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C H E M I S T R Y

Anisotropic nanocrystal shape and ligand design  
for co-assembly
Katherine C. Elbert1†, William Zygmunt2†, Thi Vo2†, Corbin M. Vara3, Daniel J. Rosen3, 
Nadia M. Krook3ǂ, Sharon C. Glotzer2,4,5*, Christopher B. Murray1,3*

The use of nanocrystal (NC) building blocks to create metamaterials is a powerful approach to access emergent 
materials. Given the immense library of materials choices, progress in this area for anisotropic NCs is limited by 
the lack of co-assembly design principles. Here, we use a rational design approach to guide the co-assembly of 
two such anisotropic systems. We modulate the removal of geometrical incompatibilities between NCs by tuning 
the ligand shell, taking advantage of the lock-and-key motifs between emergent shapes of the ligand coating to 
subvert phase separation. Using a combination of theory, simulation, and experiments, we use our strategy to 
achieve co-assembly of a binary system of cubes and triangular plates and a secondary system involving two 
two-dimensional (2D) nanoplates. This theory-guided approach to NC assembly has the potential to direct mate-
rials choices for targeted binary co-assembly.

INTRODUCTION
Advances in synthetic capabilities have opened up access to an ex-
tensive library of experimentally realizable anisotropic nanocrystal 
(NC) building blocks (1–5), directing attention toward their usage 
in self-assembly for a wide range of exciting, emergent morpholo-
gies (6–12). These anisotropic NCs are of particular interest, as NC 
architecture and orientation within thin films are critical to optimize 
materials properties (13–15). However, systems of anisotropic NCs 
can experience many kinetic barriers along the path toward forming 
their thermodynamic equilibrium structures (16), resulting from NCs 
having to balance their spatial and orientational distributions. As 
such, experimental realizations of anisotropic NC self-assembly are 
more challenging and less common relative to their spherical coun-
terparts. Counter to binary spherical systems, there exists no robust/
predictive models for predicting ligand-mediated self-assembly, com-
pounding difficulties in their rational design and co-assembly (17). 
This is especially true for the co-assembly of two differently shaped 
NCs. Unlike the large library of accessible lattices for binary spherical 
systems (18–20), previous examples of co-assembly of anisotropic 
building blocks are those designed to take advantage of shape com-
plementarity and stoichiometries in driving cocrystallization (21–24). 
Having design rules for co-assembly of specific NC choices is critical, 
as this would unlock access to metamaterials with emergent proper-
ties (25–31). The ability to dope controlled ratios of NCs into a film 
of dissimilar NCs without disrupting the matrix structure would al-
low for a spectrum of stoichiometries to be realized (32, 33), provid-
ing an additional knob to tune the metamaterial’s properties.

Recent works have shown that the morphology of the ligand shell 
coating the NCs can modulate the effective shape of the composite 

building block (34). Rather than explicitly using a concave NC core, 
we instead use a theory-driven approach to select for two pairs of 
ligand-convex NC combinations that produce the emergent shape 
complementarity of interest. Given the large phase space of experi-
mental handles across both NC shape and ligand architecture, we 
limit our NCs to a thin-film, binary system of two-dimensional (2D) 
triangular plates and 3D cubes, PbTe and LaF3, respectively. LaF3 is 
a dielectric material that is monodisperse in shape and size (35), and PbTe 
cubes exhibit tunable optical and semiconducting properties (36–38). 
Given that these two materials are known to phase segregate within 
films, there exists a chemical impetus working against co-assembly.

Here, we provide a joint study (theory, simulation, and experi-
mental) for our design strategy, illustrated in Fig. 1. We theoretically 
optimize across three experimental handles—ligand types, plate to 
cube stoichiometric ratio, and annealing temperature—and select 
for the composite set of parameters that counterbalance against the 
segregation. Theoretical predictions are then quickly validated using 
Monte Carlo simulations, and we then show that experimental 
realization of our choice of design parameters produce the tar-
geted self-assembled morphologies. Last, we extend our design 
principles of co-assembly to a system of two 2D NCs: LaF3 triangu-
lar plates and GdF3 rhombic plates.

RESULTS
Theory-guided design
To understand the driving forces underlying the conditions required 
to drive co-assembly of cubes and triangular plates, we construct a 
phase diagram of relevant morphologies using a thermodynamic per-
turbation theory (TPT) (see Methods) (39, 40). Using TPT, we can 
compute the lattice free energy of formation, G, for competing 
structures of the cube/plate system and construct a phase diagram 
across the thermodynamic handles of stoichiometry and interaction 
strength. TPT necessitates a potential mean force (PMF) for cube-
cube (CC), plate-plate (PP), and cube-plate (CP) interactions. Com-
puting PMFs requires a selection of the ligand type grafted onto 
each particle. Previous experimental works have shown that oleic 
acid (OA) is effective at mediating colloidal assembly and provides 
a good starting point. Computing the PMFs and subsequent G for 
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competing structures with OA as the ligand yields the phase diagram 
shown in Fig. 2A, revealing a region where co-assembly is thermo-
dynamically preferred. However, this co-assembly regime is small 
compared to those of its competing structures, presenting challenges 
for experimental realization due to anticipated kinetic traps. As an 
alternative, we turn to using dendrimeric ligands (as opposed of OA) 
that have been shown to enhance both yield and stability of colloi-
dal crystals (34, 41). For simplicity, we chose the polycatenar ligand 
(PCL), a generation zero dendrimer. Using scaling arguments from 
our previous works (34), we determine PCL distributions on the sur-
faces of cubes and triangular plates and compute respective CC, PP, 
and CP PMFs. The updated phase diagram now yields the result 
shown in Fig.  2B. Here, we note that TPT calculations are for a 
theoretically perfect unit cell, where plates are sandwiched between 
cubes as that was the targeted co-assembly structure. As such, we 
only consider the parallel to film plate alignment in the phase-separated 
morphology (orange) in the construction of our phase diagram.

Direct comparison between Fig. 2 (A and B) reveals a growth in the 
co-assembly region (dark blue) along both the inverse temperature 
() and stoichiometry axis. To understand the driving force behind 
enhanced co-assembly, we overlay the individual radial distribution 
functions, g(r), for the co-assembled lattice of interest with their re-
spective PMF for both OA and PCL to highlight differences between 
predicted interactions (Fig. 3, B to D).

Before comparing differences between PMFs for OA versus PCL, 
it is instructive to note features that emerge from the PMFs. First, 
PMFs show the strongest net attraction for CP interactions, irrespec-
tive of ligand. Naively, one would expect that CP and PP interactions 
are on par with each other as both should be dominated by the larger 
facet on the triangular plate. However, for CP interactions, the plate’s 

face takes up ~43% of the cube’s face, leaving excess ligands to inter-
act with those occupying the edges of the plates. This additional 
face-edge contact favors CP over PP alignment, driving co-assembly. 
Within the co-assembled lattice, all PP contact distances—peaks in 

Fig. 1. Schematic of design workflow. Illustration of design strategy, demonstrating how lattice prediction methods (purple) lead to a feasible set of parameters for 
co-assembly, which are verified by computation (pink) and then realized experimentally (green). (Top left quadrant) Nanocrystals and ligands tested in the theoretical 
screening, serving as input to TPT. (Top right quadrant) Representative phase diagram for system computed from using TPT. (Bottom left quadrant) Phase diagram guides 
selection of phase space for Monte Carlo simulation. (Bottom left quadrant) Experimental realization of the designed system from both theory and MC validation. Scale 
bar in TEM image, 50 nm.

Fig. 2. Theoretical prediction of co-assembly phase space. Phase diagram for cube 
and triangular plate co-assembly for (A) OA ligand and (B) PCL, with ligand structures 
shown above. (C) Representative snapshots of the crystal structures used in construc-
tion of the phase diagrams. Border coloring corresponds to each respective phase.
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gPP(r)—fall well outside the interaction range defined by the PP’s PMF 
(Fig. 3D). Conversely, the first peak in gCC(r) falls inside the range of 
the computed PMF for CC (Fig. 3B). These features suggest that CC 
interactions further stabilize the co-assembled lattice, while PP con-
tacts do not. In short, introducing cubes into systems of triangular 
plates serves as a handle to tune co-assembly. Because of strong CP 
face-face interactions, cubes induce a preference for face-face con-
tacts between cubes and plates. With increasing cube concentrations, 
CC interactions pull other cubes into the growing structure, enhanc-
ing existing CP interactions by locking plates in place between cubes 
while simultaneously gaining additional stabilizing CC contacts.

We now discuss enhancement in the co-assembly region upon 
transition from OA to PCL. PMFs shown in Fig. 3A indicate that 
CP interaction well is substantially deeper for the PCL than for OA, 
whereas CC and PP are relatively the same. As discussed above, CP 
interactions prevent phase separation and provides the dominant 
interaction driving lattice stability. The lower CP potential well in-
creases the lattice’s free energy of formation, thereby broadening the 
co-assembly regime. The origin of this deeper well can be understood 
through visualization of the ligand corona about each NC (insets; 

Fig. 3, B to D). Switching to the PCL produces a dimple in the corona 
at the faces of each cube. This dimple enables the plates to sit closer to 
the cube as compared to a flat corona, enhancing face-edge contacts. 
Thus, switching to PCL creates an emergent lock-and-key binding 
between cubes and plates through the interplay between the shape of 
each NC’s ligand shell, resulting in the lower well depth. For these 
reasons, we use PCL as the ligand and select design parameters in 
stoichiometry and temperature based on the computed phase dia-
gram (Fig. 2B). It is also worth noting that computed PMFs for dif-
ferently orientated plates lying parallel to the cube’s face area are 
essentially identical to each other, suggesting that in-plane relative 
orientations of plates are less important compared to the emergent 
lock-and-key CP interactions. As such, we note that the critical de-
sign strategy for co-assembly involves modulating CP interactions 
such that plates prefer to be sandwiched in between cubes.

Monte Carlo simulations
To verify the morphology predicted via TPT, we use Monte Carlo 
simulations of triangular nanoplates and nanocubes using HOOMD-
blue (42). We select several plate fractions (plate = [0.20,0.40,0.60, 

Fig. 3. Differences in interparticle interactions for different ligands drive enhanced co-assembly. (A) Computed PMF for CC, PP, and CP interactions. (B) Radial dis-
tribution function (black lines show peak locations) for CC, gCC(r), overlaid with PMF for CC. (C) Radial distribution function for CP, gCP(r), overlaid with PMF for CP. (D) Radial 
distribution function for PP, gPP(r), overlaid with PMF for PP. All PMFs shown are for relative orientation between NCs shown in the inset for (B) to (D). For all panels, dashed lines 
indicate PMF for OA and solid line is PMF for PCL.
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and 0.80]) and inverse temperatures ( = [6,7,8, and 9]) and per-
form simulations at statepoints defined by these parameters. Inter-
actions between NCs use the computed PMFs for NCs decorated by 
PCL. For computational efficiency, we map the PMFs to a square-
well potential where the interaction strengths are scaled by the rela-
tive well depths of the various interaction types and the surrounding 
ligand corona determines the interaction ranges (see Methods). We 
then characterized morphology by using Freud (43) to compute the 
g(r) of the bottom layer of NCs in the simulation box (Fig. 4). The 
three pure-phase morphologies all have peaks that are indicative 
of their contribution in the system (occurring at 0.25, 0.65, and 1.1, 
respectively). These peaks match the approximate well locations for 
each contact type. We determined the dominant architecture by com-
puting the average peak heights for each of the pure architectures 
over the last 5M steps of the simulation and scaled their heights by 
the height of the CP peak to ensure that all comparisons are made 
from the same frame of reference, as shown in Fig. 5. Phase classi-
fication is then performed by selecting the motif with the highest 
fractional contribution. For example, for plate = 0.4 and  = 8, the 
dominant motif is CP, and thus, we categorize it as a co-assembled 
morphology. For systems where two motifs are on par with each other 
(0.2, 6.0) or (0.8, 9.0), we categorize them as a coexisting system of 
cube/plate co-assembly along with a pure phase of whichever is the 
excess NC. Visual inspections of each simulation are additionally 
performed to confirm phase classification using relative peak inten-
sities. In general, our classification works well for low-temperature 
(high ) systems. For high-temperature systems  = 6, we note that 
plate = 0.6 and 0.8 are both visibly disordered, and thus, we classify 

them accordingly. For (0.8, 7.0), the system largely separates into a 
prism and cube layer, and thus, we classify it as phase separated. In 
the cases of (0.8, 6.0), (0.8., 7.0), and (0.6, 6.0), no long-range assembly 
occurs and peak contribution is dominated by phase-separated PP 
interactions. We observe places where co-assembly is the dominant 
contributor (CP contacts >50% of all contacts) and places where two 
phases make up comparable percentages of the sum of peak heights. 
The phase diagram in Fig. 4 demonstrates the results of our g(r) peak 
comparison, where colored diamonds indicate the co-assembled struc-
ture observed in simulation. Overall, these charts allow us to reliably 
determine the morphology for different combinations of plate and  
and give us confidence that the theory and simulation together can 
reliably predict the expected experimental phases.

Interfacial assembly
To best follow the theory laid out above, the size of each NC compo-
nent was optimized to be complementary to each other, with PbTe 
cube edge lengths of 19.7 ± 1.1 nm and LaF3 triangular plates with 
edge lengths of 25.4 ± 2.1 nm and 2 nm thick. The liquid-air interfa-
cial assembly method was used to assemble all films for these studies 
(44). First, for the case of single-component LaF3 films, the orienta-
tion of the triangular plates can be effectively controlled by changing 
the polarity of the subphase, in a similar manner to previous results 
for other platelet NCs (14, 34). To achieve assembly with a columnar 
morphology, where the triangular plates are oriented parallel to the 
surface, a nonpolar subphase is used, such as tetraethylene glycol, as 
shown in Fig. 6B. With a more polar subphase, such as ethylene glycol, 
the triangular plates align perpendicular to the surface, as shown in 

Fig. 4. Results of Monte Carlo simulations for various (plate, ). The theoretical phase diagram is overlaid by diamonds representing the matching phase (top left). We 
include snapshots of the bottom layer of the simulation box (right) representing state points of (0.8, 7.0) (A), (0.8, 8.0) (B), (0.6, 7.0) (C), and (0.2, 8.0) (D). Gray NCs indicate 
NCs not included in the bottom layer. Colored outlines represent the phases that best match the snapshot. We demonstrate that the radial distribution function can 
identify peaks corresponding to PP, CP, and CC interactions (green, magenta, and purple peaks) [g(r) shown for (0.6, 7.0)].
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Fig. 6C. This phenomenon is attributed to repulsive interactions be-
tween the surface ligands and the polarity of the subphase. However, 
after ligand exchange with the bulkier, more hydrophobic PCL, as 
shown in Fig. 2, the only morphology observed is parallel to the sub-
phase, and multilayer films have an offset architecture, as shown in 
fig. S1, both of which are consistent with similar studies using this 
ligand on nanoplates (34). Successful ligand exchange is confirmed 
with both changes in assembly behavior and thermogravimetric anal-
ysis (TGA), as shown in fig. S2.

Initial attempts at co-assembly of the OA-coated cubes and trian-
gular plates failed, as anticipated by theory. A few regions with local 
motifs were observed, which provided evidence that the cubic PbTe 
could control the orientation of the LaF3. However, for most of the 
sample, significant aggregation of the PbTe was observed. While these 
effects were not taken into account when creating the model to guide 
these experimental efforts, they add to the difficulty of obtaining co-
assembly with the limited co-assembly area shown in the phase dia-
gram in Fig. 2.

In switching to the PCL as suggested by theory, successful co-
assembly was obtained, as shown in Fig. 7. It highlights that synthe-
sizing NCs with complementary dimensions is not sufficient for 
successful co-assembly, and optimizing the surface chemistry of each 

component by tuning of the ligand shell is a critical variable. In this 
architecture, the PbTe cubes dictate overall film morphology, while 
LaF3 fills interstitial space in-between the cubes, consistent with the 
predicted model. Energy-dispersive X-ray spectroscopy (EDS) con-
firming NC co-assembly is shown in Fig. 7C. Tilt tomography of this 
co-assembly is included in fig. S4, and high-resolution transmission 
electron microscopy (TEM) is shown in fig. S5. After examining 
450 PbTe cubes, it becomes clear that most of the cubes have at least 
one triangle assembled on each side. Figure S6 shows how many tri-
angles are present next to each side of the cubes and when there are 
multiple triangles assembled on the same side of a cube, which are 
counted separately. When three or four of a cube’s sides have trian-
gles assembled on their faces, it is frequently observed that an addi-
tional triangle will assemble on at least one of the sides, which is the 
case 212 times out of 450. For those counted, there were zero observed 
cubes without at least one triangle assembled next to it. In addition, 
the superlattice of cubes forms on top of a layer of the triangular 
plates highlighted in fig. S1, which adds an additional side of the 
cubes where a triangle is present.

As stated earlier, the PbTe cubes dictate the overall film morphol-
ogy when concentrations of the cubes are optimized to yield a crys-
talline superlattice. However, it is also interesting to consider the case 
when there is a lower concentration of cubes to fully investigate the 
impact of doping cubes into films that are overwhelmingly composed 
of triangles and to further test our model. As can be seen in Fig. 8B, 
in areas of a majority-cube superlattice where a grain boundary is 
present, or there is a gap between cubes in the film, the triangular 
plates can form lamellar bridges spanning the distance between the 
cubes. As the cube concentration decreases, as shown in Fig. 8 (C 
and D), the cubes still cluster within a film of triangles; however, in 
these cases, when there is a larger distance between cubes, the trian-
gular plates form lamellar bridges. These bridges can form without 
two cubes on either end, i.e., when there is only one cube on one side, 
but these instances are significantly less common. Typically, these 
lamellar bridges are composed of three or four plates, although lon-
ger bridges, for example, 13 plates as in Fig. 8C, are observed as well. 
In these examples, the cubes still assemble on top of a film of triangu-
lar plates, which, due to the PCL on their surfaces, assemble into ar-
chitectures where one layer of triangular plates is offset from the layer 
on top of it, consistent with previous results (34). The experimental 
results are compared to the predicted theory by plotting the data points 
onto the previously shown phase diagram, as shown in Fig. 8. Our 
theoretical model is in good agreement with the experimental results, 
particularly for the bullseye case for when the two NCs co-assemble 
successfully into a uniform lattice.

Fig. 5. Phase classification using relative peak heights. We demonstrate the var-
ious contributions to the final assembly by computing the contribution of contacts 
(peak height) for PP, CP, and PP, respectively, at various (plate, ). Dominant phases 
are identified by comparing their relative contributions to the sum of peak heights.

AA BB CC

Fig. 6. Single-component NCs self-assembled with OA as the capping ligand. TEM images of (A) PbTe with selected-area electron diffraction (SAED) inset in the lower 
right corner, (B) LaF3 assembled on tetraethylene glycol, and (C) LaF3 assembled on ethylene glycol forming lamella morphology. Scale bars, 100 nm. FFT images are 
upper right corner insets.
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Taking our developing design rules for co-assembly of anisotro-
pic NCs and extending them, combinations of two plate NCs of dif-
ferent shapes were explored. This system was selected to probe if the 
design principles learned in the previous example could be general-
ized to additional NC choices without additional lattice predictions. 
In the previous example, assembly of the triangular plates is guided 
by the cubes due to the strong face-face interactions. The case for 
two 2D components is unique as the thickness of each edge is only 
2 nm, which markedly reduces the area for NC-NC interactions when 
both plates assemble parallel to the assembly interface. Without a 3D 
component, neither NC should guide the assembly of the other; rather, 
this type of co-assembly should be more similar to doping. Never-
theless, successful co-assembly of two anisotropic plate materials has 
been elusive, as differences in material composition, size, or shape 
lead to phase segregation.

GdF3:Yb/Er (20/2 mole percent) rhombic plates were chosen to 
combine with the previous LaF3 triangular plates, as they have com-
plementary shapes. These rhombic plates are 25.4 ± 2.4 nm by 23.6 ± 
1.9 nm on their long and short sides, respectively. Similar to the pre-
vious study, initial attempts at co-assembly were unsuccessful with 
the native surface ligand, OA, as the two species phase segregate and 
exhibit mixed orientations with most subphase choices, highlighted 
by fig. S7. Excess OA was added to the solutions, as the presence of 
extra free ligand in NC solutions has aided assembly in previous studies 
(45). However, phase segregation was still the dominant morphology 
of the obtained films. Following our previous strategy, to align the 
NCs and enhance co-assembly, the PCL was grafted to the surfaces of 
both GdF3 and LaF3, resulting in the films shown in Fig. 9 (A and B) 
and fig. S8. In these films, both components are distributed through-
out the assemblies. For the case where there are more LaF3 triangular 

AA BB CC

Fig. 7. Successful co-assembly of PbTe and LaF3. (A and B) TEM images at various magnifications. Scale bars, 100 nm (with FFT insets in the upper right corners and 
small-angle SAED in the lower right corners). (C) EDS spectroscopy overlay, with each element listed. Scale bars, 20 nm.

AA BB

CC DD

D

C

A
B

Fig. 8. Comparison of experiments with the predicted phase diagram. Corresponding TEM images for a series of points are labeled within the diagram. (A) Co-assembly 
with highest uniformity and a bullseye within the phase diagram, with FFT and small-angle SAED as insets in the upper and lower right corners. Lamellar morphologies 
in domains with fewer cubes than triangles can be clearly seen in (B) to (D), which match well with predicted phases. Scale bars, 100 nm (A) and 50 nm (B to D).
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plates present, the crystallinity of their assembly is undisturbed by 
the presence of the GdF3 plates. While the PCLs are large enough to 
shield some of the van der Waals forces between the NCs, clustering 
of similar NCs is still present in the films. Often groupings of two or 
three GdF3 plates will assemble in the films, leading us to believe 
that there are still attractions between NCs of the same composition.

These groupings provide an opportunity for substitutional doping 
of one larger anisotropic NC for two smaller ones. In Fig. 9 (C and D), 
we show that the size of the LaF3 triangular plates can be tuned such 
that two triangular plates better size-match one rhombic plate. These 
smaller LaF3 triangular plates have edge lengths of 14.9 ± 0.7 nm. 
Using this strategy, substitutional doping can be achieved for this sys-
tem, where the film morphology is dictated by the rhombic plates, as 
highlighted by the fast Fourier transform (FFT) insets. The triangu-
lar plates can also fill in void space between grain boundaries within 
the film, as shown in Fig. 9D and fig. S9. This is the first example of 
substitutional doping with two anisotropic materials, a key step in 
advancing assembly choices of nanoscale building blocks. An im-
portant finding in this example is that with the appropriate ligand 
choice, a degree of heterogeneity within the NCs is tolerated during 
assembly, which is apparent in Fig. 9. This provides greater flexibil-
ity to the experimentalist, as control of size distributions in some NC 
materials still remains a challenge.

DISCUSSION
In summary, we used a theory- and simulation-driven design ap-
proach for the selection of experimental design handles to drive the 
co-assembly of nanocubes and triangular nanoplates with strong phase 
segregation tendencies. We show that our theoretically predicted 
phase diagram can guide computational and experimental selections 
of parameters across a large phase space to target the co-assembly 

region of interest. Dissecting the underlying driving forces contrib-
uting to co-assembly reveals why the PCL enhances both lattice yield 
and stability, and extension of this design principle to another system 
produced a similar success in co-assembly behavior. These results sug-
gest that co-assembly of binary systems can be achieved via the usage of 
ligands as handles for tuning the relative degree of attraction/repulsion 
between NCs. Enhancements in attraction are attained through strate-
gically selecting ligand shells, modulating the effective shape of the 
interacting NCs, and exhibiting emergent lock-and-key interaction 
motifs that suppress phase segregation. Doing so enables us to tune 
out geometrical incompatibilities between NCs, shifting otherwise 
noncomplementary shapes into those that co-assemble through inter-
plays between emergent concave/convex regions within their respec-
tive ligand shell. This design strategy opens a potential path forward 
for the inverse design of the cocrystallization of other binary shape 
systems, a large step toward precisely engineered metamaterials.

METHODS
Thermodynamic perturbation theory
Our TPT calculations start by defining a “hard-particle” reference for 
cubes and triangular plates arranged in the various co-assembled 
morphologies of interest. The change in lattice free energy of for-
mation is then computed by first assigning a distribution of interac-
tion sites to all NCs. For any given distribution of surface sites, a PMF 
can be computed for a pair of NCs across a range of different NC ori-
entations. Briefly, to compute PMF between NCs, we first use our 
previously developed scaling theory for dendrimeric grafts (34) to 
determine the effective shape of the ligand-grafted NCs. The effective 
NC shape provides knowledge of where ligands partition on the sur-
faces of NC, enabling distance-dependent averaging of ligand-ligand 
interactions between NCs and the quantification of PMFs. We then 

AA BB

CC DD

Fig. 9. Co-assembly of GdF3 rhombic plates with LaF3 triangular plates. (A and B) Co-assembly with appropriate edge-length matching, where assembly can be dic-
tated by the concentrations of each component. (C and D) Smaller triangular plates are used in assembly for substitutional doping into film morphologies of the rhombic 
plates. FFTs are upper right insets. Scale bars, 50 nm. False coloring has been added to (C) and (D) to highlight the doping.
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combine the PMFs and NC configurations (defined by the hard-
particle reference) to compute the equilibrium constant for that lat-
tice of interest as

	​ K  = ​ ∏ 
i
​ ​ ​​∑ 

j
​ ​ ​ ​ 

​​j​ 
​s​ ij​​​
 ─ ​s​ ij​​ !
 ​∫ ​f ​ij​ ​s​ ij​​​(r ) ​g​ ij,c​​(r ) d​ → r ​​	 (1)

where the product over i is over the types of interactions in the sys-
tem, and the summation over j is over all NC types within each inter-
action type. fij(r) is the traditional Mayer-f function obtained from a 
standard cluster expansion and is equivalent to e−V − 1, where V is 
the PMF. The product over interaction types is analogous to the clas-
sical thermodynamic limit of defining a net equilibrium constant 
for a series of reactions as the product of each reaction’s individual 
equilibrium constant, that is, Knet = ∏iKi.  is the system density, 
gc(r) is the radial distribution function of the reference state, and s is 
a coordination number defined by the given crystal structure. The 

prefactor ​​​[​​ ​
​​j​ ​s​ ij​​−1​

 _ ​s​ ij​​ ​​ ]​​​​ accounts for indistinguishability and the probability 

of finding s − 1 NCs that are of interaction type i and species j with-
in the cutoff interaction distance. A full derivation of the theory can 
be found in the Supplementary Materials of previous works on DNA-
mediated self-assembly (39, 40). The lattice free energy of formation 
G can then be computed via the standard thermodynamic relation 
G = − kT ln Knet. It is important to note here that the free energy of 
lattice formation is determined from a combination of both the NC 
spatial and orientation ordering, as defined by gc(r) and PMFs, re-
spectively. In other words, for any given structure, G is computed 
using PMFs of different NC orientations and the one that yielded 
the lowest G is selected as the equilibrium orientational configu-
ration. All computations are performed for 3D lattices. All our 
calculations use the approximately similar relative size between 
plates and cube as were measured in experiments. Specifically, 
plate thickness is defined to be ~10% of edge length and prism 
edge length is ~15% larger than edge length of cubes. The param-
eter defining the ligand uses our previously developed scaling 
theory (34) to encapsulate the effect of ligand architecture into 
an effective bulkiness parameter bnl. bnl = 1 and 4 for OA and PCL, 
respectively.

Simulation in confinement
Simulations were first attempted via compression of 3D particles into 
a 2D film. We initialized a small system of 512 particles into a 3D box 
and then compressed in the z direction until the box thickness reached 
a value of 1.0, which only allowed for one layer of formation in the 
system (system packing fraction was constant at 0.40). We performed 
these simulations for various cube fractions [cube = (0.20,0.40,0.60, 
and 0.80)] and inverse temperatures [ = ()] and ultimately found that 
these simulations could not be representative of the physical behavior 
observed in experiment. Plates were kinetically restricted from enter-
ing the space between cubes due to the thin nature of the simulation 
box, and cube aggregation was the primary observation. We opted 
instead for the gravity-driven simulations demonstrated in the main 
text, which give plates the opportunity to move themselves in the cubic 
gaps and are free from the kinetic issues observed here.

Monte Carlo simulation
In each simulation, N = 1728 NCs were placed into a 3D box with 
periodic boundary conditions in only the x and y direction, with 

plate stoichiometry and inverse temperature of . Our Monte Carlo 
simulations attempt translational and rotational local moves accord-
ing to the Metropolis criterion, reproducing stochastic Brownian mo-
tion of the NCs. Gravitational force was applied in the z direction to 
pull NCs to the bottom of the simulation box to model self-assembly 
at the interface. Initially, NCs were simulated for 1M Monte Carlo 
(MC) moves with V(r) = 0 to thermalize the system. Next, NCs were 
simulated for 20M MC moves using the computed PMFs from the-
ory at inverse temperature . We additionally implement small os-
cillations in inverse temperature about the set point to simulate 
thermal annealing. This procedure mimics thermal annealing to 
remove kinetically trapped structures that are initially formed in 
the simulation.

Materials
The following materials were used: lead(II) oxide (99.9+%, trace 
metal basis, <10-m powder; Acros Organics), tellurium shot (Te, 
99.9999%; Alfa Aesar), OA (90%, technical grade; Aldrich Chemis-
try), 1-octadecene (ODE; 90%, technical grade; Acros Organics), and 
tributylphosphine (TBP; >93.5%; Sigma-Aldrich). Solvents toluene 
and isopropyl alcohol were purchased from Thermo Fisher Scientific 
and used without further purification.

NC synthesis
Synthesis of PbTe cubes
Synthesis of PbTe cubes was modified from previously reported 
methods (46). PbO (450 mg), octadecene (19 ml), and OA (2.7 ml) 
were added to a three-neck 50-ml flask. The mixture was degassed 
under vacuum while stirring at 100°C for 30 min. The mixture changed 
from orange to clear as the lead and OA underwent complexation. 
Under nitrogen, the solution was heated to 190°C. TBP-Te was pre-
pared by stirring air-free TBP and tellurium at 50°C in a glovebox for 
1 hour. After the temperature stabilized to 190°C, 1.5 ml of air-free 
1 M TBP-Te was rapidly injected into the vigorously stirring solution, 
instantaneously inducing nucleation. The NCs were allowed to grow 
for 12 min at 190°C, after which the solution was rapidly quenched by 
injecting 5 ml of toluene. The reaction was further cooled via forced 
air to about 80°C. The nanocubes were washed and selected for size 
by adding an equal part of isopropyl alcohol and centrifuging, redis-
persing in toluene, and repeating twice.
Synthesis of LaF3 triangular plates
Synthesis of LaF3 triangular plates was adapted from previous meth-
ods (35). La (CF3COO)3 (0.496 g), OA (6.3 ml), and octadecene (6.5 ml) 
were added to a tapered three-neck round-bottomed flask. The reac-
tion mixture was stirred vigorously and heated to 100°C for 1 hour 
under vacuum before heating to 280°C for 1 hour under N2 atm. The 
solution was then cooled to room temperature followed by addition 
of ethanol and centrifugation at 8000 rpm for 3 min. The resulting 
NCs were then redispersed in hexane and precipitated with ethanol 
and centrifugation twice more to purify the reaction mixture before 
being suspended in hexane for further use.
Synthesis of GdF3 rhombic plates and PCL
Synthesis of GdF3 rhombic plates and PCL has been described 
previously (34).
Ligand exchange with PCL
A 1-ml solution of OA-capped NCs (10 mg/ml) in hexanes was added 
to a solution of 10 mg of PCL dissolved in 2 ml of chloroform, and 
the resulting mixture was stirred at 50°C overnight. The reaction was 
quenched by addition of ethanol. The resulting precipitate was 
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collected by centrifugation (6000 rpm, 5 min), and the supernatant 
liquid was discarded. The solid was redispersed in hexanes under ul-
trasonic irradiation (2 min) and precipitated by addition of ethanol. 
This step was repeated at least twice to remove any excess ligands.
Self-assembly of NCs
NC superlattices were obtained using the liquid-air interface assem-
bly method, as described previously (44). Selected subphase (1.7 ml) 
was loaded into a well (1.5 cm2 × 1.0 cm deep machines into Teflon), 
and a suspension of NCs in hexanes (0.05 mg/ml) was cast onto the 
surface. This droplet was immediately covered with a glass slide, and 
the film was left to form over 12 hours. The resulting film was trans-
ferred onto TEM grids, and any residual subphase was removed under 
vacuum before characterization.
Characterization
Electron microscopy. TEM micrographs were collected using a JEOL 
1400 microscope operated at 120 kV. The TEM was calibrated using 
a MAG*I*CAL TEM calibration standard. High-resolution STEM 
micrographs were obtained using a JEOL F200 electron microscope 
with Cold-FEG emission source operated at 200 kV.

Thermal analysis. TGA was carried out using a TA Instruments 
TGA Q600 apparatus in the temperature range of 25° to 500°C under 
N2 flow at a heating rate of 10°C/min.

SUPPLEMENTARY MATERIALS
Supplementary material for this article is available at http://advances.sciencemag.org/cgi/
content/full/7/23/eabf9402/DC1
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