. Glimm, J.; Darchesin, D.; Mcbryan, O. Statistical fluid dynamics: Unstable fingers. Comm. Math. Phys. 1980,

74, 1–13. [CrossRef]
7. Glimm, J.; Darchesin, D.; Mcbryan, O. A numerical method for two phase flow with an unstable interface.

J. Comput. Phys. 1981, 39, 179–200. [CrossRef]
8. Glimm, J.; Sharp, D. Stochastic partial differential equations: Selected applications in continuum physics.

In Stochastic Partial Differential Equations: Six Perspectives, Mathematical Surveys Monographs; American
Mathematical Society: Providence, RI, USA, 1997; pp. 3–44.

9. Holden, H.; Risebro, N.H. Conservation laws with a random source. Appl. Math. Opt. 1997, 36, 229–241.
[CrossRef]

10. Kim, J.U. On a stochastic scalar conservation law. Indiana Univ. Math. J. 2003, 52, 227–255. [CrossRef]
11. Feng, J.; Nualart, D. Stochastic scalar conservation laws. J. Funct. Anal. 2008, 255, 313–373. [CrossRef]
12. Bauzet, C.; Vallet, G.; Wittbold, P. The Cauchy problem for a conservation law with a multiplicative

stochastic perturbation. J. Hyperbolic Differ. Equ. 2012, 9, 661–709. [CrossRef]
13. Biswas, I.H.; Karlsen, K.H.; Majee, A.K. Conservation laws driven by Lévy white noise. J. Hyperbolic

Differ. Equ. 2015, 2, 518–654. [CrossRef]
14. Karlsen, K.H.; Storrøsten, E.B. On stochastic conservation laws and Malliavin calculus. J. Funct. Anal. 2017,

272, 421–497. [CrossRef]
15. Debussche, A.; Vovelle, J. Scalar conservation laws with stochastic forcing. J. Funct. Anal. 2010, 259, 1014–1042.

[CrossRef]
16. Hofmanová, M. A Bhatnagar-Gross-Krook approximation to stochastic scalar conservation laws. Ann. Inst.

H. Poincaré Probab. Statist. 2015, 51, 1500–1528. [CrossRef]
17. Chen, G.Q.; Ding, Q.; Karlsen, K.H. On nonlinear stochastic balance laws. Arch. Ration. Mech. Anal. 2012,

204, 707–743. [CrossRef]
18. Bauzet, C.; Vallet, G.; Wittbold, P. The Dirichlet problem for a conservation law with a multiplicative

stochastic perturbation. J. Funct. Anal. 2014, 266, 2503–2545. [CrossRef]
19. Lv, G.; Wu, J. Renormalized entropy solutions of stochastic scalar conservation laws with boundary condition.

J. Funct. Anal. 2016, 271, 2308–2338. [CrossRef]
20. Vallet, G.; Wittbold, P. On a stochastic first-order hyperbolic equation in a bounded domain. Infin. Dimens.

Anal. Qu. 2009, 12, 613–651. [CrossRef]
21. Debussche, A.; Vovelle, J. Invariant measure of scalar first-order conservation laws with stochastic forcing.

Probab. Theory Relat. Fields 2015, 163, 575–611. [CrossRef]
22. Weinan, E.; Khanin, K.; Mazel, A.; Sinai, Y. Invariant measures for Burgers equation with stochastic forcing.

Ann. Math. 2000, 151, 877–960.
23. Biswas, I.H.; Majee, A.K. Stochastic conservation laws: Weak-in-time formulation and strong

entropy condition. J. Funct. Anal. 2014, 267, 2199–2252. [CrossRef]
24. Dong, Z.; Xu, T.G. One-dimensional stochastic Burgers equation driven by Lévy processes. J. Funct. Anal.

2007, 243, 631–678. [CrossRef]
25. Jacob, N.; Potrykus, A.; Wu, J.L. Solving a non-linear stochastic pseudo-differential equation of Burgers type.

Stoch. Proc. Appl. 2010, 120, 2447–2467. [CrossRef]
26. Wu, J.; Xie, B. On a Burgers type non-linear equation perturbed by a pure jump Lévy noise in Rd.

Bull. Sci. Math. 2012, 136, 484–506. [CrossRef]

http://dx.doi.org/10.1007/s00245-016-9350-8
http://dx.doi.org/10.3233/ASY-171410
http://dx.doi.org/10.1155/2013/415764
http://dx.doi.org/10.1002/mana.201300114
http://dx.doi.org/10.1016/j.wavemoti.2012.04.004
http://dx.doi.org/10.1007/BF01197574
http://dx.doi.org/10.1016/0021-9991(81)90144-3
http://dx.doi.org/10.1007/BF02683344
http://dx.doi.org/10.1512/iumj.2003.52.2310
http://dx.doi.org/10.1016/j.jfa.2008.02.004
http://dx.doi.org/10.1142/S0219891612500221
http://dx.doi.org/10.1142/S0219891615500174
http://dx.doi.org/10.1016/j.jfa.2016.09.020
http://dx.doi.org/10.1016/j.jfa.2010.02.016
http://dx.doi.org/10.1214/14-AIHP610
http://dx.doi.org/10.1007/s00205-011-0489-9
http://dx.doi.org/10.1016/j.jfa.2013.06.022
http://dx.doi.org/10.1016/j.jfa.2016.06.012
http://dx.doi.org/10.1142/S0219025709003872
http://dx.doi.org/10.1007/s00440-014-0599-z
http://dx.doi.org/10.1016/j.jfa.2014.07.008
http://dx.doi.org/10.1016/j.jfa.2006.09.010
http://dx.doi.org/10.1016/j.spa.2010.08.007
http://dx.doi.org/10.1016/j.bulsci.2011.07.015


Entropy 2018, 20, 395 17 of 17

27. Gess, B.; Souganidis, P.E. Long-time behavior and averaging lemmata for stochastic scalar conservation laws.
Comm. Pure Appl. Math. 2016, 70, 1562–1597. [CrossRef]

28. Gess, B.; Souganidis, P.E. Scalar conservation laws with multiple rough fluxes. Commun. Math. Sci. 2015,
13, 1569–1597. [CrossRef]

29. Lions, P.L.; Perthame, B.; Souganidis, P.E. Scalar conservation laws with rough (stochastic) fluxes.
Stoch. Partial Differ. Equ. Anal. Comput. 2013, 1, 664–686. [CrossRef]

30. Lions, P.L.; Perthame, B.; Souganidis, P.E. Scalar conservation laws with rough (stochastic) fluxes:
The spatially dependent case. Stoch. Partial Differ. Equ. Anal. Comput. 2014, 2, 517–538. [CrossRef]

31. Mariani, M. Large deviations principles for stochastic scalar conservation laws. Probab. Theory Related Fields
2010, 147, 607–648. [CrossRef]

32. Yamada, T.; Watanabe, S. On the uniqueness of solutions of stochastic differential equations. J. Math.
Kyoto Univ. 1971, 11, 155–167. [CrossRef]

33. Chen, G.Q.; Karlsen, K.H. Quasilinear anisotropic degenerate parabolic equations with time-space dependent
diffusion coefficients. Commun. Pure Appl. Anal. 2005, 4, 241–266.

c© 2018 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access
article distributed under the terms and conditions of the Creative Commons Attribution
(CC BY) license (http://creativecommons.org/licenses/by/4.0/).

http://dx.doi.org/10.1002/cpa.21646
http://dx.doi.org/10.4310/CMS.2015.v13.n6.a10
http://dx.doi.org/10.1007/s40072-013-0021-3
http://dx.doi.org/10.1007/s40072-014-0038-2
http://dx.doi.org/10.1007/s00440-009-0218-6
http://dx.doi.org/10.1215/kjm/1250523691
http://creativecommons.org/
http://creativecommons.org/licenses/by/4.0/.

	Introduction
	Proof of Theorem 1
	Proof of Theorem 2
	Proof of Theorem 3
	Conclusions
	References

