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Abstract

Our main result is to establish stability of martingale couplings: suppose that  is a
martingale coupling with marginals w, v. Then, given approximating marginal mea-
sures (L ~ [,V ~ v in convex order, we show that there exists an approximating
martingale coupling #7 &~ & with marginals [, V. In mathematical finance, prices of
European call/put option yield information on the marginal measures of the arbitrage
free pricing measures. The above result asserts that small variations of call/put prices
lead only to small variations on the level of arbitrage free pricing measures. While
these facts have been anticipated for some time, the actual proof requires somewhat
intricate stability results for the adapted Wasserstein distance. Notably the result has
consequences for several related problems. Specifically, it is relevant for numerical
approximations, it leads to a new proof of the monotonicity principle of martingale
optimal transport and it implies stability of weak martingale optimal transport as well
as optimal Skorokhod embedding. On the mathematical finance side this yields con-
tinuity of the robust pricing problem for exotic options and VIX options with respect
to market data. These applications will be detailed in two companion papers.
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1 Introduction

Before carefully explaining all required notation and describing relevant literature,
let us give a first description of our main result and its relevance for the martingale
transport theory.

While classical transport theory is concerned with the set T1(u, v) of couplings
or transport plans of probability measures u, v, the martingale variant restricts the
problem to the set [Ty (i, v) of martingale couplings, that is, transport plans which
preserve the barycenter of each particle. Even though the main interest lies in the case
where ., v are probabilities on the real line, many of the basic arguments and results
appear significantly more involved in the martingale context. A basic explanation lies
in the rigidity of the martingale condition that makes classically simple approximation
results quite intricate. Specifically, the martingale theory has been missing a counter-
part to the following straightforward fact of the classical transport theory:

Fact 1.1 (Stability of couplings) Let ¥ € IT(u, v) and assume that uk vk ke N,
are probabilities that converge weakly to ;o and v. Then there exist couplings 7% €
I (uk, v5), k € N converging weakly to 7.

This result is so basic and straightforward that its implicit use is easily overlooked.
Note however that it plays a crucial role in a number of occasions, e.g. for stability of
optimal transport, providing numerical approximations, or in the characterisation of
optimality through cyclical monotonicity.

The main result of this article is to establish Fact 1.1 for martingale transports on
the real line, see Theorem 2.6 below. This closes a gap in the theory of martingale
transport and yields basic fundamental results in a unified fashion that is much closer
to the classical theory. It allows to address questions in martingale optimal transport,
optimal Skorokhod embedding and robust finance that have previously remained open.
These applications are considered systematically in two accompanying articles, see
[12] for the first of the two. Among other results, we establish therein the stability
of the superreplication bound for VIX futures as well as the stability of the stretched
Brownian motion. Moreover, we derive sufficiency of a monotonicity principle, in
the spirit of cyclical monotonicity of classical optimal transport, for the weak martin-
gale optimal transport problem and are able to generalize the results concerning the
corresponding notion of monotonicity in martingale optimal transport.

We note that while virtually all (to the best of our knowledge) applications of
martingale optimal transport are concerned with the case where w, v are supported on
R, it is a highly intriguing challenge to extend the martingale transport theory to the
case where p, v are supported on RY,d > 1. In a remarkable contrast to our main
result, stability of martingale optimal transport breaks down in higher dimensions as
has been recently established by Briickerhoff and Juillet [17].
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1.1 The martingale optimal transport problem

Let (X, dx), (Y, dy) be Polish spaces and C : X x ¥ — R, be a nonnegative
measurable function. Denote by P(X) the set of probability measures on X. For u €
P(X) and v € P(Y), the classical Optimal Transport problem consists in minimising

inf / C(x,y)m(dx,dy), (OT)
mell(n,v) Jxxy

where IT(u, v) denotes the set of probability measures in P(X x Y) with the first
marginal  and the second marginal v. When X = Y and C = dy for some r > 1,
(OT) corresponds to the well-known Wasserstein distance with index r to the power
r, denoted W (e, v), see [4,51,53,54] for a study in depth.

The theory of OT goes back to Monge [44] in its original formulation and Kan-
torovich [39] in its modern formulation. It was rediscovered many times under various
forms and has an impressive scope of applications. A variant of OT that is motivated
by applications in mathematical finance, in particular in model-independent pricing,
was introduced in [11] in a discrete time setting and in [26] in a continuous time
setting. Compared to the usual OT, the difference is that one requires an additional
martingale constraint to (OT) which reflects the condition for a financial market to be
free of arbitrage.

In detail, the Martingale Optimal Transport (MOT) problem is formulated as fol-
lows: given 7 € P(R x R), we denote by () rex aregular conditional disintegration
with respect to its first marginal . We then write 7 (dx, dy) = u(dx) m.(dy), or
with a slight abuse of notation, m = u x m, if the context is not ambiguous. Let
C : R x R — R, be a nonnegative measurable function and w, v be two probability
distributions on the real line with finite first moment. Then the MOT problem consists
in minimising

inf / C(x,y)m(dx,dy), (MOT)
melly (u,v) JRxR

where I1y/ (1, v) denotes the set of martingale couplings between p and v, that is

My (e, v) = {n = X my € II(u, v) | u(dx)-almost everywhere, / vy (dy) = x} .
R

According to Strassen’s theorem [52], the existence of a martingale coupling between
two probability measures i, v € P(R) with finite first moment is equivalentto u <. v,
where <. denotes the convex order. We recall that two finite positive measures ., v
on R with finite first moment and are said to be in the convex order if and only if we
have

/f(X)M(dx) S/f(y)v(dy),
R R
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for every convex function f : R — (—00, oo]. Note that there holds equality for all
affine functions, from which we deduce that n and v have equal masses and satisfy
Jr X u(dx) = [ yv(dy).

For adaptations of classical optimal transport theory to the MOT problem, we refer
to [33,34,36]. Concerning duality results, we refer to [15,18,21,23]. We also refer
to [20,22,27,46] for the multi-dimensional case and to [10,14] for connections to
Skorokhod embedding problem.

Concerning the numerical resolution of the MOT problem, we refer to the articles
[2,3,19,30,32]. When u and v are finitely supported, then the MOT problem amounts
to linear programming. In the general case, once the MOT problem is discretised by
approximating p and v by probability measures with finite support and in the convex
order, Alfonsi, Corbetta and Jourdain [3] raised the question of the convergence of
optimal costs of the discretised problem towards the costs of the original problem. A
first partial result was obtained by Juillet [38] who established stability of left-curtain
coupling. Guo and Obt6j [30] establish the result under moment conditions. More
recently, [9,55] independently gave a definite positive answer.

1.2 The adapted Wasserstein distance

The stability result shown in [9] involves Wasserstein convergence. More precisely, let
u*, vk € P(R), k € N be in the convex order and respectively converge to i and v in
W;. Under mild assumption, for all k € N there exists kel M(,uk, vk ), optimal for
(MOT), and any accumulation point of (nk) keN With respect to the VV,.-convergence
is a martingale coupling between p and v optimal for (MOT).

However, it turns out that the usual weak topology / Wasserstein distance is not
well suited in setups where accumulation of information plays a distinct role, e.g. in
mathematical finance. Indeed, the symmetry of this distance does not take into account
the temporal structure of stochastic processes. It is easy to convince oneself that two
stochastic processes very close in Wasserstein distance can yield radically unalike
information, as illustrated in [5, Figure 1]. Therefore, one needs to strengthen, the
usual topology of weak convergence accordingly. Over time numerous researchers
have independently introduced refinements of the weak topology, we mention Hell-
wig’s information topology [31], Aldous’s extended weak topology [1], the nested
distance / adapted Wasserstein distance of Plug-Pichler [47] and the optimal stopping
topology [6]. Strikingly, all those seemingly different definitions lead to same topol-
ogy in the present discrete time [6, Theorem 1.1] framework. We refer to this topology
as the adapted weak topology. A natural compatible metric is given by the adapted
Wasserstein distance, see [16,43,47-50] among others.

Fix xo € X and r > 1. We denote the set of all probability measures on X with
finite 7-th moment by P, (X), i.e.

Pr(X) = {p e PX) | / d (x, x0) p(dx) < —|—oo}.
X
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Let M(X) (resp. M, (X)) denote the set of all finite positive measures (resp. with
finite r-th moment). The sets M(X) and M, (X), resp. are equipped with the weak
topology induced by the set Cp(X) of all real-valued absolutely bounded continuous
functions on X and, resp., the set @, (X) of all real-valued continuous functions on X,
C(X), which satisfy the growth constraint

O (X)={feCX)|3a>0 VxeX, [f)|=<a(l+dyi(x, x)}.

A sequence (,u,k)keN converges in M, (X) to w if and only if

Ve d(X), ukf) o - (1.1)

If moreover u and u, k € N, have equal masses, then the convergence (1.1) can be
equivalently formulated (see for instance [54, Theorem 6.9]) in terms of the Wasser-
stein distance with index r:

Wk, ) = inf (/ d;((x,y)n(dx,dy))’ — 0.
XxX k

well(uk, ) — 400

Givenmg > 0, we can then equip the set of finite positive measures in M, (X x Y) with
mass mq with the Wasserstein topology. However, we can also equip it with a stronger
topology, namely the adapted Wasserstein topology. It is induced by the metric AWV,
defined for all 7, 7’ € M, (X x Y) suchthat 7 (X x ¥) = 7n/(X x Y) = mg by

1
-

AW, (r, 7"y =  inf </ (d%(x,x/)—{-W,r(nx,n;,))x(dx,dx’)) . (1.2)
xe(p, 1) \JXxX

where p, resp. i/, is the first marginal of 77, resp. 7. It is easy to check that W, < AW,
and therefore AW, indeed induces a stronger topology than W,.. Another useful point
of view is the following: let J : M(X x Y) - M(X x P(Y)) be the inclusion map
defined forall m = u x m, € M(X x Y) by

J () (dx, dp) = u(dx) 8z, (dp).

For all 7, 7" € M, (X x Y) with equal masses, their adapted Wasserstein distance
coincides with

AWy (mr, 7"y = W, (J (), J (). (1.3)

It follows that the topology induced by AW, coincides with the weak topology induced
by J.

Finally, let us mention the interpretation of the adapted Wasserstein distance in
terms of bicausal couplings (cf. [7]). Let m, 7" € P (X x Y). Let Zy, Z, Z}, Z}
be random variables such that the distribution of (Z1, Z», Zﬁ, Zé) is a W,-optimal
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coupling between 7 and 7’. In many cases, there exists a Monge transport map 7 :
X xY — X x Y suchthat (Z, Z}) = T(Z,, Z>). As mentioned in [5], the temporal
structure of stochastic processes is then not taken into account since the present value
Z 1 is determined from the future value Z,. Therefore, it is more suitable to restrict to
couplings (Z1, Z», Z!, Z}) between 7 and 7’ such that the conditional distribution of
Z\ (vesp. Zy) given (Z1, Z5) (resp. (Z, Z})) is equal to the conditional distribution
of Z| (resp. Zy) given Z; (resp. Z)).

Let 1 and u’ denote the respective first marginal distributions of 7 and 7’
and let n € TI(w,n’) be a coupling between 7 and n’. Let x(dx,dx’) =
f(y’y,)eyxyn(dx,dy,dx’,dy/) € M(w, ). W e write x(dx,dx")
= wu(dx) xc(dx") = p/(dx") X v (dx). Then n is called bicausal if and only if

/ Yn(dx’dysdx/vdy/) :”(dx»d)’) X)C(dx/)
y'e

and / n(dx,dy,dx',dy") = 7' (dx', dy") § v (dx).
yeY

We denote by Ilp.(7r, w") the set of bicausal couplings between 7 and m’. Let
(Vxx)(dy, dY))(x.x)ex xx be a probability kernel such that n(dx, dy, dx’, dy’) =
x(dx,dx") yi.x)(dy,dy’). Another useful characterisation is that 7 is bicausal if
and only if x (dx, dx)-almost everywhere, y(y v (dy, dy') € TI(my, my). Then the
adapted Wasserstein distance coincides with

1
-

AWr(T[’ ]T/) — inf <f (dg((X, x/) =+ d{,(y’ y’)) n(dx, dy, a')c/7 dy/)>
XxY

nellpe(m, ')

One of the objectives of the present paper is to prove that well-known stability results
for the W, -convergence also hold for the AW,-convergence. More details are given
in Sect. 2.

1.3 Outline

Section 2 presents the main result of this article, Theorem 2.6. We also provide a
discussion of the result and give a sketch of its proof in order to help seeing through
the technical details provided later on.

In Sect. 3 we provide certain technical lemmas which allow us to deal with dif-
ficulties specific to the adapted Wasserstein distance with more ease. They mainly
explore properties of approximations and when addition (in a sense explained below)
is continuous.

Section 4 focuses on the convex order. It deals with potential functions which are
a convenient tool to address the convex order in dimension one.

Section 5 is devoted to the proof of the main theorem. Before entering into actual
argument, we establish that is is enough to prove AW);-convergence for irreducible
pairs of marginals.
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2 Main result

Our main result is Theorem 2.6 below. Before stating it, we give a proposition which
enlightens us why the conclusion of the theorem should be at least hoped for. We also
state a generalisation of this proposition to Polish spaces. Then, we state a proposition
which is a key result to argue that the theorem needs only to be proved when the limit
pair is irreducible. Next, we state the theorem together with a sketch of its proof. It is
understood that (X, dx) and (Y, dy) denote arbitrary Polish spaces and that (xo, yo)
is a fixed element of X x Y.

As already mentioned above, it is well-known (and easy to show) that when one
considers convergent sequences of marginals () ke, (V) ren (with equal masses)
to i, v € M, (X), then, informally speaking, we have!

(kb T ) W, @2.1)

i.e., any sequence with convergent marginals has accumulation points in IT(u, v), and
for any w € I1(u, v) it holds

inf W (o, 1) < W (i, 1dlX) + W (v, vk)k—> 0. (2.2)

kel (uk,vk) )

Indeed, if n* € TI(uX, ), resp. T € TI(v, v¥) is optimal for W, (uX, i), resp.
W, (v, V&), then the measure nk(dxk,dx)nx(dy) r;,‘(dyk) is a coupling between
w(dx,dy) and [ vy n*(dx*, dx) 7, (dy) T¥(dy*) which belongs to TT(u, V)
and

inf W' (, %)

keIl (uk,vk)
< f (@5 (6,0 + (v 9 ) @, do) (@) Ty
XxXxYxY
= W/ (i, 1*) + W (v, 0.

The next two propositions establish (2.1) with respect to AW, for finite positive
measures with common mass. The first one is formulated for X = ¥ = R and provides
under mild assumptions an estimate of inf_;x ¢y, k) AW (77, k) with respect to the
marginals as in (2.2). Its proof relies on unidimensional tools, which we recall here. For
n a probability distribution on R, we denote by F;, : x = n((—o0, x]) its cumulative
distribution function, and by Fn’ L. (0, 1) — R its quantile function defined for all
u e (0,1) by

F, ' (u) = inf{x € R | Fy(x) > u}.

The following properties are standard results (see for instance [37, Section 6] for
proofs):

! Note that this can be made precise in terms of hemicontinuity. We also refer to [45].
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(a) Fy is cadlag i.e. right-continuous with left-hand limits, F,° s caglad i.e. left-
continuous with right-hand limits;
(b) Forall (x,u) € R x (0, 1),
Fil) <x <= u < Fy(x), 2.3)

which implies, using the notation F;,(y—) for the left-hand limit of F, at y € R,

Fy(x=) <u < Fy(x) = x =F; '), (2.4)
and  Fy(F, ' (w)=) < u < Fy(Fy ' w); 2.5)
(c) For n(dx)-almost every x € R,

0< F(x), Fy(x—)<1 and F,;l(F,,(x)) =x; (2.6)

(d) The image of the Lebesgue measure on (0, 1) by Fr Uis n.

The property (d) is referred to as the inverse transform sampling.

Proposition 2.1 Lert t, [,Lk, v,k e M, R), k € N, be measures of equal masses such
that (1% (resp. v¥) converges to ju (resp. v) in W,. Let w € T1(w, v). Then:

(a) There exists a sequence 7k e H(/Lk, v6), k e N, converging to 7w in AW,;
(b) Ifforall x € R and k € N with uk ({x}) > 0, there exists x' € R such that

p((=00,x")) < (=00, x)) < pf (=00, x]) < (=00, x'])
(which is for instance always satisfied for ;i* non-atomic) then
AW, G, ) < W e 1) + W) (0, 05). @2.7)

Remark 2.2 1f 7 is a martingale coupling, i.e. [p y' 7wy (dy") = x', u(dx’)-almost
everywhere, then for x* € IT(u*, ) an optimal coupling for AW, (¥, ), we have

J

r

1k (dx)

x—/yﬁww
R

xX(dx, dx")

x—/yﬂf?(dy)
RxR R
.
2r*1/ <|x—x’|r+ x’—/ yk(dy) ) xX(dx, dx")
RxR R

f‘A;Rox—fr+yéynfwyy—4ynﬁ@0
X

szp*f (ke =27 + Wik, ) o (dx, dx)
RxR

< 2”1,41/\/,’(71, %) k—) 0.

—+00

IA

) x*(dx, dx')
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In that sense, 7%, k € N is almost a sequence of martingale couplings.

In the setting of Proposition 2.1 and Remark 2.2, if 1% and v* are also in the convex
order and 7 is a martingale coupling, then in view of Remark 2.2 one would naturally
expect that 7% can be slightly modified into a martingale coupling and still converge
to 7w in AW, . This actually requires a considerable amount of work and is the main
message of Theorem 2.6 below. We mention that the previous proposition generalises
to arbitrary Polish spaces X and Y, as the next proposition states, but unfortunately
without providing an estimate.

Proposition 2.3 Let , ,uk e M, (X),v, vk e M, (Y), k € N, all with equal masses
and such that p* (resp. v¥) converges to u (resp. v) in W,. Let m € T1(u, v). Then
there exists a sequence % € TI(u*, v¥), k € N, converging to 7 in AW,

The next proposition is a key ingredient which allows us to reduce the proof of
Theorem 2.6 below to the case of irreducible pairs of marginals. For u € M (R),
we denote by u,, its potential function, that is the map defined for all y € R by
u,(y) = fR |y — x| u(dx) (see Sect. 4 for more details). We recall that a pair (u, v)
of finite positive measures in convex order is called irreducible if / = {u, < u,} is
an interval and then, (/) = u#(R) and v(7) = v(R).

Remark 2.4 1f (1, v) is anirreducible pair of non-zero measures in the convex order and
a € Ris such that v([a, +00)) = 0, then the convex order implies wu([a, +00)) = 0,
hence

uu(a)=a—/qu(dx>=a—/Ryv(dy>=uv<a>,

soa ¢ I. Similarly, v((—00,a]) =0 = a ¢ I. We deduce that v must assign
positive mass to any neighbourhood of each of the boundaries of 1.

According to [13, Theorem A.4], for any pair (i, v) of probability measures in
convex order, there exist N C N and a sequence (i, V;)nen Of irreducible pairs of
sub-probability measures in convex order such that

/LG—l—ZM,,, v=n+Zvn and {”u<”v}=U{“un<”vn}9

nenN neN neN

where the union is disjoint and = Ml =, ) The sequence (iy, Vn)nen 1S unique up
to rearrangement of the pairs and is called the decomposition of (u, v) into irreducible
components. Moreover, for any martingale coupling & € Il (i, v), there exists a
unique sequence of martingale couplings 7, € 1y (in, vu), n € N such that

7Z=X+ZT[,,,

neN

where x = (id, id).n and * denotes the pushforward operation. This sequence satisfies

VneN, m,(dx,dy) = u,(dx)m(dy). 2.8)
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Proposition 2.5 Let (X, v¥) ey be a sequence of pairs of probability measures on
the real line in convex order which converge to (i, v) in Wy. Let (in, Vn)nen be
the decomposition of (i, v) into irreducible components and n = [t|,=u,). Then
there exists for any k € N a decomposition of (1%, v¥) into pairs of sub-probability
measures (p./,‘l, V,]f)neN, (nk, Uk) which are in convex order such that

Y ub=pf VP D E =0k keN, (2.9)
nenN neN
. ko . kK . Kk . Kk .
lim " =7, lim p,=mwn,, lim v,=v,, lim v°=n inW.
k—+00 k—+00 k—+00 k—+00

(2.10)

We can now state our main result, namely Theorem 2.6 below. Any martingale
coupling whose marginals are approximated by probability measures in convex order
can be approximated by martingale couplings with respect to the adapted Wasserstein
distance.

Theorem 2.6 Let uk ke, (R), k € N, be in convex order and respectively converge
to uand v in W,. Let 1 € Ty (e, v). Then there exists a sequence of martingale
couplings % € Ty (u*, v5), k € N converging to w in AW,

Proof (Sketch of the proof) We will first argue that it is enough to consider the case
r = 1. Thanks to Proposition 2.5, we can also reduce the proof to the case of irreducible
pairs of marginals (u, v), whose single irreducible component is denoted (¢, p) = I.

Step 1. Fix a martingale coupling = € Iy (i, v). When directly approximating
we would face technical obstacles. First, for K a compact subset of I, u|x X my is
not necessarily compactly supported. Moreover, v may put mass on the boundary of
1. To overcome successively these two difficulties, the kernel r, is first compactified
to a compact set [—R, R], where R > 0 (when |£| V |p| < 00, one may choose R
equal to this maximum), and then pushed forward by the map y +— a(y — x) + x,
where « € (0, 1). This yields a martingale coupling %% close to 7 and easier to
approximate, between j and a probability measure vX-* dominated by v in the convex
order. We find compact sets K, L C I such that the restriction 7 %% g . g is compactly
supported on K x L and concentrated on K x L, where L denotes the interior of L.
Since, by irreducibility, v puts mass onto any neighbourhood of the boundary of 7,
VR assigns positive mass to two open sets L_, L on both sides of K with positive
distance to K. This is summarised in Fig. 1, where J denotes a compact subset of /
that is large enough.

Step 2. Tt is possible to find an approximating sequence (7% = % x &%),y for
the sub-probability martingale coupling 7 %| ¢ «r from step 1. Unfortunately 7 is
not necessarily a martingale coupling. Therefore, we free up some mass, and use the
one available on the left and right of K in L_ and L4 to adjust the barycenters of
the kernels rr)’f. Hence we find a sequence (7% = pk x ﬁ)]f)keN of sub-probability
martingale couplings approximating 7 %-%| g . g.

Step 3. By construction, up to multiplication by a factor smaller than and close to 1,
the first marginal of 7 satisfies [Lk < ,uk. Moreover, its second marginal denoted vk is
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J 1

€ —
L l K L

Fig. 1 Intervals involved in the proof. The boundaries of the closed intervals are vertical bars and those of
the open intervals are parentheses

such that there exists a probability measure pR.@k which satisfies 7% < vR®k <.k,
Then by using the uniform convergence of potential functions, we show that for k
sufficiently large there exist sub-probability martingale couplings 7 € Ty (u* —
Qk, vRek _ 5Ky 5o that the sum n* 4 7% is a martingale coupling in ITy; (uf, vR-®K),
where the second marginal is dominated by v¥ in the convex order.

Step 4. In the last step, we use the inverse-transform martingale coupling between
pR@k and vk, see [37], to change n* + ¥ to a martingale coupling 7% € TT(u*, v¥).

Finally, we estimate the AWV -distance of 7 to k. ]

3 On the adapted weak topology

We begin this section with a lemma on uniform integrability which will prove very
handy throughout the paper. We formulate it for finite positive measures on X, but it
is understood that (X, x¢) is replaced with (Y, yo) for measures on Y.

Lemma3.1 Letr > 1 and u € M, (X). Fore > 0, let

Il (p) := sup /dgf(x,xo)t(dx). 3.1
TeMX) Jx
T<p, T(X)=<e

(a) 1! is monotone in , i.e., u < ' € M,(X) implies that I () < I ().

(b) The value of 1] () vanishes as € — 0.
(¢c) Forany i/ € M, (X) such that u(X) = u'(X) we have

Iy <277 (1 () + Wi 1)) - (32)

(d) Let i, ,uk € M, (X), k € N be with equal masses such that [,Lk converges weakly
to . Then

Wik, p) — 0 < sup I;(Mk) —> 0 and sup/ dy (x, x0) wFdx) < +oo.
k——+o00 keN e—0 keNJ X
(e) Finally, if X = RY and w=<cvwithv € Ml(Rd), then 161 (n) < Iél(v).
Remark 3.2 If 1(X) < €, then I/ (n) is simply the r-th moment of p.

Proof The first point (a) is an easy consequence of the definition of 1/.
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Next we check (b). Let u € M, (X) be such that u(X) > 0. Since

r _ r H
I (n) = M(X)Iﬁ <_M(X)> ; (3.3)

to check convergence of I/ (u) to 0 as ¢ — 0, we may suppose that u € P, (X).
Let ¢ € (0,1). For n € M,(X), we denote by 77 the image of 1 under the map
x = dy(x, x9). Let T € M(X) be suchthat 7 < pand 0 < 7(X) < e. Since 7 < p,
we have T < fx. Using (2.5) for the last inequality, we get for all u € (0, 1)

T((F; ' (1 — T(X)u), +00))
7(X)

A((Fg (= T (X0u), +00))
T(X) -

1 — Fr/rx) (Fﬁ_l(l _ t(X)u)) _

IA

3

hence Fe/z(x)(Fy' (I — T(X)u)) > 1 —u and by (2.3), F;/i(x)(l —u) < Fﬁ_l(l -
7(X)u). Using the inverse transform sampling, we deduce

/ dy (x, xp) T(dx)
X

1
= t(X)/O F;/l(x)(l —u)du

1 1

F;(u)du 5/ Fﬁ_l(u)du.

1
< t(X)/ FZ' (1= t(X)u) du =/
0 1—¢
(3.4)

1—7(X)

Hence I] (1) < f 11_ . Fﬁ_ ! (u) du where the right-hand side vanishes as ¢ — 0 since, as
ue P(X), fol Fil(u)du = [y dx(x, x0)" u(dx) < +o0. Let us check the equality

1
IE () = / F ') du, (3.5)
1

—&

that will come in handy for the proof of claim (e) by setting

Fr(ye) —( —¢)

T (dx) = (lAe(x) + " (Bo)

]lBs(x)> p(dx), (3.6)

where
ye = Fﬁ_l(l —¢), Ag={xeR|dy(x, x9) >y} and Bg = {x € R|dy(x,x0) = ye},
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and the second summand of the right-hand side in (3.6) is taken to be zero if 1 (B;) = 0.
Since A, N B, = @ and, by (2.5),

n(Be) = m({ye}) = Fu(ye) — Fﬁ(Fﬁ_l(l —&)—) = Fu(ye) — (1 —¢),

hence t* < . Moreover, t* is the measure dominated by 1t with mass equal to ¢
which is the largest in stochastic order. Indeed, one easily checks that

TH(dy) = Lysy, m(dy) + (Fz(ye) — (1 — ¢)) 8y, (dy) so that T*(R) = &,
Fr(y) — (1 —¢)

Vy eR, Frz/,(y) = Ly>y, .

-1 I
and Vu & 0, 1), FZ) (1 —w=F7"(1-eu).

With the inverse transform sampling, the latter equality implies that

1

1 1
/ d% (x, x0) T*(dx) :e/ F=! (wdu = e/ F='(1 — su)du :[ F-Yu)du
X 0 /e 0 2 I

1—¢

so that (3.5) holds.

To see (¢), fix u' € M(X) with u(X) = u'(X). We denote by w(dx,dx’) =
u(dx) me(dx") € T(w, ') a W,-optimal coupling. Let T € M(X) be such that
7 < pand 7(X) < e.Let T’ € M(X) be defined by

' (dx) = / e (dx") T(dx).
xeX
Since 7 is element of IT(w, u'), we find t/ < ©’ and ©(X) = v/(X). Then
f dy (x, x0) T(dx) < or—1 f (dg((x’, x0) + dy (x, x’)) 7 (dx") T(dx)
X XxX
<21 <1€r (u) + / dy (x, x")w(dx, dx’)) ,
XxX

which shows by optimality of 7 the assertion.

We now show (d). Let u, ,uk € M, (X) be with equal masses such that /Lk converges
weakly to /. According to (3.3), we may suppose that 1, u¥ € P, (X).

Suppose that W, (1, ) vanishes as k goes to 4+-oc. Then the sequence of the r-th
moments of X, k € N is bounded since it converges to the r-th moment of . Let
n > 0. Let kp € N be such that for all k > ko, W/ (uk, u) < n. Then (c) yields for
e>0

sup 17 (u*) < 3 17 (b + sup 17 () < D0 1L + 27U (w) + ).
keN k<ko k>ko k<ko

According to (b) we then get

lim sup sup 1, (uh <2771y
>0 keN
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Since 1 > 0 is arbitrary, we deduce that sup; <y I/ (1*) vanishes with e.

Conversely, suppose that sup, .y 1] (u¥) vanishes with & and the sequence of the
r-th moments of ¥, k € N is bounded. By Skorokhod’s representation theorem, there
exist random variables X and X*, k € N, defined on a common probability space
such that X, resp. X is distributed according to u, resp. ¥ and X* converges almost
surely to X. Then for all M > 0,

W (X, 1) < Bldy (X, X))
= E[d;.((Xk, X)l{d}r((xk’x)<M}] + ]E[dg((Xk, X)]]‘{d;((xk,x)ZM}]

By the dominated convergence theorem, we deduce

lim sup Wrr(,uk, w) < lim sup E[d%(Xk, X)]l{dg((xkyx)zM}].

k—+o00 k— 00

Let us then prove that the right-hand side vanishes as M goes to +oc0. Let > 0. Let
e > 0 be such that I/ (1) + supey I7 (1¥) < n. By Markov’s inequality, we have

r k r—1
Bl (X 01 _ 2 / iy (x. x0) (4 + ) (o),
X

SupE[l{d%(xk’X)zM}]Ezgg M T M gen

keN

where the right-hand side vanishes as M goes to +oc. Therefore, there exists My > 0
such that for all k € Nand M > M,

Eldy (X*, X)Ligr (xt 3201
<21 (E[dQ(Xk, x0) Ligr. xk x> my] + Eld (xo, X)l{dQ(Xk’X)ZM}])

=27 (Leh+ L) <27,
Therefore, for all M > M,

lim sup B[d% (X*, X)L (g0 xt =] < 2" "0,

k——+00

Since 7 is arbitrary, this proves the assertion.

Finally, we want to show (e). Let X = R? and u <, v with v € M;(RY).
According to (3.3), we may suppose that i, v € P;(R?). Again, we write 7 and v
for the pushforward measures of x and v under the map (x — |x — xg|"). First, we
note that v is dominated by v in the increasing convex order. Indeed, let f € C(X) be
convex and nondecreasing, then x — f(Jx — xo|”) constitutes a convex, continuous
function. Thus,

/ J ) m(dy) =/ Fx = xol") u(dx) =|  flx —x0l") v(dx) =/ F(y)v(dy).
R Rd Rd R
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The convex increasing order is characterised by the following family of inequalities
(see for instance [2, Theorem 2.4]): forall0 < e < 1,

1 1
[ mmars [ Floa.
1-¢ 1—¢

The identity (3.5) concludes the proof. O

We now prove Proposition 2.1. A handy tool in the construction of the approximative
sequence (nk )keN are copulas. Recall that a two-dimensional copula is an element C
of TT(A, A) where A is the uniform distribution on (0, 1). A coupling 7 is an element
of IT(u, v) if and only if it can be written as the push-forward of a copula C under the
quantile map (F,/', F;71): (0,1) x (0,1) — R x R. Clearly, if C is a copula then
T = (Fu_l, FV_I)*C is contained in IT(u, v). On the other hand, if 7 € IT(u, v) is
given, we can construct a copula C by

C(du, dv) = 1(,1)(u) du C,(dv),
where C,, is given by
Cu = (v, ) 1= Fu(y=) + wv(( YD)ty X ). (3.7)

In particular, we have that u +— C, is constant on the jumps on F,. The fact that
the second marginal distribution of C is indeed uniformly distributed on (0, 1) is a
direct consequence of the inverse transform sampling and the well-known result (see
for instance [37, Lemma 6.6] for a proof) that for any n € P(R),

((z,w) = Fy(z=) + wn({zh)«(n x 1) = A. (3-8)

Finally, we check the identity & = (F| " 1 Fr 1,C. Let w € (0, 1] and continue by
distinguishing two cases: On the one hand, if v({y}) > 0 then we have by (2.4)

FrUF,O0=) + wo(y) = . (3.9)

On the other hand, we derive from (2.6) that (3.9) holds for v-almost every y € {z €
R: v({z}) = 0}. Hence, we obtain for A-almost every u € (0, 1)

Tpty = (F,h.Cy (3.10)

and conclude with 7 = (F_l, FU_I)*C.

Proof (Proof of Proposition 2.1) Because of homogeneity of the AW,- and W,-
distances, we can suppose w.l.o.g. that 1, 1, v, V¥ and 7 are probability measures.
Let C be the copula defined by C(du, dv) = 1(o,1)(u) du C,(dv), where C, is given
by (3.7).
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In order to define ¥, we construct associated copulas C k where u > C,’j is constant
on the jumps of F,x. Let

Oc: R x (0,1) > (0, 1), (x,w) > Fu(x—) +wu({x}),
1

k —
C,(dv) = /w:O Cﬁk(F/:kl(u),w) (dv)dw,

at = (F L P Ch = (F L Fih (Lo () du C(dv)).

The fact that C¥ is a copula, and therefore 7k e I'I(ka, vk), is a direct consequence
of (3.8) and the inverse transform sampling. Since u +— C, and u C,’j are constant
on the jumps of F), and F« respectively, reasoning like in the derivation of (3.10),
we have for du-almost every u in (0, 1)

—1 k —1 k
T[Flfl(u) = (Fv )+ Cu, nFj{l(u) = (ka )*Cu
w

Moreover, since (1 +— (F " L), Fﬂ_k1 (#)))«X is a coupling between p and uk, namely

the comonotonous coupling, we have using the definition of AW, (7, %) as an infi-
mum over IT(u, /,Lk), cf. (1.2),

1
- k —1 -1 r r k
AW (r, %) 5/{; <|Fu (u) — Fuk )" +W; (JTFMI(M),JTF_;(M))) du
1 " (3.11)
=~ W)+ [ W (e () du

By Minkowski’s inequality we have

( /0 r (FDaCun (FihCE) du)rl < ( /0 W (FhCus (F7.CE) azu)1

1 ;
+(f A ((F;‘)*C’;,(FV;I)*C{j) du) .

0
(.12)

Since for any n € P(R) the map F,~ Lo F Ekl is non-decreasing, we have (see for
instance [3, Lemma A.3]) that for dw-almost every w € (0, 1),

F;](Fgﬁl(w)) =F' (w.

(Fy )«Ck
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Hence, we deduce
/ Wy (7)€L (FRhcl) du
0,1

=/ / |Fv_1(Fgl,;] (w)) — FU;‘(FC*ﬁ‘(w))dedu
O 7O.h (3.13)

=/ / IF; ) = F (o)l Cl(dv) du
(0,1) J(0,1)

= / 1Fy () = F ()" dv = W[ (v, ") >0,
©,1)

where we used inverse transform sampling in the second equality. At this stage, we
can already show (b) of Proposition 2.1. Indeed, the assumption made in (b) ensures
that any jump of F),, is included in a jump of F),. We already noted that u > C, is
constant on the jumps of F;, and therefore also constant on the jumps of F) . This

yields for all u, w € (0, 1) that CG/((F#_k' w.w)
causes the first term on the right-hand side of (3.12) to vanish. Then the estimate (2.7)

follows immediately from (3.11), (3.12) and (3.13).
To obtain (a) and in view of (3.11), (3.12) and (3.13), it is sufficient to show

= C, and particularly CX = C,, which

1
/ Wy ((F7D<Cus (F7H4CE) du — 0.
0

This is achieved in two steps: First, we show for du-almost every u € (0, 1) that
W, (F7H4Cu, (F7HCH — 0. (3.14)
Second, we prove that
u > W((FY.Cun (FH.CH ke, (3.15)
is uniformly integrable on (0, 1) with respect to A.
To show (3.14), note that WW,.-convergence is already determined by a countable

family C C @, (R) (see [25, Theorem 4.5.(b)]). For this reason, it is sufficient to show
that for all f € C, for du-almost every u € (0, 1),

FE ) CR@dv) — g(u) = / FF () Cu(dv), k — +oo,
0,1)
(3.16)

.1

where the integrals are du-almost everywhere well defined because of the inverse
transform sampling, the fact that f € ®,(R) and v € P,(R). For u € (0, 1), let
Xy = Fu_l(u) and x]u‘ = Fu_"l (u). LetU C (0, 1) be the set of continuity points of Fu_l
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and define

U, ={u € U | F,, is continuous at x,,} and
Ug={uelU\U: | u e (F,u.(xu_), Fu(xu))}'

By monotonicity of F, !, the complement of ¢/ in (0, 1) is at most countable, and
since p has countably many atoms, the complement of U; in U\, is also at most
countable. We deduce that it is sufficient to show (3.16) for du-almost all u € U, UlUy.
Let then u € U. If ¥ ({x¥}) = 0, then C¥ = C,, and

/ fF () C(dv) = gw).
0,1
From now on and until (3.16) is proved, we suppose w.l.0.g. that uX ({x’Lf }) > 0 for all

k € N. Then

F ok (x))

/ FE7 (v) Chav) = g(w) dw. (3.17)
0,1)

Mk({xllj}) FMk ()Cll‘lrf)
Define [y = inf, >, x;, and ry = sup,5, x,,. Since u € U we find [y 7 x,, and ri Xy

when k goes to +o0. Due to right continuity of F, and left continuity of x > Fj,(x—)
we have

Fu(xy—) =1lim F,(I,—) and lim F,(rp) = F,(x,).
p p

By Portmanteau’s theorem and monotonicity of cumulative distribution functions we
have

Fyu(lp=) < Timinf F(lp=) < liminf F (r,—) < lim sup s ()
< limksup F(rp) < Fu(rp).
By taking the limit p — 400, we find
F(x,—) < limkinf F#k (x,’j—) < limksup Fﬂk (x{f) < Fu(x,). (3.18)
By (2.5), the interval [F,(xf—), F,x(x})] contains u, and if u € U,, then (3.18)

implies that its length Mk({x,’j}) vanishes when k goes to +o00. Consequently, (3.17)
and the Lebesgue differentiation theorem yield that for du-almost every u € U,,

FE ) CR@dv) — gu).
0,1)
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Suppose now u € Uy and define
ar = Fu(xy—) V Fu(xu—=), be = Fu(xp) A Fyu(xy).

Note that on the interval (ag, by) the function g is constant equal to g(u), so (3.17)
amounts to

f(F7 ) Chav)
0,1)

1 Fuk(xz]f) bk ay
= RN / g(w)dw +/ g(w) dw +/ g(w)dw | .
n ({xu}) by ax F k(xlli_)

W

According to (3.18),
ar — Fu(xf—) —> 0 and Fu(x)) —bx — 0, k — +oc. (3.19)
Moreover, having (2.5) in mind it is clear that

Fu(e—) <ar = p*({xh}) > u — Fu(x—),

) ) (3.20)
and by < Fu(x,) = w ({x,}) > Fu(xy) —u.

Using the latter fact and the equality
— k k k
b — ak = p({x,}) — (Fuy (x) — bi) — (ax — Fyuy (x,,—)),

we get

C B ) = b a = Fuy(y—) _ b —a

1
Fu(xy) —u u—Fy(xy—) — /Lk({x,lj}) N

Hence by (3.19) we have uik({_xik}) — 1 as k goes to +oo, which implies that
b u

m akk g(w)dw — g(u) as k — +oo. Therefore, we just have to show that

1 F () ai
kL / g(w)dw—l—/ gwydw )| -0, k— +oo. (3.21)
w{xy ) by Fuk(x{f—)

Note that we can assume w.l.o.g. that for all k € N either F) (x’,j—) < agor by <
F (x’;). Letd = (u — Fy(x,—)) A (Fy(x,) — u), which is positive since u € Uy.
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Then we have by (3.20)

1 /‘Fﬂk(XZf) ax
T g(w)dw +/ g(w)dw‘
e |, F i (k=)
1] pExGD ak
< - / g(w)dw—i—/ g(w)dw|.
d |/, F i (k=)

(3.22)
By the inverse transform sampling and the facts that f € ®,(R) and v € P.(R), we
have fol lgw)ldw = [p |f(»)|v(dy) < +oo. Then (3.21) is a direct consequence
of (3.22), (3.19) and the dominated convergence theorem. Hence (3.14) is proved for

du-almost every u € (0, 1).
Next, we show uniform integrability of (3.15). We can estimate

WE((Fy D)aCu, (Fyhcly <2771 (/ |Fy L )] Culdv) +/ |y L)l C’;<dv)> .
0,1) 0,1)

Since by the inverse transform sampling we have

[ cuavdu = [ 151 vy < oo,
0,1) J(0,1) R

it is enough to show uniform integrability of u — f(o 1 |Fu_1 )" CL]f(dv), k e N.
On the one hand, using the inverse transform sampling and v € P, (R), we have

VkeN,/ / |F;1(u)|’c[j(dv)du=/ Iy|" v(dy) < +o0.
0,1) J(0,1) R

On the other hand, let e > 0 and A be a measurable subset of (0, 1) suchthat A(A) < e.
We have

// |F;1(v)|fC§<dv>du=f|y|’ (F;hetk @y,
A J(0,]) R

where tX(dv) = fulzo 14(du) CX(dv) du. Note that T8 < A, (F;1),t% < v and
(F; 1" (R) = 7%((0, 1)) = A(A). Therefore,

sup sup/ / |F )| Co(dv) du < I7 (v),
AeB(0,1)), k A J(,1)
A(A)<e

where /] (v) is defined by (3.1). By Lemma 3.1, the right-hand side converges to 0
with € — 0. This yields uniform integrability of (3.15), which completes the proof. O
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As mentioned in Sect. 2, Proposition 2.1 generalises to Polish spaces. Unsur-
prisingly, the proof of Proposition 2.3 requires radically different tools from its
unidimensional equivalent. In particular, we need to recall the so-called Weak Optimal
Transport (WOT) problem introduced by Gozlan, Roberto, Samson and Tetali [29] and
studied in [28]. Let C : X x P.(Y) — R be nonnegative, continuous, strictly convex
in the second argument and such that there exists a constant K > 0 which satisfies

V(x,p) € X xPr(Y), Clx,p)=K (1 + dy (x, x0) +/yd§(y, yo)P(fb’)) - (3.23)

Then the WOT problem consists in minimising

Ve(u,v) ;= inf /C(x,r(x)u(dx). (WOT)
mell(u,v) Jx

In view of the definition (1.3) of the adapted Wasserstein distance which involves
measures on the extended space X x P(Y), it is natural to consider an extension of
(WOT) which also involves this space. Hence we also consider the extended problem

Vi, v) :=  inf / C(x, p) P(dx,dp), (WOT’)
PeA(u,v) JXxP(Y)

where A(u, v) is the set of couplings between p and an arbitrary measure on P(Y)
with mean v, that is

A, v) = {P e P(X x P(Y)) | 8,/ (dx) p(dy) P(dx',dp) e TI(p, v)} .

(3.24)

(x',p)eXxP(Y)

Remark 3.3 We gather here useful results on weak transport problems which hold
under the standing assumptions on C':

(a) according to [8, Theorem 1.2] and the paragraph following this theorem, (WOT)
admits a unique minimiser 7 *;

(b) As a consequence of the necessary optimality condition [9, Theorem 2.2], J (7r*)
is the only minimiser of (WOT’). Indeed, if we assume the opposite then there is
aminimizer P* € A(u, v) of (WOT’) which does not lie in the image of IT(u, v)
under J. Hence, any measurable set 4 C X x P,(Y) with P*(A) = 1 contains
(x, p), (x, q) € Awith p # ¢g.Dueto strict convexity of C in its second argument,
we find

1
C <x, %) < E(C(x, p)+C(x,q)).

Since A was an arbitrary set supporting P*, the strict inequality above contradicts
the necessary optimality condition in [9, Theorem 2.2];
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() V(r,v) =V'(u,v) [8, Lemma 2.1];

(d) Stability of (WOT) and (WOT’): Let u* € P,(X), vk € P.(Y), k € N converge
respectivelytou € Pr(X)andv € P.(Y)inW,.Fork € N, letz* e I"I(,u,k, V%) be
optimal for V (¥, v%). Then 7%, resp. J (%), converges to the unique minimiser
¥, resp. J(*), in W, [9, Theorem 1.3 and Corollary 2.9]. In particular, this
shows that 7% converges to 7* even in AW,

Proof of Proposition 2.3 Since v € P,(Y), we have that

/X /Y (3, o) 7 (dy) pe(dx) = /Y & (3, o) v(dy) < 400, (3.25)

hence up to a modification on a p-null set, we can suppose w.l.o.g. that for all x € X,
7w, € P.(Y).Lete > 0 and yy € Y. Define for R > 0 the W,-open ball Bg of radius
R'/" and centre 8y, and the set

AR={x6X|nXEBR}={xeX‘fd{,(y,yo)nx(dy)<R}.
Y

By (3.25) again, p is concentrated on | ;. o Ar and we can choose R large enough
such that

H(X\AR) < €.

Since p is a probability measure on the Polish space X, it is a Radon measure.
Moreover, P, (Y) endowed with W, is a separable metric space, hence it is second-
countable. Therefore we can apply Lusin’s theorem to the map X > x +— 7, € P.(Y)
in order to deduce the existence of a closed set F C Ag such that

W(X\F) <€ and x > m, restricted to F is continuous.

Let M, (Y) be the linear space of all finite signed measures on Y, the positive and
negative parts of which are contained in M, (Y), equipped with the weak topology
induced by @, (Y). Since weak topologies are locally convex, an extension of Tietze’s
theorem [24, Theoren}v 4.1] yields the existence of a continuous map x +— 7, defined
on X with values in M, (Y) such that 7, = m, for all x € F and

{my | x € X} Ccof{my, | x € F} C Bg,

where co denotes the convex hull.

Next, we define a nonnegative, continuous, strictly convex in the second argument
function which satisfies a condition of the form (3.23) in order to use the results on weak
transport problems detailed in Remark 3.3. Let {gx | kK € N} C ®((Y) be a family of
1-Lipschitz continuous functions and absolutely bounded by 1, which separates P (Y)
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(see [25, Theorem 4.5.(a)]). We have for any pair p, p’ € P(Y), p # p’ that there is
| € N such that

/Ygz(y)p(dy) #/Ygz(y)p’(dy). (3.26)

Define C : X x P.(Y) — Ry forall (x, p) € X x P-(Y) by

2

’

1
Clx,p) = pTe. P+ 57
keN

/y gk(y) T (dy) — /Y gk(y) p(dy)
where p : P(Y) x P(Y) — [0, 1] is defined for all p, p’ € P(Y) by

p(pp) = inf / (dy (. y) A D) x(dy. dy).
xell(p,p) Jyxy

Since p can be interpreted as a Wasserstein distance with respect to a bounded distance,
it is immediate that it is a metric on P(Y) which induces the weak convergence
topology. On the one hand, the map (x, p) +— p (7T, p) is continuous by continuity
of x > 7. On the other hand, by Kantorovich and Rubinstein’s duality theorem and
Jensen’s inequality, we have for all (x, p), (x’, p’) € X x P (Y)

2

2
- V gk(y)ﬁxf(dy)—/ gk(») p'(dy)
Y Y

1
1

keN

/gk(y)ﬁx(dy)—/ gk(y) p(dy)
Y Y

/ng(y)ﬁx(dy)—/ygk(y)p(dy)+fygk(y)ﬁxf(dy)—/ng(y) p’(dy)‘

X

/ng(y)ﬁx(dy)—/ygk(y)p(dy)—/ygk(y)ﬁx/(dy)vaygk(y) p/(dy)‘

4
< E 27(‘/ gk(y)ﬁx(dy)—/gk(y)ﬁx/(dy)‘Jr’/ gk(y)p(dy)—/gk(y) p/(dy)D
keN Y Y Y Y

<8WI@x. Tx) + Wi(p, P)) < 8(W,(Tx. Te) + Wi (p, P)).,

where the right-hand side vanishes when (x’, p’) converges to (x, p) by continuity of
x — 7. We deduce that C is continuous.

Note that p is convex in the second argument. Therefore, to obtain strict convexity
of C(x, -) in the second argument, it is sufficient to verify that

2

F(p)zzzl—k

keN

/ gx(y) p(dy)
Y
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is strictly convex. Let p, p’ € P(Y), p # p’ and [ € N such that (3.26) holds. Hence,
strict convexity of the square proves

2

Oéfygz(y)p(dy)+(l —a)/ygz(y) p'(dy)

2 2
<a + (1 —a) ,

f gi(y) p(dy) f gi(y) p'(dy)
Y Y

which yields strict convexity of ' on P(Y).

Moreover, we have for all (x, p) € X x P-(Y), C(x,p) <148 =9, hence C
satisfies (3.23). Remember the definitions of V¢ and Vé given in (WOT) and (WOT").
Since forall x € F, C(x,m,) = C(x,Ty) = 0, we have

Ve(u,v) < /

C(x, my) u(dx) < 9e.
X\F

Let 7*¢ € TT(u, v) be optimal for V¢ (i, v). For P, P’ € P(X x P(Y)), let

p(P,P)= inf / ((dx(x,x") + p(p, PH) A1) x(dx, dp, dx’, dp").
XEM(P,P) JXxPY)xXxP(Y)

Since p(dx) 8z, (dp) 8x(dx") Sn:;s (dp’) is a coupling between J (7r) and J (7 *?), we
can estimate
P (), J (™))

5/ p (s, m1%) p(dx)

X

- / p (e, ) ()
F

+ / / (dy (v, o) A 1) (tx + 755)(dy) pu(dx)
xX\FJy

< Ve(u,v)+2¢ < 1le.

For k € N, let 7%¢ e TT(uk, v¥) be optimal for Ve (uX, v¥). Then J (%) is optimal
for Vé (uk, vk by Remark 3.3 (b), and converges to J(7*¢) in W, and therefore
weakly by Remark 3.3 (d). Then we get

lim sup 5(J (7%%), J (7))

k—+00

< lim sup (5(1(7#"8), JT50)) + 5(J (™), J(n))) <lle. (327)

k——+00
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So far ¢ > 0 was arbitrary. Therefore, there exists a strictly increasing sequence
(kn)nen+ of positive integers such that

12
VN e N*, Vk >ky, p(J@RYN), J(m) < ~

For k € N, let Ny = max{N € N* | k > ky}, where the maximum of the empty
set is defined as 1. Since (ky)nyen+ is strictly increasing, we find that Ny — 400 as
k — +o0. Then the sequence of couplings

k=gl /N ¢ H(Mk, V6, keN

is such that p(J (%), J (7)) vanishes as k goes to 400, and therefore J (%) converges
weakly to J (7). Moreover, since V,-convergence is equivalent to weak convergence

coupled with convergence of the r-moments, we have that the r-moments of ;¥ and

VK respectively converge to the r-moments of 4 and v, which implies

/ (dy (x. x0) + W (p. 830)) J (") (dx. dp)
XxPY)

- /X (d;(x,xo) + W (zk, 6),0)) 1K (dx)

= fx di (x, xo) ik (dx) + /Y dy (v, yov* (dy)

—_ [yt i) + fy 5 (5, y0) v(dy)

k—~400

= / (dg((x, x0) + W/ (p, (Syo)) J()(dx, dp).
XxP(Y)

We deduce that J(nk) converges to J () in W, as k — +o00. According to (1.3),
ke converges to 7*¢ in AW,, which concludes the proof. O

In the proof of Theorem 2.6 we need to be able to confine approximative sequences
of couplings to certain sets. The next result provides all necessary tools for this.

Lemma3.4 Let u, u* € M, (X), v, vk € M. (Y), k € N all with equal masses and
7k e l'I(ka, vk), k € N, converge to m € TI(,v) in AW,. Let also A C X be
measurable and B D A be open.

() There are i* < u*|p and ex > 0, k € N such that i*(B) = (1 — ;) (A) and

k= gk x nff satisfies

AW, 7 (1 — e laxy) e — 0.
k— 00
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(ii) Let C C Y be an open set on which v is concentrated. There are /lk < ﬂk, Dk < VK,
Ak = pk x ﬁfc‘ € T1(aX, D%) concentrated on B x C and €, = 0, k € N such that

AW,’(ﬁk,<1—e,Q)n|Axy)+/ Wy, ) i) e, —> 0.
X —+00

Proof To give the reader some guidance we first give an informal description of the
strategy of the proof: In order to find (ﬁk)keN and (J%k)keN, we first pick, for k € N,
optimizers x* e TT(u*, u) for AW, (%, 7). Denote by 7* the composition of the
first marginal of x*|p, 4 with the kernel (n)lf) xeX. By approximation arguments we
will then deduce that 7% has the desired properties. In the last step, we adequately
modify 7¥ to a coupling 7% with second marginal concentrated on C.
Both assertions are trivial if £(A) = 0 (and also when A = X). So assume that
n(A) > 0.
(i) Let x* e IT(u*, ) be optimal for AW, (%, 7r) and i¥ be the first marginal of
%1 Bxa, k € N. We set 75 = ik x n)’j and

_xBxA) X

HEIT X xA) T uA)

(3.28)

Let us prove that g; goes to 0 as k — oo before checking that the same holds for
AW (@*, (1 = )| axy).

Let x = (id, id),u. Since Xk(dxl, dx2) 8(xs,x,)(dx3, dx4) defines a coupling in
(%%, x), we find

WE(xK, 50 < / (@dx (1. x3)" + dx (e, x0)") X (dx1, dx2) 8(xy 5 (dx3, dixa)
X
= / dx (x1, x2)" xX(dx1, dx2) < AW (¥, ) = 0, k — +o0.
XxX

Further, let P : P.(X x X) — P(X x X) be the homeomorphism given by

(I +dx(x1, x0)" + dx(x2, x0)") n(dx1, dxz)
Sxnx (1 +dx (X}, x0)" + dx (x5, x0)") n(dx], dxb)’

P(n)(dx1, dx2) =

for n € P-(X x X). Recall (1.1), then it is easy to deduce that P(n’) — P(n)
weakly if and only if n — 75 in W,. In particular, we find that P(x*) — P(x)
weakly as k goes to +00. Let f € ®,(X x X) and

TxxaCer, x2) f(x1, x2)
1+ dx(x1, x0)" + dx(x2, x0)"

p: X x X: (x1,x2) —

Then ¢ is a bounded measurable map which is continuous w.r.t. the first coordinate.
As a consequence of [42, Lemma 2.1], we find

/ o(x1, x2) P(x*)(dxy, dxa) — @(x1,x2) P(x)(dx1,dx3), k — o0,
XxX XxX
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which amounts to

f f(xl,x2>x"|xXA(dx1,dx2>»/ £ x2) xlxxa(dx1. dxa), Kk — +oc.
XxX XxX

Therefore (1.1) yields W,-convergence of xk| XxA t0 X|xxa. By Portmanteau’s
theorem, we have

x“(B x A) < x*(X x A) =11(A) = x|xxa(B x B)
< liminf x*|xx4(B x B) = liminf x*(B x A),
k— 400 k—+00

By the first equality in (3.28), we deduce that €, k € N is a null sequence of
nonnegative real numbers. We now want to show that

AW, (7% x 7%, (1 = eula x 1) — 0. (3.29)

On the one hand, denoting by /1" the second marginal of xkl Bx A, We have that

AWE(RF x ik, i s my) < /

(503 + W) (el 70 ) xH ea dx, d)
XxX

< / (d)’((x, x') + W (K, nx/)) x*(dx, dx")
XxX

= AWrr(nk,n) — 0, k— +o0.
(3.30)
On the other hand, let

=1 —epla, ¢ =g Aph anday = g (X) — cF(x) = gk (x) - F(x).

Let 3% e M(a* —ck, ik —¢*) be optimal for AW! (2K —c*) x 7y, (iF =) x 7).
Since ((id, id)+ ¥ + 3%) is a coupling between ji* and ik, we find

AW G e i) = [ (s WG m0) T d)
X

= AW (1 = &%) oy, (1 = ¢ x o)
< AWr((/:Lk - Ck) X Ty, Olks(xo,y())) + AWF((/lk - é‘k) X TTx, aka(x()vyO))'
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In the next estimates we use (3.1). Note that the first marginal of (i — ¢k x
is dominated by p whereas its second marginal is dominated by v. Thus, denoting

th(dy) = [ me(dy) (BF — %) (dx), we find

AWE(EF = %) x 7, ad (. y9)) = fx (d (x, x0) + WE (4, 8y0)) (¥ — £5)(dx)
= /X d (x, x0) (2% — £%)(dx) + /Y dy (y. yo) T (dy)
< 15 (W + 15, ().
Similarly, we find
AWL((F = ¢%) 5 e, aidxgyo)) < 1y (W) + I, (0).
If we can show that o vanishes for k — 400, then we find by Lemma 3.1 (b) that

AW, (75 x 70, if x ) — 0, (3.31)

k——+00

and the triangle inequality together with (3.30) and (3.31) yield the assertion,
(3.29).

Since ¥, ik < |4, the densities of 1% and % with respect to |4 satisfy
it dpt
duln dua = 1. Then we conclude by

ar = b (x) — cFx)

d—k d"k + dvk
=/ <L(x)_ ® (x)> ,u,(dx)f/ (1— o (X)) u(dx)
A\dula dula A dula

= u(A) — iF(A) = egu(A) — 0.
k——+o00

(ii) Let 7% and ¥ denote the second marginals of ik x nf and |4 x m, respectively.
Since pula X my < u x m, with the second marginal v of the right-hand side
concentrated on C, v is concentrated on C and v(C) = u(A). In a similar way,
since ﬁk X nfc‘ < uk X n)’c‘, we have P¥ < vk, In order to modify [Lk X 71)’(‘ into
a coupling with second marginal concentrated on C, we consider fi* x ﬁ)]c‘ with
#X(dz) = [y #¥(dz) 7k (dy) where the coupling 3* € TI(*, (1 — €)D) is W~
optimal. To enable comparison of the second marginal with v as in the statement,
we take advantage of the inequality 7* < v* and introduce ji¥ x 2% with 7% (dr) =
[y 2F(dr) #¥(dz) where the coupling 2 € TI((1 — )P, (1 — &) ;,f(CC)) ke is

o
avk((c)) ¥|c. By the

equality D(C) = w(A) and (3.28) for the equality then the definition of ¥ for the
inequality, one has

W, -optimal. The second marginal of 7% = ji* x fri‘ is (1 —eg)

) ko -
vk(C) T vk(C) T
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~ Dk
Setting of = 2 k((f())u < ji* then ensures that the second marglnal Pk = 9K of

A* x 7y is both concentrated on C and not greater than vk, Moreover, 7K(C) =

pk(Y) = pk(X) < ja*(X) with the right-hand side not greater than 1 (A) by
(3.28). Hence

(o))
€ =1— A e [0, 1] (3.32)

Then it remains to show that
AW, (7%, (1 = €l axy) + / WE@EK 7k b dx) + ¢, — 0.(3.33)
X k—+o0
Since we have

mi(dy) £¥(dz) € Tk, &), #K(dz) REdr) e &S, 75),

. . ()
/x . i (dx) Tk (dy) 3¥(dz) = o X x*(dy, d2),

fx _ At #hdo i = k((x)) 24 (dz. dn),

we find plugging the expressions (3.28) and (3.32) that
AWr’([Lk X nf, [Lk X ﬁf)

< [ ikl it

<o /X (Wr Gk, by ik 20 ) ¥ ()

< zrfl-/ (/ dy (y, 2w (dy) )?)If(dz)—l—/ dy(z. 1) #F(dz) Xf(dt)> 2K (dx)
X \JYxY YxY
r— ljk(C) k( ) ) R
=2 1<—~k(X) mdy(y 2) 7"y, d2) + 00 Mdy(z,r)xk(dz,dr))
w(A)

To see convergence to 0, note that since AW, dominates W,, we find by continuity
of the projection on the second marginal that (3.29) implies

=1 (i — kW(u (1 _sk)v)+—W’<v (C)w, V(C)v |c>)

W, (G5, (1 —e)b) = 0, k — +oo.

Using Portmanteau’s theorem and the fact that (1 — ¢;) — 1 as k goes to +00, we
have for all nonnegative function f € ®,(Y)

hmsupv (Icf) < hmsupv (fHr=v(f) =vcf) < hmlnf vk(lcf)

k——+00 k——+00
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hence
Kle(f) = v(f), k — +oo. (3.34)

Moreover, (3.34) applied with f = 1 yields K(C) — D(C) = u(A) as k goes to
+00, hence 8]/( vanishes as k goes to +o00 and

W, (K (C)D, D(C)PF|c) = 0, k — +oo.
We deduce that

AW (k< ok, gk x 7k 5/ Wk, 7% p*(dx) — 0, k — 4oo0.
X

On the other hand, by the definition of i as ;ﬁE‘Q) ik, (3.28) and (3.32) we have

N 178;{ ~k
W= T , hence

N 1—g _
AW x 7, (1= el x 1) = T—EAWREE <l (1= eipla x 70),

— &k

where the right-hand side vanishes as k goes to +o00 by the first part. Then (3.33)
follows by triangle inequality and the latter convergences, which completes the proof.
O

The addition of measures is continuous with respect to the weak and Wasserstein
topology. More precisely, we have the estimate

W+ 1/, v+v") < W, v) + W (u',v)

for all measures w, ', v, v’ € P,(X) such that u and v, resp. u’ and v’ have equal
masses.

When considering the adapted weak topology, the next example disproves a com-
parable statement.

Example3.5 Let X = Y = R, and 7 = §,, 1), xk = 3(_ ), k € N. Then both

bt
sequences are convergent in AWy, but

2
AW (5 + x5, 80,1 + 80.-1) = % +2

does not vanish.

However, we show in the next lemma that the addition of measures with respect to the
adapted weak topology can still be considered to be continuous in a certain sense if
one of the limits has mass significantly smaller than the other.
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Lemma3.6 Ler fi, 0%, 0,05 € M. (Y), k € N be with equal masses and

i, /lk, T M, (Y), k € N be with equal masses smaller than . Let 7k e
(A%, %), 7% e (K, %), k e N, 7 € TI({1, D) and 7@ € TI(f, D). Let p = 4 + i
andv =1V + V. Then

(a) We have forallk € N

AWLFER+ 75 7+ 7)
< AW G 7) + 27 (G0 + 1LY + 116) + 116 + 217 () + 217 (09))
< AW GF, 7) + (2712 (W: Bk, i) + W (5K, B) + 20 (9F, ﬁ))

+ 2 a2 iy +3- 27+ 2 Hr v,
(3.35)

where 1] (-) is defined by (3.1).
(b) If ®AF)ken converges to 7 in AW, and (¥ = ¥ + iF)ien, resp. (F = Dk +
f)k)keN, converges to [, resp. v, in W, then

lim sup AW (7% + 75, 7 4+ 7) < CUL () + 1L (v)), (3.36)

k— 400
where C > 0 depends only on r.

Proof The second inequality of (3.35) is easily deduced from the first one, (3.2) and
the fact that I] () < I/ (w), I} () < I] (v) and IJ (D) < I (v).

To see (b), assume for a moment that the first inequality of (3.35) holds true and
suppose

k

AF s ain AW, pF=pF+iF > pu and V=49 > vin W,

as k — +o0. Using Lemma 3.1 (a) and then (c), we obtain

lim sup AW! (7% 4+ 7%, 7 + 7)

k——+o00

< Ctimsup (17 + 1704 + 170 + 1)

k—+o00

< Climsup (W} (u*, 1) + W, 05, ) + 1) + 1))

k— 400

=CU; (W) + 1;(v)),

where C, C’ > 0 depend only on r. Hence (b) is proved.
To conclude the proof, it remains to show the first inequality in (3.35). Let ﬁk €
(X, 1) be optimal for AW, (7%, 7) and g% € TI(ii*, i) be arbitrary. We write
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ok = p* 4+ k. Then

AWLER + 75 7+ 7)

< [ (i) WG e G+ 7010) M dn). 33T
XxX
A~ dp N dﬂk . A~ ~k . . .
Let p = Fm and p* = e Notice that p and p” take values in [0, 1]. The identities

(G + 7)(dx. dx') = p(d) (H) e (@x') + (1 = px)) ()

#* + 75 (dx, dx') = u*(dx) (ﬁk(x) AR dxy + (1 — ) ﬁj;(dx’)),

provide representations for the disintegrations of (# + ) and (7% + %) respectively
for pu(dx)- and p* (dx)-almost every x:

G+ ) = p) Ay + (1= p)Ar, @+ 75, = pFoo) 78+ (1 = proy) 75

Thus, we have when letting o (x, x) = (p*(x) — p(x') T, &k (x, x') = (P*(x) —
PG~ and F(x, x') = pF(x) A p(x') that

WHER + 755, R+ 7))
< Wi (B e 2y 7K, R x) Ay
+ W (e x) 2k 4 (1= P K ek (x4 (1= ) 7o)
< ARG YW G ) + 271 (kG YWEGE 83) + (= BRen WS L 83

ol (., YWV G 830) + (1= PEODW, G, b))
(3.38)

Since B*(x,x") = pF(x) A p(x’) < 1, we deduce from (3.37), (3.38) and AW,-
optimality of p*
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AWF@F + 75 7+ 7) < AW @5, 7) +/ dx(x, x")" p*(dx, dx")
XxX
+2"! / PrEOWERE, 8y) % (dx, dx')
XxX
+ 251 / POYWE (R, 8y,) X (dx, dx')
XxX
r—1 k / roa~k k /
+2 o (x, XYW, (7T, 8y,) p" (dx, dx’)
XxX
r—1 _ n~k r~k k ’
+2 ; X(l P ODWWL (7T, 8y,) o~ (dx, dx")
X

+2’—1/X Xotli(x,x/)Wrr(ﬁx/, 8yo) X (dx, dx")
X

+2! /X - PN (s, 8y) p* (dx, dx”).
X
(3.39)

Recall that 5% has marginals X and fi with total mass smaller than e. By (3.1) we
find

/ dy (x, x") pR@dx, dx’) <27} (1; iy + 17 (/1)) . (3.40)
XxX

Concerning the marginals of p* (x) p(dx, dx’) and p(x’) p(dx, dx'), we find the rela-
tions

PP aFdx) = (1= pro)) M @x),  p) idx) = (1 — p(x')) adx’).
Again by (3.1), we find since p* € TT(ii%, 1), #% e TI(A%, 9%) and # € TI({, D) that
/ PEOOW R, 8y0) p* (dx, dx')
XxX
= / (1= PFONWL (RS, 8yy) A (dx) < I (DY), (3.41)
XxX

/ POYW, (R, 8y) 5 (dx, dx')
XxX

= /X X(l — PCNWW] (Ftwr, 8y) fudx) < 17 (D). (3.42)
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We deduce from (3.39) and (3.40)-(3.42) that it is sufficient to show

/ ok (o, XYWERE, 8y) pF(dx, dx'y < 17 (D5, (3.43)
XxX
/ (1= PO (L. 8yy) p"(dx, dx) < 17 (), (3.44)
XxX
/ ok (o, XYW (R, 8y,) 05 (dx, dx') < 1L (D), (3.45)
XxX
/ (1= PN, (. 8y) pX (dx. dx') < I (). (3.46)
XxX

To see (3.44) and (3.46), note that
(1 — pF ) pf(dx) = iFdx) and (1 - p(x") wdx') = a(dx’). (3.47)

As a consequence, the first marginal of (1 — PX(x)) p¥(dx, dx') is i, whereas the
second marginal of (1 — p(x")) p¥(dx, dx’) coincides with ji. Hence, as the mass of
¥ and i does not exceed €, we have

f (1 = PRI (RE, 8yy) pF (dx, dx')
XxX
= f WI G, 8,0) i (dx) = WG, 8y) = I (%),
X
/ (1 — PN (G, 8yy) p*(dx, dx')
XxX

=/ Wy, 8yy) fi(dx’) = W (9, 8,) = 11 (D).
X

Next, we show (3.43) and (3.45). To this end, denoting ,ok (dx,dx") = uk (dx) ,o)lj (dx") =
n(dx') ¥ (dx), we have

o (v, x") pM(dx, dx') < p*(x) p*(dx, dx')
_dﬁ'k kd kd/_'\kd kd/
—m(x)u (dx) py(dx’) = p"(dx) pi(dx"),
ok (x, x') pF(dx, dx') < p(x') p*(dx, dx')
dn .
= gL @ nx) D h(dx) = f(dx') P dx).
In particular, the first marginal of aljr(x, x") p¥(dx, dx'), denoted here by ¥, is dom-

inated by ;lk , whereas the second marginal of ak (x,x") ,ok (dx, dx"), denoted here
by rk/, is dominated by fi. Concerning the masses of % and rk/, remember (3.47),
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ok (x,x") < 1= p(x) and of (x,x) < 1 — pF(x), thus,

(X)) = / ok (e, x) pdx, dx') < / (1= p(x")) p(dx') = i(X) <,
XxX X
' (x) = / ok (x. ') p(dx, dx') < / (1= P40 b (dn) = 34 (X) <.
XxX X
Using (3.1), we conclude with
k / roak k AN r o~k r o~k
/ a’ (x, XYW, (7T, 8y,) p" (dx, dx") _f W] (7, 8y,) T(dx) < 1] ("),
XxX X
/ ok (e, XYW (R, 8yy) PR (dx, dx') = / W (R, 8y,) T/ (dx) < 12 (D).
XxX X

O

The addition on M, (X x Y) is continuous with respect to the adapted weak topology
provided the limits have singular first marginal distributions. We recall that two positive
measures (, v are called singular if and only if there exists a measurable set A C X
such that £(AC) = 0 = v(A).

Lemma3.7 Let w, x € M, (X x Y) be such that their respective first marginals are
singular. Let 7F, x* € M, (X x Y), k € N converge to  and y respectively in AWV,.
Then

k4 x* — T4 x in AW,.
k——+00

Proof Let i1, 12, /Lll( and Mlé denote the respective first marginals of 7, x, 7% and xX.
Due to singularity, there is a measurable set A C X such that u 1(AC) =0=ur(A).

Suppose first that for all k € N, /L]f(AC) =0= ,u’z‘(A). Let ,o]f € H(M/f, 1), resp.
,o’zc € H(/Lé, 2), be an optimal coupling for AW, (%, 1), resp. AW, (x*, x). Since
almost surely

@+ O =14 7+ 1 ,c0xF and (T4 x0)x = 1a0) T + 1,0 () s
we have
r k k
AW (" + x5+ )
< [ (i) WG e o+ 2020) (6 + B d)
XxX
=/ (d§((x,x’) +WI(7T§,7TX/)) pf (dx, dx")
XxX
+/ (dS((x,x’) +WE(xk, xx/)) oA (dx, dx')
XxX

= AW,’(nk,n) +AW,’(X1‘, x) — 0, k— +4oo.
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Let us now go back to the general case. Let ¢ > 0. Since X is a Polish space, 11 and
W are inner regular, so there exist two compact sets K| C A and K, C AL such that

ul(KIC) <& and ,uz(Kg) < e.

Since X is metrizable, it is normal, hence we can separate the closed, disjoint sets
K1 and K> by open, disjoint sets K; and K where K; C K; and K> C K». Then
Lemma 3.4 (i) provides sequences (/1’{ X Tff)keN and (/12 X Xx)keN with values in
M(X x Y) and null sequences (&x)xen and (nx)xen With values in [0, 1], such that
/l’]‘ < Mlﬂkl’ ,&’5 < “§|122 and, for k - +o0,

AWE (K x 7k, (1 = ek xy)
AW (35 x XK, (=m0 xlk,xy) — 0.

To apply Lemma 3.6 (b), let 0 < €’ < ¢ be such that €/(u (K1) + u2(K3)) < €. Let
k be sufficiently large such that €X A n* < €’. We consider the sequences

k_ 1—¢€ +1—e’
T ><7t

1_ k'u1 1—77"
k ~k

Ah=ak )k —a% A=n+4+x-7,

s xxk, A=0-¢€) (& xy + X|Kax¥) -

where 7% is well-defined in M, (X x Y) since € < ¢’ and n* < €. Note that as
k — +o0,

_E
AWF( kM1Xﬂx,(1—€)ﬂ|K1xY

I—Gk
!/

1—¢€ _
AW, (1_—”,{,“]5 x K (1= xlryxy
1—e
1=

_ Awr( xnj;,(l—e")n|,<lxy)—>o,

! (/1'5 x xk - nk)X|K2><Y> — 0.

Since the first marginal distributions of i :“1 X Ty Kand (1—¢p)m| Ky xYTesp. pL2 X xx and
(1 — ) x 1k, x v » are concentrated on K 1, resp. Kz, and since K 1 and Kz are disjoint,
we have according to the preceding part that

AW,r(ﬁk, ) — 0, k— +4oo.

Due to AW, -convergence of (nk )ken and ( Xk )keN, We obtain W, -convergence of the
marginals of 7% + x* to the marginals of 7= + x. Furthermore, we have

X X Y) =X x V) < pu1(K) + pa(KS) + € (i (K1) + pa(Ka)) < 3e.
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Approximation of martingale couplings on the line... 395

Then (3.36) yields

lim sup.AWr’(nk + xK. 7+ %) =lim supAWr’(ﬁk +7k 2+ 7)

k——+o00 k— 00

< C (B(p1 + u2) + I, (vi +12)),

where v and v, denote the respective second marginals of 7 and y, and the constant
C only depends on r. Therefore, the right-hand side vanishes as € — 0 according to
Lemma 3.1 (b), which concludes the proof. O

4 Auxiliary results on the convex order in dimension one
We recall that the convex order on M (R) is defined by
U<cv < Vf:R— Rconvex, u(f)<v(f).

The following assertions can be found for instance be found in [35, Section 2]: for
all (mg, mp) € Ri x R, there is a one-to-one correspondence between finite positive
measures u € M (R) with mass mg such that fRy,u(dy) = m and the set of
functions u: R — R which satisfy

(1) u is convex;
(i1) u(y) —mo|y — m1]| goes to 0 as |y| tends to +oo.

Any function which satisfies (i) and (ii) is then called a potential function. As noted
above, the potential function of u is denoted by

uy(y) = /R |y — x| u(dx).

Potential functions can of course also be considered in greater generality than on the
real line, but this is not relevant for our purposes.

A sequence (X ken Of finite positive measures with equal masses on the line
converges in W, to w if and only if the sequence of potential functions (u uk)keN
converges pointwise to u,. In that case, since for all y € R the map x > |y — x|
is Lipschitz continuous with constant 1, we have by Kantorovich and Rubinstein’s
duality theorem that

sup |u, () — uy (M < Wi (¥, ) > 0, k — +oo,
yeR

hence we even have uniform convergence on R of potential functions.

For all m; € R, the set of all finite positive measures on the real line with mean
m is a lattice [40, Proposition 1.6], and even a complete lattice [41] for the convex
order. Then all u,v € M{(R) with mean m| have a supremum, denoted u V. v,
and an infimum, denoted © A, v, with respect to the convex order. In that context it is
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396 M. Beiglbock et al.

convenient to work with potential functions since they provide simple characterisations
of those bounds:

w Ve v is defined as the measure with potential function u, V u,,

i Ac v is defined as the measure with potential function co(u,, A u,),

where co is the convex hull.

Lemma4.1 Let (Mk)keN: (vk)keN be two sequences of M (R) converging respectively
to w and v in Wy. Suppose that there exists (mo, m1) € R x R such that uk(R) =

VE(R) = mg and fo wuk(dx) = fR yvk(dy) = my for all k € N. Then

im Wk ve vk, o vev) =0 and  lim Wi (uk A VK, i Ae ) = 0.
k——+00 k——+00

Proof Convergence in WV is equivalent to pointwise convergence of the potential
functions. Thus, the convergence of uk Ve vk to W Ve v in Wy is a consequence of the
pointwise convergence of k& = Uk V Uk 0 Uy V Uy = Uy,

To show convergence of % A. VX to 1 Ac v in Wy, it is sufficient to show for all
xeR

Uk p ke (X) = €Ok A uyp)(x) = co(uy Auy)(x) = upnp(x), k — Foo. 4.1

Since ux and u,x converge uniformly on R to u, and u, respectively, we have

uniform convergence of u pk AN Uk O Uy A Uy, Let ¢ > 0 and ky € N be such that for
all k > ko,

sup |(l/tuk Ay )(x) — (uy Auy)(x)| < e.
xeR

For all k > kg, we find

co(uy Nuy) —& < (uy ANity) — € < Ul N UK,

co(Uyk Ntyk) —& < (Upk ANUyk) — € < Uy Ay,

Thus, as the convex hull is the supremum over all dominated, convex functions,
this yields

co(uy ANuy) — e < CO(MM]( ANuyk) < couy Auy) + e,

which establishes (4.1) and completes the proof. O

We now provide the proof of Proposition 2.5 which is the key argument to see that
it is enough to prove our main result, namely Theorem 2.6, for irreducible pairs of
marginals.
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Approximation of martingale couplings on the line... 397

Proof of Proposition 2.5 To construct the desired decomposition, pick for all k € N a
coupling keIl M(,uk, vk). Let [, and r,, denote the left and right boundary of the
open interval {u,, < u,,} on which p, is concentrated, and set

Fu(”n_)

« Fu(”n_) k
W, (dx) =/ 8F_k1(u)(dx) du, v,(dy) =/ (dy)du.
In

—|
u:F/J.(ln) u:F/J,(lVL k &

These are the respective marginals of 75" on R? given by
Fu (rn_)
ﬁk,n(dx,dy) = / _l(u)(dx)n . )(dy) du. 4.2)

u="r, ()

ks

Since 7* is a martingale coupling, we have un <c v . Finally define

J =10, 1\ |J (Fu @), Fu(ra=)),

neN

and set
i (dx) = f Sp-1 o (dx) du. v*(dy) = f Tt @)
uel uk uelJ
These are the respective marginals of 7% defined by

~ k _ k
7°(dx,dy) = /ue] 8Fl:kl(”)(dX) nF,:kl(“)(dy) du,

which is again a martingale coupling with marginals (n*, v%), thus, n* <. v

Using inverse transform sampling for the second equality, we find

1
~ k ~ k.n _ k
(7[ + E T ) (dx,dy) = ./u=0 SF“_kl (M)(dx) nF;,{‘ (u)(dy) du

neN
= f 8.k (dx) o (dy) p* (dx*)
xkeR

= (dx) i (dy) = 7" (dx, dy).

Concerning the marginals, we deduce

nk—i—zlxﬁzuk and vk—l—Zvﬁ:vk.

neN neN

Forall (r,u,l,r) € P1(R) x (0,1) x R x R, we have by (2.3):

Frl)<u<F(r—) = I<F'w)<r = F(0) <u<F @) 43)
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Since u,(dx) = 1, ) (x) n(dx), using (4.3) for the second equality we find

Fu(rn_)
Un(dx) = / Sy (dx) u(dx) = f BF_l(M)(dx) du.
x'€(ln,rn) u=F, () "
We deduce that
n(dx) = (u - w) (dx)
neN
1 F;/.(rn_)
=f F oy (@x) du — Zf 1 (@) du
u= neN Y u=Fu(ln) e

= 8,1, \(dx)du.

Since the monotone rearrangement yields an optimal coupling, we have

WiGH, n)+2wl(un,un)—/ Fo 0 — F @l du = Wi e, ),
neN

hence

lim Wi, m) =0= lim Wiy, pun), VneN.
k—+00 k—+00

Since the marginals of 7k converge weakly, the sequences (WX ren and (V) ey are
tight, and so is (7¥)gen. For n € N, #%" is dominated by 7%, hence (7%")ien is
tight and therefore relatively compact. Moreover, by W) -convergence of (y,k) reN and
(vk)keN, the sequences (fR |x| ,uk (d)c))kEN and (fR |y] K (dy))keN converge and are in
particular bounded. Hence the sequences ([ |x| 1k (dx)), . and ([ [y vh(dY)), oy
are bounded as well and admit convergent subsequences. Since the VW -convergence is
equivalent to the weak convergence plus convergence of the first moments, we deduce
that the sequence (A5 ken is relatively compact in Wj. Since (M) ren is tight,
from any subsequence we can extract a further subsequence denoted by (%) jeN
which converges weakly to some 7w € Iy, (u, v). There are subsequences (Fkimy jeN
converging in W to a measure 77,,. Moreover 77, < 7 with w € I1y(u, v) denoting
the weak limit of a subsequence of the tight sequence (%/) jeN. The first marginal of
7, coincides with w,, due to the continuity of the projection, thus,

Ty < 7T|(l,,,rn)><R = Tp.

As 1, R x R) = wu,((y, rn)) = m,(R x R), there must hold equality, i.e., 7, =
7, and f ‘eR 7, (dx, dy) = v,(dy). By continuity of the projection, we deduce that

lim; Wi (v, v,) = 0 and, since the limit does not depend on the subsequence,
(vfl)keN converges in W to v,. Analogously, we find that (v¥)ery converges to 1. O
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The next two lemmas explore the influence of certain scaling and restrictions of
measure on condition that the transformed measures are in convex order.

Lemma4.2 Let r > 1 and p € M,(R?) be a finite positive measure. Let m; =
fo w(dx) and u%, a € Ry be the image of u by y — a(y —m1) +my. Then for all
o, ﬂ € R+,

Wr (', 1uPy = |p = af (/ e —mil’ M(dX)> =18 — a1’ 1. (44
Rl
Moreover, (1%)4ep+ constitutes a peacock, i.e., a < f € Ry implies n® <. uP.

Proof Let o < 8 € R4. By the triangle inequality we obtain

(/R lx —my|" M(dx)) =W, Gmyr 8P) < WSy 1%) + Wr(u®, 1P)
1

= (/ X — my|” u“(dx))’ W ().
Rd

Thus,

' 1
Wr(/ﬂ,uﬁ)z(/ |x—m1|'uﬂ(dx>) —(/ Ix—mllru“(dX))
R4 R4

= (B—a) (/ |x—m1|’u<dx))’.
Rd

Since the image of ¢ under x +— («w(x —my) +my, B(y —m1) + my) is a coupling
between u® and #, we also have the reverse inequality

7

Wr(n®, 1) < (B —a) (/Rd lx — mllru(dx)) ,

which proves (4.4).
To see that (u%),cr+ is a peacock, we fix again < 8 € R, and a convex function
f onR¢. By convexity, we have

1 (f) =/Rd Fl@Ge —m) +m1) u(dx)
o o ﬂ
s/ % B —m)+m) 4+ (1=2) fonn)) widn < 1P op).
Rrd \ B B

O
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Lemma 4.3 Forall p € Pi(R) with barycentre m| € R and R > 0, let pR be defined
by

R —m R +my .
R
= VAN 8_ (S R >
p p c( 7R R+ 7R R> if R>|ml,

and pR = §,,, otherwise. Then

(a) Forall R > 0, pR <¢ p, and if R > |m1|, then pR is concentrated on [—R, R].
(b) We have

Wi(p®, p) Ry

Proof Let p € P;(R) be with barycentre m; € R. For all R > |m], let ¥ =
Rz‘;ﬁ"‘ S_r + %SR, so that pR = p A, R If R < |m]| then pR = §,,, so we
clearly have pR <. p.Else, pR <, p still holds by definition of the convex infimum.
Moreover, since nR is concentrated on [— R, R], sois pR by domination in the convex
order, hence (a) is proved.

To show (b), it suffices to verify pointwise convergence of the corresponding poten-

tial functions, i.e., for all y € R,

Upank (¥) = co(up Auyr)(y) = up(y), R — +o0. 4.5)

Let & > 0. Since u,(y) — |y — m1| vanishes as |y| — oo, there exists M > 0
such that

VyeR, yI>M = up(y) =ly—mi| +e.
Let Ry = |mi| + supyei—p mp(x) and R > Ro. The map u,r is a piecewise
affine function which changes slope at —R and R and such that u,&(y) — +00 as
|y| = +oo. It therefore attains its minimum either at — R where it is equal to R + m
or at R where it is equal to R —m 1, and this minimum is equal to R — |m1|. We deduce

that for all y € R, unR(y) > R — |my|. Moreover, §,,, < n®, hence we also have
uur(y) = |y —m|forall y e R.Lety € R. If [y] < M, then

up(y) < sup  up(x) =Ro—|mi| = R—Imi| < uyr(y).
xe[—M.M]

If, on the other hand, |y| > M , then
up(y) =ly —mil+e <uyr(y) +e.

We deduce that forall y € Rand R > Ro, up(y) —& < (up A unR)(y). Thus, as the
convex hull is the supremum over all dominated, convex functions, this yields

up —& =< co(up/\unze) < up,
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which proves (4.5) and completes the proof. O

5 Proof of the main theorem

We consider the setting of Theorem 2.6. Before entering its technical proof, we argue
that it is sufficient to consider the case r = 1 and that we can assume w.l.o.g. that
(u, v) is irreducible.

When considering a sequence of couplings (77" ey Which converges in AW to
m € I1(w, v), whose sequence of marginal distributions (uk, vk) keN 1S converging in
W,, one can deduce AW, -convergence for the sequence of couplings. This is due to
(1.3), and W,-convergence being equivalent to weak convergence plus convergence
of the r-moments. To see the latter, we find, when equipping X x P,(Y) with the
product metric ((x, p), (x", p')) = (d% (x, x) + W/ (p, )Y,

/xm " (d (x. x0) + WE(p. 8yp)) J(x*)(dx. dp) = W (¥, 8x0) + W) (05, 8y)

o WG 8g) W0, 5y) = f (d (x. x0) + WL (p. 8y0)) J()(dx, dp).

k XxP,(Y)
(5.1)

A direct consequence is the following lemma, according to which proving Theo-
rem 2.6 for r = 1 is sufficient.

Lemma 5.1 In the setting of Theorem 2.6, assume that there exists a sequence of
martingale couplings =% € Ty (%, v5), k € N converging to w in AW,. Then this
sequence also converges to w in AW,.

Next, Proposition 2.5 is the key ingredient to show that it is enough to prove The-
orem 2.6 when (u, v) is irreducible.

Lemma 5.2 If the conclusion of Theorem 2.6 holds for r = 1 and for any irreducible
pair of marginals (i, v), then it holds for r = 1 and for any pair (u, v) in the convex
order.

Proof 1In the setting of Theorem 2.6, fix & € Iy (i, v). Denote by (iy, Vy)nen the
decomposition of (i, v) into irreducible components with

MZT’H‘ZM, V:r)"‘ZVn-

neN neN

By Proposition 2.5, we can find sub-probability measures (1%, v¥)ien,
(R (k)N N » (V3 (k.myeNx v such that

N <e vk, pk <ok Yk, n) e Nx N,

k k k k :
n—n, V=0, W, = Wp, v, = v, inW;, k— +oo.
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For k € N, let x* e TTj; (¥, v¥) be a martingale coupling between n* and v*. Since
the marginals both converge to 7 in Wi, (x*)xen is tight and any accumulation point
with respect to the weak topology belongs to ITys (1, 7). Since x := (id, id)4n is the
only martingale coupling between 7 and itself, (x*)ren converges weakly to x as k
goes to +o0 and even in W according to (5.1). We can show that this convergence
also holds in AW;.

Indeed, according to Proposition 2.1, there exists a sequence f(k € H(nk , vk),
k € N, converging to x in AW),. Then

AW i = [ ik zhitan < [ (ka0 + e zh) ot @)

=//|x’—x|(xf+>z§>(dx’>nk(dx>=/ I — x| ¢+ 75 dx, dx).
RJR R

Since (x, x') > [x’ — x| € ®;(R?) and x¥ and ¥ converge to x in Wy, we deduce,
using (1.1), that

/ I — x| (X + #5dx, dx'y — 2/ |x" — x| x(dx,dx") =0, k — +oo,
R R

hence,
AWK, ) < AV GE, 79 + AW GE x) = 0,k — +oo.

By assumption, we can find for any n € N a sequence (nk’")kEN of martingale
couplings between uﬁ and v,’i, k € N, which converges in AW to 7, as k goes to
00, where 1, denotes 7 restricted to the n-th irreducible component given by (2.8).
By Lemma 3.7, we have for all p € N that

X+ Z ot — x4+ Z m, in AWy, k — +oo.

neN, n<p neN, n<p

Moreover, the respective marginals of x* + D oneN 75" namely X and V¥, converge
in W to the respective marginals of x + ), _y 7., namely px and v. Therefore,
according to Lemma 3.6 (b), there exists a constant C > 0 such that

limksup.AW1 (xk + Z o x + Z 7Tn> =C (Iglp (w) + Ielp(‘))) .

neN nenN

where ¢, = ), . Nons>p Mn (R) where by convention the sum over an empty set is
0. Clearly, (€,)pen tends to 0, thus Lemma 3.1 (b) reveals that the right-hand side
vanishes as p goes to sup N. This proves that 7 = x* + Y oneN 7k e Ty (uk, v¥)
converges in AW tomr = x + > ,cn 75 e My (u, v). O
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Proof of Theorem 2.6 Step 1. Due to Lemma 5.1 and Lemma 5.2, we may suppose
w.l.o.g.thatr = 1 and (i, v) isirreducible with component I = (¢, p),{ € RU{—o0},
p € RU {+00}. Next, we define auxiliary martingale couplings close to 7 which will
be easier to approximate in the limit. We define them with the same first marginal
distribution whereby the second marginal distribution is smaller with respect to the
convex order. These auxiliary couplings will satisfy two key properties: first, their
second marginal distribution must be concentrated on a compact subset of / when
the first marginal distribution is itself concentrated on a certain compact subset K of
I. Second, it is essential that their second marginal distribution has positive mass on
some two compact subsets of / on both sides of K.
Fix € € (0, %). Choose a compact subset K = [a, b] of I with

WK% < e (5.2)

Instead of directly approximating m, we initially consider the martingale coupling
78 whose definition is given below. For any R > 0, let (Jrf)xeR be the probability
kernel obtained by virtue of Lemma 4.3. By Lemma 4.3 (b) we have for all x € R that
nf <. 7. Therefore,

Wik ) < 2/R|y|nx<dy>,

where the right-hand side is a p-integrable function of x. By Lemma 4.3 (b) we find

R

7R — 7 in W) as R — +o0. Let 7% := p x 7k, then dominated convergence

yields
AW (R ) < / Wi, o) udx) - 0, R — +oo.
R

Denote by v¥ the second marginal of 7 ®. Consequently, v® converges to v for the
W -distance an~d vR <. vforall R > 0. Let @ and b be real numbers such that
a € (L,a)and b € (b, p), for instance

¢ ) b
a:#wa—l)andb:(mlm%.

Since (u, v) is irreducible on /, according to Remark 2.4, v assigns positive mass
to any neighbourhood in I of the endpoints ¢ and p of I. From now on, we use the
notational convention that for all ¢ € R U {00},

[—oo,c)={xeR|x <c}, (c,+o0]={xeR|c<x} and [—o0,+00] =R.
In particular, 1= [£, p] C R.
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Then [, @) and (b, p] are relatively open on I with v&(T) = 1 = v(T), so Port-
manteau’s theorem yields

liminf vR([¢, d)) > v([£, @) > 0, liminf vR((D, p]) = v((b, p]) > 0.
R—+o0 R—+400
Thus, we deduce that we can choose R > 0 such that
R > lal Vb, / Wik ) u(dx) <6, vR(16,a) > 0, and
R
vR (. p) > 0. (5.3)

Let 7.5 be the image of 7 by y > a(y — x) + x when @ € (0, 1). Then 7®-¢ :=
p x X% satisfies by Lemma 4.2

AWy (e + (1 — )% 1)

< /memx + (1= ek, 7 ()

<(l-¢) /R Wi, ) p(dx)

< /R Wi (R 7Ry () + /R Wik, ) p(d)
=(1—a)fR/Ru—y|nf(dy)u(dx>+/Rwl<n5,nxm(dx>

=(l-w (/R x| pe(dx) +/Rly|vR(dy)> +/RW1(7T)§’7Tx)M(dX),

where the right-hand side converges to fR Wi (nf, 7y ) u(dx) < € fora — 1. Note

that 2R—a—a b+b+2R

IR * 2h1oR € (0, 1), so we can choose o € (0, 1) such that

2R—a—a b+b+2R

AW (e + (1 —e)n®% 7)) <€ and o > — VvV ——
: 2R—2a ' 2h+2R

. (54

Let L be a compact subset of I such that the interior L of L satisfies
[(=R)V (@l + (1 —a)a), R A (ap+ (1 —a)b)] C L.

Because R > (—a) Vv b and thereby [a, b] = K C [—R, R], we have that | g x rrf is
concentrated on K x ([—R, R]NT). Furthermore, forany (x, y) € K x ([—R, R1N1T),
we finday + (1 —a)x € L. Hence, Ulg % nf’a is concentrated on K x L.

Denote the second marginal of 7 %% by v®%_ Since

() € R X[6,d) = €< (l—a)x+ay<R—a(R—a) < a;a,
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we have that

()

_ ~ R.a — B _ R
= /RZ 1(6’%>(y)n (dx, dy) [l‘y ]l(&%)(oéy+ (1 —a)x) 7™ (dx,dy)

> / Lo Ryl (6 ) TR (dx. dy) = / R (=00, @) u(dx).
R2 ¢,R)

If x € [R, +00), then rrf = §, and since R > a, Jrf((—oo, a)) = 0. Added to the
fact that i is concentrated on /, we obtain

/ R (=00, @) u(dx) /nf((—oo,a)wdx)
(¢,R) R

= vR((=00,a)) = vR([¢, a)) > 0.

We deduce that

7 b+b
pRa ((E, 4 —;a)) > 0, and similarly, pRe ((%, ,0)) > 0. (5.5)

To summarise, we have constructed a martingale coupling 7 %% € Ty (1, vF%)
close to 7 with respect to the AW)-distance in view of (5.4), whose restriction
7Rk «r is compactly supported on K x L and concentrated on K X L. More-
over, the second marginal distribution vX-¢ is dominated by v in the convex order and
assigns positive mass on both sides of K according to (5.5).

Step 2. In the next step we construct a sequence of sub-probability martingale
couplings supported on a compact cube J x J (K C J C I) converging to 7 %% | g, r.

Our first goal is to find a sequence vR®* k e N, such that u* <, vR@k
and

k
=cV

WyRek yRey 50 k- oco. (5.6)
Defining v®-*K by
vRek = yEA(WF Ve TRy,

where T denotes the translation by the difference between the common barycentre of
wk and vk and the common barycentre of v and vE* i.e., fR y vk (dy) _fR yvRe(dy),
fulfils these requirements. Indeed

Wi (T (vR), vRo) = ‘ fR yvk(dy) — /R yvy)| < Wik, v) = 0,
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as k goes to +00. Then Lemma 4.1 provides vR*k — v A, (u v B = vR% in

W) as k goes to +00. By Proposition 2.1 we can approximate 7 %% with couplings
aRek e TI(uk, vRe%k) in AW). Unfortunately the sequence 7%%* k e N does
not have to consist of solely martingale couplings. Therefore, we have to adjust the
barycentres of its disintegrations, (7r)fe ‘a’k) to obtain martingale kernels and thereby
martingale couplings. Due to (5.5) and inner regularity of v®-¢, we find compact sets

a+a b+b
L_cle,—), L —_

with vR-%_positive measure. Let l, o € I, be such that ¢ <inf(LUL-)and sup(L U
L4) < p. Then define

B _ 7 . b+b g 3a4+a 3b+b
L= (2%, [, = (222 5) and k= (2902 220 59
2 2 4 4

so that L_, Ly and K are bounded and open intervals covering respectively L_, L
and K and such that the distance e between L_ U L, and K is positive:

a_a/\u>0.
4 4

ezmqu—yH@QOEQ,Uﬂgxk]z

Denoting J = [Z, o1, Fig. 2 summarises the construction.
The respective restrictions of v®** to L_ and L are denoted by v* and vi,

respectively. Since L_ and I:+ are open, Portmanteau’s theorem ensures that eventu-
ally (for k sufficiently large) v* and vi each have more total mass than some constant
5> 0.

By Lemma 3.4 (ii) there are of < pk, ok < vR@k 7k = gk x fri‘ e TI(ak, %)
concentrated on K x L, and €; > 0 such that

AW (5, (1 — ) B ki) + e — 0, k — +oo. (5.8)

The following procedure shows that there are for i* (dx)-almost every x unique con-
stants cli(x), ci(x) € [0, +00) and d¥(x) € [1, +00) such that

_ Af + cﬁ()c)vfcF + ck (x)k
B d* (x)

~k .
X

eP@L'éyﬂuw=L Ky A =o0.
Note that the constraint c* (x) A cﬁ (x) = 0 provides

/yﬁﬁm05x=:cﬂm=0,/}ﬁﬁ@Ozxz:cﬂmzo.(5%
R R
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We require ﬁ)’j to be a probability measure with mean x, thus,
L4+ A A ®R) + £ vE ®R) = db (), (5.10)
[ ytkan + oo [ yhan + o [ vty =xdo. s

Combining (5.9) with (5.10) and (5.11) yields

oy o Jry @ —x = fpy )
- Jo = y) v dy) ) ’
Gy = Xy ii@ o e ey A |
’ Jey =) vk @dy) vk (R)

_ ~k
d*(x) =1+ K ek ®) +Ci(X)vi(R) c |:1, 14 |x fR}e)ﬂx(dy)|:| '

Remember from (5.7) that LU L_ U L, C [£, 5] C I. Then we obtain for ¥ (dx)-
almost every x the estimate

k k k k k k
Ak Ak vy +c (v d¥(x) =1 &) -1 -
Wl(”X’”x)SW‘< d*(x) a7 ) S Takw P

— 1.

_ ~k
- |x fRiﬂx(dM 5

Hence, the adapted Wasserstein distance between A% and 7% = ,[Lk X ﬁfj satisfies

AWy (7, "></Wl(nk 45 ik (dx) < 1P E'” yn"(dy)‘ Ak (dx)

Ip—l

AW R (= )R g ur),

where we used Remark 2.2 with exponent » = 1 = 2"~! in the last inequality. The
triangle inequality and (5.8) then yield

lim AW GEE (1= e R ki) = 0, k — 0. (5.12)

Next we bound the total mass which we require to fix the barycentres. We find that

/ c"i(x)—i—cﬁ(x) 2k (d) <
R d)

~ k ~k
e(vk (R)Av+(R))/ /Wx(dy)' )

- AW (@K, (1 — e R g R)

— 0, k— +o0o,
e(WE (R) A VE(R))
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where we used Remark 2.2 again for the last inequality and the fact that v% (R) A
vlj_(R) > & for k large enough for the limit. Consequently, when 7% denotes the
second marginal of 7%, we have for k sufficiently large that

kx) + cﬁ_(x)

~k
2500) wr(dx)

(1=26)0F < (1 =26)0% + (1 —26)(V* + vi)/
R
< (1 —epkok,
Step 3. In this step, we complement the martingale coupling (1 — 2¢)7 to a martin-
gale coupling with marginals p* and ev* + (1 —e)v®-%* for k sufficiently large. Recall

that 7% € Ty (A%, %) and 7R g xp € Ty (ulx, VRY), where VR¢ is the second
marginal distribution of 77 ®| ¢, are concentrated on the compact cube J x J and

AW #F, (1 — )R g r) = 0, k — 4oo.

Furthermore, since (1 — €)7 %% — (1 — ZG)nR’“|KXR is a martingale coupling with
marginals

(1—epu—(1—=26)ulxg and (1 —e®* — (1 —2e)pke,

we deduce by irreducibility of the pair (u, v) on [ irreducibility of the pair of sub-
probability measures

e+ (1 —e)w— 0 =2e)ulg and ev+ (1 —e®* — (1 = 2e)pR9,
whose potential functions satisfy
0 <up —ua-2eulx < Uepy(—eppka — U 2gpka O 1.
Since those potential functions are continuous, there exists T > 0 such that they have

distance greater T on J. By uniform convergence of potential functions, for k € N
sufficiently large we have

T
0 < MMk — ”(1723),% + 5 < usuk+(lfs)vR~°‘«k — M(]fzé)f}k onJ.

On the complement of J we have u(j_o,)a¢ = (_o.pk since both measures are
concentrated on J and satisfy (1—2¢) [, x Ak (dx) = (1—2¢) Jr Yy X (dy). Therefore,

c
0 < Muk — u(l—28)ﬂk < Msvk+(1_8)vR.a,k - u(l—28)ﬁk onJ°.

By Strassen’s theorem [52], there exists nk € HM(M" - - 28);1", svk + (1 —
g)vRak _ (1 —2¢)v%). Finally, we write

T = le + (1 - 2€)ﬁ’k € HM(Mk, evk +(1— S)\)R’a’k).
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Step 4. In the last step, we show that the sequence constructed in this way is
eventually close to the original martingale coupling 7 in adapted Wasserstein distance.

The marginals of 7* are converging in Wi to (u, ev + (1 — vR) ask goes to
~+o00. We have according to (5.12) that

1—
AW ((1 — 28)1 £ Ak (1 —=2e)(1 — e)nR""|KXR> —- 0, k— oo.
— &k

For k large enough so that ¢, < ¢,

1—¢

AR®R?) -1 - 2,9)l — 8kﬁk(R2)
= K (R?) + (1 — 26) 2K 2k (R2)
1 — ¢

= (e + (1 =) — (1 = 20)(1 — e " ) (R)
+ (1 —28)(e — &) ® g xr (R?)
=1—-—(00-28)(1—e)u(K) < 4e,

where we used (K) > 1 — ¢ for the last inequality. Hence applying Lemma 3.6 (b),
with (7%, 7, 7%, 7, ) replaced by

1_
((1 —2e)—— 7k (1= 2e)(1 — &) R g,
1— ¢
- 2s)i Tk K e 4+ (1—g) (nR’“ — - 2s)nR~“|KxR) ,4s> ,
.

we obtain

lim sup AW (7%, e + (1 — &)1 ™*) < CLae () + Lae(ev + (1 — ™)),
k

with C given by Lemma 3.6 (b) and depending only on the exponent » = 1. Since

R < v thenev+(1—g)vR® <, v, sousing Lemma 3.1 (), the triangle inequality
and (5.4), we get

lim sup AW, @~ 7)
k
< lim sup (AW1 F@ e + (1 — )7 + AW (e + (1 — &) B, n))
k
< Cge () + Ige(v)) + .

Since the right-hand side only depends on € and vanishes as € goes to 0, we can reason
like in the proof of Proposition 2.3 (from (3.27)) to find a null sequence (€;)kenN, tWo
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L a J b P
g H [ [ | 1 )
|| —- [
¢ L_ 5 p2 a K b\ ¢ Ly g
\ ~ 7 \ ~ A AY ~ K4
L_ K T Ly

Fig. 2 Points and intervals involved in the proof. The boundaries of the closed intervals are vertical bars
and those of the open intervals are parentheses

sequences (Ry)reN, (k) ren With values respectively in Ri and (0, 1), and martingale
couplings

7K e Ty Uk, vk + (1 — gvfeenky ke N
such that
AW FE 1) > 0, k — 4oo. (5.13)

In particular, the W -distance of their second marginal distributions vanishes as k goes
to +o0, hence the triangle inequality yields, for k — 400,

Wi Evk + (1 = gvRoank
= Wl (gkvk + (1 — Ek)ka,ak,k, V) + W[(V, Vk) 0.

Remember that vRe-% -k < )k hence & vk + (1 —&)vRe%k <. vk Then by [37, The-
orem 2.12], there exist martingale couplings MK € Ty (EvF + (1 — &) vRe-ank ky
k € N such that, for k — +o0,

/ﬂ; : Ix — y| M*(dx, dy) < 2Wi (v + (1 = &)vReak vky 5 0. (5.14)
x
Let then
7 (dx, dy) = i) /  MEy #E) € Tt .
Using the fact that for wK (dx)-almost every x, ﬁf (dz) Mf (dy) € l'[(ﬁff, nf), we get

AWy (k| 75y < /R Wh (X, 75y uk(dx) < /R . R|z—y|uk(dx) M¥(y) #¥dz)

= f 1z — y| M¥(dy, d2),
RxR

where the right-hand side vanishes by (5.14) as k goes to +o00. Then (5.13) and the
triangle inequality yield
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AW (75, ) < AWk, 75 + AW, ) — 0, Kk — 4o,

which concludes the proof. O
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