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Beta regressions are commonly used with responses that assume values in the standard
unit interval, such as rates, proportions and concentration indices. Hypothesis testing infer-
ences on the model parameters are typically performed using the likelihood ratio test. It
delivers accurate inferences when the sample size is large, but can otherwise lead to unreli-
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0 < p <1,¢>0,whereI'(:) is the gamma function. Such a law is quite flexible in the sense that
the density in (1) can assume different shapes depending on the parameter values. It was used
by [1] as the underlying foundation for a regression model in which y;, . . ., y,, are independent
random variables such that y; is beta-distributed with mean y; (i.e. IE(y;) = ;) and precision
parameter ¢, for i = 1, .. ., n. They showed that the variance of y; is y;(1 — u;)/(1 + ¢) which, for
a given y;, is decreasing in ¢. The model is thus heteroskedastic since the variance of y; changes
with y;. The response means are modeled using a set of covariates and ¢ is assumed constant
across observations. This model became known as the fixed precision beta regression model.

A more general beta regression formulation was considered by [2] and formally introduced
by [3] who allowed the precision parameter to vary across observations, i.e. y; is beta-distrib-
uted with mean y; and precision ¢;, i = 1, . . ., n. More flexibility can be achieved in some situa-
tions by allowing the precision parameter to be impacted by some covariate values. In such a
more general formulation, the variance of y; is no longer restricted to be a multiple of y;(1 —
u;). The model includes two separate regression submodels, one for the mean and another for
the precision, and became known as the variable precision beta regression model. The fixed
precision beta regression model is a particular case of the variable precision counterpart; it is
obtained by setting ¢; = - - - = ¢,, = ¢.

Fixed and varying precision beta regression modeling have been used in many different
fields. A beta regression analysis of the effects of sexual maturity on space use in Atlantic
salmon (Salmo salar) parr can be found in [4]. In [5] the beta regression model is used to seg-
ment and describe the container shipping market by analyzing the relationships between ser-
vice attributes and likelihood of customer retention for the container shipping industry. Some
applications of beta regression modeling in ecology can be found in [6]. In [7], a statistical
downscaling model is developed based on beta regression which allow precipitation state in
river basin to be calculated. The beta regression model is used by [8] to model global solar radi-
ation. For a beta regression analysis of ischemic stroke volume, see [9].

In both variants of the beta regression model (fixed and variable precision), parameter esti-
mation is carried out by maximum likelihood. It is common practice to perform testing infer-
ences via likelihood ratio and z-tests. The latter are Wald-type tests and are typically less
accurate than the former; see [10]. Point estimation and testing inferences are usually accurate
when the sample size (n) is large. In some applications, nonetheless, the number of data points
is small and it is recommended to make use of inferential tools that are expected to yield reli-
able inferences in small samples. For instance [11], obtained modified parameter estimates
that display smaller biases in fixed and variable precision linear beta regression models.

The likelihood ratio test, which is commonly used in beta regression empirical analyses,
employs an asymptotic approximation: the critical values used in the test are obtained from
the test statistic’s asymptotic null distribution, which is known to be X12> where [ is the number
of restrictions under evaluation. An asymptotic approximation is used because the test statis-
tic’s exact null distribution is unknown. In large samples, the test typically delivers accurate
inferences since there is good control of the type I error frequency. In contrast, when the num-
ber of data points is small, size distortions can be large. In particular, the test tends to be liberal
(oversized): the effective null rejection rates tend to be considerably larger than the selected
significance level. When the sample size is quite small, the test’s effective null rejection can be
much larger than the nominal significance level, as shown by the numerical evidence we
report. A Bartlett correction to the likelihood ratio test was derived by [12]. A major shortcom-
ing of their result, however, is that it only holds for the fixed precision beta regression model.
In this paper, we overcome such a shortcoming by deriving the Bartlett correction for varying
precision beta regressions, which are more commonly used by practitioners. The derivation of
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the correction becomes more challenging in the more general setting. That happens because
the parameters that index the two submodels are not orthogonal in the sense that Fisher’s
information matrix is not block diagonal, and that renders lengthier and more complex deriva-
tions of the quantities involved in the Bartlett correction. We considered three Bartlett-cor-
rected test statistics. It is noteworthy that the size distortions of such tests vanish faster than
those of the standard likelihood ratio test as the sample size increases and thus the new tests
are expected to outperform the likelihood ratio test in small samples. In particular, the likeli-
hood ratio test’s size distortions are O(n™"') whereas those of the Bartlett-corrected tests are
o(n™?).

To motivate our analysis, consider the following important issue in behavioral biometrics:
the impact of average intelligence on the prevalence of religious disbelievers. Suppose there is
interest in measuring such a net impact using data on # nations. The variable of interest
(response) is the proportion of atheists in each country and the covariates include average
intelligence and other control variables. [13] carried out varying precision beta regression
analyses and produced estimates of such an impact under different scenarios. Each scenario
corresponds to a particular choice of countries. We consider the scenario that uses data on 50
countries. We show that by using corrected likelihood ratio tests we arrive at a varying preci-
sion beta regression model different from that used by the authors. It is noteworthy that our
model yields a better fit than their model. We also note that the maximal estimated impact of
intelligence on religious disbelief obtained from our model is considerably larger than that
computed from the model in [13] in low income nations. Our results also reveal that, as coun-
tries become more developed, the maximal impact of intelligence on the prevalence of atheists
weakens and the impact becomes, in the plausible range of average intelligence values, more
symmetric. To the best of our knowledge, this is the first analysis of how the maximal impact
of average intelligence on the prevalence of atheists is affected by economic development. This
illustrates the importance of using tests with good small sample performance when performing
beta regression analyses with samples of small to moderate sizes.

The remainder of the paper is structured as follows. In first section that follows this intro-
duction, we present the variable precision beta regression model. In the second section, we
derive the Bartlett correction to the likelihood ratio test in varying precision beta regressions
and use it in three modified test statistics. Our main contribution is that we obtain closed-
form expressions for the quantities that allow improved testing inferences to be carried out in
varying precision beta regressions. Additionally, we briefly review an alternative small sample
correction that is already available in the literature. Unlike the correction we derive, however,
it does not yield an improvement in the rate at which size distortions vanish. In particular, the
size distortions of our corrected tests vanish at rate O(n2) whereas those of the alternative
tests we consider do so at rate O(n~"). Monte Carlo simulation evidence is presented in the
third section. An empirical application that addresses an important issue in behavioral bio-
metrics is presented and discussed in the fourth section. The fifth section contains some con-
cluding remarks. Technical details related to the derivation of the quantities involved in the
Bartlett correction are presented in the Appendix.

The beta regression model
Lety=(y1, ..., ,) beavector of independent random variables such that y; follows the beta
distribution with mean y; and precision ¢;, i = 1, .. ., n. Such parameters are modeled as

P

q
i) =n= Zﬂjxij and g(¢)=( = Zéjhiﬁ
=1

j=1
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where f= (8, .. ., ﬁp)T €IR’and 5= (5, ... 6,1)T € IR? are unknown regression parameters
(p + g < n), n;and {; are linear predictors, x;; = h;; = 1Vi, X;5, . . ., Xijp and hyy, . . ., hjg are mean
and precision covariates, respectively, and g;: (0, 1) — IR and g: (0, o) — IR are strictly
monotonic and twice-differentiable link functions. Common choices for g; are logit, probit,
loglog, cloglog and Cauchy, and common choices for g, are log and square root; see [14].

Let0=(8",8")" be the vector containing all regression coefficients. The log-likelihood
function is

(0) = 0(5.9) = 3 4, 6) @)

where Ei(:ui’ ¢1) = 10gr(¢i) - logr(ui(bi) - logr((l - :ui)¢i) + (:ui(bi - 1))’{* + (¢1 - Q)yj,
with y* = log(y,/1 — y,) and y| = log(1 — y,). The maximum likelihood estimators of Band &
solve U = 0¢(B, 6)/00 = (Ug(B, 5T, Us(B, &N = +q» Where 0, is a (p+ q)-vector of zeros.
They cannot be expressed in closed-form. Maximum likelihood estimates can be obtained by
numerically maximizing the model log-likelihood function using a Newton or quasi-Newton
optimization algorithm such as the Broyden-Fletcher-Goldfarb-Shanno (BFGS) algorithm; see
[15].

For a recent overview of the beta regression model, see [6]. Practitioners can perform beta
regression analyses using the betareg package developed for the R statistical computing
environment; see [14].

Improved likelihood ratio tests in beta regressions

At the outset, we consider a general setup. Suppose the interest lies in testing a null hypothesis
(H,) that imposes [ restrictions on the k-dimensional parameter vector 6 = (8", 8") ', where k
= p + q. To that end, we write = (y', L") ", where y = (v, ..., y;) " is the vector of parameters
of interestand L= (A, ..., A) " is the vector of nuisance parameters so that [+ s=p + g. We
wish to test H,, : = A against H, :  # ", where 1//(0) is a given I-vector. The likelihood
ratio test statistic is

w = 2[00, ) — £°, 1)),

where (l/}T, iT) and (Y"', A7) are the unrestricted and restricted maximum likelihood estima-
tors of (y', L"), respectively. Under the null hypothesis, w is asymptotically distributed as y?.
The test is usually performed using critical values obtained from such an asymptotic null dis-
tribution, the approximation error being of order O(n™). That is, under the null hypothesis,
Pr(w >y}, ,) = o+ O(n'), where o € (0, 1) is the test significance level and y;, , is the (1 -
a)th quantile from the y; distribution. The chi-squared approximation to the null distribution
of w may be poor when the sample size is small and, as a result, large size distortions may take
place.

A correction that became known as ‘the Bartlett correction’ was developed to improve the
likelihood ratio test’s small sample behavior. It uses the fact that, under H,, IE(w) =+ b+ O
(n™?), where b = b(0) is O(n™). Using such a result, it is possible to define the corrected test sta-
tistic

o
O =1 bl

whose expected value equals / when terms of order O(n~?) are neglected. The quantity c= 1 +
b/l became known as ‘the Bartlett correction factor’. A general approach for obtaining the
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Bartlett correction factor in statistical models was developed by [16]. His approach requires
the derivation of log-likelihood cumulants. The expected value of w, under the null hypothesis,
can be expressed as

E(w) =1+¢ —¢&_,+0(n?),

where £, and g,_; are of order O(n™"). Here,

gk = Z()\’mu - )\’rsruvw)’ (3)

0

where

K K
g erspatu rstu o (u) (su) TSyt VW suw
7\‘rstu = K'K { 4 Krst + Krt } and krstuvw =K'K'K {Krtv< 6

K
) 4 (S ) e .

The above cumulants (x’s) are defined in the Appendix. The indices , s, ¢, u, v and w vary over
all k parameters in the summation in (3). The Bartlett correction factor can then be written as

co1 4B

[16] also showed that all cumulants of the Bartlett-corrected test statistic agree with those of
the reference chi-squared distribution with error of order O(n*?) which indicates that its null
distribution is expected to be well approximated by the limiting chi-squared distribution. [17]
obtained an asymptotic expansion for the null distribution of w; see also [18-20]. [21] showed
that size distortions of Bartlett-corrected tests are of order O(n~2), and not of order O(n>'?), as
previously believed.

In what follows, we shall obtain the Bartlett correction factor for the class of varying preci-
sion beta regressions. We shall only present the main result. Details on the derivation can be
found in the Appendix. It is noteworthy that 8 and 6 are not orthogonal (i.e., Fisher’s informa-
tion matrix is not block diagonal), unlike what happens in the class of generalized linear mod-
els. As a consequence, the derivation of the Bartlett correction factor becomes lengthier and
more challenging. We shall use the main result in [22], who wrote the general adjustment fac-
tor in matrix form. At the outset, we define some k x k matrices whose (r, s) elements are

K
A = {55 P =) @Y = el

t,u=1,..., k. We derived the log-likelihood cumulants up to fourth order for the class of vary-
ing precision beta regression models. These cumulants are presented in the Appendix. Using
such results, we obtain matrices A“, P and Q. It is then possible to write £ as

e, = tr(K"'(L — M — N)), (4)
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where tr(-) is the trace operator and the (7, s) elements of L, M and N are

L = {tr(K'AM)},

M, =~ {o(KPOKP)) 4 {ir(KPOKQY )
~{tr(KQUKQ)),

N,= (PR )r(PUK )} + (PR ir(QUK )
—{tr(QUK r(QOK )},

r,s=1,..., k. Also, g_,is obtained from (4) by only considering the nuisance parameters.

The corrected statistic wy, is the standard Bartlett-corrected likelihood ratio test statistic. In
addition to it, we shall also consider two other Bartlett-corrected test statistics that are used in
[23]. The three test statistics are equivalent up to order O(# ') and are given by

() E — &, £, — &,
Wy = —, wa:weXP{_(klkl)}, wbjzw{l_( k l k l)}

C

We shall refer to the three corrected test statistics above as ‘ratio-like’, ‘exponentially adjusted’
and ‘multiplicative-like’, respectively. An advantage of wy, is that it is always positive-valued.
In order to use the above test statistics in a given class of models, it is necessary to obtain
closed-form expressions for £, and g_; that are valid for such models. For varying precision
beta regressions, these quantities can be computed using Eq (4), which is our main result. For
details on Bartlett corrections, we refer readers to [24, 25].

An alternative correction to the likelihood ratio test statistic was proposed by [26] who gen-
eralized previous results in [27]. His main result relate to those in [28, 29]. The author in [26]
proposed using the following two modified test statistics: w,; = w — 2 log £ and w,; = w(1 — @~
log £)?, the latter having the advantage of always being positive-valued. £ is a function of several
model-based quantities (score function, expected information, observed information, etc.).
Closed-form expressions for £ were derived by several authors considering different underly-
ing models. In particular, for models tailored for double limited responses, they were derived
by [30] for unit gamma regressions, by [31] for varying precision regression models, and by
[32] for beta regressions with parametric mean link function. The finite sample performances
of such corrected tests when used in beta regressions was numerically evaluated by [10].

It is noteworthy that the size distortions of the three Bartlett-corrected tests vanish at a
faster rate than those of w, w,; and w,; as the sample size increases: O(n™?) versus O(n™").

Finally, we note that there are alternative strategies for achieving accurate hypothesis testing

1

inferences in small samples. For instance [33], proposed a numerical approach for estimating
the Bartlett correction factor and [34] obtained the Bartlett correction for generalized linear
models using a modified version of the likelihood function that accounts for the impact of nui-
sance parameters on the inference made on the parameters of interest. We shall not pursue
these approaches since, as we shall see, the standard Bartlett corrected test is able to deliver
extremely accurate inference in small samples in varying precision beta regressions even when
the number of nuisance parameters is large.

Numerical evidence

In what follows we shall present Monte Carlo simulation results on the finite sample perfor-
mances of six tests in varying precision beta regressions, namely: w, w; (‘ratio-like’), w,
(‘exponentially adjusted’), wy; (‘multiplicative-like’), w,; and w,,. All reported results are
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Table 1. Null rejection rates (%), H,: B4 =0.

a=10% a=5% a=1%
n n n
15 20 30 40 15 20 30 40 15 20 30 40
w 30.1 25.2 19.2 15.7 21.8 17.6 12.1 9.0 10.7 7.4 4.0 2.9
Wp1 19.5 16.7 12.8 11.1 11.8 9.8 6.9 5.8 3.8 2.8 1.5 1.2
Wy 16.6 14.6 11.6 10.6 9.5 8.2 6.0 5.4 2.4 1.8 1.1 1.1
Wp3 8.2 10.4 10.0 9.9 3.5 49 4.6 5.0 0.4 0.8 0.7 0.9
W41 16.0 14.7 10.6 10.0 10.2 9.3 5.3 52 4.0 3.0 1.2 1.1
W2 194 17.2 11.5 10.4 12.9 11.1 5.9 5.5 5.6 3.9 14 1.2

https://doi.org/10.1371/journal.pone.0253349.t001

based on 10,000 replications and were obtained using the R statistical computing environment;
see [35]. Log-likelihood maximization was performed using the Broyden-Fletcher-Goldfarb-
Shanno (BFGS) algorithm with analytical first derivatives. Starting values for # and & were
computed as described in Appendix A of [36] with minor tweaks. The computation of such
starting values entails the estimation of two linear regressions. We consider the varying preci-
sion beta regression model log(u/(1 — p;) = B1 + B Xiz + Bs Xi3 + B4 Xi4 and log(¢;) = 61 + 6, hyp
+ 83 hj3,i=1, ..., n. All covariate values were obtained as U/(—0.5, 0.5) random draws and
remained constant for all replications performed for a given sample size. We consider three
scenarios. In the first scenario, we test H,, : f, = 0, and hence [ = 1 (one restriction). The true
parameter values are 8 = 1.0, 8, = 1.7, B3 = 3.5, B, =0, 6, = 3.7, 5, = 1.5 and 85 = 0.9. In the sec-
ond scenario, the interest lies in testing H,: 85 = B4 = 0, thus [ = 2 (two restrictions). The
parameter values in this case are 8; = 1.0, 8, = 1.7, 33 =5,=0,6, = 3.7, 6, = 1.5and 5 = 0.9. In
the third and final scenario, the null hypothesis under evaluation is H,: , = 85 = 0, and hence
I =2 (two restrictions). The parameter values are 5, = 1.0, 8, = 1.7, 83 = 2.5, f, = -3.0, 6, = 3.7
and 8, = §; = 0. We computed the tests’ null rejection rates at the o = 10%, 5%, 1% significance
levels for different sample sizes (n € {15, 20, 30, 40}). They are presented in Table 1 (first sce-
nario), Table 2 (second scenario) and Table 3 (third scenario); all entries are percentages.

The tests’ null rejection rates for the first scenario are, as noted, displayed in Table 1. At the
outset, we note that the likelihood ratio test w is considerably liberal, that is, it rejects the null
hypothesis too often when it is true. For instance, when # = 15 and a = 10%, its null rejection
rate exceeds 30%, i.e. it is over three time larger than the nominal significance level. When
n = 20, it equals 25.2%. The test is considerably oversized even when n = 40 (null rejection
rate > 15%). The corrected tests display much better control of the type I error frequency,
especially the third Bartlett-corrected test (i.e. that based on w;;— ‘multiplicative-like’). For
example, when n = 20 and o = 10%, its null rejection is 10.4% whereas those of w1, Wp2, Wa1

Table 2. Null rejection rates (%), H, : f, = , = 0.

a=10% a=5% a=1%
n n n
15 20 30 40 15 20 30 40 15 20 30 40
w 39.6 31.1 21.2 16.6 29.9 22.0 12.9 9.5 16.5 9.6 4.2 2.8
Wy 23.4 18.2 12.6 10.9 15.2 10.7 6.7 5.6 5.5 2.7 1.5 1.1
Wy 19.1 15.7 11.5 10.5 11.4 8.6 5.9 5.2 3.3 1.8 1.2 1.0
Wp3 7.4 10.7 9.9 9.6 2.9 4.7 4.8 4.7 0.4 0.7 0.9 0.8
Wa1 16.7 14.9 10.5 9.8 10.8 8.8 5.3 4.8 4.1 2.7 1.1 0.9
Wa2 21.6 17.5 11.3 10.3 14.1 10.7 6.0 5.1 5.8 3.4 1.3 1.0

https://doi.org/10.1371/journal.pone.0253349.t002
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Table 3. Null rejection rates (%), H, : 6, = 6, = 0.

a=10%
n

15 20 30
w 39.6 29.8 20.3
wp1 23.6 17.1 12.9
Wy 19.1 14.4 12.0
W3 7.7 9.5 10.1
War 13.1 11.7 10.3
Wa 18.0 14.1 11.3

https://doi.org/10.1371/journal.pone.0253349.t003

(a)n=15

a=5% a=1%
n n
40 15 20 30 40 15 20 30 40
16.3 30.2 20.7 12.9 9.3 15.9 8.8 44 2.7
11.0 14.7 9.7 6.8 5.3 4.8 2.4 1.6 1.1
10.3 10.9 7.5 6.2 5.0 2.7 1.8 1.3 1.0
9.7 33 4.1 5.0 4.7 0.4 0.7 0.8 0.8
9.7 7.4 6.1 53 4.8 1.9 1.5 1.2 1.0
10.2 10.8 7.7 5.9 5.0 3.3 2.0 1.4 1.0

and w,,, are, respectively, 16.7%, 14.6%, 14.7% and 17.2%. All modified tests display small size
distortions when n = 40; again, wj,; (‘mutiplicative-like’) is the best performer. Interestingly,
wp3 is the only conservative test when the sample size is very small (n = 15).

Fig 1 contains quantile-quantile (QQ) plots of three test statistics, namely: the likelihood
ratio test statistic, the best performing Bartlett-corrected test statistic (w,;— ‘mutiplicative-
like’) and the best performing test statistics obtained from the alternative finite sample correc-
tion (w,;). We plot the exact quantiles of the three test statistics against their asymptotic coun-
terparts (obtained from the y? distribution). The included 45° line indicates perfect agreement
between exact and asymptotic null distributions. The left and right panels are for n = 15 and
n = 20, respectively. In both plots, the line that corresponds to w is considerably above the 45°
line which indicates that the test statistic exact quantiles are much larger than the asymptotic
quantiles, and that translates into liberal test behavior, i.e., the test tends to overreject the null
hypothesis. The exact quantiles of w,; also exceed those from the chi-squared distribution, but
less dramatically. The null distribution of w3, the Bartlett-corrected test statistic

(b)n=20

s : 7
o - — . 0 — .
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Fig 1. Quantile-quantile plots, 7, : 5, = 0.

https://doi.org/10.1371/journal.pone.0253349.g001

asymptotic quantiles

PLOS ONE | https://doi.org/10.1371/journal.pone.0253349  June 28, 2021

8/26


https://doi.org/10.1371/journal.pone.0253349.t003
https://doi.org/10.1371/journal.pone.0253349.g001
https://doi.org/10.1371/journal.pone.0253349

PLOS ONE

Bartlett-corrected tests for varying precision beta regressions

(a) n=20

- - —
1 o . 1 o —_— .
9 Wpg — —— . 9 Wp3 — — — . //
8_ g1 o o o o '° 8_ Wg1 o ¢ o o .. //
8 74 N4 8 71 .-'/,/
€ 6 - 7 £ 6 Ry
© . z ] . 2
=} 5+ ° 74 -} 5 H . Z
0'4_ .'// 0'4_ .//
5 07 y 5 2] %4
2 o 2 - 2
14/ s
_I T T T T T T T - T T T T T T T T T
1 2 3 4 5 6 7 1 2 3 4 5 6 7 8 9

asymptotic quantiles
Fig 2. Quantile-quantile plots, 7 : ;3 =f,=0.
https://doi.org/10.1371/journal.pone.0253349.9002

asymptotic quantiles

(‘mutiplicative-like’), is very well approximated by the limiting y? distribution since the dashed
line is very close to the 45° line.

Table 2 contains simulation results for the second scenario, that is, it contains results rela-
tive to testing that 3; and S, are jointly equal to zero. Here, | = 2. Again, the likelihood ratio
test is markedly oversized when the sample size is small, even more so than in the previous sce-
nario. For instance, when o = 10% and #n = 20, the estimated size of the test equals 31.1%, i.e.
the test’s empirical size is over three times larger than the nominal significance level. The cor-
rected tests perform much more reliably. Again, overall, the best performing test is that based
on our third Bartlett-corrected test statistic (w;,;— ‘mutiplicative-like’). For instance, when
n =20 and a = 10%, its null rejection rate is 10.7%; the corresponding figures for w,; and w,,
(the two alternative corrected tests) are 14.9% and 17.5%, respectively.

Fig 2 contains QQ plots for the second scenario. As in the previous scenario, the null distri-
bution of w is poorly approximated by the limiting chi-squared distribution and the approxi-
mation works better for w3 (the Bartlett-corrected test statistic, ‘mutiplicative-like’) than for
W1

We shall now consider to tests on the coefficients of the precision submodel. The null rejec-
tion rates for the third scenario are in Table 3. We test the null hypothesis of fixed precision,
i.e. wetest H, : d, = &, = 0 which is equivalent to testing H, : ¢, = - -- = ¢, = ¢ (the preci-
sion parameter is constant across observations). The figures in Table 3 indicate, once again,
that testing inferences based on w can be quite unreliable when 7 is small. Overall, the third
Bartlett-corrected (‘multiplicative-like’) test outperforms all other corrected tests. For instance,
when n =20 and a = 10%, its null rejection rate is 9.5% whereas those of wy,; (‘ratio-like’), wy,
(‘exponentially adjusted’), w,; and w,, are 17.1%, 14.4%, 11.7% and 14.1%. We do not present
QQ plots for brevity. We note, however, that they show that the null distribution of wy; (‘muti-
plicative-like) is well approximated by the limiting 3> distribution.

We also performed simulations using a data generating process that differs from the esti-
mated model, that is, we estimated the tests’ non-null rejection rates (powers). We restrict
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Table 4. Nonnull rejection rates (%), H, : f, = 0.

Y

-1.5
-1.25
-1.0
-0.75
-0.5
0.5
0.75
1.0
1.25
1.5

https://doi.org/10.1371/journal.pone.0253349.t004

w

99.1
95.7
83.7
59.3
31.0
30.5
58.7
83.0
94.9
98.8

a=5%
Wp3
96.9
94.2
83.9
61.9
32.2
33.8
62.9
85.0
94.7
97.6

Wa1
99.1
95.8
82.8
57.8
29.6
30.2
58.1
82.6
94.8
98.8

attention to the likelihood ratio test (w), the best performing Bartlett-corrected test
(wpz— ‘mutiplicative-like’) and the best performing test obtained using the alternative finite
sample correction (w,;). We consider two sample sizes (n € {20, 40}) and two significance lev-
els (a = 10%, 5%). We test H,, : f, = O (first scenario), but the data are generated using using a
value of 3, that is different from zero; we denote such a value by y. The null hypothesis is thus
false. Since some tests are oversized, all testing inferences are carried out using exact (estimated
from the size simulations) critical values. The tests’ estimated powers for different values of y
are presented in Table 4. As expected, the tests become more powerful when the sample size is
larger and also as the value of y moves away from zero. Overall, the three tests display similar
non-null rejection rates.

We shall now return to the evaluation of the tests’ null performances. First, we shall investi-
gate the impact of the number of nuisance parameters on the tests’ null behavior. We set the
sample size at n = 40 and consider the following model:

»
log (%) =6+ Zﬁjxij
:ui j=2

log(¢,) =0, + 0yx;y, + Iy,

i=1,...,40. We test H,: B, = 0 against H,: B, # 0. The covariate x, is a dummy variable that
equals 1 for the first twenty observations and 0 otherwise. The values of all other covariates
were obtained as random U(—0.5,0.5) draws. Table 5 contains the tests’ null rejection rates
for p = 3, 4, 5, 6. The results show that the likelihood ratio test tends to become progressively
more liberal as the number of nuisance parameters increases. In contrast, the corrected tests
are much less sensitive to the number of nuisance parameters, especially w,; (‘mutiplicative-
like’), which is the best performing test. Its null rejection rates for the different values of p at
the 10% significance level range from 9.9% to 10% whereas those of w range between 14.1%
(p=3)and 17.1% (p = 6).

Second, we shall evaluate the tests’ finite sample performances when the null hypothesis
includes restrictions on the parameters of both submodels simultaneously. The data generating

n=20 n=40
a=10% a=5% a=10%

w Wp3 Wa1 w Wp3 Wa1 w Wp3 Wa1
99.7 98.4 99.8 100.0 100.0 100.0 100.0 100.0 100.0
98.3 97.3 98.5 99.9 99.9 99.9 100.0 100.0 100.0
92.0 91.4 91.8 98.6 98.7 98.9 99.4 99.5 99.5
74.1 75.7 73.8 87.8 88.8 89.3 93.6 94.0 94.3
45.5 47.2 44.4 54.3 56.1 56.7 68.0 68.8 69.5
45.1 47.7 45.2 55.6 56.8 56.6 69.6 70.2 70.1
73.6 76.0 73.2 87.7 88.6 88.5 93.8 94.0 93.9
91.6 92.6 92.1 98.3 98.4 98.4 99.4 99.4 99.4
98.0 97.5 98.3 99.8 99.9 99.9 100.0 100.0 100.0
99.6 98.8 99.7 100.0 100.0 100.0 100.0 100.0 100.0
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Table 5. Null rejection rates (%), H, : f, = 0, varying number of nuisance parameters.

a=10% a=5% a=1%
p p p
3 4 5 6 3 4 5 6 3 4 5 6
w 14.1 14.6 16.1 17.1 7.9 8.4 9.8 10.1 2.2 2.3 2.9 3.1
Wy, 10.6 10.9 11.5 11.9 5.2 5.8 5.9 6.4 1.0 1.2 1.3 1.3
W3 10.3 10.5 11.0 11.1 5.0 5.4 5.4 5.8 0.9 1.1 1.1 1.1
W3 9.9 10.0 10.0 10.0 4.8 5.1 4.8 4.8 0.8 1.0 0.9 0.8
Way 10.1 10.3 10.4 10.6 5.0 5.3 5.3 5.4 0.9 1.1 1.1 1.1
W, 10.4 10.6 10.9 11.1 5.2 5.5 5.5 5.8 0.9 1.2 1.2 1.3
https://doi.org/10.1371/journal.pone.0253349.t005
process is

log(

H;
1—

i

) =B, + Byxiy + Byxi
log(¢,)

=0, + 0yX;y + 0yx;5.

We consider two different null hypotheses, namely: (i) H,: f, =0, 85 = 0 (I = 2) and (ii) H,;:

B2 =0,0, =05=0 (I =3). The corresponding parameter values are (i) §; = 1.0, 8, =0, 5 = 3.0,
6,=17,6,=0.7,63=0and (ii) B; = 1.5, 3, =0, B3 = —1.4, 6; = 1.5, 8, = 83 = 0. The covariate
values were obtained as random U/(—0.5,0.5) draws and n € {15, 20, 30, 40}. Table 6 contains
the tests’ null rejection rates. The test based on the Bartlett-corrected test statistic wy; (‘mutipli-
cative-like’) is the best performer in both cases. For instance, when [ = 2 and n = 15, its null
rejection rate at the 10% significance level is 9.5% whereas those of the competing tests range

from 11.1% to 25.0%.

Table 6. Null rejection rates (%), H, : f,,0, = 0(I=2) and H, : f5,,0,,d, = 0 (I=3).

a=10% a=5% a=1%
n n n

15 20 30 40 15 20 30 40 15 20 30 40

=2 w 25.0 20.4 15.3 12.4 16.4 12.6 9.0 6.7 6.8 4.5 2.4 1.6

Wp1 14.6 12.6 11.3 9.8 8.2 6.9 5.8 5.0 1.9 1.2 1.2 1.0

Wy 12.8 11.5 10.9 9.6 6.9 6.1 5.6 4.8 1.3 0.9 1.1 0.9

Wp3 9.5 10.2 10.4 9.5 4.3 5.0 52 4.7 0.6 0.6 1.0 0.9

Wa1 11.1 11.6 10.8 9.5 6.0 6.2 5.5 4.8 1.2 1.1 1.2 1.0

Wao 13.1 12.2 11.0 9.6 7.2 6.6 5.7 4.9 1.5 1.3 1.2 1.0

=3 w 23.7 18.9 13.3 12.5 15.5 11.6 7.4 6.7 5.8 3.6 1.9 1.6

Wp1 13.4 119 9.8 9.8 7.2 6.2 5.0 4.7 1.9 1.4 1.1 1.1

Wy 11.8 11.2 9.6 9.6 6.0 5.7 4.8 4.6 1.4 1.2 1.0 1.0

Wp3 9.4 10.2 9.3 9.5 4.4 5.0 4.7 4.6 0.8 1.0 0.9 1.0

Wa1 7.8 8.8 8.8 9.6 3.8 4.4 4.4 4.4 0.9 0.9 0.9 0.9

Wao 9.2 9.6 9.1 9.7 4.7 4.8 4.6 4.5 1.3 1.0 0.9 1.0

https://doi.org/10.1371/journal.pone.0253349.t006
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Table 7. Null rejection rates (%), H, : i, = f, = 0 (I =2); varying correlation between regressors.

a=10% a=5% a=1%
n n n

15 20 30 40 15 20 30 40 15 20 30 40

p=0.1 ) 21.5 16.3 15.2 13.1 13.7 9.6 8.5 7.2 4.7 2.9 2.2 1.6
Wp1 13.5 11.2 10.8 10.5 7.2 5.8 52 52 1.8 14 1.1 1.0

(% 12.2 10.6 10.4 10.3 6.4 55 5.1 5.1 14 1.2 1.0 1.0

Wp3 10.6 9.9 9.9 10.2 5.1 52 4.8 5.0 0.9 1.1 0.9 1.0

W41 16.9 104 10.3 10.5 9.8 5.7 4.9 5.3 2.9 1.2 1.0 1.0

Wa 18.1 10.7 10.6 10.6 11.0 59 5.1 5.4 3.6 14 1.1 1.0

p=05 ) 21.7 17.1 14.8 13.3 13.4 9.8 8.2 7.2 4.2 2.6 2.1 1.6
Wp1 13.3 11.4 10.6 10.6 6.8 5.7 53 5.5 1.2 1.2 1.2 1.1

Wpa 12.1 10.8 10.3 10.4 6.1 53 5.1 5.4 1.0 1.1 1.1 1.0

Wp3 10.5 10.1 9.8 10.3 4.8 4.9 4.8 53 0.8 0.9 1.0 1.0

Wa1 19.2 10.5 9.8 10.5 11.8 53 49 55 3.6 1.1 1.1 1.1

Wa 21.3 10.9 10.1 10.6 13.6 55 5.1 5.5 4.9 1.2 1.1 1.1

p=0.75 ) 22.3 17.0 14.7 12.8 14.0 9.8 8.3 6.8 4.4 2.6 2.3 1.8
Wp1 13.3 11.2 10.7 9.9 6.9 5.8 5.5 5.0 1.3 1.3 1.0 1.2

W 11.9 10.7 10.3 9.8 5.9 5.4 53 49 1.0 1.2 1.0 1.1

Wp3 9.7 10.1 9.9 9.7 4.4 4.9 5.0 49 0.6 1.1 0.9 1.1

Wa1 18.4 10.2 10.0 10.9 9.9 53 52 5.1 3.3 1.3 1.0 1.1

W 20.5 10.6 10.2 10.0 13.4 5.6 53 5.1 4.8 14 1.0 1.1

p=0.95 ) 24.0 16.8 144 13.1 15.3 9.3 8.2 6.9 5.3 2.6 2.2 1.5
Wy 13.8 11.0 104 10.5 7.1 5.4 5.3 5.1 1.7 1.2 1.2 0.9

Wy 12.0 10.5 10.1 10.3 6.1 5.1 5.1 5.1 1.2 1.1 1.2 0.9

Wp3 9.4 9.8 9.8 10.1 4.3 4.7 4.8 5.0 0.8 0.9 1.0 0.9

Wga1 15.5 10.3 9.8 10.5 9.3 5.0 4.9 52 2.6 1.1 1.2 0.9

Wa 17.9 10.7 10.0 10.9 10.6 52 5.1 53 3.7 1.1 1.3 0.9

https://doi.org/10.1371/journal.pone.0253349.t007

Finally, we shall evaluate the impact of different levels of correlations between regressors on

the tests’ small sample performance. The model is

Jadl
m) = By + Byxy + Box;

i

log(¢,)

=0, + 0,%x,.

The values of the two regressors are obtained as random draws from the bivariate normal dis-
tribution with mean (0, 0) " and covariance matrix X. The diagonal and off-diagonal elements
of T are, respectively, 1 and p. Hence, p is the correlation coefficient between x, and x;. We
test H,: B, = B3 = 0 (I = 2). Data generation was carried out using 8; = 1.0, 8, = 55=0,6; = 1.7
and &, = 0.1. Different correlation strengths were considered, ranging from very low to very
strong: p € (0.1, 0.5, 0.75, 0.95). The sample sizes are n € {15, 20, 30, 40}. Table 7 contains the

tests’ null rejection rates. Again, the likelihood ratio test w is quite liberal when 7 is small,

slightly more so under very strong correlation between the two regressors. The Bartlett-cor-

rected tests perform very well for all correlation values, especially w3 (‘multiplicative-like’). Its

null rejection rates are once again very close to a. For instance, when p=0.75, n=15and o =
10% (5%), the test’s null rejection rate is 9.7% (4.4%) whereas that of uncorrected test (w) is
22.3% (14.0%) and those of alternative tests w,; and w,, are 18.4% (9.9%) and 20.5% (13.4%),
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respectively. It is noteworthy that the null rejection rates of the three Bartlett-corrected tests
are insensitive to the level of correlation between regressors. For example, when n = 15 and «
= 10%, the null rejection rates of wy,; (‘ratio-like’), wy, (‘exponentially adjusted’) and w3 (‘mul-
tiplicative-like’) for p = (0.1, 0.5, 0.75, 0.95) are in [13.3%, 13.8%], [11.9%, 12.2%] and [9.4%,
10.6%], respectively.

Behavioral biometrics: Intelligence and atheism

We shall now address the behavioral biometrics issue briefly outlined in the Introduction. The
interest lies in modeling the impact of average intelligence on the prevalence of religious disbe-
lievers. General intelligence relates to the ability to reason deductively or inductively, think
abstractly, use analogies, synthesize information, and apply it to new domains. It is typically
measured by the intelligence quotient (IQ) which is a score obtained from standardized tests.
Average IQ scores have been computed for a large number of countries; see e.g. [37, 38]. There
is evidence that intelligence negatively correlates with religious belief at the individual level;
see e.g. [39]. The negative correlation holds even when religiosity and performance on analytic
thinking are measured in separate sessions; see [40]. It also holds when computed from a cross
section of nations and from the U.S. states; see [41, 42]. There are evolutionary reasons for the
inverse relationship between intelligence and religious belief. For instance, according to the
Savanna-IQ Interaction Hypothesis more intelligent individuals are more likely to acquire and
espouse evolutionarily novel values and preferences than less intelligent individuals; see [43].
One of such evolutionarily novel values is religious disbelief.

Several regression analysis were performed to measure the net impact of changes in intelli-
gence levels on the prevalence of atheists; see [44] for details. A beta regression analysis was
carried out by [13]. They used data on 124 nations and showed that the net impact of average
intelligence on the prevalence of religious disbelievers is always positive, gains strength up to a
certain level of average intelligence and then weakens. The same data set (n = 124) was ana-
lyzed by [32] using a beta regression model that includes a parametric mean link function and
by [30] using the unit gamma regression model. In what follows, we shall consider a different
data set. On page 487 of their paper [13], briefly mention a beta regression analysis that was
performed using data on the fifty countries with the largest prevalence of atheists (n = 50)
which they call ‘scenario 3. Since our interest lies in small sample inferences, we shall pursue
that modeling. A novel feature of such data is that they do not include countries for which the
prevalence of atheists is very small (close to zero).

The response variable (y) is the proportion of atheists in each country and the covariates
are: average intelligence quotient (x,), average intelligence quotient squared (x;3), life expec-
tancy in 2007 in years (x,), the logarithm of the ratio between trade volume (the sum of
imports and exports) and gross national product (xs), and per capita income adjusted for pur-
chasing power parity (x4). Additionally, the following interactions are used: x; = x5 X x¢ and xg
= x4 X Xs; the latter was not considered by the original authors. Except for xg, these are the
same variables used by [13]. Average intelligence is the independent variable of main interest
and the remaining regressors are control variables. Also, n = 50 (fifty countries with the largest
prevalence of religious disbelievers). The data and computer code used in the empirical analy-
sis that follows can be obtained at https://github.com/acguedes/beta-Bartlett.

[13] fitted the following beta regression model to the data (Model M, ):

K
log <m> = Py 4 Poxiy + Bsxig + Buxy + Bsxis + Boxig + Prxip

\/ai =0, + 0yX;y, + 3%, + 0%
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We noticed that an improved fit according to standard model selection criteria and pseudo-R*
(see below) can be achieved by adding xg to the mean submodel and by only using x, in the
precision submodel, since the x, and xs lose statistical significance when the mean submodel
includes the interaction between these two variables. Our model (Model M,) is then

K
log (—1 — #_) = By + Boxyy + Baxyy + Bixy + Bsxis + Bexig + Boxis + Pexis

i

\/ai =0, + 0,x,,.

All parameter estimates of the above model are statistically significant at the 5% significance
level according to the z test, and its pseudo-R?, as defined by [1], is superior to that of the
model fitted by [13]: 0.3719 vs 0.3216. Model M, is also favored by the three most commonly
used model selection criteria when compared to Model M, AIC (-61.0555 vs —55.3188),
AICC (-55.4144 vs —48.3714) and BIC (-41.9352 vs —34.2865). We shall investigate whether
x4 and x5 should be excluded from our model by testing whether 3, and 5 equal zero (individ-
ually and jointly). We shall use three tests, namely: the likelihood ratio test (w), the best per-
forming Bartlett-corrected test (w,;—‘mutiplicative-like’) and the best performing test based
on the alternative small sample correction (w,;).

At the outset, we test the exclusion of x, from Model M., that is, we test H,, : f, = 0. The
p-values of the w, wy3 and w,,; tests are 0.0258, 0.0443 and 0.0295, respectively. The first and
third tests clearly reject the null hypothesis at & = 5% whereas the p-value of the Bartlett-cor-
rected test is very close to 0.05 which renders uncertainty about the exclusion of x, from the
model. Next, we test H,, : f; = 0. We obtain the following p-values for w, wy; and w,;: 0.0303,
0.0505 and 0.0332, respectively. The first and third tests clearly reject the removal of x5 from
the model at the 5% significance level; the null hypothesis is not rejected by the Bartlett-cor-
rected test. Finally, we test the joint exclusion of both covariates, i.e. we test H,, : f, = i, =0,
and obtain the following p-values for w, wy,; and w,: 0.0726, 0.1121 and 0.0840, respectively.
The null hypothesis is not rejected by the three tests at the 5% nominal level, but only the Bart-
lett-corrected test maintains that inference at the 10% nominal level. That is, such a test pro-
vides more evidence in favor of the removal of x, and x5 from the mean submodel.

Based on the above testing inference, we arrive at the following reduced model (Model
M.,,), which is our final model:

H;
log (ﬂ) = Py + Poxp + Paxiy + Bixis + Pixi + Poxis

1

\/ai =0, + 0yX;.

The estimates of By, . . ., B¢ (standard errors in parenthesis) are, respectively, 22.9423 (7.6472),
—0.7583 (0.1942), 0.0044 (0.0011), 0.1866 (0.0545), —0.0483 (0.0136), 0.0265 (0.0055). For the

precision submodel, we obtain 51 = 22.0333 (5.0312) and 52 = —0.1934 (0.0498). The model
pseudo-R? is 0.3455; it is higher than that of the model estimated by [13]. Additionally, AIC =
—59.8094, AICC = —56.2972 and BIC = —44.5133. It is noteworthy that these criteria clearly
favor our reduced model relative to the model presented in [13]; recall that for that model,
AIC = -55.3188, AICC = —48.3714 and BIC = —-34.2865. The difference in AIC (AICC) [BIC]
in favor of Model M., is of nearly 5 points (nearly 8 points) [over 10 points]. When the differ-
ence in AIC values exceeds 4, one can conclude that there is considerably less support for the
model with larger AIC; see [45]. The evidence in favor of our reduced model is thus strong.

Asymptotic confidence intervals with nominal coverage (1 — o) x 100% for the parameters
of Model M, can be obtained using the asymptotic normality of the corresponding
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Table 8. Lower (LLCI) and upper (ULCI) asymptotic confidence intervals limits for the parameters of Model M,,,; standard asymptotic confidence interval and con-
fidence intervals constructed using the test statistics w, wy3; and w,;.

LLCI, ULCI, LLCI,, ULCI, LLCI,,, ULCIL,,, LLCI,, ULCI,
By 7.9538 37.9302 3.7532 39.1532 3.7532 40.3532 3.7532 415532
B -1.1389 -0.3776 -1.1985 -0.4794 -1.1985 -0.4182 -1.1985 -0.4794
Bs 0.0022 0.0065 0.0011 0.0068 0.0011 0.0069 0.0014 0.0072
Bs 0.0798 0.2935 0.0674 0.3066 0.0622 0.3144 0.0505 0.3066
Bs -0.0749 -0.0216 -0.0778 -0.0184 -0.0796 -0.0169 -0.0781 -0.0145
Bs 0.0159 0.0371 0.0137 0.0393 0.0127 0.0403 0.0137 0.0396
8 12.1722 31.8941 8.7085 32.7085 8.7085 33.5085 8.7085 32.3085
5 -0.2910 -0.0957 -0.2926 -0.0566 -0.2926 -0.0566 -0.2926 -0.0566

https://doi.org/10.1371/journal.pone.0253349.t008

maximum likelihood estimators. In particular, forj=1,...,6 and k=1, 2, ﬁ 2z, e (ﬁ j)

and 6, + z, /2 8€ (3,) are asymptotic confidence intervals for B; and &, with nominal coverage
(1 — o) x 100%, respectively, the asymptotic standard errors, se, being obtained from Fisher’s
information matrix inverse evaluated at the maximum likelihood estimates. Here, z;_,»
denotes the 1 — /2 standard normal quantile. Table 8 contains the lower and upper limits
(LLCI, and ULCI,) of such intervals for the parameters that index Model M., for 1 —a =
0.95. Following [46, Section 3], we also computed approximate confidence intervals based on
the test statistics w, wy3 and w,; which was done by finding the set of parameter values such
that the test statistic is smaller than y} . for each parameter and each test statistic. Such inter-
vals are also presented in Table 8. For instance, the confidence intervals for 5 constructed
using w3 and w,; are [-0.0796, —0.0169] and [-0.0781, —0.0145], respectively; the correspond-
ing asymptotic interval estimate is [-0.0749, —0.0216]. It is noteworthy that none of the
reported confidence intervals contains the value zero.

The model used by [13] (Model M) and our reduced model (Model M,,) are non-nested.
In order to distinguish between them using a hypothesis test, we performed the J test as out-
lined by [47]. When the test is applied to two non-nested models, say Models m, and m,, each
model is sequentially tested against the other, i.e. we test Model m,; against Model m,, and
then we test Model m, against Model m;. It is thus possible to accept one model as the true
model and reject the alternative model, to accept both models (i.e. to conclude that the two
models are empirically indistinguishable) or to reject both models. Since the ] testing inference
is reached using the likelihood ratio test, we have also performed the test using the two cor-
rected tests. We first test Model M, i.e. the model fitted by [13], against our reduced model
(Model M,,). The p-values of the tests based on w, w3 and w,; are, respectively, 0.0036,
0.0825, 0.0233. All tests reject Model M, (i.e. the model used by the authors) at the 10% signif-
icance level; the test based on w,; (w) yields rejection at & = 5% (1%). Next, Model M., is
tested against Model M, . The p-values of the tests that use w, w,3 and w,; are 0.0364, 0.1100
and 0.2001, respectively. Interestingly, our model is rejected at the 5% significance level by the
likelihood ratio test whereas that inference is reversed when the small sample corrections are
applied: the two corrected tests do not yield rejection of the model, nor even at o = 10%. That
is, our model is not rejected by the two corrected tests.

It is noteworthy that if we consider the three sets of tests, i.e. the tests of H,, : f, = 0, H,, :
B; =0and H, : B, = f, = 0, itis clear that the Bartlett-corrected test was the test that most
emphatically suggested the removal of both x, and x5 from the mean submodel of Model M,
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We constructed a residual normal probability with simulated envelopes using the combined
residuals of [48] from our fitted model (Model M,,;); see Fig 3. The envelope bands were con-
structed using 100 replications The plot shows that there is no evidence against the correct
specification of our model since all points lie inside the two envelope bands.

In [13], Fig 4, the authors plot an estimate of Ou,;/0x;, against a sequence of values of average
intelligence by setting all other covariates at their median values. In Fig 4 we present a panel of
similar plots each containing two impact curves, namely: (i) that obtained from our reduced
model (‘new’) and (ii) that obtained using the model fitted by [13] (‘old’). That is, ‘new’ and
‘old’ in Fig 4 refer to Models M, and M, respectively. Instead of only fixing the covariates
other than average intelligence at their median values, we do so at four different quantiles:
0.10, 0.25, 0.50 (median) and 0.75. We note that the two impact curves become more similar
(more dissimilar) as the quantile at which the regressors values are set increases (decreases).
Such covariates tend to assume larger values for more developed nations since they relate to
per capita income, life expectancy and integration to international trade. In particular, the for-
mer two variables are highly correlated with economic development. It then follows that one
gets a somewhat different functional form of the impact of average intelligence on the preva-
lence of religious disbelievers in lower income countries when our reduced model is used rela-
tive to the model used by the original authors. At the lowest quantile (0.10), the maximal
impact computed from our model (Model M,,) is over 11% larger than that obtained using
the alternative model (Model M, ). When the covariates values are set at their medians, the fig-
ure drops to nearly 4%. To the best of our knowledge, our analysis provides the first measure

-2

-3

-4

normal quantiles
Fig 3. Residual normal probability plot.
https://doi.org/10.1371/journal.pone.0253349.g003
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0.10 0.25 0.50 0.75

0.06-

0.04-

0.02-

0.00-

90 100 110 120 90 100 110 120 90 100 110 120 90 100 110 120
average intelligence

Fig 4. Impact curves.

https://doi.org/10.1371/journal.pone.0253349.9004

of the decline in the maximal impact of average intelligence on the prevalence of religious dis-
believers and also of the changes in the functional form of such an impact as nations become
more developed.

Concluding remarks

The beta regression model is widely used to model responses that assume values in (0, 1). In
the initial formulation of the model, the precision parameter was assumed constant for all
observations, i.e. all responses in the sample share the same precision. This model became
known as the fixed precision beta regression model. A more general and more flexible formu-
lation of the model was later proposed. It allows both distribution parameters to vary across
observations. Most empirical applications employ this version of the model, which is known as
the varying precision beta regression model. It contains two submodels, one for mean and
another for the precision.

In both variants of the regression model, testing inferences are usually performed using the
likelihood ratio test. Such a test employs an asymptotic approximation, and as a consequence
it can be quite size distorted when the sample size is small. In particular, it tends to be liberal
(oversized), i.e. it overrejects the null hypothesis when such a hypothesis is true. Since many
applications of the beta regression model are based on samples of small to moderate sizes, it is
important to develop alternative tests with superior finite sample behavior, i.e. tests that yield
better control of the type I error frequency. [12] derived a Bartlett correction to the likelihood
ratio test that can be used to achieve more accurate testing inferences. Their result, nonethe-
less, only applies to the more restrictive model formulation, namely: the fixed precision model.
Since many applications employ the varying precision formulation of the beta regression
model, their small sample correction cannot be used. In this paper we derived the Bartlett cor-
rection to the likelihood ratio test in full generality. Our correction can thus be used to con-
struct modified likelihood ratio tests to be used in varying precision beta regression analyses.
We considered three Bartlett-corrected tests. Monte Carlo simulation evidence revealed that
one of such tests typically delivers very accurate inferences even when the sample size is quite
small. Its small sample performance was numerically compared to those of two tests that are
based on an alternative correction. Overall, the results favor the test that employs the Bartlett
correction. A novel feature of our Bartlett-correction tests is that their size distortions are
guaranteed to vanish at a faster rate than that of the likelihood ratio test: O(n2) vs O(n™b).
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We presented and discussed an empirical application that involved an important issue in
evolutionary biometrics, namely: the relationship between average intelligence and the preva-
lence of religious disbelievers. Using data on 50 countries, we showed that by using our Bart-
lett-corrected testing inferences we arrive at a beta regression model slightly different from
that previously used in the literature. It is noteworthy that our model displays superior fit and
yields a noticeably different functional form of the impact of intelligence on religious disbelief
in low income countries. This empirical application illustrates the usefulness of the Bartlett
correction derived in our paper.

A direction for future research is the extension of our analytical results for testing infer-
ences in inflated beta regression models introduced by [49] which include both continuous
and discrete components and thus allow for response values that are exactly equal to 0 or 1.

Appendix: Varying precision beta regression log-likelihood
cumulants

We shall now present the varying precision beta regression model log-likelihood cumulants up
to fourth order. We shall use lower and upper case case letters to index derivatives of (2) with
respect to the components of § and 6, respectively. We use tensor notation: x,s = IE(O* €(0)/
OB.OBy), Ky = IE(D® €(0)/0B,0BOBY) Krstu = IE(O* €(0)10B,0B,0B:0B.), etc., 1, s, tu=1, .., k.

Additionally, we use the following notation for derivatives of the above cumulants:
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where y/(-) and y”(-) is the trigamma and tetragamma functions, respectively. The following
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derivatives are needed for obtaining the log-likelihood cumulants:

ou’ , , ou; ;

al;t_ = (bl‘// (ﬂi¢i) + qﬁ,lﬁ ((1 - ﬂi)¢i) = ¢iwi7 8¢ :“ lﬂ (ﬂz¢z) (1 - :ui)l// ((1 - ﬂi)¢i)
e W - we) (- (- 1)8) ¥ (6)

(bi? aﬂl b) a¢ i i i/

ow. , ,

a—LVf = o (o) — 0 (1 — 1)) = dym,,

ow. P ,

a—;j{ = 1 (o) + (1= )W (1 = 1)8,),

Im, om; _ " 1 e

8/4,' = ¢l// llf{b +¢l,b (( )¢i)a a—¢_*ﬂ1¢ (ﬂi¢1) (1 :ui)l// ((1 ﬂi)¢1)a

0a, 62 8/1 6,ul i Ou,

on l i) (on) * (o on) ] i = el e ggt)

ot 32 a¢ 8(;51 d 8¢ o ow, om,

99, [ ) () (55 5) ] ou 08, "t 06,

- ("’ 8“) G Gaa) G+ (Gt G

o, ou; on ;) \on; ouz on,) \ow; on;) |’

-G + (G ) G5 (a5

06, \0¢, ¢ ¢’ aC 09”9, ) \0¢, aC,) |’

Fw , , .

S i o)~ (- (=) 5= (a5

& w, - de, ow | W

5 = o)+ (- - w)e), Gr=gt g

agluj 3.0 3" asi a Au a«}uj

8¢f = ﬂi‘p (luid)i) - (1 - /“‘f) lﬁ ((1 - ﬂi)¢i)v 8/1,' =3 8¢2 + ¢z 3¢? ,

8 i " 4.4 "t

% = 1Y (o) + (1= )W (1= o) — v (8,),

or, o 8{1{.‘)(6 8,u.> ( ow, 0w ><8,u)
9 g I 4y T (LK 2w, + 49 4
o ( 96, " a5 ) \ow on, 96, o7

- (L), B (o)
99, 99 LOg! T0¢, U9, T ogl )

PLOS ONE | https://doi.org/10.1371/journal.pone.0253349  June 28, 2021 19/26


https://doi.org/10.1371/journal.pone.0253349

PLOS ONE

Bartlett-corrected tests for varying precision beta regressions

The log-likelihood derivatives with respect to the components of § = (3", 5") " are given by
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Using the above results, we arrive, after long derivations, at the following expressions for
the relevant varying precision beta regression model cumulants:
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Also, we obtained the following expressions for the first order derivatives of the log-likeli-
hood cumulants:
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The second order derivatives of the log-likelihood cumulants can expressed as follows:

R ENCANE ou\"Om;\ 2 da| g,
- Z{qﬁ" [qbi(m"(@ui o) 3% " \on,) o ) T3 | o,

XXX XX,

ir?Vis?Vit"viu?

=[G o) )]G e frvne
=S [(0)(2) () 22) ()
ol R - G )
wﬁH@W%( () (%) - (%)
) (2 - (2) (22 ) () ()
@ - {g#ﬁ%aw%@@?
@ =356 (
2 =) 6 (G

X
/"‘\
QD
F
\_/

zs

i

( }
) #(5 (3%)]

+s;

Acknowledgments

Author Contributions

Conceptualization: Ana C. Guedes, Francisco Cribari-Neto, Patricia L. Espinheira.
Data curation: Ana C. Guedes, Francisco Cribari-Neto, Patricia L. Espinheira.
Formal analysis: Ana C. Guedes, Francisco Cribari-Neto, Patricia L. Espinheira.

Investigation: Ana C. Guedes, Francisco Cribari-Neto, Patricia L. Espinheira.

We thank two anonymous referees for comments and suggestions that led to a much improved
manuscript.

PLOS ONE | https://doi.org/10.1371/journal.pone.0253349  June 28, 2021

23/26


https://doi.org/10.1371/journal.pone.0253349

PLOS ONE

Bartlett-corrected tests for varying precision beta regressions

Methodology: Ana C. Guedes, Patricia L. Espinheira.

Project administration: Francisco Cribari-Neto.

Resources: Ana C. Guedes, Francisco Cribari-Neto, Patricia L. Espinheira.

Software: Ana C. Guedes, Francisco Cribari-Neto, Patricia L. Espinheira.

Supervision: Ana C. Guedes, Francisco Cribari-Neto, Patricia L. Espinheira.

Validation: Ana C. Guedes, Francisco Cribari-Neto, Patricia L. Espinheira.

Visualization: Ana C. Guedes, Francisco Cribari-Neto, Patricia L. Espinheira.

Writing - original draft: Ana C. Guedes.

Writing - review & editing: Francisco Cribari-Neto, Patricia L. Espinheira.

References

1.

10.

11.

12.

13.

14.

15.
16.

Ferrari SLP, Cribari-Neto F. Beta regression for modelling rates and proportions. Journal of Applied Sta-
tistics. 2004; 31(7):799-815. https://doi.org/10.1080/0266476042000214501

Kieschnick R, McCullough BD. Regression analysis of variates observed on (0, 1): Percentages, pro-
portions and fractions. Statistical Modelling. 2003; 3(3):193-213. https://doi.org/10.1191/
1471082X03st0530a

Simas AB, Barreto-Souza W, Rocha AV. Improved estimators for a general class of beta regression
models. Computational Statistics & Data Analysis. 2010; 54(2):348-366. https://doi.org/10.1016/j.csda.
2009.08.017

Bouchard C, Lange F, Guéraud F, Rives J, Tentelier C. Sexual maturity increases mobility and hetero-
geneity in individual space use in Atlantic salmon (Salmo salar) parr. Fish Biology. 2020; 96(4):925—
938. https://doi.org/10.1111/jfb.14282 PMID: 32048290

Chen KK, Chiu RH, Chang CT. Using beta regression to explore the relationship between service attri-
butes and likelihood of customer retention for the container shipping industry. Transportation Research
Part E: Logistics and Transportation Review. 2017; 104:1-16. https://doi.org/10.1016/j.tre.2017.04.015

Douma JC, Weedon JT. Analysing continuous proportions in ecology and evolution: A practical intro-
duction to beta and Dirichlet regression. Methods in Ecology and Evolution. 2019; 10(9):1412—-1430.
https://doi.org/10.1111/2041-210X.13234

Mandal S, Srivastav RK, Simonovic SP. Use of beta regression for statistical downscaling of precipita-
tion in the Campbell River Basin, British Columbia, Canada. Journal of Hydrology. 2016; 538:49-62.
https://doi.org/10.1016/j.jhydrol.2016.04.009

Mullen L, Marshall L, McGlynn B. A beta regression model for improved solar radiation predictions.
Journal of Applied Meteorology and Climatology. 2013; 52(8):1923-1938. https://doi.org/10.1175/
JAMC-D-12-038.1

Swearingen CJ, Tilley BC, Adams RJ, Rumboldt Z, Nicholas JS, Bandyopadhyay D, et al. Application of
beta regression to analyze ischemic stroke volume in NINDS rt-PA clinical trials. Neuroepidemiology.
2011; 87(2):73-82. https://doi.org/10.1159/000330375 PMID: 21894044

Cribari-Neto F, Queiroz MPF. On testing inference in beta regressions. Journal of Statistical Computa-
tion and Simulation. 2014; 84(1):186—203. https://doi.org/10.1080/00949655.2012.700456

Ospina R, Cribari-Neto F, Vasconcellos KLP. Improved point and interval estimation for a beta regres-
sion model. Computational Statistics & Data Analysis. 2006; 51(2):960-981. https://doi.org/10.1016/j.
csda.2005.10.002

Bayer FM, Cribari-Neto F. Bartlett corrections in beta regression models. Journal of Statistical Planning
and Inference. 2013; 143(3):531-547. https://doi.org/10.1016/}.jspi.2012.08.018

Cribari-Neto F, Souza TC. Religious belief and intelligence: Worldwide evidence. Intelligence. 2013;
41:482—-489. https://doi.org/10.1016/j.intell.2013.06.011

Cribari-Neto F, Zeileis A. Beta regression in R. Journal of Statistical Software. 2010; 34(2):1-24. https://
doi.org/10.18637/jss.v034.i02

Nocedal J, Wright SJ. Numerical Optimization. 2nd ed. New York: Springer; 2006.

Lawley DN. A general method for approximating to the distribution of likelihood ratio criteria. Biometrika.
1956; 43(3-4):295-303. https://doi.org/10.2307/2332908

PLOS ONE | https://doi.org/10.1371/journal.pone.0253349  June 28, 2021 24/26


https://doi.org/10.1080/0266476042000214501
https://doi.org/10.1191/1471082X03st053oa
https://doi.org/10.1191/1471082X03st053oa
https://doi.org/10.1016/j.csda.2009.08.017
https://doi.org/10.1016/j.csda.2009.08.017
https://doi.org/10.1111/jfb.14282
http://www.ncbi.nlm.nih.gov/pubmed/32048290
https://doi.org/10.1016/j.tre.2017.04.015
https://doi.org/10.1111/2041-210X.13234
https://doi.org/10.1016/j.jhydrol.2016.04.009
https://doi.org/10.1175/JAMC-D-12-038.1
https://doi.org/10.1175/JAMC-D-12-038.1
https://doi.org/10.1159/000330375
http://www.ncbi.nlm.nih.gov/pubmed/21894044
https://doi.org/10.1080/00949655.2012.700456
https://doi.org/10.1016/j.csda.2005.10.002
https://doi.org/10.1016/j.csda.2005.10.002
https://doi.org/10.1016/j.jspi.2012.08.018
https://doi.org/10.1016/j.intell.2013.06.011
https://doi.org/10.18637/jss.v034.i02
https://doi.org/10.18637/jss.v034.i02
https://doi.org/10.2307/2332908
https://doi.org/10.1371/journal.pone.0253349

PLOS ONE

Bartlett-corrected tests for varying precision beta regressions

17.

18.

19.

20.

21.

22,

23.

24,

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.
39.

40.

41.

42,

43.

Hayakawa T. The likelihood ratio criterion and the asymptotic expansion of its distribution. Annals of the
Institute of Statistical Mathematics. 1977; 29(1):359-378. https://doi.org/10.1007/BF02532797

Chesher A, Smith RJ. Bartlett corrections to likelihood ratio tests. Biometrika. 1995; 82(2):433—436.
https://doi.org/10.1093/biomet/82.2.433

Cordeiro GM. On the corrections to the likelihood ratio statistics. Biometrika. 1987; 74(2):265-274.
https://doi.org/10.1093/biomet/74.2.265

Harris P. A note on Bartlett adjustments to likelihood ratio tests. Biometrika. 1986; 73(3):735-737.
https://doi.org/10.1093/biomet/73.3.735

Barndorff-Nielsen OE, Hall P. On the level-error after Bartlett adjustment of the likelihood ratio statistic.
Biometrika. 1988; 75(2):374—-378. https://doi.org/10.1093/biomet/75.2.374

Cordeiro GM. General matrix formulae for computing Bartlett corrections. Statistics & Probability Let-
ters. 1993; 16(1):11—18. https://doi.org/10.1016/0167-7152(93)90115-Y

Lemonte AJ, Ferrari SLP, Cribari-Neto F. Improved likelihood inference in Birnbaum-Saunders regres-
sions. Computational Statistics & Data Analysis. 2010; 54(5):1307—-1316. https://doi.org/10.1016/j.
csda.2009.11.017

Cordeiro GM, Cribari-Neto F. An Introduction to Bartlett Correction and Bias Reduction. New York:
Springer; 2014.

Cribari-Neto F, Cordeiro GM. On Bartlett and Bartlett-type corrections. Econometric Reviews. 1996; 15
(4):339-367. https://doi.org/10.1080/0747493960880036 1

Skovgaard IM. Likelihood asymptotics. Scandinavian Journal of Statistics. 2001; 28(1):3-32. https://
doi.org/10.1111/1467-9469.00223

Skovgaard IM. An explicit large-deviation approximation to one-parameter tests. Bernoulli. 1996; 2
(2):145-165. https://doi.org/10.2307/3318548

Barndorff-Nielsen OE. Inference on full or partial parameters based on the standardized signed log like-
lihood ratio. Biometrika. 1986; 73(2):307—322. https://doi.org/10.2307/2336207

Barndorff-Nielsen OE. Modified signed log likelihood ratio. Biometrika. 1991; 78(3):557-563. https://doi.
org/10.1093/biomet/78.3.557

Guedes AC, Cribari-Neto F, Espinheira PL. Modified likelihood ratio tests for unit gamma regressions.
Journal of Applied Statistics. 2020; 47(9):1562—1586. https://doi.org/10.1080/02664763.2019.1683152

Ferrari SLP, Pinheiro EC. Improved likelihood inference in beta regression. Journal of Statistical Com-
putation and Simulation. 2011; 81(4):431—-443. https://doi.org/10.1080/00949650903389993

Rauber C, Cribari-Neto F, Bayer FM. Improved testing inferences for beta regressions with parametric
mean link function. AStA Advances in Statistical Analysis. 2020; 104(4):687—717. https://doi.org/10.
1007/s10182-020-00376-3

Rocke DM. Bootstrap Bartlett adjustment in seemingly unrelated regression. Journal of the American
Statistical Association. 1989; 84(406):598—601. https://doi.org/10.1080/01621459.1989.10478809

Ferrari SLP, Lucambio F, Cribari-Neto F. Improved profile likelihood inference. Journal of Statistical
Planning and Inference. 2005; 134(2):373-391. https://doi.org/10.1016/}.jspi.2004.05.001

R Core Team. R: A Language and Environment for Statistical Computing; 2020. Available from: http://
www.R-project.org/.

Ferrari SLP, Espinheira PL, Cribari-Neto F. Diagnostic tools in beta regression with varying dispersion.
Statistica Neerlandica. 2011; 65(3):337-351. https://doi.org/10.1111/j.1467-9574.2011.00488.x

Lynn R, Meisenberg G. National IQs calculated and validated for 108 nations. Intelligence. 2010; 38
(4):353-360. https://doi.org/10.1016/j.intell.2010.04.007

Lynn R, Vanhanen T. IQ and the Wealth of Nations. Augusta: Washington Summit Publishers; 2006.

Ganzach Y, Gotlibovski C. Intelligence and religiosity: Within families and over time. Intelligence. 2013;
41(5):546-552. https://doi.org/10.1016/j.intell.2013.07.003

Pennycook G, M RR, Koehler DJ, Fugelsang JA. Atheists and agnostics are more reflective than reli-
gious believers: Four empirical studies and a meta-analysis. PLOS ONE. 2016; 11(4):e0153039.
https://doi.org/10.1371/journal.pone.0153039 PMID: 27054566

Lynn R, Harvey J, Nyborg H. Average intelligence predicts atheism rates across 137 nations. Intelli-
gence. 2009; 37(1):11-15. https://doi.org/10.1016/j.intell.2008.03.004

Reeve CL, Basalik D. A state level investigation of the associations among intellectual capital, religiosity
and reproductive health. Intelligence. 2011; 39(1):64—73. https://doi.org/10.1016/j.intell.2010.09.007

Kanazawa S. Why liberals and atheists are more intelligent. Social Psychology Quarterly. 2010; 73
(1):33-57. https://doi.org/10.1177/0190272510361602

PLOS ONE | https://doi.org/10.1371/journal.pone.0253349  June 28, 2021 25/26


https://doi.org/10.1007/BF02532797
https://doi.org/10.1093/biomet/82.2.433
https://doi.org/10.1093/biomet/74.2.265
https://doi.org/10.1093/biomet/73.3.735
https://doi.org/10.1093/biomet/75.2.374
https://doi.org/10.1016/0167-7152(93)90115-Y
https://doi.org/10.1016/j.csda.2009.11.017
https://doi.org/10.1016/j.csda.2009.11.017
https://doi.org/10.1080/07474939608800361
https://doi.org/10.1111/1467-9469.00223
https://doi.org/10.1111/1467-9469.00223
https://doi.org/10.2307/3318548
https://doi.org/10.2307/2336207
https://doi.org/10.1093/biomet/78.3.557
https://doi.org/10.1093/biomet/78.3.557
https://doi.org/10.1080/02664763.2019.1683152
https://doi.org/10.1080/00949650903389993
https://doi.org/10.1007/s10182-020-00376-3
https://doi.org/10.1007/s10182-020-00376-3
https://doi.org/10.1080/01621459.1989.10478809
https://doi.org/10.1016/j.jspi.2004.05.001
http://www.R-project.org/
http://www.R-project.org/
https://doi.org/10.1111/j.1467-9574.2011.00488.x
https://doi.org/10.1016/j.intell.2010.04.007
https://doi.org/10.1016/j.intell.2013.07.003
https://doi.org/10.1371/journal.pone.0153039
http://www.ncbi.nlm.nih.gov/pubmed/27054566
https://doi.org/10.1016/j.intell.2008.03.004
https://doi.org/10.1016/j.intell.2010.09.007
https://doi.org/10.1177/0190272510361602
https://doi.org/10.1371/journal.pone.0253349

PLOS ONE

Bartlett-corrected tests for varying precision beta regressions

44,

45.

46.

47.

48.

49.

Zuckerman M, Silberman J, Hall JA. The relation between intelligence and religiosity: A meta-analysis
and some proposed explanations. Personality and Social Psychology Review. 2013; 17(4):325-354.
https://doi.org/10.1177/1088868313497266 PMID: 23921675

Burnham KP, Anderson DR. Multimodel inference: Understanding AIC and BIC in model selection.
Sociological Methods Research. 2004; 33(2):261-304. https://doi.org/10.1177/0049124104268644

Das U, Dhar SS, Pradhan V. Corrected likelihood-ratio tests in logistic regression using small-sample
data. Communications in Statistics—Theory and Methods. 2018; 47(17):4272—-4285. https://doi.org/10.
1080/03610926.2017.1373815

Cribari-Neto F, Lucena SEF. Non-nested hypothesis testing in the class of varying dispersion beta
regressions. Journal of Applied Statistics. 2015; 42(5):967-985. https://doi.org/10.1080/02664763.
2014.993368

Espinheira PL, Santos EG, Cribari-Neto F. On nonlinear beta regression residuals. Biometrical Journal.
2017; 59(3):445-461. https://doi.org/10.1002/bimj.201600136 PMID: 28128858

Ospina R, Ferrari SLP. A general zero-or-one inflated beta regression models. Computational Statistics
& Data Analysis. 2012; 56(6):1609—1623. https://doi.org/10.1016/j.csda.2011.10.005

PLOS ONE | https://doi.org/10.1371/journal.pone.0253349  June 28, 2021 26/26


https://doi.org/10.1177/1088868313497266
http://www.ncbi.nlm.nih.gov/pubmed/23921675
https://doi.org/10.1177/0049124104268644
https://doi.org/10.1080/03610926.2017.1373815
https://doi.org/10.1080/03610926.2017.1373815
https://doi.org/10.1080/02664763.2014.993368
https://doi.org/10.1080/02664763.2014.993368
https://doi.org/10.1002/bimj.201600136
http://www.ncbi.nlm.nih.gov/pubmed/28128858
https://doi.org/10.1016/j.csda.2011.10.005
https://doi.org/10.1371/journal.pone.0253349

