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Abstract
We consider the imaginary Gaussian multiplicative chaos, i.e. the complex Wick expo-
nential ug :=: e'PT™) - for alog-correlated Gaussian field ' ind > 1 dimensions. We

prove a basic density result, showing that for any nonzero continuous test function f,
the complex-valued random variable 114 (f) has a smooth density w.r.t. the Lebesgue
measure on C. As a corollary, we deduce that the negative moments of imaginary chaos
on the unit circle do not correspond to the analytic continuation of the Fyodorov-
Bouchaud formula, even when well-defined. Somewhat surprisingly, basic density
results are not easy to prove for imaginary chaos and one of the main contributions of
the article is introducing Malliavin calculus to the study of (complex) multiplicative
chaos. To apply Malliavin calculus to imaginary chaos, we develop a new decompo-
sition theorem for non-degenerate log-correlated fields via a small detour to operator
theory, and obtain small ball probabilities for Sobolev norms of imaginary chaos.

Mathematics Subject Classification 60G15 - 60G20 - 60G57 - 60G60 - 60HO7 - 82B21

1 Introduction

In this paper we study imaginary Gaussian multiplicative chaos, formally written as
pp =: P : where I is a log-correlated Gaussian field on a bounded domain
U c R? and B a real parameter. The study of imaginary chaos can be traced back to
at least [8, 12], in case of cascade fields to [5], and to [16, 18] in a wider setting of
log-correlated fields.

Imaginary multiplicative chaos distributions : e/ : can be rigorously defined as
distributions in a Sobolev space of sufficiently negative index [16]. In the case where
I" is the 2D continuum Gaussian free field (GFF), they are related to the sine-Gordon
model [16, 19] and the scaling limit of the spin-field of the critical XOR-Ising model
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is given by the real part of : 27T [16]. Imaginary chaos has also played a

role in the study of level sets of the GFF [29], giving a connection to SLE-curves. In
[10] it was shown using Wiener chaos methods that certain fields constructed using the
Brownian Loop Soup converge to imaginary chaos. Recently, reconstruction theorems
have been proved for both the continuum [4] and the discrete version [14] of the
imaginary chaos, showing that, somewhat surprisingly, when d > 2 it is possible to
recover the underlying field from the information contained in the imaginary chaos in
the whole subcritical phase § € (0, V).

In a wider context, real multiplicative chaos : e’T™ . with y € R has been the
subject of a lot of recent progress (see e.g. reviews [24, 26]). Complex and in particular
imaginary multiplicative chaos appear then naturally, for example, as analytic exten-
sions in y. Complex variants of multiplicative chaos also come up when studying the
statistics of zeros of the Riemann zeta function on the critical line [28].

The main result of this paper is the existence and smoothness of density for ran-
dom variables of the type g (f). The main contribution, however, is probably the
technique used to prove the main result. Indeed, whereas in the case of imaginary
multiplicative cascades [6] and real multiplicative chaos [27] rather direct Fourier
methods give the existence of a density, this approach is problematic in the case of
imaginary chaos. The main obstacle is the presence of cancellations that are difficult
to control without an exact recursive independence structure or monotonicity. We cir-
cumvent these problems by turning to Malliavin calculus. Interestingly, in order to
apply methods of Malliavin calculus we have to first obtain new decomposition the-
orems for log-correlated fields, and prove quite technical concentration estimates for
tails of imaginary chaos.

1.1 The main result: existence of density

Let us now denote by + = g the imaginary chaos with parameter 8 < (0, Vd)ind
dimensions. In the appendix of [20] and in [16] the tails of this random variable were
studied and it was shown that P[|(f)| > t] behaves roughly like exp(—t2d/ ﬂz) — this
basically follows from the fact that using Onsager inequalities, one can obtain a very
good control on the moments of imaginary chaos.

In the present article we are interested in the local properties of the law of wg(f)
and our main result is that this random variable has a smooth density. The following
slightly informal statement is made precise in Theorem 3.6.

Theorem Let I' be a non-degenerate log-correlated field in an open domain U and
let f be a nonzero continuous function with compact support in U. Then the law of
up(f) is absolutely continuous with respect to the Lebesgue measure on C and the
density is a Schwartz function.

Moreover, for any n > 0 the density is uniformly bounded from above for B €
(n, \/c—l) and converges to zero pointwise as 3 — \/E

Finally, the same holds in the case where g is the imaginary chaos corresponding
to the field [* with covariance ]E[f‘(x)f’(y)] = —log |x — y| on the unit circle, with f
being any nonzero continuous function defined on the circle.
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Density of imaginary multiplicative chaos via Malliavin calculus 751

Remark The reason why the circle field is brought out separately is because it does not
satisfy our definition of non-degenerate log-correlated fields, see Sect. 2, and requires
a bit of extra work. With similar work other cases of degenerate log-correlated fields
could be handled. However, a unified approach to handle a more general class of
log-correlated fields is still lacking.

The requirement of compact support for f can also be dropped in many situations.
For example, the theorem is also true in the case where I is the zero-boundary GFF
on a bounded simply connected domain in R? and f = 1.

This theorem has already proved to be useful in further study of imaginary chaos',
but we also expect this basic result and the method to be useful more generally in
the study of complex chaos [18], and in studying the integrability results related to
multiplicative chaos [17, 25] and the Sine-Gordon model. Not only should one be
able to use this technique to prove density results in these more general cases, but as a
corollary one can deduce the existence of certain negative moments, which have played
important role in the above-mentioned results. In a follow-up work, we will prove
by independent methods that the density for imaginary chaos is in fact everywhere
positive.

1.2 An application to the Fyodorov-Bouchaud formula

Let us mention here one direct application of our results, linking our studies to recent
integrability results on the Gaussian multiplicative chaos stemming from Liouville
conformal field theory [17, 25]. Namely, in [25] the author proved that for real y €
(0, ﬁ) the total mass of : e¥T™ : where T is the log-correlated Gaussian field
on S' with covariance C(x, y) = —log|x — y|, has an explicit density w.r.t. the
Lebesgue measure; this was conjectured in [13] and proved by different methods in
[11]. Moreover, in Theorem 1.1 of [25] the author proves an explicit expression for
the p—th moment of ¥,, := % Jor: e?T@ - dy with —o0 < p < 2/y%:

E(y}f’) ZF(I——pyz/Z)’ (1.1)

ra—y2/2)p

where with a slight abuse of notation I is here the usual I'-function.? Notice that for
any p, the expression is analytic in y (outside of isolated singularities) and in particular
analytic in a neighbourhood around the imaginary axis. So naively one might think
that at least as long as the moments are defined for : /7™ :_ they would correspond
to the expression given by (1.1) with y = i 8. And indeed, it is not hard to see that for
p € N this is the case. Our results however imply that this cannot be true in general,
even in the case where the p—th moment is well-defined for the imaginary chaos.
In other words, the analytic extension of the moment formulas is in general different
from naively changing y in the Wick exponential.

LA work in preparation studies the monofractal structure of imaginary chaos.

2 Notice that in that paper the author is using a different normalization of the field with local behaviour of
—2log|x — y|.
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Corollary 1.1 Let [ig be the imaginary chaos corresponding to the log-correlated field
T on the unit circle. Then E (M,g(S )~ 1) converges to zero as B — 1. In particular,

(,uﬁ(S )~ 1) does not agree with the analytic continuation of Eq. (1.1) for y €
(—i,1).

Proof From Theorem 3.6 it follows that
E (ZpsH ™) 1 < E(1mpsHI™") > 0

as B — 1. On the other hand a direct check shows that in Eq. (1.1), the expression
remains uniformly positive for p = —1, when weset y = if andlet 8 — 1. O

Remark 1.2 It might be ineteresting to take note that almost surely Y, does have an

analytic continuation in y to the unit disk of radius +/2 around the origin. Moreovoer,
from Theorem 1.1 in [25] we know that for y € [0, 2], the law of Y, is equal to
2
W YT ,withY ~ Exp(1).One canthen interpret the above corollary as saying
-2
8>

that for y = i8, the law of Y;g cannot be given by m Yz,withY ~ Exp(l).

1.3 Other results: a decomposition of log-correlated fields and Sobolev norms of
imaginary chaos

As mentioned, our main tool in the proof of Theorem 3.6 is Malliavin calculus which is
an infinite-dimensional differential calculus on the Wiener space introduced by Malli-
avin in the seventies [21]. Whereas Malliavin calculus has been used to prove density
results in various other settings [22], we believe that it is a novel tool in the context of
multiplicative chaos and could possibly have further interesting applications—e.g. in
proving density results for more general models. In order to apply Malliavin calculus,
we need to derive some results that could be of independent interest.

First, we derive a new decomposition theorem for non-degenerate log-correlated
fields. The following statement is more carefully formulated in Theorem 4.5 and the
proof has an operator-theoretic flavour.

Theorem Let T" be a non-degenerate log-correlated Gaussian field on an open domain
U < R? with covariance kernel given by —log|x — y| + g(x, y) and g subject to
some regularity conditions. Then, for every V. € U we may write (possibly in a larger
probability space)

Tly=Y+2Z2,

where Y is an almost x-scale invariant field and Z is a Holder-regular field independent

of Y, both defined on the whole of RC.

Second, we develop a way to study the small ball probabilities of || f ugll gr-a/2(rdy-
The precise version of the following statement is given by Proposition 6.7.
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Proposition Let f € CX°(U). Then for all B € (0, Vd) the probability
P f gl g-ar2ray < A1 decays super-polynomially as & — 0.

This result is closely related to small ball probabilities of the Malliavin determinant
of ug(f). To prove it we establish concentration results on the tail of imaginary chaos.

1.4 Structure of the article

We have set up the article to highlight how the general theory of Malliavin calculus is
applied to prove such a density result and what are the concrete estimates of imaginary
chaos needed to apply it. After collecting some preliminaries in Sect. 2, we use Sect. 3
to walk the reader through the relevant notions and results of Malliavin calculus in the
context of imaginary multiplicative chaos, thereby building up the backbone of the
proof of the main theorem. In that section we state carefully the main result, and prove
it up to technical estimates. The remaining proofs are then collected in Sect. 5 and
in Sect. 6; the former contains some general lemmas of Malliavin calculus, and the
latter deals with concentration results for imaginary chaos, including the proof of the
Proposition 6.7 above. In Sect. 4 we prove the decomposition theorem stated above.

2 Basic notions and definitions
2.1 Log-correlated Gaussian fields and imaginary chaos

In this section we establish the formal setup for the log-correlated field I and of the
imaginary chaos associated to I', often denoted by : exp(i 8I") : with € R.

2.1.1 Log-correlated Gaussian fields

Let U C R be a bounded and simply connected domain and suppose we are given a
kernel of the form

C(x,y) =log +8x,y) 2.1

|x — ¥l

where g is bounded from above and satisfies g(x, y) = g(y, x). Furthermore, we
assume that g € Hlﬁjg(U x U) N L*(U x U) for some ¢ > 0. We may also extend
C(x, y) asOoutside of U x U. Then C defines a Hilbert—Schmidt operator on L2(RY),
and hence C is self-adjoint and compact.

Assuming C is positive definite, by spectral theorem there exists a sequence of
strictly positive eigenvalues A1 > A > --- > 0 and corresponding orthogonal eigen-
functions (fi)x>1 spanning the subspace L := (Ker C)* in L?>(R¢). We may now

3 Forany s € Rand U C R? we denote by Hj} (U) the space of distributions f for which ¢ f € H* RY)
forall ¢ € C°(U).
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construct the log-correlated field I with covariance kernel C(x, y) via its Karhunen—
Loeve expansion

F=Y Ml fi=Y" Ak, 22)

k=1 k=1

where (Ag)r>1 is an i.i.d. sequence of standard normal random variables. It has been
shown in [16, Proposition 2.3] that the above series converges in H~¢(R?) for any
fixed ¢ > 0.

From the KL-expansion one can see that heuristically I' is a standard Gaussian
on the space Hr := C!/>L. The space H := Hr is called the Cameron-Martin
space of I', and it becomes a Hilbert space by endowing it with the inner product
(f. ey =(C7V2f,C72g),2, where C~1/2 f, C~1/2g € L. This definition makes
sense since C'/? is an injection on L. We will define the KL-basis (ex)x>1 for H by
setting ex := /Ax fi, and we will also write (I, h) g := Y oo Ak (h, ex)p forh € H.
The left hand side in the latter definition is purely formal since I' ¢ H almost surely.

Let us finally define what we mean by a non-degenerate log-correlated field in all
of this paper.

Definition 2.1 (Non-degenerate log-correlated field) Consider a kernel Cr(x, y) =
C(x, y) from (2.1) and the associated log-correlated field I", given by (2.2). We call
the kernel C and the field I' non-degenerate when C is an injective operator on L>(U),
i.e. Ker C = {0}.

Note that for covariance operators injectivity is equivalent to being strictly positive
in the sense that (Cr f, f) > Oforall f € L2(U), f # 0.4
The standard log-correlated field on the circle.

The only degenerate field we will work with in this paper is the standard log-
correlated field on the circle Le. it is the field I on the unit circle which has the
covariance Cr(x, y) = log Tk where one now thinks of x and y as being complex
numbers of modulus 1. Equlvalently, we may consider the field on [0, 1] with the
covariance

27it 2misy] — A oy
E[T (eI (e )]—10g2|sin(n(t—S))|’

in which case we may write

[ty = J_Z (Ak cos(2mkt) + By sin(2wkt))

4 0n R? one could also imagine a different definition of non-degenerate fields. Namely, a canonical way
to define a log-correlated field I'; on R4 for any d > 1istotake H 4/2(R4) a5 the Cameron—Martin space
of the field. It would then be natural to call any log-correlated field on R non-degenerate if its Cameron—
Martin space is equivalent to H 4/2(R4). We will basically see in Sect. 4 that very roughly our condition
implies that the Cameron—Martin space of a suitable extension of the non-degenerate field I" to the whole
plane coincides up to an equivalent norm with A d/2(Rd),

@ Springer



Density of imaginary multiplicative chaos via Malliavin calculus 755

where Ay and By are i.i.d. standard normal random variables.

This circle field is degenerate because it is conditioned to satisfy fol (%) do =0
and the operator C maps constant functions to zero. It is however not hard to see that
after restricting the domain of the field [y to Iy = [—1 /4, 1/4] it becomes
non-degenerate.

2.1.2 Imaginary chaos

Let us now fix 8 € (0, v/d). Forany f € L®(U) we may define the imaginary chaos
u tested against f via the regularization and renormalisation procedure

; ik 2
— i iBle(x)+ 5 Ele (x)
w(f) af})fu fx)e dx,

where I'; is a convolution approximation of I" against some smooth mollifier ¢;. An
easy computation shows that the convergence takes place in L?(£2). Importantly, the
limiting random variable does not depend on the choice of mollifier. Again, one has
to be careful however when defining ( f) for uncountably many f simultaneously.
Indeed, p turns out to have a.s. infinite total variation, but it does define a random
H* (R9)-valued distribution when s < — ,82 /2 [16]. One may also (via a change of
the base measure in the proofs of [16]) fix f € L>(R?) and consider g > u(fg) as
an element of H*(R?). Although p is not defined pointwise, we will below freely use
the notation [, f(x)u(x) dx to refer to u(f).

2.2 Malliavin calculus: basic definitions

In this subsection we will collect some very basic notions of Malliavin calculus:
the Malliavin derivative and Malliavin smoothness. We will mainly follow [22] in
our definitions, making some straightforward adaptations for complex-valued random
variables both here and in the following sections.

Let C;O (R™; R) be the class of real-valued smooth functions defined on R” such
that f and all its partial derivatives grow at most polynomially.

Definition 2.2 We say that F is a smooth (real) random variable if it is of the form
FT) =T, h)a, ... (T ha) B)

for some hy,...,h, € Hand f € C?(R”;R),n > 1.
For such a variable F we define its Malliavin derivative D F by

"9
DF — Z af((r, h)YE, o (T ) )l
k=1

Thus we see that DF is an H-valued random variable and in fact, in the case where
F is a smooth random variable, D F corresponds to the usual derivative map: for any

@ Springer



756 J.Aruetal.

h € H, we have that

F( +¢h)— F(I
(DF(T). by = lim L€M= FO)
e—0 &
One may also define D™ F as a H®™-valued random variable by setting
n am

D"F= Y ————fUCh)g, . (T ) mhiy @ - ® hy,,.

In our case H is a space of functions defined on U and hence H®" can be seen as a
space of functions defined on U™. At times it will be convenient to write down the

arguments of the function explicitly using subscripts, e.g. for all 71, ...,t, € U we
set
Dy i, F=D"Ft, ... .tn),
with
n am

D"F(ty,....tm) = Y FUT ) s (T ) iRy (11) -, ().

dky ... 0ky

We extend the above definition in a natural way to complex smooth random variables
by setting

D(F +iG) =DF +iDG

when F and G are real smooth random variables. Thus in general D will map complex
random variables to the complexification of H, which we denote by Hc. We will
assume that the inner product (-, -) g is conjugate linear in the second variable. From
here onwards we will use F' for complex-valued Malliavin smooth random variables,
unless otherwise stated.

To define D for a larger class of random variables one uses approximation by the
smooth functions above. More precisely, we define for any non-negative integer k and
real p > 1 the class of random variables ID%-? as the completion of (complex) smooth
random variables with respect to the norm

k
IFIE, = EIFI” + ) EID/F|” ;.
j=1 ©

The spaces D%? are decreasing with p and k, and we denote D™ := Pk kP,
Similarly we set Db := Mp=1 Dk-P,

@ Springer



Density of imaginary multiplicative chaos via Malliavin calculus 757

Finally, viewing D as an unbounded operator on L%(Q2; C) with values in
L%(Q; Hc), we may define its adjoint § which is also called the divergence opera-
tor. More specifically we have

E[Féu]l =E(DF, u) .

for any u such that |[E(DF, u) y.|* < EF? forall F € D!2,

3 Density of imaginary chaos via Malliavin calculus

Let f be a continuous function of compact support in U. Our goal is to apply Malliavin
calculus to show that the random variable M := u(f) has a smooth density with
respect to the Lebesgue measure on C.

We start by walking through the basic results of Malliavin calculus that we want to
apply and we then reduce the proof of Theorem 3.6 to concrete estimates on imagi-
nary chaos. Some useful lemmas of Malliavin calculus are proven in Sect. 5 and the
estimates on imaginary chaos are verified in Sect. 6, with input from Sect. 4.

Formally one can write the Malliavin derivative DM of M = u(f) as

D/M = / fx)D; : B2 nziTeenien() . gy
OO .
- / £ (x) Z 2T i Ber (e (x) dx
k=1

= iﬁ/f(x)u(x)C(t,x)dX-

The content of the following proposition is to make the above computations rigorous
by truncating the series ZZO:I (T, e,) gen(x) to be able to work with Malliavin smooth
random variables, as in Definition 2.2.

Proposition 3.1 Let f € L°°(C). Then M € D* and

DzM=iﬁ/ F@Ou@)C, x)dx
U

forallt € U.

The reason we are interested in showing that M belongs to D is the following
classical result of Malliavin calculus, stating sufficient conditions for the existence of
a smooth density. For convenience we state it here directly for complex valued random
variables.

Proposition 3.2 Let F € D™ be a complex valued random variable and let
1 —
detyr = (IDF . = (DF, DF)pc ) 3.1
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be the Malliavin determinant of F. If E|det(yr)|™P < oo forall p > 1, then F has
a density p w.r.t. the Lebesgue measure in C and p is a Schwartz function.

The proof follows rather directly from [22, Proposition 2.1.5]:

Proof Following [22], the Malliavin matrix of a random vector F = (Fy, ..., F,;) €
R™ is given by yr := ((DF}, DFk)H)’}’k. We will use Proposition 2.1.5 from [22],
which states that if F; € D* and E|detyp|™” < oo for all p > 1, then F has a
density w.r.t. the Lebesgue measure on R"” which is a Schwartz function.

As Re F,Im F € D* by assumption, it is enough to check that det yr is equal to
the given formula in the case F = (Re F', Im F'). This is easy to check by writing

detyr = (DFy, DF\)y(DF>, D)y — (DFy, DF2, )%
1

— — 1 — —
= IDF+ DF||3 IDF — DF |3, — 16|(DF + DF, DF — DF) . |?

and expanding the squares on the right hand side. We leave the details to the reader. O

Thus to show that F has a smooth and bounded density it will be enough to show
that the negative moments of |DF ”ilc — |(DF, DF) He |2 are all finite. In fact this
quantity is not straightforward to control directly and to make calculations possible,
we first apply the following projection bounds, whose proofs we postpone to Sect. 5:

Lemma 3.3 (Projection bounds) Let F € DY2 and let h be any function in Hc. Then

det 1 ({DF,h — (DF, h 2
eyg 2_(I( I Ee | 2|< , >H(c|)' (3.2)
IDFlly, — 4 170
and
1 ({DF,h — (DF, h 4
det yp > 1 (K YHc | — I YD) ' (3.3)

— 4 1503,

To further show that the density is uniformly bounded in 8 outside any interval
surrounding the origin, we need to have some quantitative control on the densities. We
will use the following simple adaption of Lemma 7.3.2 in [23] to the complex case to
do this:

Lemma3.4 Let p > 2 and F be a complex Malliavin random variable in D> Then
there is a constant ¢ = ¢, > 0 depending only on p such that the density p of F
satisfies for all x € C

p(x) < cp(EIS(A)P)HP,
where A is defined by

B ||DF||§,CDF — (DF, DF)y.DF
IDF|};,. — {DF, DF)p.|?
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Bounding §(A) is again technically not straightforward, but the following general
bound could possibly be of independent interest. It is again proved in Sect. 5.

Proposition 3.5 Let F be a complex Malliavin random variable in D**. We have

IDF 3. (8(DF)| + ID*F | gewne)

18(A) < -
IDFI},. — KDF, DF)ye|?

Using the above results on Malliavin calculus, we can now reduce Theorem 3.6
to concrete propositions on imaginary chaos. Proving the estimates needed for these
propositions is basically the content of Sect. 6.

We start with a precise statement of the main theorem:

Theorem 3.6 Let U be an open bounded domain and T a non-degenerate log-
correlated field in U as in Definition 2.1 and f be a nonzero continuous function
of compact support in U. We denote by | the imaginary chaos associated to I and
parameter B € (0, Jd). Then

o the law of w(f) is absolutely continuous with respect to the Lebesgue measure on
C and the density is a Schwartz function;

o forany n > 0 the density is uniformly bounded from above for B € (n, ¥/d) and
converges to zero pointwise as f — V.

Finally, the same holds in the case where T is defined on the unit circle with covariance
E[T(x)['(y)] = —log|x — y| and f is any nonzero continuous function on the circle.

There are basically two technical chaos estimates needed to deduce the theorem.
First, super-polynomial bounds on small ball probabilities of the Malliavin determinant
are used both to prove that the density exists and is a Schwartz function, and to show
uniformity:

Proposition 3.7 Let I', f, M = u(f) be as in the theorem above. Then we have the
following bounds for the Malliavin determinant det yy. For any v > 0, there exist
constants C, c, a, &y > 0 (which do not depend on ) such that for all ¢ € (0, g9) and

forall B € (v, Vd),

P (det v > (d — ,32)_48) >1—Cexp (—ae_c/2> . (3.4)
and
P LM o g g2 ) = 1 - Cexp(—ae). (3.5)
DM,

DM, . . .
Here the bound on TWHC is necessary, when bounding the divergence of the

covering field via Proposition 3.5. Second, in order to apply Lemma 3.4 we also need
upper bounds on [§(DM)| and || D*M || yegHe:
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760 J.Aruetal.

Proposition3.8 Let ", f, M = w(f) be as in the theorem above. Then for all N > 1,
there exists C = C(N) > 0 such that for all 8 € (0, Jd)

E[18(0M)P] < c@ - gy (36)
and
E[ID M3 g ] = Cd - gD, (3.7)

We can now prove Theorem 3.6 modulo these propositions.

Proof of Theorem 3.6 To apply Proposition 3.2 to prove that M = w(f) has a density
w.r.t. Lebesgue measure, and that moreover this density is a Schwartz function, we
need to verify two conditions:

e That M € D — this is the content of Proposition 3.1;
e And that E| det(yy)| P < oo forall p > 1 — this follows directly from the bound
(3.4) in Proposition 3.7.

Finally, it remains to argue that the density is uniformly bounded from above for
B € (n, V/d) for some fixed n > 0, and converges to zero pointwise on R? as 8 — /d.
This follows from Lemma 3.4, once we show that E|8(A)|* is uniformly bounded in
B € (n, V/d) and tends to zero as f — +/d. By Proposition 3.5

IDMI|3;,. (18(DM)| + | D*M || o 1) (4
IDM||3;,. — (DM, DM) .|

El3(A)* B

By using the inequality (x 4 y)* < x* 4+ y* and then Cauchy—Schwarz we have that

8
ElID*M || negneI®-

IDM||%,. 8 IDM|?
EIS(A)[* < E)—”C E|S(DM)|® + E‘—H‘C
det yy det yy

We thus conclude from (3.5) in Propositions 3.7 and 3.8. O

The proofs of the above-mentioned chaos estimates appear in Sect. 6. More precisely,

e In Sect. 6.2 we prove that M is in D*°, i.e. Proposition 3.1. This boils down to
bounding moments of DM and is a rather standard calculation. Similar computa-
tions with small improvements on existing estimates allow to prove Proposition
3.8 in Sect. 6.3.

e In Sect. 6.4, we prove Proposition 3.7, which requires a novel approach. It is also
in this subsection where we make use of the almost global decomposition theorem
for non-degenerate log-correlated fields, proved in Sect. 4.

The missing general results of Malliavin calculus are proved in Sect. 5.
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4 Almost global decompositions of non-degenerate log-correlated
fields

It is often useful to try to decompose the log-correlated Gaussian field I" on the open
set U C R? as a sum of two independent fields Y and Z, where Y is in some sense
canonical and easy to calculate with, and Z is regular. In [15] it was shown that such
decompositions exist around every point xo € U when g € H (U x U) for some
s > d and Y is taken to be a so-called almost x-scale invariant field.

Our goal in this section is to establish a more general variant of this decomposition
theorem which removes the need to restrict to small balls and works in any subdomain
V € U (we write A € B to indicate that A C B) by simply assuming that I is non-
degenerate on V, meaning that Cr defines an injective integral operator on L>(V), as
explained in Sect. 2.

In the context of the present article, the usefulness of this result is strongly inter-
linked with the following standard comparison result for Cameron—Martin spaces. In
the case of Reproducing Kernel Hilbert spaces, this can be found for example in [3].

Lemma 4.1 Let Y and Z be two independent distribution-valued Gaussian fields and
denoteT’ = Y+Z. Let (Hr, || - || u) and (Hy, || - | iy ) be the Cameron—Martin spaces
of ' and Y respectively. Then Hy C Hr and moreover for every h € Hy, we have
that |hll gy = Ik a1,

Basically, via this Lemma our decomposition allows to meaningfully transfer cal-
culations on the initial field I" to easier ones on the almost x-scale invariant fields Y,
where Fourier methods become available.

We will start by recalling the basic definitions related to -scale invariant and almost
*-scale invariant log-correlated fields. We then state the theorem and discuss heuristics,
and finally prove the theorem in two last subsections. In this section all function spaces
are the standard function spaces for real-valued functions, i.e. we don’t need to consider
their complexified counterparts.

4.1 Overview of x-scale and almost x-scale invariant log-correlated fields

To define x-scale invariant and almost x-scale invariant fields, we first need to pick a
seed covariance k. For simplicity we will in what follows make the following assump-
tions on k:

Assumption 4.2 The seed covariance k: RY — R satisfies the following properties:

e k(x) >Oforall x € R? and k() =1;

e k(x) = k((|x],0,...,0)) =: k(|]x]) is rotationally symmetric and suppk C
B(0, 1),

e There exists s > d%l such that 0 < 12(;;) <+ |E%)~S forall € € RY.

The fact that k is supported in B(0, 1) yields the useful property that distant regions
of the associated Gaussian field will be independent.

Let us also remark that an easy way to construct a seed covariance k satisfying
the above assumptions is to take a smooth, non-negative and rotationally symmetric
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function ¢ supported in B(0, 1/2) with |¢|/;2 = 1 and then letting k = ¢ * ¢ be the
convolution of ¢ with itself.

Definition 4.3 Let k: R? — R be as above. The %-scale invariant covariance kernel
Cyx associated to k is given by

Cx(x,y) 2=f0 k(e"(x —y))du.

Similarly, the related almost x-scale invariant covariance kernel Cy = Cy ) associated
to k and a parameter o > 0 is given by

Cy(x,y) = [) k(e"(x — y)(1 —e ) du.

We often use approximations Ys of Y, which can be defined via the stochastic
integrals

Ys(x) = / M2k (" (1 — x))V 1 — e~ "dW (t, u), 4.1
R4 x[0,log +1

where W is the standard white noise on R4*! and k(x) = F~'v/Fk(x) with F
denoting the Fourier transform.

We also define the tail field Y5 := Y — Y;, which decorrelates at distances bigger
than §. The following lemma then gives basic estimates on the covariance of this tail
field. See Appendix A for the proof.

Lemma 4.4 There exists a constant C > 0 such that

E[Ys(x)Y5(y)] <

lx — ¥l

and

E[Y5(x)Y5(y)] > —c.

Tl =yl
Moreover E[)A’(g(x)f’,s(y)] = 0 whenever |x — y| > 4.

4.2 Statement of the theorem and the high level argument

The main theorem of this section can be stated as follows.

Theorem 4.5 Let T be a non-degenerate log-correlated Gaussian field on an open
domain U € R? as in Definition 2.1. Assume further that the covariance kernel given
by (2.1) satisfies g € H, (U x U) for some s > d.
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Then for every seed kernel k satisfying Assumption 4.2 and every V. € U, there
exists o > 0 (possibly depending on V') such that we may write (possibly in a larger
probability space)

Tly=Y+2,

where Y is an almost x-scale invariant field with seed covariance k and parameter o
and Z is a Holder-regular field independent of Y, both defined on the whole of RY.
Moreover, there exists ¢ > 0 such that the operator Cz maps H® (RYy — Hstd+e (Rd)
forall s € [—d, 0].

Notice that the 2D zero boundary Gaussian free field is a non-degenerate log-
correlated field in the open disk. However, there is no hope to decompose it using an
almost x-scale invariant field on the whole of ID, so in that sense the above theorem is
as global as you could hope.’

Remark 4.6 In[15, Theorem B] it was shown that even for a degenerate log-correlated
field T, one can for any x € U find a ball B(x, r(x)), restricted to which T is non-
degenerate and can be decomposed as an independent sum of an almost star-scale
invariant field and a Holder-regular field. In this sense one can see Theorem 4.5 as a
generalization in the special case of non-degenerate fields.

Before going to the proof of Theorem 4.5, let us try to illustrate the high level
argument in terms of the following toy problem on the unit circle T = {z € C :
|z] = 1}: Let I" be a non-degenerate log-correlated field on T with covariance of the
form log ﬁ + g(|x — y|), where now also the g term only depends on the distance
between the two points. This means that we can write the covariance using the Fourier
series

o0
1
Cr(x.y) = % +Re) (; + gn> Xy

n=1

where
1 —n
gn:=— [ g(l —xPx""|dx|,
T JT

with |dx| denoting the arc-length measure. As I' is assumed to be non-degenerate, we
know that % +gn > Oforalln > 1.
The almost x-scale field would correspond to a field with covariance of the form

le 1

_ o n.—n

CY(X,y)—Re l<7’l n1+a)x)’ )
n=

5 This can be checked e.g. by considering the equality Cr (x, y) = Cy(x, y) + Cz(x, y) at two points x
and y with y tending first to a fixed boundary point z and then x tending to the same point. In the limit one
formally obtains 0 = co.
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and thus the difference between the tail and the two covariances would be

oo
0 Z 1 N
Creny) = Crey) = % +Re <n1+a +g,,> x"y ™"

n=1

It is now easy to see that if g, = O(n~) for some s > 1 + «, the coefficients in the
above difference are positive for all large enough n. By further reducing «, we can
guarantee that nlﬁ + gn > Oforall n > 1, so that the difference Cr — Cy is again a
positive definite kernel.

The main issue in implementing this strategy for general log-correlated covariances
on domains in R is the fact that in general we do not have a canonical basis such that
Cr and Cx would be simultaneously diagonalizable. To still be able to make useful
calculations, we thus want to find some universal, non-basis dependent setting, where
both can be studied. This is comfortably offered for example by the Fourier transform
on spaces L2(R?) and H*(RY). Thus as a first step we will find a suitable extension
of I to a log-correlated field on the whole of R? with covariance of the form Cx + R
where Cy is the covariance of a x-scale invariant field and R is the kernel of an integral
operator which maps L2(RY) to H*(RY) for some s > d (in particular it is in this
sense more regular than Cy which maps Lz(]Rd )to H d (Rd)). The second step is then
to actually make the calculations work, and to do this in the general set-up we make
use of some operator-theoretic methods.

4.3 Extension of log-correlated fields to the whole space

Let us begin by solving the aforementioned extension problem. In what follows we
will denote by the same symbols both the integral operators and their kernels, and Cx
(resp. Cyw) will always refer to the covariance operator of a x-scale (resp. almost
*-scale) invariant field with a fixed seed covariance k (resp. and parameter «).

First of all, we note the existence of the following partition of unity consisting of
squares of smooth functions.

Lemma4.7 Let U C R be an open domain and V. € U an open subdomain. Then
there exists an open set W with V.€ W & U and non-negative functions a,b €
C®(RY) such that a* +b> = 1, b(x) =0 forallx € V, b(x) > Oforallx e R\ V
and a(x) = 0 forall x € R4\ W.

Proof Pick any W with V.€ W & U. It is well-known that one can pick a function

u e COO(Rd) which is 1 in V, O outside W and 0 < u(x) < 1 forx € W'\ V. The

function u(x)% + (1 — u(x))? > % is everywhere strictly positive and therefore the

function v(x) := \/ u(x)? + (1 — u(x))? is smooth and strictly positive. Finally define
a(x) :=u(x)/v(x) and b(x) := (1 — u(x))/v(x) to obtain the desired functions. 0O

Secondly we need the following estimates on the covariance operator Cy.

Lemma4.8 For any s € R the operator Cx is a bounded invertible operator
HS(RY) — HT(R?). The same holds for Cyw for any a > 0. In particular the
Cameron—Martin space of Y'*) equals H?/*>(R?) with an equivalent norm.
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Moreover the Fourier transform of the associated kernel
o
K@) :=Cx,0) = / k(e*u)ds
0
is smooth and satisfies

IVeR(E) < (1+ E2) T

Proof We have Cx f = K * f, so it is enough to study the Fourier transform of K.
We compute

A o ) i R l€] .
K(g):/ e—d“k(e—“g)duzf vk (vE) dv = |g|—d/ vk (v) dv.
0 0 0

Since 12(0) > 0 and also IQ(S) = O(&]™%) for some @ > d + 1, we see that the
above quantity is bounded from above and below by a constant multiple of (1 +
|€]>)~%/2, which implies the claim that Cx maps H*(R%) to H*T¢(R¢) continuously
and bijectively.

Similarly Cyw f = Ky * f with

R 1 R €] R
Ra®) = / VRN — o) do = (&) / VIR )1 = E]70) do
0 0

and one again sees that this is bounded from above and below by a constant multiple
of (1 + [§1%) /2. In particular Hyw = C}/e)L*(RY) = HI?RY).
Next we note that since k is compactly supported, k is smooth and also |V12($ )| =

O(l€]™%). Thus
. (I €l
VK () = f VIVk@E)dv = g7} / vIVk©) dv,
0 0
from which the second claim follows. |

As a corollary of the following lemma from [15] we can rephrase (2.1) using a
*-scale invariant covariance instead of pure logarithm.

Lemma 4.9 ([15, Proposition 4.1 (vi)]) The covariance Cx of a x-scale invariant field
X satisfies Cx(x,y) = log Ixi_y\ + go(x, y), where go(x, y) belongs to H* (R?) for
some s’ > d.

Let us next prove the extension itself. We emphasise that the kernel R in the propo-
sition below is not necessarily definite positive.

Proposition 4.10 Let Cr be as in Theorem 4.5. Let V. € U be an open subdomain.
Let X be a x-scale invariant log-correlated field with a seed covariance k satisfying
Assumption 4.2.
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Then there exists a bounded integral operator R: L>(R?) — L*(R?) such that
Cx + R is strictly positive and the corresponding kernels satisfy

Cr(x,y) =Cx(x,y)+ R(x,y)

forall x,y € V. The kernel R is Holder-continuous with some exponent y > 0 and
moreover, there exists 8 > 0 such that R defines a bounded operator H" (R%) —
H™ 28Ry for all r € [—d, 0].

Proof Let V. € W € U and a,b € C®(R?) be as in Lemma 4.7 and consider the
(distribution-valued) Gaussian field Z = aI’ + bX defined on R?. Here I" and X
are independent and have covariance operators Cr and Cy respectively. By using
Lemma 4.9 we can write Cr(x, y) = Cx(x,y) + g(x, y) with g € HfO/C(Rd x R9)
for some s’ > d. Thus we may write the kernel of the covariance operator of Z as

Cz(x,y) =a(x)a(y)Cr(x,y) + b(x)b(y)Cx(x,y) = Cx(x,y) + R(x, y),
where
R(x,y) := (a(x)a(y) + b(x)b(y) — NCx(x, y) + a(x)a(y)g(x,y). (4.2)

Note that G(x,y) = a(x)a(y)g(x,y) is an element of H* (R x R?). For any
f € H"(R?) with r € [—s’, 0] we have that the corresponding operator G satisfies

- 2

2 _ 2\r+s’ A ;
||Gf||H,.ﬂ,(Rd)—/Rd<1+|5|) /RdG(E,é)f(é)dC dé
S NG gy 1 e ay-

We conclude that G is a bounded operator H” (R%) — H rts’ (RY).
Let us then consider the operator T with kernel

T(x,y) = (a(x)a(y) + b(x)b(y) — DCx(x, y)

corresponding to the first term in the definition of R. Again for f € L?(R?) we have
N -— 2
ITf a1 gy = [ (1 + 151! \ T 0)f(@Q)dg| dé.

Note that since a? + b* = 1 we have

T(x,y) = (a(x)(a(y) —a(x)) + b(x)(b(y) — b(x)))Cx(x, y).
The maps f +— af and f +— bf = (b— 1) f + f are bounded operators H* (R?) —

H*(R?) for any € R since a and b — 1 are compactly supported and smooth. Thus
it is enough to show that A: f — [x > [(a(y) — a(x))K(x — y) f(y)dy] and
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B: f > [x+— [(b(y)—b(x))K (x — ) f(y) dy] are bounded operators H" (R?) —
H™ 4+ (R4) where K (1) = Cx(u, 0).

We will show the claim for A — the same proof works for B as well since we only
use the fact that a is smooth and has compact support and we can again reduce to this
situation by replacing b with b — 1.

The boundedness of A: H"(RY) — H"t4+1(R?) boils down to showing that for
any f € H"(R?) we have the inequality

/(1 + (DT AT ()2 dE S /(1 + €)1 £ (&) de. (4.3)

A small computation shows that we can write

A7) = /R ae — ) (K@® — K@) f@)de

We can bound

/ a(é—@)(ﬂf)—l&g))ﬁ(@)d:5/ la — OIf (@) de
R4 RI\B(&,|&]/2)

+/ A& — )l — ¢l
B(&,1£1/2)

sup  [VK@)IIf(©)lde.
zeB(£.1€]/2)

By using the smoothness of a, we have for ¢ € R? \ B(&, |£|/2) the inequality
r—d—1

laE — o) < A+ €711 + |¢1*) 7 . By Cauchy-Schwarz we can therefore
bound the first term by

1/2 N 172

Sa+ep ([ avierta) S [ asiepyrifor)

Rd R4
SA+ED NS g gy

This combined with using Lemma 4.8 to bound the second term we get
—~ e _dl N A
AFE S A+ED N fllgr ey + A+ €D /R la — 0)llE = ¢l f@)lde.
Thus recalling that we want to prove (4.3) we have

[asigpy gz

< / A+ EP A+ 1ED 21117 gy
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2
+ f(l HIER A+ g™ (fR a — o)lIg - ;llf(c)ldc) :

Now, as r < 0, the first term is bounded by a constant times || f ||§1, ®RY)’ For the

second term we let p(§) := |£[|a(&)| and note that since | £(2)[| £ (¢)] < (| F (> +
|/ (Z)1%)/2 we have

2
/ (L4 [P (1 ey ( / p(é—;nf(;nd;) d
R4 Rd
=f / / (L + 1Y p(& — 0)p(E — EOFONFE) de de’ d&
]Rd ]Rd Rd

5/ / / (L4 [EPY p& — Ope — ) F @) P de de’ de.
R4 JRA JRE

Integrating over ¢’ gives just || pll ;1 ge) and then by using the inequality (1 + |£ <
A+ —EP)7A 41212 we may also integrate over £ and ¢ separately to see that
the above is bounded by a constant times

1Pl 1@y 1K+ 1D PO Ly 112 g

Thus putting things together we obtain (4.3). Overall we have shown that R as defined
in (4.2) maps H" (R?) — H"++28 for § > 0 small enough.

Let us next show that R is Holder-continuous. As g belongs to Hl‘gc(Rd x R4)
for some s’ > d, it follows from the Sobolev embedding H4+*(R?>¢) — C%(R?9)
where C®(R?) is the space of 8-Holder functions vanishing at infinity, that g is
y-Holder for some y > 0. By (4.2) this implies that we only need to show that
(a(x)a(y) +b(x)b(y) — 1)Cx(x, y) is Holder-continuous. As this term is compactly
supported, we can add a smooth cutoff function p such that

(a()a(y) +b(x)b(y) — DCx(x, y)
= p@p()ax)(aly) —alx)) +bx)(b(y) —b(x))Cx(x, y)

for all x, y € R?. Moreover, since Cx (x, y) = log Ixi_yl + go(x, y) with go smooth,
it is enough to show that

(a(y) —ax))p(x)p(y)log
[x — ¥l

is Holder-continuous (the term with b(y) — b(x) can again be handled in a similar
manner). Let us write the above as

1
f Va(x +u(y — 1) du - (v — x)p()p(y) log .
0 [x —yl
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As a is smooth, the map (x, y) fol Va(x + u(y — x)) du is in particular a Holder
continuous map R* — R¢. Thus it is enough to show that (x, y) — (y—x) log ‘x—iy‘
is Holder-continuous but this follows easily by checking that each component function
(yj —xj)log ﬁ is Holder continuous in each coordinate. The Holder constants are
also easily seen to be bounded for x, y € supp p.

Finally let us note that Cz is strictly positive since if f e L*(R?) is
nonzero, then at least one of f|y or flsupps is nonzero. In the first case
fa(x)a(y)Cr (x,y)f(x)f(y) > 0 by the assumption that Cr was assumed to be
injective in V, while in the second case f b(x)b(y)Cx(x,y) f(x)f(y) > 0since Cx
is strictly positive on whole of R¥. O

4.4 Deducing the decomposition theorem

Having obtained the desired extension, we are ready to prove the decomposition the-
orem. The second part of the proof consists in showing that we may subtract Cy @)
from Cx + R for some small enough « > 0 and still obtain a positive operator.

To do this, we need to use the following classical stability property of strictly
positive operators of the form 1 + K with K compact and self-adjoint that follows
directly from the spectral theorem.

Lemma4.11 Let 'H be a Hilbert space and T a self-adjoint compact operator on 'H
and suppose that 1 + T is strictly positive. Then there exists € > O suchthat 1+ A+T
is strictly positive for any self-adjoint A with ||A||lqy—H < €.

As a consequence of the above lemma and the smoothing properties of the map R
obtained in Lemma 4.10 we first create a necessary lee-room. Notice that Cx + R =

C)l(/z(l + C);I/ZRC};I/Z)C)I(/2 and hence

—1/2 1/2

(Cx + Rf, faga = (I +Cx PRCHCY? £, P ooy

The following statement is thus effectively saying that in fact ((Cx +R) f, f)2(re) >
0 not only for f € L>(R?), but also for f € H~4/>(R%).

Lemma4.12 Thereis some ¢ > 0 such that 1+ A+ C);I/ZRC;/2 is a strictly positive
operator on L>(RY) for any self-adjoint A with 1Al L2 Ry L2(REY < &-

Proof We start by observing that the operator R = C;l/ 2RC§1/ 2 s compact from
L2(RY) to L?(R?). Indeed, we can write R as C;l/ 2y RC)_(I/ % where J is the identity
map. Now, due to the fact that R(x, y) has compact support (see Eq. (4.2) and recall
that Cx (x, y) = O for |[x — y| > 1) this mapping takes successively

L*RY — HP®RY — 7> (B) - HY*(B) — L*(RY),

where B C R¢ is some fixed large enough open ball such that B x B D supp R. The
identity map J from H?/>*2%(B) — H?/?(B) is compact by Rellich-Kondrachov
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theorems for fractional Sobolev spaces (see e.g. Chapters 1, 2 in [30]) and as the other
maps are bounded, the whole composition is compact.

As R is also self-adjoint on L?(R?), there is an orthonormal basis of LZ(R%)
consisting of eigenfunctions of R. To show that 1 + R is strictly positive it is enough
to show that R has no eigenfunctions with eigenvalues < —1. Assume that f is an
eigenfunction of R with nonzero eigenvalue A. Then by Lemma 4.10 we know that
R maps H*(RY) — H'T25(R4) for any s € [0, d/2] and thus after applying R to
f roughly 1/8 times we see that actually f € H%/?>(R?). Thus there exists some
g € L*(R?) such that f = C)](/zg, and we have that

A+ DIf1F2gay = (A + RV, f12@a,

~ 1/2 1/2
= (1 + R Cy’s, %) ey = ((Cx + R)g, g) 2wy > O

by the assumption on Cx + R, implying that A > —1. Thus 1 + R is strictly positive
and the claim follows from Lemma 4.11. O

The final important technical ingredient is that for any o > 0,

—d—ag

(Cx — Cyw) 2= LP®RY) — H R?)

converges pointwise to 0 when we let the parameter « of the almost x-scale invariant
field Y@ t0 0.

Lemma4.13 Forall o > 0 set Uy := Cx — Cyw and let Uy = Cx. Then Uol/2 isa

bounded bijection H* (RY) — H”d%(Rd) forall s € R, and for any ap > 0, we
have

-1/2
sup ||U, [I d+aq < 0.
w=a=0  LXRHOSHT T (RY)

Moreover, for any fixed ag > 0 and f € L*(R?) we have

. -2 _ ~—1/2 —
Bim 10 = Cpa )t =0,

Before proving the lemma, let us see how it implies the theorem:

Proof of Theorem 4.5: We begin by writing
(Cx = Cy + Rf. f)r2@ay = (14 RIUL £, Uy f) 12,

where U, = Cx — Cyw and Ry = Ua_l/2RUa_l/2. It thus suffices to show that for
some sufficiently small « > 0 we have

(14 Ra)g. 82wy >0
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for all nonzero g € LZ(R"). Indeed, this implies that Cx — Cy«) + R is a positive inte-
gral operator on Lz(Rd ), whose kernel by Lemma4.10 and [15, Proposition 4.1 (iii)] is
Holder-continuous, and thus the corresponding Gaussian process has an almost surely
Holder-continuous version (see e.g. [2, Theorem 1.3.5]). In addition by Lemma 4.10
and Lemma 4.13 we see that R and Cx — Cy« map H* (R?) — H*+4+¢(R9) for some
e>0andalls € [—d,0].

To show that 1+ ﬁa is positive on L2(R4) on the other hand we may write 1 + ﬁa =
1+ R+ (Ry — R), where R = Cy'*RCy '
that | Ry — Rl L2(R)— L2(Rd) can be made as small as we wish by choosing « small.

. By Lemma 4.12 it is enough to show
As R, — R is self-adjoint we have

”Ra — R||L2(Rd)—>L2(Rd) = sup |<(éa — Ié)u, ”>|L2(Rd)-
ueL2(R4), |jull2=1

By linearity and self-adjointness of C;l/ 2 R and Uy "%, we can write ((Ry —
R)u, M>L2(]Rd) as

_ —-1/2 1 —-1/2
(U2 = "R u ) oy + (U2 = 5 PYRUZ Y, ) o gy

Now choose «p = § in Lemma 4.13 and observe that then for all @ < «g, the unit
ball of L2(R?) under RU, "/? and RC;I/ 2 is contained in a fixed compact set of

¥(Rd). As Lemma 4.13 establishes uniform boundedness as well as pointwise
convergence, we have that U, 2 ¢ ;1/ 2 uniformly on this set and thus conclude

the theorem. O
We finally prove the lemma:

Proof of Lemma 4.13 Note that U, is a Fourier multiplier operator with the symbol
1 N €] .
o () = / v k(g dv = g7 / vk (v) dv.
0 0

As by assumption kis non-negative and decays faster than any polynomial, we have
that

(1 + &2 < i) S (1 + D)~

where the hidden constant does not depend on «. In particular for every o < o, we
_dte
have (1 +[§)7 72 < ().
Let us now fix ¢ and consider for ¢ < o the self-adjoint operator T, = U, 1z _

o d—+oy
;"% which maps L2(R9) to H—*3* (R4) € H—2" (Rd).Foranyﬁxedf e L2(RY)
we have

2 KETV2 ) ds.

ITa fIl _drag =/ (14 g
H™ 7 (RY) Rd
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d+a,
For any fixed £ the integrand tends to 0 as @ — 0. Thus, as fig (&) > (14 |£]%)~ 2 ‘
for all ¢ < «p, we can apply the dominated convergence theorem to deduce that

. _dtag d
Ty f - 0in H "2 (RY). O

5 General bounds on det, M and 6(A)

In this section we prove two (to our knowledge) non-standard lemmas for Malliavin
calculus, that we believe could possibly be of independent interest for proving the
existence of density and its positivity also in more general settings. Firstly, we prove a
certain projection bound for the determinant of complex Malliavin variables. Second,
we obtain an estimate on the complex covering fields that is again a much easier
starting point for further calculations.

5.1 Proof of the projection bound: Proposition 3.3

Proof of Proposition 3.3 Let us first expand

2

IDFI1%,

DF,DF _

IDFI3,

Hc
DF,DF _
# (DF, DF)
IDF I
|(DF. DF),_
IDFI;,

_ 2 2
= IDF I3 (IDFI%, - e

DF,DF _ 2
—#(DF, DF) |
IDFI,

= |DF||}, — |(DF. DF)

ot IDFI3,)

|2
He ' -

By (3.1), we deduce that

1 ) (DF,DF)p. , —|2
detyr = - | DF|%, HDF - —2DFH . (5.1)
4 ‘ IDFly, Hc
c
As we have the following projection inequality
(DF, DF)y
IDFlue = |DF = =5 pF |
IDFI%,. c
the result follows, once we show that for any 4 € Hc,
DF,DF — DF.h — |(DF, h
( )H@DF |1{ YHe | — I( Al (5.2)

— >
H IDFI, HHC - 1Rl e
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By Cauchy—Schwarz inequality and the triangle inequality we have

(DF,DF

VH, —
— (DF — TzCDF, h) He |
HDF _ (DF, DI;)HC DF‘ . I HHC
IDFIZ, He s
(DF. | — L2L2EH | (bF py |
IDFIR,
>
I
_ DF. h)pe| = (D h) |
= s

By now repeating the bound with / in place of 4 we obtain (5.2) which finishes the
proof. O

5.2 Bounding 8(A) via derivatives in independent Gaussian directions -
Proposition 3.5

For a succinct write-up, it is helpful to use directional derivatives in independent
random directions, although the proposition could also be proved by first proving a
version for smooth random variables and then taking limits.

Now, recall that for smooth random variables F, and h € Hc we could write

d
(DF(I'), h)g = 7 z:OF(F +th). (5.3)

We consider directional derivatives in independent random directions, with the law
of I". More precisely, let X ~ I" be an independent Gaussian field defined on a new
probability space (2x, Fx, Px) whose expectation we denote by Ex. For a Malliavin
variable F € D>, as DF € Hc and X is independent of I", one can define

DxF = (X, DF(F))H (54)

and directly conclude from this definition that:

Lemma5.1 Let X ~ T be independent of T and F, G € D"*°. We then have that
Ex[DxF -DxG] = (DF, DG) .

We are now ready to prove Proposition 3.5.

Proof of Proposition 3.5 Write A := 4detyp = ||DF||‘;IC — |(DF, DF)y.|*. Then
by the integration by parts rule for the divergence operator § (e.g. [22, Proposition
1.3.3]), 6(A) equals

IDF3.8(DF) = (DF, DF).8(DF) D IDF 3,

,DF
A A >HC
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(DF, DF)y
TC, DF)phe.

The first term is < A~V DF ”%ﬂc |6 (D F)| in absolute value, so it is enough to consider
the other two terms. By the product rule for Malliavin derivatives, we may write

D (DF,DF)p,

IDFI3,. _
x (p——"¢ DF)

) He — Hc
as
= A ((D(DF, DF)pe, DF)pe — (DIDF I, Df)HC) -
~ A7 ({DF, DF)ue (DA, DF)pe = |IDF I} (DA, DF) i)
To bound the first term, we first notice that by Cauchy—Schwarz

(D(DF, DF) e, DF) e < ID(DF, DF) |l DF |l .

For the first term, it is now helpful to use the averaging in Lemma 5.1 for a quick
bound. We write

|D(DF, DF)pe.llg. = 2|Ex yDyF - DxDyF]|.

By Cauchy—-Schwarz this can be bounded by

2\/Ex.y Dy FI2\[Ex yIDxDy F? = 21 DF |11, | D*Fll oo e
Similarly, one can bound
(D|DF|3.. DF) e < 2| DF |l cl|D*F |l oot
and thus

IDF I3 ID*Fll e He

A~ ({D(DF, DF)e, DF) e = (DIDF I} DF)c) < 4 —

It remains to handle
A7 ({DF, DF)e (DA, DF)ye — |IDF I} (DA, DF) i )
which we can rewrite as
-2 - 2 N
AXDA, (DF, DF)p.DF — | DF |3, DF) .
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By Cauchy—Schwarz this expression is bounded by
A DAy |{DF, DF) g DF — | DF |3 DF | g = A DA| e | DF || ..
where we have used the fact (derived in Eq. (5.1)) that

IDF|}.A = [(DF., DF)y.DF — | DF |3, DF||3,... (5.5)

Thus the proposition follows from the following claim:

Claim 5.2 We have that | DAy, S AY2|DF || pe | D?F || e e -

~

Proof of claim Maybe the nicest way to prove this claim is to use derivatives in random
directions as above. First, observe that using averaging we can write a neat analogue
of Eq. (5.5):

1 — —
A= E]Ez,wmzzv -DwF —D4F -DyF|.

Thus we have
DxA = ReEzyw(DzF . Dwf — sz . DwF)Dx(DzF . Dwf — sz . DwF).
By triangle inequality and Cauchy—Schwarz we obtain

DxAl* < AEz w|Dx(DzF - Dy F)|?

IDxAl” S AEz w|Dx(Dz wF)
and hence

IDAIF. = Ex|Dx AP < AIDF(5 1D F 13 g m.

from which the claim follows. O

6 Estimates for Malliavin variables in the case of imaginary chaos

The aim of this section is to prove the probabilistic bounds needed to apply the tools of
Malliavin calculus to M = p( f). We start by going through some old and new Onsager
inequalities and related integral bounds. In Sect. 6.2, we prove by a rather standard
argument that M is in D°°, i.e. Proposition 3.1. In Sect. 6.3 we derive bounds on
|§(DM)| and || D>M || He®He and deduce Proposition 3.8 by a quite similar argument.

Finally, in Sect. 6.4 we prove bounds on the Malliavin determinant of M and
this is the main technical input of the paper. Here things get quite interesting — we
rely both on the decomposition theorem, Theorem 4.5, and projection bounds for
Mallivan determinants from Sect. 5, but also need to find ways to get a good grip on
the concentration of M = w(f), and on Sobolev norms of the imaginary chaos u
itself.
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6.1 Onsager inequalities and related bounds

In this section, we collect a few Onsager inequalities and related bounds. To this end,

we define for any Gaussian field I' and x = (x1,...,xn5),y = (V1,..., ym) the
quantity
EMixy)=— Y. EBrapfm)— Y. ErOHroo+ Y, EMGHC().
I1<j<k<N I<j<k<M I<j<N
I<k<M

Also, we let I's = I' % @5 be a mollification of I" where ps = B_dcp(-/é) and ¢ is a
smooth non-negative function with compact support that satisfies fRd o =1.
The following is a restatement of a standard Onsager inequality from [16].6

Lemma 6.1 (Proposition 3.6(ii) of [16]) Let K be a compact subset of U or the circle
K = S'. There exists C = C(K) > 0 such that the following holds true: Let N >
1,6 > Oand foralli = 1...N let x;,y; € K be such that D(x;, §) and D(y;, §)
are included in K. For all i = 1...N, denote z; := x; and zny4; = y; and set
dj :=mingx; |zx — z|. Then

2N
1 1 5
E(Fa;x;y)féglogz—i—CN ) 6.1)

J

Moreover, the same holds for the field T itself.

We will also need stronger Onsager inequalities for (almost) x-scale invariant fields,
whose rather standard proof is pushed to the appendix A.

Lemma6.2 Let Y, and I?g be defined as in Sect. 4.1 and let X = (x1,...,xy) and
y = (»1,...,yn) be two N-tuples of points in U. For all j = 1,..., N, denote
zj:=xjand zn4j = yj and setd; := mingx; |zx — zj|. Then

1 2N
Y.: x: < _ 1
g( 87X7y)_ 2]2_; Ogdj\/8
and
1 2Y
EWe(e); xiy) < E;mg m (6.2)

Moreover, if R is a Gaussian field such that M := sup .y E[R(x)?] < oo, then

ER;x;y) < NM. (6.3)

6 In fact, the cited result does not contain the case of the circle, however essentially the same proof works.
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Both of these Onsager inequalities are used in conjunction with the following

bounds:

Lemma 6.3 For N > 2, there exists C > 0 such that

e forall B € (0,/d),

N —B22
L (CE IR
BO,DHN ;7

2
dzy...dzy <CNd — ﬂZ)—[N/sz%;

e forall B € (0, Vd),

N

/B(O DN - l_[

< CN(d _ g2 2WN2INN,

logmln lzi — 2]

e forall B € (0, Vd),

N —B*/2
min |z; — z 'I>
/3(0,1) l_! <j#i l !

dzi...dzy < CN(d — g3 NN,

logmln lzi —zj

e forall B > 0,

—-p%/2
f . (Hmlnmax((S lzi — z,-|)> dzy...dzy
B(0,1) .

< CNNN(log é)N/287max(0,ﬂ27d)N/2;

1/2 —B22
(minlzi —z.,'l) dzy ...
J#

(6.4)

dzn

(6.5)

(6.6)

6.7)

Proof We only sketch the proof, as all the main ideas can be found in proof of [16,

Lemma 3.10].

Let us start with showing (6.4). By carefully following the proof of [16,

. . i
Lemma 3.10] which shows that (6.4) is less than ¢2LV/2 N NTi, one can actually see
that the constant c¢ there can be taken to be equal to ¢’(d — B 2y=1/2 for some constant
¢’ > 0 independent of § (at one point in the proof there is a term of order (d — %)%

coming from I'(1 — %)k where k < |[N/2]).

We will next show (6.7). By mimicking the beginning of the proof of [16,

Lemma 3.10], we can bound the left hand side of (6.7) by

LN/2]

c” Z Z/ H(3V|uzz 1D~ p H SV |ui])~ ﬂ/Zdu1

N
B0.1 i=1 i=2k+1

.duy
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where C > 0 and the second sum runs over all nearest neighbour configurations
F such that the induced graph with vertices {1,..., N} and edges (i, F(i)) has k
components. Of course, the domain on which we integrate is actually much smaller
than B(0, 1), but integrating over this larger domain will be enough for our purposes.
After integration, we obtain that the left hand side of (6.7) is at most

LN/2] IN/2]
N k AN—2k N AN k AN—2k
¢ Z ZAﬂzAﬁZ/z =C'N Z Aﬁ2A52/2 ’
k=1 F k=1
where
1 2
Ag :=/ rd=tsv )y P ar.
0

N/2

Now, by Jensen’s inequality A2 < d_lAﬂz, giving us the bound CNNNA/32 .

B2/2
Noting that
< 1 —max(0,82—d)
Ag2 < log 38 ’

concludes the proof of (6.7).
We finally turn to the proof of (6.5) and (6.6). By again mimicking the beginning
of the proof of [16, Lemma 3.10], we can bound the left hand side of (6.5) by

IN/2] k N
37 e [ st tog il T o~ o 12
k=1 BO.DHY i=2k+1
LN/2] 1 k
<cVN Z M;, (/ r_ﬁ2+d_1|logr|dr>
k=1 0
LN/2]
<V Y Mid—pHH < cVd - pHVANY,
k=1
where My is the number of nearest neighbour functions {1,..., N} — {I,..., N}
with k components and C is some large enough constant. This concludes the proof of
(6.5); the proof of (6.6) is similar. O

6.2 M belongs to D*>° - proof of Proposition 3.1

The purpose of this section is to prove Proposition 3.1. Before doing so, we collect
two auxiliary lemmas from Malliavin calculus.

Lemma 6.4 ([22, Lemma 1.2.3]) Let (F,,, n > 1) be a sequence of (complex) random
variables inD"2 that convergesto F in L2(Q2) and such that sup, E [|| DF, ”%ﬂc] < Q.
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Then F belongs to DV? and the sequence of derivatives (DF,,n > 1) converges to
DF in the weak topology of L*(S2; Hc).

Second, we need a rather direct consequence of [22, Lemma 1.5.3]:

Lemma 6.5 Let p > 1, k > 1 and let (F,,, n > 1) be a sequence of (complex) random
variables converging to F in L (S2). Suppose that sup,, || Fu ||y, , < 00. Then F belongs

1o DEP and I Fllk,p < Cik.plimsup, | Fyllg, , for some Cy p > 0.

Proof of Lemma 6.5 See Appendix A. O

We now have the ingredients needed to prove Proposition 3.1. The proof of this
result is rather standard, but needs a bit of care as the most convenient way of obtaining
Malliavin smooth random variables is truncating the Karhunen-Loeve expansion of
I". Doing so we face the issue that there is no Onsager inequality available for this
approximation of the field that we are aware of. We will bypass this difficulty by
considering a further convolution of this truncated version of I' against a smooth
mollifier ¢ and then use the Onsager inequality (6.1) for convolution approximations.

Proof of Proposition 3.1 Here, we sketch the proof and give full details in the Appendix
B. We start by showing that M belongs to D*°. Letn > 1,8 > 0, j > 0 and p > 1.
In the following, we will denote

n
. p2
Ts=Tsgs, Ths= ZAkek x s, Ms =/ f(x)ezﬂl"a(x)-i-TE[l"a(x)Z]dx
C
k=1

and

2
M, s — f £y PTas 0+ B BIN 071 g
’ C

M,, s is a smooth random variable (in the sense of Definition 2.2) and DJ M, s is equal
to

. : £2 2 "
i) f dxf () PTna O+ T EITms (T %7 (o ) (x) . ek g5 (Degy @+ D e
C
kl,..qkj:l

Combining Onsager inequalities, (6.4) and Lemma 6.5, one can show by taking the
limit n — oo that for all k > 1, M5 € D*27 and that

sup [|Msllx 2p < 00.
6>0

Details of this are in the appendix. Now, because (Ms, 8 > 0) converges in L>?

towards M, Lemma 6.5 then implies that for all k > 1, M € DX2P, This concludes
the proof that M € D°°.
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The proof of the formula for DM now follows via a series of approximation argu-
ments. From the first part by taking n — oo, one can rather quickly deduce that

. B2 ad
DM;s = iﬂ_/ dxf(x)e’ﬂra(xHTEm(x)z] E (er * @s5)(x)ex.
C k=1

Next, one argues that (DMs, § > 0) converges in L2(Q; H) towards

i,B/Cdxf(x)u(x)C(x, )

and concludes that it necessarly corresponds to DM by Lemma 6.4. Here one again
uses Onsager inequalities and dominated convergence. The full details are found in
the appendix. O

6.3 Bounds on |5(DM)| and || D>M|| He®Hc — proof of Proposition 3.8

The goal of this section is to control the tails of |§(DM)| and || D*>M | He®@He - We first
note that these two random variables can be written explicitly in terms of imaginary
chaos.

Lemma 6.6 Let f € L°°(C). Then

d
§(DM) = ﬂ/ fx)—nx)dx, (6.8)
C dp

ID*M I3 gm. = B*Re [C . fEfOInEu)Cx, y)’dxdy,  (6.9)

where the expression % w(x) is given sense by limg_.q (i Is(x) + ,BEF(%(X))
exp(i BT5(x)) : with the limit, say, in H=%(U) and in probability.

The proof of (6.9) is very similar to the proof of the formula of DM and we omit
the details. The origin of (6.8) can be explained by the following formal computation,
that can be turned into a rigorous proof in a very similar manner as what we did in the

proof of Proposition 3.1 when we obtained the explicit expression of DM — one needs
to use smooth approximations both for the field I', and smooth Malliavin variables.

‘Formal’ proof of Lemma 6.6 By Proposition 3.1, and then by integration by parts for
8 (Proposition 1.3.3 of [22]), we have

8(DM) =i/3/(cf(X)5(/A(X)C(x,~))dx

=iﬂ[Cf(X) (H(x)8(C(x, ) = (Du(x), C(x,)) g ) dx.
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Noticing that §(C(x,-)) = I'(x) (see (1.44) of [22]) and that by Proposition 3.1
(Du(x), C(x, ) g = ipr(x)C(x, x), we obtain

§(DM) = ﬁf J@u@)Arx) + BC(x, x))dx —/3/ f(X)—M(X)dx

This shows (6.8). O

Proof of Proposition 3.8 We will only write the details for the variable §(DM) since
bounding the moments of || DM || Hc®Hg 18 very similar to bounding the moments of
imaginary chaos itself (with the use of (6.6) instead of (6.4)).

Let N > 1 and let K € U be the support of f. By Lemma 6.6 we have

N
EISOMPYT < 178N | \E[]‘[dﬁw,)dﬂu(y,-)])dxl...dedn...dyN.

By a limiting argument, one can justify the formal identity:

Nod N d N
E[]‘[dﬂm Nag u(y,] [Z]'[1 i E(BpY 1,<y,~),:1>]ﬂl:“:ﬁN:m:.w:ﬂ.
where

E((,Bj);v X (Vj);v=1) — e_Z/‘<k/3jﬁkC(xjvxk)_Zj<k VijC(yj,kaZj,kﬁijC(Xj,yk)'

Let (z1,...,22n) := (X1,..., XN, Y1, ---, YN). By induction one sees that after dif-
ferentiating w.r.t. the first k£ of the variables By, ..., Bn, ¥1, ..., ¥y and expanding
one is left with a finite number of terms of the form

N ¢
T8 7" T Cae o) ECBHY ),
j=1 j=1

where 0 <nj,mj, £ <k,1 <ay <ay <---<a¢<kand1l <by,...,by <2N
with a; # b; for all j. Hence we have

2N
ElsomPi<cy . Y Z /KZN

(=1 1<ay<--<ay<2N by,..., by=1
£
E(x;
[ ] 14;5,1C zaj 261 7Y dxjdy;.
Jj=1

Note that |C(zq;, z5;)| = Clog ———— ‘Z for some C > 0 and R large enough so that
J
K C B(0, R). Thus applying Lemrna 6 1 to each summand, we can bound the whole
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sum by

2N 4R 2
CN/ Hlog —————(min|z; — %) /?dzy ... dzan.
KN Gy Mg |2 — k] K

By scaling this is less than

2N

1 . a2
CN/ nlog.—(mln|Zj—Zk|) B2 4z, .. .dzow,
BO.L4RY ) MiNkg; |zj — zk| k#j

which by Lemma 6.3 is less than Cy (d — 8%)°N. o

6.4 Small ball probabilities for the Malliavin determinant of M - proof of
Proposition 3.7

This section contains the main probabilistic input to Theorem 3.6 — the proof of Propo-
sition 3.7. Roughly, the content of this proposition is to establish super-polynomial
decayof P(det yys < €)ase — 0,wheredet yy; := (||DM||‘1‘1C—| (DM, DM}HC 12)/4
is the Malliavin determinant of M = w(f).

We will start by presenting a toy model explaining the strategy; then we explain
the proof setup and prove the proposition modulo some technical chaos lemmas. The
section finishes by proving the technical estimates.

6.4.1 A toy model: small ball probabilities for || : exp(iBGFF) : ||y-1(r2)

To explain the strategy of our proof, we consider a toy problem asking about the small
ball probabilities for norms of imaginary chaos. For concreteness, let us do it here
with the 2D Gaussian free field; see Proposition 6.7 at the end of this section for a
more general statement.

Consider the 2D zero boundary GFF on K = [0, 1]? and the imaginary chaos i B-

We know that as a generalized function ug € H ~I(K) for all B € (0, ﬁ). Can
we prove super-polynomial bounds for P (|| uplla-1xy < 8)? Moreover, can we

obtain bounds that are tight as 8 — +/2?

Writing out the norm squared, we have that
sy = [ G G dxdy = 0

where G is the Dirichlet Green’s function on K. Now, the expectation E || u ||§{,1 K is
easy to calculate and it is bounded. As all moments exist, one could imagine proving
bounds near zero by using concentration results on p. However, these concentration
results do not see the special role of zero and would not suffice for good enough bounds
for asymptotics near 0.
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The idea is then to use only the decorrelated high-frequency part of I" to stay away
from zero. To make this more precise, denote by I's the part of the GFF containing only
frequencies less than 8~ landlet ﬁ; = I' —I's denote the tail of the GFF. Consider now
the projection bound || fll -1 (k) |l g-1(xy = (s f)p-1(k) forany f € H™Y(K).
Setting f(x) = fs(x) = A(: P ) we get that

| [ : €PT30) o EIN 0 gy

Il -1k =
" I sl -1k

A small calculation shows that || fsll z-1x) = | : e P50 Il 1 (k- It is further

. ; 2
believable that we should have || : ¢/ATs() - a1 k) < 5P /2||F5||H1(K), and that
this expression admits Gaussian concentration. As in the concrete case E||Ts || g1 gy <

. . 25 . .
8~1, we can conclude that the denominator is of order § ~!~#°/2 with super-polynomial
concentration on fluctuations. . , ,

In the numerator, the term of the form [}, : ¢’fT5() : A BN ()7 g remains. Such

a tail chaos is very highly concentrated around its mean which is of order 7", with
fluctuations of unit order having a super-polynomial cost in §. Thus the whole ratio
will concentrate around

87/32 1 2
— ~ —B7/2
C(g—l—ﬁ2/2 Cs ,
with super-polynomial cost for fluctuations on the same scale. Thus setting ¢ =
§1=P*/2 we obtain super-polynomial decay for [P (||u|| H1(K) < s).
Whereas this is good enough for any fixed 8, observe that as 8 — +/2 the exponent
1—8%2 goes to 0. Moreover, we have E”M”%—I—I(K) = 0(2 - B>72), but E| f :
_ 81 _ _ B2
e P 12 = 02 = BH7Y). As further || f3ll -1x) =< 877 /2|ITsll g1k and
ITs1l g1k does not depend on B, we see that we are in fact losing in terms of gz -2

as well.
Tlustratively, we are losing in high frequencies because we are replacing

/ nOG(.ul) by f T 1 B0

After taking expectation, in terms of near-diagonal contributions, as G(x,y) ~
— log |x—y| near the diagonal, this basically translates to replacing — [ |x| —B/2 log | x|
with [ |x| ~#%/2 and results in the loss of a factor of 2 — 82 as 2 — 2. Thus we have to
tweak our test function f;s further to at the same time guarantee sufficient concentration
and not to lose too much on tails.

We will see later on that this strategy gives us more generally the following result.
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Proposition 6.7 Let f € C°(U). Then for each v € (0, Vd), there exist constants
c1, ¢, ¢3 > 0 such that

PUL ey < (d = 720 < cre™h ™

forallx > 0and all B € (v, Vd).

The same strategy for the determinant requires some extra input, yet the key ideas
are present already in this toy model: the projection bound corresponds to the analogue
of Malliavin determinants given by Lemma 3.3, the concentration of the numerator
to Lemma 6.8 and that of the denominator to Lemma 6.9. The only new technical
ingredient will enter as Lemma 6.10.

6.4.2 Proof setup and proof of Proposition 3.7 modulo technical lemmas

Let f be a bounded continuous function whose support is a compact subset of U and
set M = p(f). Our goal in this section is to obtain lower bounds on P[det y3; > A],
where det y), is the Malliavin determinant (3.1).

As in the toy problem, it is not so clear how to obtain sharp bounds directly and the
idea is to use the projection bound from Lemma 3.3, which says that

((DM, h) | = (DM, h) i )*
1503,

Pldetyy > A] > IP’[ > 4x] (6.10)

for any 7 € Hc. A key step is the specific choice of 4 (x), which needs to at the
same time give a precise enough bound and allow for chaos computations. Moreover,
we have to ensure that it also belongs to the Cameron—Martin space. Here, one of
the technical difficulties is that in general we do not have a good understanding of
the Cameron—Martin space of I'. To deal with that, we will use the decomposition
theorem, Theorem 4.5 to be able to work with almost x-scale invariant fields.

More precisely, let us fix an open set V with V a compact subset of U such that
supp f C V. Then by Theorem 4.5 one can write I'|y = Y + Z =: X where Y is an
almost x-scale invariant field with smooth and compactly supported seed covariance
k and parameter «, and Z is an independent Holder-continuous field. Recall further
the approximations Y, of ¥ of such a field from Sect. 4.1 and the notation for its tail
field YV := Y — Y.

Now, notice that

g — 2

deryw =5 (| [ o fomenmice. sy
2

| [ r@remwumes dral)

where the right hand side only depends on &, and thus on I', restricted to V. Thus, to
obtain bounds on det y;7, we can instead of working with the (complexified) Cameron—
Martin space Hc = Hr,c, just as well work with the Cameron—Martin space of Y + Z,
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which is defined on the whole plane. Apologising for the abuse of notation, we still
denote it by Hc. This small trick allows us to use the independence structure of the
field Y, and also puts Fourier techniques in our hand.
Definition of /.

Whereas the decomposition theorem and the change of Cameron—Martin space
make the computations potentially doable, they become practically doable only with
a very careful choice of the test function /4. Namely, we set

. B2 . ! BV (v
hx) = hy(x) = etﬂYa(xFTE[Ya(X)z]/ Fy) 1 P20 12 oiBTH0) L Ry (v v dy.
U

where Rs(x,y) = gs(x)gs (y)]E[ﬁ; (x)f/(; (y)] is defined using a smooth indicator gs
of §-separated squares and the parameter § will be chosen in a suitable way according
to A.

More precisely, let Qg be the collection of cubes of the form

[4k16, (4k1 + 1)8] x - - - x [4k48, (4kg + 1)6],

where ki, ..., kg € Z. Note in particular that the cubes are §-separated and hence the
restrictions of Y to two distinct cubes in Qj are independent. We then set

g = ¢s * 1| gsnvs (6.11)

where ¢ is a smooth mollifier supported in the unit ball and gs(x) = 8 4@ (x/8).
We note that 4 is indeed almost surely an element of Hg, since the Malliavin

derivative of iB)~! [ f(y) : /P20 gs(y) : B0 dy with respect to the field
Ys equals

X > /U FO) 1 P20 1 g5(y) 1 PO B[P (x) 5 ()] dy

and lies in H?S ¢ (the complexification of the Cameron—-Martin space of ¥s). In par-
ticular, since Y = Y5 + 1?5 is an independent sum, it lies in Hy ¢ as well and, by
Lemma 4.8, this as a set of functions coincides with Hé/ Z(Rd ). Moreover, the map

2
BRIV (x)?

x > gs(x)elPrs— I'is almost surely smooth so multiplying by it shows

that
N ga(x)eiﬂnu)—%mn(x)z]/ F() : €20 . gs(y) : FHO)
U
5 5 d/2
E[¥s(x)¥s(»)1dy € HEY*(RY).

Finally, as Y + Z is an independent sum, Lemma 4.1 implies that Hé/ 2(Rd) C Hc as
desired.
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Proof of Proposition 3.7 In order to derive bounds on P[det y); < A]and P( ” g%g <
He

A) for A > 0 small, we will look at the three terms [(DM, hs) g |, (DM, hs)He| and
l75 || e appearing in (6.10) separately and collect the results in the following lemmas.

Lemma 6.8 For every v > 0, there exists a constant ¢y > 0 such that for all ¢ > 0
small enough

P[[(DM, hs) .| < c(d — B*) 72891 < exp (_cza*M)

for all small enough 8§ > 0 and all B € (v, Vd).
Lemma 6.9 For all n > 0 small enough, we can choose C > 0 such that
2 94
IhslF. < COF —24=2"W2 (DM, hs) e |

where W is a Ys-measurable positive random variable. Moreover, we can pick ¢y, ¢ >
0 such that for all § € (0, 1) and t > 18727 we have

P(W > 1) < exp(—c28717).

Lemma 6.10 For every v > 0, there exists a constant ¢ > 0 such that the following
holds. For every ¢ > 0, we can choose ¢y > 0 such that

P[(DM, hs)ne| = c(d — B> 72871 < exp(—c28™")

for all small enough § > 0 and all B € (v, Vd).

We now explain how we deduce Proposition 3.7 from these lemmas, and then in
the next subsections turn to their proofs.

Proof of Proposition 3.7 By Lemma 3.3, we have that

IP,('detyM >s/4>z]P’<<|(DM ha) te| = (DM hs) e ) 8)

DM, ~ A3l
and
DM, h — (DM, hs)
P(detyy = /4 = P 8 el = | Dch?
1513,

(DM hs) g |={DM hs) . )*
s I,
above and we will choose § depending on e.

so it suffices to bound P

) from above. Here A is as
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Using Lemma 6.9, we first bound for some 1 > 0

({DM, hs)pe.| — (DM, hs) e ))?
A 13

1 a_—RB2 _ _
> C s A MW =2 (DM, hs) | — 21{DM, hs) n|).

Hence, taking c to be the constant from Lemma 6.8 we can bound

P((HDM, hs)he| — (DM, hs)ue))?

<d- ,32)_283d+5
sl )

by

— I _
P (DM, hs)ie| = 21D, hs)ne| < 5(d = pH72°)
+P (C(Sﬂz’z‘l’z” w2 > Eé’z‘l’S) .
2
The second term can be bounded using Lemma 6.9 loosely by exp(—c;§~¢!) for some

cl1 > 0.
For the first term, Lemma 6.8 gives that

P((DM, hs) | < c(d — 2)7289) < exp(—c26~9"%)

and Lemma 6.10 gives constants ¢z > 0
- C _ _
PQ(DM, hs)be| = E(d — 17289 < exp(—67),

and we thus obtain the proposition.
The case of the standard log-correlated field on circle needs extra attention, and is
treated in Sect. 6.4.6. |

One can see that a simplified version of the above proof can also be used to prove
Proposition 6.7.

Proof of Proposition 6.7 Recall that on the support of f, wecanwrite I'ly =Y +Z =
X, where Y is almost x—scale invariant and Z is Holder regular, both defined on
the whole space. Note that by Lemma 4.8 and Theorem 4.5 the operators Cy and
Cy are bounded from H~4/2(R?) to H4/2(R?) and hence so is Cx. Thus for any
NS H~4/2(R?) we have

(Cx@. ¢) 2R3

2
= ||CX§0||Hd/2(Rd)||§0||Hfd/2(Rd) = ||CX||Hfd/2(Rd)_>Hd/2(Rd)||§0||H—(1/2(Rd)
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so that in particular

5 (DM, hs) e |?

1 iy 2 (Cx(f1). Fin) 2y = B2IDM I, 2 B2 2=
1) Hc

Using this inequality one can proceed as in the proof of Proposition 3.7 except one
does not need to take care of the term (DM, hs). O

The rest of this subsection is dedicated to the proofs of Lemmas 6.8, 6.9 and 6.10,
and sketching the extension to the case of the circle.

6.4.3 Proof of Lemma 6.8

Proof of Lemma 6.8 Let us fix some v > 0 small. Note that (DM, hs) g is equal to

iﬁ/ Fx) e PXO hs(x) dx
U

—ip FOfG) HBIOFZ() .. ,—iBTs(N+Z () . Rs(x, y)
UxU
—ip Z / F@) f(y) : @PTB@FZ) 0 =i BOFZ0) . Ri(x, y) dx dy
QeQs 0x0

since Rs(x, y) = Oif x and y are notin the same square in Q. Moreover the summands
are mutually independent, when we condition on the field Z, and by scaling each term
agrees in law with

879 = 6% / f(8x) : P70V
s~1oxs-1Q

e IBZO) L f(sy) @ PT00) L omiBTsEY) L Rosy sy)dx dy.

We can write

ElJo|Z] = / F5) £ (By) : P70
51 Q><5_1 o

< o IBZ(BY) . BPEV5(6x)Y5 (7)) Rs(5x, 8y) dx dy.

Whenever Q is such that f(x) > || flleo/2 for all x € Q (or similarly if f(x) <
—[I flloo/2), and the event Eg := {supX,yEQ |Z(x) — Z(y)| < m/(4pB)} holds, a basic
calculation that uses Lemma 4.4 shows that

o E[JplZ,Egl = C(d — ,32)_2, for some constant C > 0 that is uniform over
B € (v, d) and depends only on || flco

° ]E[Jé|Z, Eol <c(d— ,32)’4 for some constant ¢ > 0 that is again uniform over
B € (v, d) and depends solely on || f||co-
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In particular, by the Paley-Zygmund inequality for any such square Q it holds that
PlJg > A(d — ﬁz)’ZIZ, Eopl > p, where A = C/2 and p > 0 is some constant. In
the following, we denote by Qs the collection of those squares in which f is larger
than || f|l00/2 (again, we may consider — f instead of f if needed).

Now, recall that Z is a Holder continuous Gaussian field, and thus by local chaining
inequalities (e.g. Proposition 5.35 in [31]), we have that for some universal constant
C>0

P ( sup  [Z(x) —Z(¥)| > n/(4ﬂ)> < Cexp(—C872).
[x—y|=25

Thus denoting E = {sup‘x_y‘ﬁg |Z(x) — Z(y)| <m/(4pB)}, we can bound

P[[(DM, hs) .| < c(d — 272891 < P(E®)
+P{ (DM hs) b = e(d — 5727 E]

As P(E€) < C exp(—CcS’z) and E C ﬂQ E o, it remains to only take care of the
second term working under the assumption that the event £ holds for all Q. For any
t > 0 to be chosen later, we have

IP’[|(DM, hsYu| < (d — ,32)72IIE] < IP’[JQ > (d — %)~ 2 for at most 1/(B18%¢)
distinct Q € Q5|E]
< P[Bin(|Qs]. p) < t/(Br8*")]

2
< e—ﬂQaI(P—{m-‘IQal_l)

where Bin(n, p) denotes the Binomial distribution. In the second line we used the
conditional independence of Jg given Z and the conditional probability obtained
above; on the last line we used the Hoeffding’s inequality

P[Bin(n, p) < m] < e 21P=5)",

Noting that clé’d < |Q,;| < 028"’ for some c1, ¢y > 0, we see that by choosing
t = pBrs?/(2cy) we get

P[HDM’ hs)u| < (d — ﬁz)_ztlE] < 21k

for small enough § > 0 and the lemma follows. O
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6.4.4 Proof of Lemma 6.9

Proof of Lemma 6.9 We start with some immediate bounds that allow the usage of
inequalities on Sobolev spaces H(é(Rd ). First, by Lemma 4.8 we have

CH Ngargay < - laye < Cl- N gar g,
for some C > 0. On the other hand, by Lemma 4.1, we have that

Il < - ey e < I - ||H1?5.<c'

Now let y € CZ° (R?) be a non-negative function which equals 1 in the support of gs
(recall that g5 is defined in (6.11)). Set

Fx) = el PH@- 5B 0P (1)

and
G(x):= / F() 1 eBZO0) 1 oBH0)  on (VR[5 (x) V5 (y)] dx dy
UxU

so that gs(x) F(x)G(x) = hs(x). Using the above norm bounds in conjunction with
the classical inequality || F G|l ga2gdy S ||F”Hé/2+€(Rd) ”G”Hé/z(Rd) for any ¢ > 0
(see e.g. Theorem 5.1 in [7]), we can bound ||/ g by some constant times

I8 F G sz ga) S 1851l yar24e ay | F Wl yarave ay NG ll a2 g

S 1851l yar2ve gy 1 e e 1 G l

We can bound ||gs |l ja/2+ < 8797 by scaling and triangle inequality. Further,
c

(RY)
by definition we have that ||G||12L1? L= [{DM, hs) g |. Thus it remains to deal with
5
I F| HY2H Ry To do this, we will use Gaussian concentration inequalities.
c

Namely, by Theorem 4.5.7 in [9], if X is isonormal on a Hilbert space H’, and any
T : H — Ris L—Lipschitz w.r.t || - || g, then forall z > 0

2

P(T(X)—ET(X) >1t) < exp(—zt?).

We will make use of this concentration in the case T = || - || ya/2+e (ray to bound W :=
T (F). We first apply Theorem A in [1], which gives that for f € H4/2+¢(R9) we have

. d/2+ . .
I eXp(lf)w”Hé/ZJrs S ||f||Hd/2+s(Rd)+”f”H/d/z_fg(Rd)j This together with the fact that

7 In [1] the authors consider compositions with real-valued functions; in our case one can apply it directly
to the real and imaginary part. Note that by the theorem the first operator in the chain f* el — 1>
(e’f - DY elf Y is bounded and the other two are bounded since ¥ is smooth.
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. . . 2 ~
E[Ys(x)?] is constant in x gives us that ”F”H(‘é/z”(Rd) < 8P /2(||Y31/f||Hd/2+5(]Rd) +

Y I9oEe, (say) for some ¢ > 0. Here € C2*(R¢) is some function which is 1 in

the support of . Further, we have the following bounds:

Claim 6.11 It holds that
LAl garate ey 18 0(8‘28)—Lipschitz with respect to || - ||HY5'

2. @I Ysll rapsega)® < BNV Y513 0200 gy S 87474

Proofof Claim 6.11 Recall from the proof of Lemma 4.8 that the operator Cy, is a
Fourier multiplier operator with the symbol

1
Ks(&) :=f v = vk (vE)dv
§

and k is by assumption smooth. Moreover,

1/ 17, =/ Ks@&) ' f@®) dt
) R4

and
ENY Y5 3ase ey = fRdu + &1 /R W (O)PKs (& — ¢)dg dt.

The two claims thus directly follow from bounding Ks respectively by

Ks(€) <8721+ g9, (6.12)
and Kj(&) S8797% (1 + 1) 7972%, (6.13)

where the underlying constants do not depend on . These inequalities are clear when
|€] < 1, and follow by integrating the bounds k(v€) < C|vE|~?2¢ and k(vE) <
ClvE| 7244 for || > 1. O

We can finally apply the Gaussian concentration to deduce that for all ¢ € (0, d/2),
there are some ¢, C’ > 0, such that for all # > ¢§~9—%¢

PP Vsl gasase ray > 1) < exp (—C'Sgtz) ,
and thus for some ¢/, C” > 0 and for all r > ¢/§72~%¢
~ ~ d/2 2
P Ys | rareee ey + 19 Y5l artie ay > 1) < eXp <_c/5em> :

implying the lemma. O
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6.4.5 Proof of Lemma 6.10
Proof We have

(DM, hs) = ,',3/ F) f(3)e 2PEX 1, pi2BX500 . fiBTs0) . piBT50) . po(x y)dxdy,
UxU

which we can write as a sum
oy [
0eQ; 0

PO Ry(x, ydxdy =i Y Lo.
0eQ;

F0) f(p)e 2P EX 0, pi2BXs() . fiBYs(x)
X0

We can then first bound

E|(DM, hs)|*N < B*VE| Z Lo*M.
0eQs

If we expand the 2/N-th moment of such a sum, we obtain terms of the form
,BZNE[LQI <.LoyLg ... LQ;V].

Before taking expectation in each such term we separate the field Y5 = Y 5+ Ys, with
Ys:i=Ys—Y /5 being independent of Y /5. We can then write each term as

N

3 . . 2 xox 2 V. R —

=7 ZN/ [T/ GDFONFO)DFODRs () Rs (o, vyt STV ety
U2N =1

N -
o o 2B T ELXs (P HELXG 0 D (1—[ G 2B . 2L ) :) ,
j=1

where the integration is over x;, y; € Q;j and x,, y; € Q';. We bound the expectation
by

N -
E l—[ C 2BZGPHTs(x)) .. ,mI2BZEDFY5 () < CNs—2NF
j=1

sinceE[?g(x)z] = %log %—I—O(l).NOW, thereissome ¢ > OsuchthatE(Yyi/2; x; X') >

EY, 51 / 2, q; q')—cv/3 N2, where q and ¢’ denote the vectors of midpoints for the ordered

squares Q; and Q’j. This can be seen by noting that since the seed covariance k is
Lipschitz, we have

IELY ;500 ;5G] — ELY ;5@)Y 5]

@ Springer



Density of imaginary multiplicative chaos via Malliavin calculus 793

3log 5
s/ llx — x| —lg — ¢'ll(1 —e ™) du S5
0
when |x — g|, |x" — ¢’| < 3. Thus we obtain the upper bound
2 2 2 [P _—
”f”ié\/ﬁZN(SZB NeC\/gN €4ﬁ g(Yal/ZvQI’QZ)E[ng . JQN ]Q/l o ‘,Q;V]?
where now

Jo = / D e P11 oI BYsO) Ry (x, y)dxdy.
oxQ

By Holder’s inequality we can bound
2N
E[*]Ql"'JQNJQ’I"'JQ}V]SEL]Ql' .

By scaling the right hand side equals

N

84Nd/ " l—[ R(S(‘ijs Sy,)Ra(é‘x;, ay})eﬂZS(Y@);X,y;x/’y/)
[0,1] i
j=1

N

4ANd c c c c BEEY D ix,y;xy)

=94 /[0 v [1 \/log =] 198 Ti= ol 198 o 198 7=y @ :
s j:l

where we have used Lemma 4.4 and 7 (x) denotes the closest point to point x in the
set

{xl,...,xN,yl,...,yN,xi,...,x}\,,y;,...,y;\,}\{x}.

By relabeling the points as zj, . .., za4y and using Lemma 6.2 we then have the upper

bound
4N
C 1
84Nd/ log )
[0,1]4Ndj1:[1 |zj = 2r(hl 1z — zF(j) P2

which by Lemma 6.3 is bounded by

CN (d — 2)~4N g4Nd 4N
for some constant C > 0. Hence we can bound E| (DM, hs)|*" by

cNd - IBZ)74N84NdN4Nﬂ2N52/32N820«/3N2572Nd / exp (4/325(Y51/2; x; x/)> ’
KZN
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where for convenience we have turned q, q’ back to x, X’ by paying the same price. The
latter integral is the 2/N-th moment of the 28 chaos of field Y1,2, which by Lemma 6.2

N
and (6.7) is bounded by CN N2V ( log %) 5N mx2B =40 giving

E| (W ha) |2N < CNecJSNZ(d _ ﬁ2)74N(10g l)NgN(2d+min(%,2;32))N6N

k — 8 .

Note that for any fixed b, C, v > 0 we have 2~ C log % < 67 and 4 small enough.
One thus sees that

P[|(DM. hs) | = b(d — p2)~289] < 27N ¢eV/oN? g=vN gN min(5.26%) 6N

yields the desired upper bound by choosing e.g. N = § —%/(24d) O

6.4.6 Special case: the standard log-correlated field on the circle

In this section we will briefly explain how to extend the proof of Proposition 3.7 to the
case where we are interested in the total mass of the imaginary chaos defined using the
field I on the unit circle which has the covariance log ﬁ, where one now thinks of x
and y as being complex numbers of modulus 1. See Sect. 2 for the precise definitions.

Recall, that the extra complication in this case is that the field is degenerate in
the sense that it is conditioned to satisfy fol ['(*™%)de = 0. In terms of the proof
of Proposition 3.7 this creates some annoyance, as the function 45 we used in the
projection bounds does not anymore belong to the Cameron—Martin space H¢ of I,
and we will instead need to look at the function ﬁg =hs — f hs(y)dy.

As the field T'(e¥™"") is non-degenerate when restricted to Iy := [—1/4, 1/4] (see
again Sect. 2), it is also beneficial to introduce a smooth bump function ¢ supported
in Iy :=[—1/4, 1/4], and thus set

hs(x) = ¢(x)eiﬁYa(X)*%ElYa(X)zl/ v(y) : eiﬂ(?a(y)JrZ(y)) : Rs(x, y)dy.
Io

This will let us still use the decomposition X = Y + Z where I')jy = X\, and
streamline most of the proof. ~ y
In the case of Lemmas 6.8 and 6.10, i.e. in terms (DM, hs) g and (DM, hs) g,

this subtraction of the mean introduces the extra term i 8 M fol hs(y) dy. In the case of

Lemma 6.9, we have an extra term of the form | /01 hs(y)]. The next lemma guarantees
that both terms are negligible.

Lemma 6.12 For all ¢ > O there is some ¢1 > 0 such that we have

S

1
PH/ hs(y)dy| > ¢6(1 — ﬁz)fl/z] < efcusflc
0
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and

N"“

1
IP’[IM/ hs(y)dy| > c8(1 — B2~ < =18 %?
0

for all § small enough.

Proof We will bound the N—th moment of | M f hs(y)|, use the Chebyshev inequality
and optimize over N. Note that by the Cauchy—Schwarz inequality we have

1 2N L2
E UM/O hs(y) dy }

and by [16, Theorem 1.3] we know that (recall that we are currently in a one-
dimensional setting)

N 1
} < E[IMPN)E U / hs(y) dy
0

E[MPPV] < CVd — gV NEN

for some C > 0. We mention that, in the article [16], the dependence of the above
constant in terms of 8 was not stated but follows from their approach (see (6.4)). To

bound EJ| fol hs(y) dy|*N1, we note that by Jensen’s inequality we have

| [ meras" = =[( [ mwrar)']

where the right hand side equals

1 1 X 2 N
_B2 2 i ) )
]E[(./o () 2B EL () ]‘/0 V() : dBHOHZO) Rg(x,y)dy‘ dx) ]

We bound |1/f(x)|26_ﬁ2E[Y5(x)2] by C58” and since Rs(x, y) = 0 whenever x, y do not
belong to the same square, we can bound the above expression by

NV ( / YY) P02
0€Qs 0

o N
: Rs(x, Y)Rs(x, 2) : e PYQFTZE) - g7 gy dy) ]

By developing the expectation into a multiple integral, using an Onsager inequality
associated to the smooth field Z (see (6.3)) and then rewriting the multiple integrals
as an expectation, we see that we can get rid of the field Z in the above expectation
by only paying a multiplicative price CV.

Thus it remains to bound

) L s N
CNNE SN 3 E[(/ YO (@) PO R(x, y)Rs (x, 2) : e FH@ dzdxdy) }
0€Q;s o
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By scaling we see that each term in the sum is equal in law to
83N Jgy = 83N]E[(/ UGV (S2) : POV . Ri(8x, 8y)Rs(5x, 82)
s-1oxs-1oxs-1Q
. efiﬁﬁs(éz) s dzdx dy>N:|.
To bound this expectation, we expand the product and obtain a multiple integral over
Xi, Vi, Zi,i = 1...N.The expectation of the product of : e PYs0y) - and : ¢~ AY5(2) .

leads to £ (?5 (8-); y; z) that we bound using the Onsager inequality (6.2). Since for
any fixed y and z,

W((Sy)l//(éz)/ 1 Rs(8x,8y)Rs(8x,82)dx < C,
5-1o

we can first integrate the variables x; and control the remaining integral over y; and
zi,i = 1... N with (6.4). Overall, Jg is bounded by (d — %)~V NBN.
Altogether we obtain that

1 2N > >
ol [ o[ ] < €V gryar vy
and hence
! N £ 2
allur [ nsry|"] < €V - s NN,

which gives us the tail estimates

2 2
1 NsE )N BN
C"s' 2 Nz
o] [ hsray| = ad - 371 <
0 AN
and
1 CNs(é-H)NNﬂZN
olp [ hsdy| = 2@ - g1 < —
0 A
Optimising over N now concludes. O
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A Appendix: Some standard proofs

Proofof Lemma4.4 1t is calculationally somewhat easier to work with the rescaled
field Y(©)(x) = Y.(8x), which can be expressed using white noise as:

YO ) = / "R (t — x))V1 — 8%e—udW (¢, u).
R4 x[0,00)

The first inequality then follows directly:
oo
E[y® )y ®(y)] = f k(e (x — y)(1 — 8% ) du
0

o0 1
5/ k(e (x — y)) du < log ——
0

lx — ¥l

by the fact that k is supported in B(0, 1) and k(¢) < 1 for all .
For the second inequality we compute

o0

/Ook(eu(x — y))(l — Saeiau)du > / k(e“(x _ y))(l _ efau) du
0 0
logﬁ 00
0 0

1 gy 1
= log —— + (k(e"(x —y) = Ddu — —
lx—=yl Jo o
Note that by Taylor’s theorem we have for all ¢ € R the inequality
k(1) > 1+ K O)t — ct?

for some constant ¢ > 0, and in fact since k is smooth and symmetric we have
k’(0) = 0. Hence

logx% logx%V
/ '”(k(e"(x—y))—l)duz—c/ T — P2
0 0

1 _ w2
= —C —|x_y|2_u Z _£7
2]x — y|? 2 2
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from which the claim follows.
Finally, the independence comes from the fact that & is supported in B(0, 1) O

Proof of Lemma 6.2 Let us begin with the field Y;. Set g; = 1 for 1 < j < N and
qj =—1for N +1 < j < 2N and note that

Eesxyy) = —lE (ZCI]Yd,/\e(Z])>

j=l1

1 2N 1 2N 1
2
+5 D Bl¥ane )Y < 5 j§_] log 7

j=1

since E[Y, (x)Ye (y)] = E[Yy(x)Y;(y)] forall s, t < e A|x —y|and E[Ys(x)?] < log %
for all § € (0, 1).

As the field Y, (¢x) has the same distribution as the field ¥ ©) (x) from the proof of
Lemma 4.4, we have

ERe(e);x:y) = ——E (qu (8)(z1> ZH«:{Y“)( )]<—Zlog—.

Finally, if R is a regular field then

E(R; X y) = (qumzj)) ZE[R(Z PI=N sup E[RG:)’).

j 1 1<j<2N

O

Proof of Lemma 6.5 We prove this lemma in the context of real-valued random vari-
ables. The extension to complex-valued random variables follows immediately.
In page 58 of [22], an operator L on the set of variables with finite second moment

is introduced and used to define the norm ||| F|ll; , := E [((I — L)k/ZF)p]l/p. The
norms ||| - [l , and |llz,, are equivalent (see [22] page 77). Hence
sup, E [((1 — L)k/an)p] < 0o. By weak compactness of balls in L”(2), we can
extract a subsequence (n(i),i > 1) such that ((/ — L)k/ Fuy,i = 1) converges
weakly towards some element G. Since the L?”-norm is weakly lower-semicontinuous,
we moreover have

E[G?] < liminf E [((1 — L)k/zF,,(,-))”] <limsupE [((1 — L)k/an)”] .

In the proof of [22, Lemma 1.5.3], D. Nualart shows that F = (I — L)~*/2G. This
implies that
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1 .
IF Il < Cop lIFly, = Ci pE[GP]'? < Crp timsup | Falllx.,
n

= C]/Qp lim sup ”Fn ”k,p .
n

This concludes the proof. O

B Appendix: Proof of Proposition 3.1

Proof of Proposition 3.1 We start by showing that M belongs to D*°. Letn > 1,8 >
0, j > 0and p > 1. In the following, we will denote

n
, B2
Ps=Tx%¢s, Tns= Z Arey * @5, Ms = / f(x)e’/m(x)+TE[F5(x)2]dx
C
k=1

and

2
M, s — / F)elPTns@+E BN 52
’ C
M, s is a smooth random variable and D/ M, s is equal to

j j 8 ‘
(iB)’ / dxf(x)elﬂrn.ﬁ(x)‘i’TE[rn‘a(X)Z]
C

n

XY (e x9s)(X) . (e @) (Xer, @ - D ek, (B.1)

Since (ex; ® --- ® €k ki,...,k; = 1...n) is an orthonormal family of H® | we
deduce that

ot

‘2 =Y ) f(y)eiﬂrn.m)—iﬁrn,s(y>+?E[Fn.amm#mn,a(y)z]
HE @

n /
x <Z<ek % 05) (X) (e wa)(y)) dxdy.

k=1

Thanks to the convolution, all the integrated terms are uniformly bounded in n and
X1...Xp,¥1...Yp. By dominated convergence theorem and then by using (6.1) which
provides an Onsager inequality for convolution approximations, we deduce that

2p
HE

p
< g [E dxidxpdyy . dyp [T f ) (C % (s ® 03) G, y)) e €T
! I=1

limsupE |:H DjM,,,,g

n—0oo
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2p

-8/ in
2 .
<Cip ISl fm dzi...dzp [ ] (?,12 |z — zz/l) (rlni;( C * (95 ® 95) (21, zw))
. =1

where K is the support of f. Importantly, the above constant C; , does not depend
on §. Notice that

C ,y) < Clog ———.
* (95 ® ¢s)(x, y) < 8 IV e

Hence, if we let & > 0 be such that 82/24-& < d /2, there exists C;. > 0 independent
of § such that

limsupE |:H D/ M, s H:) :|

®J
n—oo C
2p —B2/2—¢
/! . 7
=C;, /;{zp dzy...dzap 111 (rlglél; |z — Zl’|) <c7, (B.2)

by (6.4). Since (M, s, n > 1) converges in L2P towards My, Lemma 6.5 and (B.2)
imply that for all k > 1, M5 € DK27 and that

sup [[Mslly 2p < 00. (B.3)
§>0

Now, because (Ms, § > 0) converges in L2P towards M, Lemma 6.5 implies that for
all k > 1, M € DK27_ This concludes the proof that M € D,
We now turn to the proof of the formula for DM. On the one hand, (B.1) gives

. B2 "
DM, s =i f dxf () PTns T T TN (0 s g5 (x)ex.
c k=1
One can then show that (DM,, s, n > 1) converges in Lz(Q; H) towards

. g2 >
16 [ dxf e PO EEI Y 0 ) e
C

k=1

On the other hand, the first part of the proof showed that sup, E [“ DM, s || iIC] < 00

and Lemma 6.4 implies that (DM,, s, n > 1) converges to D M; in the weak topology
of L2(§2; H). Hence

. B2 ad
DM; = iﬂ/ dxf(x)e’BFS(XHTE[F‘S(x)Z] Z(ek * @5) (x)ex.
(
k=1
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Let us now show that (DMs, § > 0) converges in LZ(Q; H) towards

iﬁf(cdxf(x)u(x)C(x,-)-
Firstly, since

Clx.) =Y ex()ex()

k>1

and the ex, kK > 1, form an orthonormal family of H, we have

- [H/ dxf ()u(x)C(x, ) — / dxf () BT+ BT 0 )
C C

2
Hc

2
= ZER f fp@er(x)dx — / f(x)e"ﬁ“@‘)*ﬁfﬂfﬂx)z]ek(x)dx) }
C C

k>1
(B.4)

Each single term in the above sum goes to zero as § — 0. Moreover, using Onsager
inequality for convolution approximations (6.1), one can obtain a domination in a sim-
ilar manner as what we did in the first part of the proof. By the dominated convergence
theorem, it implies that (B.4) goes to zero as § — 0. Secondly,

2

E f dxf (e o+ BT ) D (ex + pp)(x)ex — f dxf () PTsCHE BT o )
c k=1 c He
2
_ ZE |:(/ f(x)eiﬁl"a(x)-%—é]E[Fa(x)z]((Ek * s)(x) — ek(x))dx> :|
k=1 c
<CIfl% /K - M3 er % 98) @) = € () (ex  9) () — ex ()| dxdly (B.5)
k>1

where K is as before the support of f. The above integrand is dominated by the

integrable function C |x — yl"92 log(c/|x — y|). Dominated convergence theorem
thus implies that (B.5) goes to zero as § — 0. Putting things together, we have shown
the aforementioned convergence: (DMs, 6 > 0) converges in L?(S2; H) towards

iﬂ[Cde(X)M(X)C(x, ).
With (B.3), we notice that sups E [Il DMs I|%1C] < 00 and Lemma 6.4 also shows that

(DMj, 8 > 0) converges to DM in the weak topology of L?(2; H). This yields
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DM = i,B/ dxf(x)ux)C(x,-).
C
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