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Noise representations of open
system dynamics

Piotr Szankowski™ & tukasz Cywinski

We analyze the conditions under which the dynamics of a quantum system open to a given
environment can be simulated with an external noisy field that is a surrogate for the environmental
degrees of freedom. We show that such a field is either a subjective or an objective surrogate; the
former is capable of simulating the dynamics only for the specific system—environment arrangement,
while the latter is an universal simulator for any system interacting with the given environment.
Consequently, whether the objective surrogate field exists and what are its properties is determined
exclusively by the environment. Thus, we are able to formulate the sufficient criterion for the
environment to facilitate its surrogate, and we identify a number of environment types that satisfy
it. Finally, we discuss in what sense the objective surrogate field representation can be considered
classical and we explain its relation to the formation of system—environment entanglement, and the
back-action exerted by the system onto environment.

In recent years, we have witnessed a tremendous pace of advancement in the field of quantum technology;
presently, devices that utilize quantum effects to perform useful tasks in practical circumstances seem to be an
inevitable part of not so far future"* Then, it is only natural that the focus of modern applied quantum theory
shifts from idealized closed systems to more realistic open systems where the system (S) of interest—which can
be a component of a quantum device—undergoes evolution due to application of various control protocols while
experiencing the decoherence caused by the contact with its uncontrolled environment (E). Indeed, even the
system that has been prepared, and is handled, with the utmost care is extremely unlikely to be perfectly isolated
from the environment. Moreover, unlike classical systems, even weak interactions with the environment can lead
to decoherence effects that fundamentally alter the properties of quantum system**. Therefore, the development
of effective and accurate description of the dynamics of open quantum systems is of paramount importance.

The standard physically-motivated approach to the problem of open system dynamics is to begin with an
exact two-party Hamiltonian; here, we focus on simple, albeit by no means trivial, form

He=Hs® 1+ Vs® Vg + 1 ® A, (1)

where Hg, H are the free Hamiltonians of the environment and the system (with the latter incorporating any
applied control scheme) and Vs, Vj; are the system and the environment sides of the coupling. However, in
overwhelming majority of cases it is impossible to solve the dynamical problem defined by such a Hamiltonian
exactly, and hence, the success relies heavily on approximation schemes—e.g., the quantum master equation
method®—that are specific to a given system-environment arrangement (i.e., the specific choice of Hs, Hg,
Vs ® Vg and the initial state 0s ® pg). The drawback is that successful schemes and techniques developed for
one arrangement only rarely can be reused for treating different arrangements, even when the only modified
element is the control scheme applied to the system (e.g., see®).

An alternative approach, and the main concern of this paper, is the noise representation. Essentially, it is an
attempt at assigning the involved parties with the distinct roles they play in the dynamics—the environment is
viewed as the “influencer”, or the “driver’, and the system is the “influencee” or the “driven”. In formal terms, this
idea is implemented by replacing the exact description Hsg with an effective system-only Hamiltonian where the
environmental operators have been superseded by an external field”-"”

He(t) = Hs + £(1) Vs. )

We will refer to this field as the surrogate field.

If the surrogate field & (¢) comprises stochastic elements (as it is often the case), then Iilg (t) model has to be
supplemented with an averaging procedure where any quantity computed for given realization (or trajectory) of
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& must be averaged over all such realizations. Assuming that only the dynamics of system-only observables are
of concern, then the averaging can be incorporated into the description by adopting the following definition of
the density matrix of §

ps(t) = Ut1)psUT(218), 3)

where ps is the initial state, the unitary evolution operator conditioned by the field realization is given by a
standard time-ordered exponential

U(t)e) = Te~ Jo A (@) — =i fy delfis+E@Vs], (4)
and the symbol (. ..) indicates the average over field’s trajectories.

The conditions for applicability of noise representation are currently not well understood. Over the years, a
few hypotheses have been posed in the literature'’~?%, but the definite answer has proven to be elusive. The goal of
this paper is to provide a possibly complete answer to this question and to quantify the conditions under which
the system-environment arrangement facilitates a valid surrogate field representation. We will not provide an
in-depth discussions how one should proceed once the valid surrogate field has been found; there already exists
a sizable body of literature on this particular topic that supply a number of specific examples’"'¢. Our first and
foremost concern is to find out when the surrogate field is a valid representation in the first place. We consider

the representation to be valid when Hs model allows for high fidelity simulation of the actual dynamics governed
by Hs: of any system-only observable; formally

tr (75 g @ g €50 ) - T (116) s T (116), 5)

where g is the initial state of the environment and trg(. . .) is the partial trace over E subspace. The validity
criterion we are presenting is based on the discovery of formal analogy between the average over trajectories of
stochastic process and the partial trace operation. On the one hand, the average can be written as a path integral,

U(t18)psUT(t1€) = / D¢ PE1U(t1E)ps UT (£%), (6)

where the non-negative P[£] is the probability distribution of the trajectories of process £. On the other hand,
as we will demonstrate in “Objective surrogate field representation’, the partial trace can also be cast in a form
that resembles the average-like integral over trajectories

s (75 o pp ) = [ D¢ [ e qte.crucie, s, @

where the super-operator %(t|£, ¢) (i.e., operator acting on operators) is conditioned by real-valued trajecto-
ries of a two-component “quantum process” (£(¢), {(¢)) and it satisfies % (t|§,&)ps = U(tlé)ﬁs UT(t|§). The
complex-valued Q[£, ¢] plays the role analogous to the probability distribution in Eq. (6)—essentially, it is the
quasi-probability distribution of trajectories of quantum process. Then, the validity criterion specifies the sufficient
conditions for the quasi-probability to be treated as a proper probability distribution, Q[£,¢] ~ §(§ — ¢)P[£],
and thus, for the partial trace (Eq. 7) to take on the form of the stochastic average (Eq. 6). In “Joint probability
distributions” and “Joint quasi-probability distributions” we will introduce an equivalent formulation of this
idea that is less succinct but, ultimately, more useful in practice. Instead of functiointroducing the imaginary
partnal distributions of abstract trajectories, we will make use of an alternative description where one lists the
hierarchy of probabilities (or quasi-probabilities) that the trajectory passed through given sequence of values,

e.g., a distribution pék) (61115 &2t2; . . .5 Ekty) describes the probability that trajectory of stochastic process & (t)
have value & at #, followed by &_, at #,_;, etc.. The upside is that these joint (quasi-)probability distributions,
as they are called, are standard functions and, in our case, are defined with closed analytical formulas derived

from the dynamical laws of the environment (i.e., the triplet of operators Vg, Hg and ).

In the most basic terms, the surrogate field representation exchanges an exact two-party Hamiltonian for an
effective evolution generator for the single party S. Generally speaking, the details of the representation depend
on all elements of the system-environment arrangement: the initial states s and pg, the free Hamiltonians H

and H E» and, of course, both the system and the environment sides of the coupling \75 and VE It seems quite
obvious that whenever the original environment is swapped for some other physical system—in the sense that

any number of elements among H, Vi and j are swapped for different operators—the fundamental changes to
the representation should also be expected (assuming it would even still exist); after all, the field £(¢) is supposed
to be a surrogate for the environment. It is much less obvious what happens to the representation when it is the
system side of the arrangement that is modified, instead. This brings about the question of objectivity, or more
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precisely, of inter-subjectivity of surrogate field representation: for a fixed environment, how does the surrogate
field depend on the context defined by the system? By context we mean here the choice of all the elements con-

stituting the system S, its initial state Js, the free Hamiltonian Hs, and the coupling operator Vs. Whenever any
of those elements is modified, we will consider it a different context. These questions are of particular relevance
for many practical applications. For example, in the field of quantum sensing”!?, a standard approach is to employ
a simple quantum system as a probe that gathers information about the environment E. Then, one attempts to
utilize this information to predict the course of decoherence of a more complex systems open to E. When the
surrogate field representation is valid in the context of the probe, the acquired information would include the
characteristics of the surrogate. If the representation happens to be context-independent, then one would be able
to apply this information to simulate the evolution of an arbitrary open quantum systems. Therefore, the issue
of surrogate field’s objectivity is a vital one. The quasi-probability formalism (Eq. 7) we are presenting here is, by
design, an ideal approach for resolving this problem. Since the quasi-probability distribution Q[£, ¢]is wholly
defined by the environment side of the SE arrangement, all its properties, including the compliance with the
surrogate validity criterion, are independent of the context. In essence, the decomposition (Eq. 7) is the most
general implementation of the inflencer-influencee paradigm; its strength lies in the ability to identify and neatly
isolate all contributions from the environment that affect the dynamics of the open system.

The system-environment coupling in Eq. (1) is not of the most general form. However, historically, the noise
representations have been considered for almost no other form of coupling’~'¢, and the reason for this is not
straightforward. The explanation is rather technical and referential to the findings for the coupling (Eq. 1); we
discuss it in “Multi-component surrogate field” where we investigate the prospects of a multi-component sur-
rogate field representation for the general form of coupling.

Note that traditionally the surrogate field is referred to in the literature as the classical noise
then contrasted with the quantum noise**-** which often simply means that the noise representation fails, and
one has to solve the dynamics defined by the two-party Hamiltonian. However, some authors**-*® reserve this
name for the specific arrangement of a two-level system coupled with a thermal reservoir of independent quan-
tum harmonic oscillators—the so-called spin-boson model. Here, we have chosen to abandon the traditional
nomenclature because of the risk that connotations of the adjective “classical” might be too suggestive, and that
they could provoke one to draw some far fetched conclusions about the system-environment arrangement on
the basis of the name alone. For example, one might expect that there is a link between the validity of “classical
noise” representation and “classicality” of the environment (which is not necessarily the case, as demonstrated in
“Examples of environments that facilitate objective surrogate field”), or that the “classical noise” representation is
incompatible with the formation of system-environment entanglement because entanglement is a “non-classical”
type of correlation (we challenge this sentiment in “Surrogate field and system-environment entanglement”).
On the other hand, the name “surrogate field” is not burdened by such a baggage, and it represents exactly what
it advertises—the surrogate field is a surrogate for the environmental degrees of freedom. Nevertheless, some
analogies between the surrogate field representation and classical theories are expected, and so, we explore this
issue in “What is classical about surrogate field?”.

Further note regarding the nomenclature, the completely positive trace-preserving dynamical map estab-
lished by Eq. (3), belongs to the class of random unitary maps'®. The “prototypical” scenario described with
random unitary map, one that stems from the basic physical interpretation, occurs when the system dynamics
are generated by an actual single-party Hamiltonian of form (Eq. 2), and where any stochasticity of the exter-
nal field (as well as the averaging procedure) depicts uncertainty or ignorance of the observer'®. In the terms

7-9,29-32 It is

we used here, such a scenario is described in the following way. (i) There is no fundamental i sg that is being
replaced by S-only Hamiltonian I:IS, i.e., £ is not a surrogate for any environment but is a genuine external field,
instead. (ii) Any single instance of the system’s evolution is given by unitary 0(t|.§ ) where the trajectory of £ is
specified, and could be uncovered in principle, but is unknown to the observer. (iii) Because of this uncertainty,
any expectation value predicted by the observer has to be averaged over all possibilities. Based on this example,
some authors'®* choose to classify evolution maps as classical when the map can be written in random unitary
form, and as truly quantum or non-classical otherwise. The discussion on the relationship between surrogate
field representation and the formation of system-environment entanglement presented in “Surrogate field and
system-environment entanglement” provides an argument that such a classification scheme could be enriched
with additional nuance. Overall, surrogate field representations showcased in “Examples of environments that
facilitate objective surrogate field” also provide a number of non trivial examples that should be useful for devel-
oping intuitions regarding the underlying physics of random unitary map theory.

Results
Objective surrogate field representation. joint probability distributions. We begin by examining the

structure of system state pg(¢) resulting from the simulation with stochastic Hamiltonian I:Ig (t) = Hg + &) Vs.
Switching to the interaction picture pL(t) = e pg(t)e~"*Hs and expanding the time-ordered exponentials in

U(t|€) into series, we obtain the following form of the density matrix
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pL(t) = e T (218 ps U (28 )e s

oo t te—1 k
=3 ot [ dt1/ d. [ dtks(m...s<tk><HVs<tl>>ﬁs

I=1 (8)
00 k
=> (= / o, [ dor.. / ey plEn (H sf//s(n)> ps,
k=0 0 genrk I=1
where the super-operators acting on the initial state are defined as
7sA = Vs - AVs(), 9)

with V() = etfls V7ge=itHs and the symbol H;‘Zl ¥"s(t;) applied to super-operators is understood as an ordered
composition ¥ s(t1) ¥ s(f2) ... ¥ s(tx). The influence of the noise on the course of the evolution is quantified by
the family of joint probability distributions

PP ED) = p Gty Satr st (10)

which establish the probability of the process £ (¢) having the value & at the initial time f;, followed by &_; at tx_j,
., and terminating with &; at ¢; (assuming t; > #; > ... > f;); the range of values available to £ (t) is constraint

by the set Q¢. The family of probability distributions {p(k)};z<J | defines & (t) completely, and thus, functions p(k)
cannot be arbltrary as they have to satisfy the followmg two conditions®:

(i) Since each PS Jisa probability distribution, it has to be non-negative
P& > (1)
forall§ € Q;kandtl >t >...> b

(ii) The joint probabilities belonging to one family are related through Chapman-Kolmogorov consistency
criterion

k k—
> P( ‘&0 = ( DBt Bt ), (12)
516
fort; >t > ... > fy,and
51695

Conversely, any set of functions that satisfy both of the above conditions defines some stochastic process. This
fact will be the linchpin of our search for surrogate field representation.

Joint quasi-probability distributions. 'The next step is to express the reduced system state evolved under the

two-party Hamiltonian Hgg in a form that will most directly compare with the previously obtained expres-
sion (Eq. 8). We demonstrate in the Methods “Reduced system state” that the interaction picture of the reduced
density matrix can be written in the following way

Ias(t) — eitI:Is tI'E( ltHSEpS ® /OE e”HSE)e_itI:IS
00 t f teo1 k (14)
=3 (i / d, / ... / dic Y e qi G0 (H Ws(a;ztz)> ps.
k=0 0 0 0 srenk I=1
Here, the set Qy, is the spectrum of the environment-side coupling operator Vi and it contains all of its unique
eigenvalues
VE=) wvalminl= > & > |n)nl. (15)
n £eQy  mE=v,
The action of super-operators # s(§¢t) is defined by
A 1 ~ PPN 1 ~ PN
WsEend =€+ (Tswd-A0s0) + € - (Ts0A+ATsw), (16)

and they encapsulate the explicitly context-dependent contribution to the evolution. Finally, the family of func-
tions {qE )}k 1> which we will call the joint quasi-probability distributions, are given by
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P Eet) = P @0t g0 .. &Gt

k—1
(H Z Z ) oy (k] B (8 ) (H T tm(mmzmmmm)) (17

=1
El an {= le

where pg(t) = e~*HE jeitlE and the propagator

Ti(nm|n'm’) = trg (Im)(n\ e_itﬁ5|n/)(m/|eitﬁ5), (18)

constitute the fundamental context-independent building blocks of the whole structure.
The key feature of Eq. (14) is the analogy between families of quasi-probabilities {ql(sk) }22, and proper prob-

abilities {p } 2 , which goes beyond simplistic formal resemblance of the corresponding formulas. Indeed, in
the Methods C0n51stency criterion for joint quasi-probabilities” we verify that, just like joint probabilities,

functions q E satlsfy the Chapman-Kolmogorov consistency criterion

k k—1
Z 9 €60 = qif VB8t B Gt - (19)
£,0€Qy
However, as we will see below, quasi-probabilities do not necessarily satisfy the condition of non-negativity.

Therefore, in general, a given family {qék) }7o | does not properly define a stochastic process.

Structure of joint quasi-probability distributions. When examined as a diagram, qg() can be viewed as a superpo-
sition of a selection of propagator chains (or simply chains) where propagators T; (nm|n’'m’) play the role of chain
links and the connections between consecutive links are established through projectors|n) (n| or coherences|n) (m|
(n # m) that enforce the matching of indices

a two-link segment of the chain

Ty (mm|n'mYTy_p (W |0 'm") . ... (20)
N— —
connection through |n') (m’|
Each chain begins with a special link in a form of density matrix element and ends with a propagator that carries
a disconnected projector
disconnected projector |n1)(n1]

Tt —t, (niny|npmp) Ty, gy (npma|nzms) . ..

A 21
o Ty~ (g ymy_y |ngmy) (ngl 0 (8) [my.) 1)
—_————
initial link
In general, propagators are complex functions
Ty (nm|n'm’) = (nle " ™ME|n'y (m|e ™ |m')*, (22)

and hence, the chains cannot be assigned with a definite sign (in particular, they are not necessary non-negative).
However, among all the chains constituting a given quasi-probability distribution we can distinguish a class
composed entirely of propagators connected through projectors—the projector-connected chains—such that
each link is of the form

Ty (nnlmm) = |(nle™ "% |m)|* > o, (23)

including the initial link (ny| 6 (#) |nk) > 0. Consequently, the sum of all such chains is non-negative

k—1
”‘)(sw—(H > )nkmﬁ(tk)mm(H Ttl_tl+](nznz|nz+1m+1>> > 0. (24)

I=1 np:&=vy, I=1

Although p(k) (&t)’s are a multivariate probability distributions (they are non-negative and normalized), they
do not form a proper family of joint probabilities which would allow to interpret the series of random variables

&1,&2,. .., &k as asample of stochastic process & (¢). Indeed, the remainder Aqg() (& ¢t) that consists of all the chains
with, at least, one connection through coherence |n) (m|(n # m), as defined by the decomposition

aP Ect) = 8¢, pP €D + AqP &2, (25)

has to be also taken into account for the consistency criterion to be satisfied. On the other hand, it is the contri-
bution from those coherence- connected propagator chains that hinders the compliance with the non-negativity

criterion as AqF ,in contrast to p F ), cannot be guaranteed to have a definite sign. From an oversimplified point
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of view, the “quantumness” of a two-component quantum process (& (¢), ¢ (t)) manifests itself through coherence-

connected chains as their composition Aqgk) is a proper quantum superposition where the amplitudes for alterna-
tive outcomes have the ability to interfere with each other.

From quantum process to surrogate field. ~Suppose now that Aqg{) s are negligible and the quasi-probabilities
become compliant with the non-negativity criterion ql(gk) (E¢t) ~ 0 ¢ pl(gk) (&t) > 0.1In such a case, the remaining

probability distributions pg{) satisfy the Chapman-Kolmogorov consistency criterion by themselves

S Pen~ Y qP &

§1€Qy, §,51€Q;
k-1 (26)
= qu UGS IRV IRT/IRE E1limtie )

k—1
Pf; (g St - )s

and, as a result, they form the joint probability distribution family { p(Ek) }ro; that defines stochastic process & (¢).
More importantly, this stochastic process is actually a surrogate field that simulates the evolution of the reduced

state of S via the model Hamiltonian ﬁg (t) = Hg + £(t) V. Indeed, since W s (EEt) = £V 5(¢) [compare Egs. (9)
and (16)], the reduced density matrix becomes

plit) = eitfis trE( 1tHSEp ® fi e:tHSE>efitHs

0 t tk—l k
~ Z:(—i)k/0 dn /0 Z Sg.c i (ED) (H Ws(f;“l(ztz)) bs
k 1=1

R

=0 c >fk
Beesy . (27)
=3 ik / dty . / a3 pPEn (Hszv'sm)) s
k=0 ka =1

= 50 (t1g) ps U (£ )e 115,

which holds true in any context (i.e., for any choice of Hs, Vs and s). In fact, the joint quasi-probabilities can be
considered context-independent: each qg() is defined completely and exclusively by the environment side of SE

arrangement (hence, the index E). Therefore, whether Aqg() ~ 0and qg()’s form the stochastic process-defining
family of joint probabilities is determined only by the properties of the environment, and if they do, then the

evolution of any system coupled to E through operator Vg is simulable with the same surrogate field. In other
words, the surrogate created in this way is inter-subjective in all contexts.

We will now summarize the above deliberations with formally stated sufficient criterion for validity of the
objective surrogate field representation; this criterion can be considered as the main result of the paper.

Criterion 1 (Objective surrogate field representation) For the environment E (defined by Vg, Hg, and f) to
facilitate the objective surrogate field representation & (t)—the representation that is inter-subjective in all con-

texts—it is sufficient that, for each member of the family of )omt quasi-probability distributions {qE F)yo0 o> the

superposition of coherence-connected propagator chains AqE is negligible so that
k
ai (€40 ~ be g pi (6.

Then, the stochastic process £(t) is defined by the family of joint probability distributions {pg{) ey

When the surrogate representation is valid, and the environmental Hamiltonian Hp, the initial state fg, and
the eigensystem of the coupling {|n) },, 2, are known, then, in principle, the following algorithm allows to instan-
tiate trajectories of surrogate field £ (¢): (i) Choose an arbitrary time grid tgq = (f1,...,t) and t; > ... > t.

(ii) Calculate the joint probability distribution pg )(Etgrd) according to (Eq. 24) for all values of § QXk
Although straightforward, this is the most difficult and resource intensive step. (iii) Draw at random from
previously obtained distribution the sequence §,,, = (§1, . .., ); such a sequence is a sample trajectory of the
process spanned on grid ty 4. This concludes the procedure.

Once the probability distribution has been successfully calculated in the second step of the above procedure,
the last step can be repeated any number of times at relatively low cost. The resultant ensemble of sample tra-
jectories—provided the time grid is fine enough and the number of samples is sufficiently large—can be used to
carry out the averaging procedure of any quantity. This includes not only the expectation values of system-only
observables, but also quantities that characterize the process itself, like its moments or cumulants. In Methods
“How to solve the system dynamics in surrogate field representation’, we give a basic overview how this procedure
is utilized for finding the system dynamics.
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Examples of environments that facilitate objective surrogate field. Quasi-static coupling. ~ As-
sume that the environmental free Hamiltonian and the coupling operator commute

[Hg, VE] = 0. (28)

Then, the eigenstates of the coupling operator |n) are, simultaneously, eigenstates of the Hamiltonian
Hg|n) = €,|n). It follows that, within each propagator, the evolution operators preserve the orthogonality between
projectors |n) (n| and coherences |m) (m’| (m # m')

Ty (nnlmm') = trg (|n) (nle™ " |m) (m 717

‘ 29
= " = mteg (|n) (n]|m) (m']) = 0. >

Therefore, all coherence-connected chains vanish because each one of those chains contains at least one instance
of propagator linking a coherence and a projector [see Eq. (21)]. In such a case, any superposition of those

chains, including Aql(gk)’s, vanishes as well. On the other hand, the projector-connected chains (and their com-
binations) are preserved, and hence, the joint quasi-probabilities become a proper probability distributions

q};k) (6¢t) = 8¢ pfgk) (&t) that read

k
PP Ey = <H551,§1> > (nlpeln). (30)

=2 n:g1=vy

The resultant surrogate field £ is of the quasi-static noise type—a stochastic process that is time-independent
(essentially, a random variable). The process is governed by the probability distribution p(§) =3, £y, (1l PE|n)
given by the initial state of E and the range of values that coincide with the spectrum of coupling operator
Qs = Q.

Open environment. Suppose that the environmental degrees of freedom can be further separated into two
subspaces: one that is in direct contact with the system (let us still label it as E), and the other part (D) that is
decoupled from the system but interacts with E

H=00101+V;0 V@l +10MHel+l® Vmp+1®1e Hp. (31)
Essentially, D is an environment of E but not of S.
In the Methods “Joint quasiprobability distributions for open environment” we show that the joint quasi-

probability distributions resultant from this form of environmental dynamics are given by an effective average
over D degree of freedom (a partial trace over D):

ey (IY X))

nugi=vpy =2 np§i=vey mpg=ve,

k
x (1 ltrp KH Up(ty — tz)lﬂz)(ﬂzl) 2)

=2
x Ugp(t) pr ® ppUsp (t)

2
x (H |y (| Uy (t1—y — tz)ﬂ 1),

I=k

where the symbol Hﬁ‘; Iy A®) applied to operators is to be read as an ordered composition: AUpAUy + 1) ... Al
forly, < I, or A()AW, — 1)...A() forl, > I, and the unitary evolution operator

Uep(t) = efit(Hﬁf/EDJrﬂD)’ (33)

operates in ED subspace while the projectors |n;) (| onto eigenstates of Vi act only in E subspace.

Assume the initial state Sp and the relation between coupling Vep and the free Hamiltonians are such that
we can invoke the Born approximation®

Usp (DA ® pp Ul (t) ~ A(t) ® fp. (34)
In addition, in order to parametrize the undergoing dynamical process only in the terms of environment part

that couples directly to the system, assume the Markov and secular approximations*' that specify the form of
the dynamical map acting on E

Upp(t —thA® ppUfp(t — 1) ~ (A(t, t/)fl) ® fp. (35)

Here, super-operators A (¢, t') satisfy the composition rule
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At AW, ) = A, 1)), fort >t > 17, (36)

and are generated by non-hermitian super-operator #g(t)—the so-called Lindbladian—that acts in the E-oper-
ators subspace only

At,t) = Teftt’ LE@AT fort > ¢, (37)

In the terms of open system theory, it is this full suite of approximations that lead to the quantum master equation
for the evolution of reduced state of a system open to D Rg(¢) = trp(Ugp(¢) o ® pp UED(t)),

0 A A

3, Re(®) = LEORE (). (38)
In our case, the secular Born-Markov approximation leads to quasi-probability distributions in a standard form
of propagator chain superpositions (Eq. 17) but with propagator links (Eq. 18) modified according to

Ti—p (nm|n'm') = teg (Jm) (n| At £)0') (m]), (39)

and the analogous modification to the initial link where (ny.|e ™HE ppekHE | ) is replaced with

(nk| A(tg, 0) o |my). Note that the composition rule (Eq. 36) is crucial, as it is required for quasi-probability
distributions to satisfy the consistency criterion.

The fact that dynamical map A(t,') is not unitary (Lindbladian is non-Hermitian in general), opens new
possibilities for breaking the coherence-connected propagator chains. One way to achieve such an effect, is for
the evolution super-operator to satisfy

ALY (] =D (L, 1) m) (m], (402)
AT =D W (68 [m) | (1), (40b)
m#£Em'

That is, the super-operator maps projectors onto combination of projectors and coherences onto combination
of coherences, thus, preserving their mutual orthogonality. When this is the case, then all coherence-connected
chains constituting Aqg() vanish because each one of them contains at least one instance of propagator of form
Ty(mmy|n1mygr) o 8ppy my,, = 0 (my1 # myq1); note the similarity to quasi-static coupling case from “Quasi-
static coupling”. Moreover, the remaining combinations of projector-connected chains pfgk) are guaranteed to
be non-negative because A(t,t') is a trace-preserving and completely positive map so that uy, ,(¢,¢") > 0 and
> m Uma(t,t") = 1, for allt > t' and n, m. Therefore, when environment dynamics have the property (Eq. 40),
{ pgk) }%2, is a family of proper joint probability distributions and they define a surrogate field.

The following simple example showcases how this type of environmental dynamics supports an objective
surrogate field representation. Let E be a two-level system that is driven by time-independent Lindbladian
defined by PEA = —(y/2)[6x, [6x, Alland the coupling operator is Ve = (14)(+] — |=)(=])/2 = 6,/2. Then,
the coupling has two eigenvalues v+ = £1/2 corresponding to |+) eigenstates. It is a matter of straightforward
algebra to verify that conditions (Eq. 40) are satisfied here. The resultant probability distributions are given by

T ( 1+ sign(&)sign (£ e 2 (11 )

P (&0 = (sign(&le™* pplsign(&o) [ : (41)

I=1

with process spectrum Q¢ = {41/2, —1/2}. We recognize that this family of probability distributions describe
a well known random telegraph noise**—a stochastic process that switches between two values, £ = £1/2 in
this case, at the rate y.

Environment of least action. In the last example, we will require that the spectrum of the coupling is dense so
that the sums in (Eq. 17) can be replaced with integration

> X o anf an w)
ny:E[=Vp; M=V & 4

where the intervals I'g, are the degenerate subspaces corresponding to eigenvalues & and I' is the whole con-
figuration space. Using this representation we rewrite Eq. (17) into a form that will be better suited for our
current purposes

P&y = [ dadnsta —y) / dxo dyo (xol AE1y0)
ré] Feo

X K(XI,XO,HF& . ng)K(yl,yo,tIFQ R F{k)*’

where we have defined the Schridinger chains
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k k—1
K(x1,%0,t|Ts, ... Tg,) = <| | / dXZ> <| |<xz|e’<”"+I)H5|xz+1>><xk|e“kHE|xo>, (44)
T,
=274 1

1=

which are simply an alternative to the propagator chain description.
Assume the environment is such that the least action principle approximation is applicable to the Feynman
path integral representation of its Schrodinger propagators*?

A X(te)=2xe
(x,e=iCte=tlE |y — / Dix(t) O] o gSatseteizits), (45)
x(tp)=xp

where Sgj(x.t,; xptp) is the environment action® associated with the classical trajectory of coordinate x—i.e., the
trajectory x(t) that satisfy the corresponding Euler-Lagrange equation**—that begins at point x;, at initial time
tp, and ends at point x, at time #,. The approximation is justified using the stationary phase method: When the
action S[x(#)] is large (e.g., like for massive macroscopic systems), the destructive interference between rapidly
oscillating phase factors exp{iS[x(¢)]} suppresses the integration over almost all trajectories, except for the imme-
diate vicinity of the stationary point (or rather, the stationary trajectory) of action. The least action principle of
classical mechanics asserts that the trajectory which satisfies the classical equation of motion is such a stationary
point (and vice versa). Therefore, the only significant contribution to the integral comes from the neighborhood
of S where the phase slows down and the interference is constructive.
First, we will consider one of the intermediate segments along the Schrédinger chain,

—i(t_1—t)H, —i(g—t ) H,
/ doxy oy | e~ I TIHE ) (g | e HE |y
&

_ _ (46)
oc/ dx; ¢St at) FiSa (ati i ti) |
l—‘gl

where, for now, we will treat the time arguments t;_; > #; > t;4; and the end points x;1,x;_; as fixed values.
Since the action is large, according to stationary phase method, the integral “stitching” the propagators will van-
ish due to destructive interference, unless the degenerate subspace I'z; contains a stationary point of the phase.
To determine if x; is such a point we have to check the derivative of the phase,

O[Sa(xty; xi41ti41) + Sa(xi—1ti—1; x1t)]
ax;

= Pe — Pb- (47)

Here, we have utilized the theorem from classical theory that the derivative of the action in respect to the end/
beginning point of the trajectory equals the momentum/minus momentum at the corresponding time*, and
$0, p. is the momentum at the end of trajectory from x4 to x;, and py is the initial momentum at the begin-
ning of trajectory from x; to x;_;. In general, p, # p. and x; is not a stationary point. Indeed, if we set the initial
momentum at f; to p, then the coordinate would propagate, in accordance with Euler-Lagrange equation, from
x;to a certain point X that is different than the expected end point x;_. In order to make the end point match
the desired x;_, the initial momentum has to be adjusted, which can be visualized as an application of impulse
force that causes the discontinuity in momentum. However, there is one instance when such an intervention
is not necessary: x; is the stationary point (i.e., p. = pp) when it happens to lie on the classical trajectory from
X141 directly to xj_1.

We can now apply the above reasoning to the Schrodinger chain K (x1, xx, t|Ts, . . . T'g, ) as a whole. For given
t and the end points of the trajectory xi, xo, the interference effects restrict the choice of I'g, , . . . , I'g, to only one
sequence where each interval overlaps with the classical trajectory from xj to x;. Since each I'¢, corresponds to

eigenvalue &), the choice of arguments & for which q,(;k) (£¢t) #£ 0, is identically restricted. For the same reasons,

but applied to the other Schrodinger chain K (y1, yo, t|T', . .. I'¢, ), the same is true for &.

In order to turn qgc)’s into pg()’s, and thus, obtain the valid surrogate field, the sequences of arguments

E=(&,...,&)and ¢ = (£1,. . ., &) have to be forced to match up exactly. The first elements of the sequences
match up by default because the classical trajectories corresponding to each Schrodinger chain end in the same
point. If the beginning points xp and yy would be the same as well, then the classical trajectories would overlap
and, as a result, the sequences would overlap too. The initial positions of each trajectory are determined by the
initial state og. Therefore, when the least action approximation applies, the environment facilitates the objective
surrogate field representation when its initial state satisfies

(x0lPE1y0) = 8(x0 — y0) PE(x0). (48)

Physically, this means that the environment should not be initialized in the Schrodinger’s cat type of state.

Discussion. Impostor field representations. Suppose that the system-environment arrangement is such that
the interaction picture of the system density matrix is of the form analogous to Eq. (8)

o0 t te_1 k
P =S it /0 .. /0 dteF O (1) (H ¥ s(t1)> bs. (49)
k=0 I=1
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If the family of multivariate functions {F®) }22 , could be identified with moments of certain stochastic process,
ie, FO@M) = ¢(t1) ... o), then it would follow that the dynamics of the system, at least in the case of this
specific SE arrangement, are simulable with a stochastic model I% (t) = Hg + @ () V517. However, it should be
noted that, in general, the form (Eq. 49) of the system state alone does not guarantee the existence of process
¢ (t) with moments fitting the corresponding functions FX). Moreover, even if such process does exist, there
is no general purpose systematic method for constructing the process given the family {F (k)}ziﬁ essentially,
in order to identify ¢ (¢), one has be able to recognize in F (krs moments of known stochastic process. The one
important exception is when functions F® follow the factorization pattern characteristic to Gaussian pro-
cesses where the functions of order higher than 2 factorize into specific combinations of FW and F®, e.g.,
ED(t) = FO(t1, 1) FO (3, tg) + FO(t1, 1) FP (tp, 14) + FO (11, t4)F? (£, t3) (assuming that FV = 0). In such
a case, there are only two functions to be fitted, and thus, it can be shown that it is always possible to find the
matching Gaussian ¢ (t). It is vital to recognize, however, that such a factorization pattern is the unique property
of Gaussian processes—there cannot exist a kind of “super-Gaussian” stochastic process, where all of its moments
are expressed by a finite, but greater than two, number of independent autocorrelation functions*.

Although, the “fitted” process described above and the objective surrogate field are both stochastic simula-
tors, the ways they are established are very much different. Indeed, instead of looking for the best fit to the given
(infinite) set of potential moments FY), the surrogate field is constructed algorithmically from the ground up
using Hg, Vpand O that characterize the dynamical laws of the environment [see Eq. (24)]. For the sake of clar-
ity, we will label the fitted stochastic model according to the following

Definition 1 (Impostor field representation) Any stochastic model I:I¢ (t) that is not explicitly constructed by

the means of the family of joint probability distributions { pj(sk) 122, where qg{) (E¢t) =~ 8¢ ¢ pg() (&t), but instead,
is postulated or constructed in any other way under the constraint that its moments match certain form, will be
referred to as an impostor field representation.

The difference between surrogate and impostor representations extends beyond the way they are established.
The defining feature of objective surrogate field representation is its inter-subjectivity in all contexts. On the other
hand, the impostor representation is inherently subjective—i.e., it is context-dependent and is not necessarily

valid in all contexts—because it is based on functions F® that, in general, combine contributions from both sides
of SE arrangement. Hence, when the impostor is found, it can be used to simulate the decoherence caused by E in
the given specific context'’, but nothing beyond that purpose. If the impostor proves to be inter-subjective any-
way, it can only be by accident, e.g., because it happens to be identical with the objective surrogate. We will illus-

trate these points with an example of dephasing qubit context defined by Hy = o () (+] — |=){—=])/2 = w6, /2
(with @ = 0 for simplicity) and Vs = 6, /2. The special feature of this particular context is that the density matrix
of the system always has the form (Eq. 49) and functions F® can be expressed in terms of joint quasi-probabilities

a4y
Féﬁ{)it(t) = Z Se01 <H 2>q1(5k) (¢t

eyt I=1
k k © (50)
=X (o) (T X )madten,
pef, M=l I=1 &0 21=E+0
=f® @t)

where (v contains all unique values ¢ = (§ + ¢)/2and&,¢ € Q. Formally, the members of {f (k) }re, are sub-
ensembles of joint quasi-probabilities, and thus, they inherit from {qg() }22, the compliance with the Chapman-
Kolmogorov consistency criterion. Therefore, f* (¢t)’s also count as a joint quasi-probability distributions, but
of quantum process ¢ (¢), instead of (§(¢), £ (¢)). For functions Fc(lﬁiit to be identified with moments of stochastic

process, however, f®s have to be downgraded to proper joint probability distributions, which means that they
have to be non-negative

k
fPevzo0e (H > )Ssl,a AP LD > 0. -
= 2¢zg=l,§;iﬂz

Of course, when the environment satisfies criterionl (so that Aqg‘) ~ (), the above condition is met, and sto-

chastic process ¢ (t) defined by {f ¥}2° | is the same as the objective surrogate field. However, the form of condi-
tion (Eq. 51) allows for another possibility: f*s can be non-negative even when Aqg{)’s are non-negligible, e.g.,

because of constructive interference between the constituting propagator chains. When this is the case, the impos-
tor representation ¢ (t) exists while the surrogate representation is invalid. In practical terms, this means that,

even though, the dynamics of the dephasing qubit can be described with model H¢ (t) = ¢(t)5,/2, the stochastic

Scientific Reports |

(2020) 10:22189 | https://doi.org/10.1038/s41598-020-78079-7 nature research



www.nature.com/scientificreports/

simulation would break down when the qubit is swapped for a different system. An example of such a scenario
was observed in Refs.*>* where it was demonstrated that the Gaussian stochastic model fitted to F®) obtained for
dephasing qubit with Vs =6, /2is no longer valid when the coupling is swapped with Vo= + 62)/2 = |+){+]
In fact, unless the environment facilitates its surrogate field, this seemingly insignificant change of context renders
impostor representations impossible because the new coupling operator causes the system state to deviate from
the form (Eq. 49) by introducing the imaginary part to the second moment'”.

What is classical about surrogate field? In classical theory, a particle is considered an element of objective reality—it
is assumed that it unconditionally exists in some definite state at all times. In the formalism of the theory, the state
of the particle is equated to continuous single-valued trajectory r(¢) representing the position of its center of mass as
a function of time. If the system is composed of multiple particles labeled with index i, the description is extended
by simply including a trajectory r; (¢) for each constituent so that each one of them is an element of objective reality.

Note that the unconditional existence assumption implies that the state of classical particle is inter-subjective.
Indeed, since the position and the momentum are definite at all times, then all observers will report the same
result when they measure them at the given moment in time. This points to the first analogy between classical
theory and the surrogate field representation. When we know that any system coupled to the environment that
facilitates its objective surrogate will experience the same field, and that the experience of such systems is the
only possible record about the surrogate, then it makes no practical difference if we choose to presume that
the surrogate exists even if no one is “looking” Therefore, we can say that the objective surrogate field can be
considered an element of objective reality.

Although the very fact of the classical particle’s existence—formally represented by uninterrupted generation
of its trajectory—does not rely on any other agent, these “other agents” can intervene and cause the particle’s
trajectory to be modified. In the formalism of the theory, the modifications due to particles’ interactions are
governed by an appropriate set of coupled equations of motion for all trajectories. However, it is impossible to
store an unambiguous record about the form of equations of motion in any of those modified trajectories. Or
in other words, the same set of trajectories could result from whole plethora of different sets of equations. In
particular, it is always possible to replace equations that couple many trajectories through interaction potentials
with a set of decoupled equations where each particle experiences an external force field. Equivalently, one can
describe the dynamics of these particles in terms of constrained motion—the method that allows to “conceal”
most of (or even all) such force fields by switching to properly chosen set of generalized coordinates. Hence,
one can always describe a multi-particle system in terms of independent particles, each riding on an elaborately
constructed track that leads it over trajectory that is identical to one generated in the presence of interactions.
The model of epicycles in Ptolemaic system of astronomy is an example of such an approach.

The concept of external force fields and the method of constrained motion, naturally supported by classical
theory, are, in general, not compatible with the formalism of quantum mechanics. However, the cases when the
surrogate field, or even the impostor fields, are valid, represent exceptions when a multi-party quantum system
allows this kind of semi-classical description. It is the second reason why surrogate field representation can be
considered classical.

Surrogate field and back-action. A commonly entertained hypothesis (e.g., see Refs.?***?>2%) proposes that for
the stochastic modeling of system-environment interaction to work, the coupling between S and E has to cause
no back-action. The absence of back-action is understood here as the asymmetry between the system and the
environment where E influences S but S does not influence E.

This hypothesis can be motivated by the following intuitive reasoning. When there is no back-action, it stands
to reason that E evolves as if S did not exist, and hence, the environment can always be assigned with a definite
state Op(¢) as the dynamical equation of its motion is decoupled from the system. Moreover, if the state of one of
the parties is definite at all times, then the state of the total system can only be separable

pse(t) ~ ps(tH{pE(T) 1 0 < T < t}) ® PE(D), (52)

where the evolution of the system state is, in general, dependent on the history of the environment [compare with
Born approximation (Eq. 34) of “Open environment”.] When this is the case, it seems reasonable to anticipate
that, from the point of view of the system, E would act as a source of external (i.e., independent of S) field that
drives its evolution. On the other hand, if the system evolves as if driven by an external field, it seems self evident
that it would be a contradiction if S was able to influence the field’s source. In what follows, we will investigate
if this line of argument holds up.

The back-action will be considered absent (or, at least, negligible) when the expectation value of any E-only
observable is unchanged in comparison to the value obtained in the case when there is no system-environment
coupling. Formally, this criterion is expressed as

trg (e—ft(Hs+HE+Vs®VE)[35 Q Pre

it(Hs+HE+\>s®\>E>) ~ tr (e—iz(ﬁsmw bs ® pr eit(ﬁ5+ﬁ5)>’ (53)
where trg indicates the partial trace over system degrees of freedom. With the use of this criterion, and the follow-
ing counter examples, we will now show that the argument presented above is faulty and that there is no causal
link between the lack of back-action and the validity of surrogate field representation.

First, we choose S to be a dephasing qubit system with Hg = 0 and Vs = (|+){+| — |—)(—])/2 = 6;/2and an
arbitrary H, Vg. Then, when the interaction is present, with some algebra, we can express the reduced density
matrix of the environment in the terms of propagator chains
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Note that the links in the chains are connected only through coherences (i.e., the index pairs in each sum can-
not match up). With this in mind, we take the initial state pg 1. Then, in the above expression, only k = 0

term survives because the initial link of each chain vanishes as (1 |e " *E T ¢ 1E |3, ) = 0, which leaves us with
ops®1

—
Ps® pre
— Z S|ps|$ ltHE itIzlE

tr ( —it(Ag+36.0Ve) 5 zt(ﬁ5+%&z®%)>

(55)

=trs< “fl g @ i i )

_ trs< zt(H5+Hp)pS ® pre

—it(Hs +ﬁs))

i.e., according to criterion (Eq. 53), the back-action disappears. On the other hand, restricting the form of the
initial state is not sufficient to ensure that each Aqg{) ~ 0. Therefore, even though there is no back-action, the
surrogate field representation is not guaranteed to be valid.

With another counter example, we can also disprove the reciprocal assertion that a valid surrogate field
implies the lack of back-action. In this case, we keep the same choice for S as before, but we specify E to be of
the quasi-static coupling type discussed in “Quasi-static coupling”. When [HEg, Vg] = 0, the expressions for the
reduced density matrix with, and without, system-environment coupling simplify as follows

trg ( =it p+36:8VE) 5o @ by ell(ﬁ5+%&z®\75))
Lo . U SO (56)
=D Im){mle"Cn m| pgln) (sl sls)e 2,
n,m s=+
ltHE ltHE _ it(€m—€p) A
tes (€7 o5 @ i € ) = 3 ) (mle™ = (m g ). (57)
n,m

where Hg|n) = €,|n). On the one hand, we have demonstrated in “Quasi-static coupling” that quasi-static cou-
pling facilitates valid surrogate field representation. On the other hand, by comparing Egs. (56) and (57) we can
see that, in those same circumstances, the qubit can still influence the environment. Hence, it is possible that a
valid surrogate field representation exists while S exerts the back-action onto E.

The above examples demonstrate that, contrary to the “common sense” intuition, there is no causal link
between the lack of back-action and surrogate field representation. We believe the reason for this counter-intui-
tive disconnect can be explained with another intuitive picture. As we argued previously, no back-action means
that the state of E remains definite and is independent of S, hence, it is a statement about the environment as a
whole. On the other hand, the surrogate field representation de-emphasizes the role of the state of the environ-
ment /g (t), and instead, places the focus on the coupling Vg (t) and its dynamics: when the valid surrogate exists,
one could say that it is the “state” of the coupling operator which remains definite (or that it can be assigned
with a definite “value”), and so it can be as well superseded with an external field. As it turns out, the way the
state of the environment evolves is not necessarily the decisive factor in determining the “state” of the coupling.

Surrogate field and system-environment entanglement. When the initial states ps and g are pure, it is known?,
that any subsequent loss of purity in S is caused by the formation of entanglement between the system and the
environment. When this is the case, it is said that the system undergoes the process of quantum decoherence.
When the causes for the loss of purity are of secondary importance, or they cannot be unambiguously identified
with the entanglement formation, it is said that S undergoes wide-sense decoherence, or simply decoherence
without adjectives (as we are using it throughout the paper). It has been demonstrated*’->2, that in a more real-
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istic case of mixed pp, the correlation between the presence (or amount) of SE entanglement, and the severity of
the purity decay in § is rather weak or even nonexistent, e.g., in the process of pure dephasing of a qubit coupled
with E initialized in maximally mixed state, op ﬁ, the SE entanglement can never form®. Therefore, in general,
the question of the relationship between decoherence and SE entanglement is rather uninteresting. However,
given that the objective surrogate field can be considered classical (see “What is classical about surrogate field?”),
one might be tempted to surmise that its source, the environment itself, is also effectively a classical system that,
by its very nature, is unable to participate in quantum correlation such as entanglement. In other words, one
might presume that the formation of SE entanglement is incompatible with surrogate field. This line of reasoning
leads to a strong suggestion that, in this specific case, there is a link between entanglement (or rather, its absence)
and the surrogate field-induced decoherence.

We will show now that such a conclusion is incorrect, and there is no causal link between the lack of entangle-
ment and the validity of surrogate representation. For this purpose, let us utilize the recently discovered criterion
for the absence of entanglement between dephasing qubit (i.e., Hs = 0 and Vs = &,/2) and its environment"'
which reads: the dephasing qubit is not entangled with its environment at time ¢ if and only if

e—it(ﬁs-ﬁ-% VE) ﬁEeif(HE-!-% V) — e—it(HE_ ) ‘75)1515 eit(ﬁE— 3 \75). (58)
First, set the initial state of E to f o 1, then Eq. (58) is trivially satisfied. On the other hand, specifying the initial
state of E is not sufficient for ensuring the validity of the surrogate representation. Therefore, even though there
is no entanglement with the environment, the surrogate field might not exist.

Second, choose E to be of the quasi-static coupling type (i.e.,[Hg, V] = 0), then the surrogate field repre-
sentation is guaranteed to be valid, but the criterion (58) is not necessarily satisfied because

efzt(HE:I:% VE)ﬁEezt(HE:I:%VE) _ Z ) (mlezt[(emfen):t%(vmfvn)] (n| pg|m), (59)

n,m

which shows that the Lh.s of Eq. (58) differs from the r.h.s unless the initial state is diagonal in {|n)}, basis. Hence,
even when the surrogate field representation is valid, the system can still become entangled with its environment.

As it was the case in the previous section, also here, the causal link has to be dismissed. The reasons for the
disconnect are essentially the same as before: the entanglement is a statement about the state of system-envi-
ronment complex, while the surrogate field representation is concerned only with substituting for the coupling.

Multi-component surrogate field. In general, the system-environment coupling has a form of a compound
operator

A
Ay =As@l+iebr+) Vie vl (60)
=1
with Hermitian constituents V¢ and V£. This also includes the “non-Hermitian” couplings ds ® ag + a} ® af,
because they can always be written as a compound operator with VSI/E = (as/g + &E/E)/\/E and

\752/5 = *i(as/g — flg/E)/ﬁ-
A valid surrogate field representation for such a coupling utilizes the model

A
Hz(t) = Hs+» B )V, (61)
=1
where the surrogate is a multi-component stochastic process 2(t) = (E!(¢),. .., E* (t)) governed by the fam-

ily of joint probability distributions Pg) (Zt). However, the evolution is not directly determined by these joint
probabilities, as we have

Ph) = e 0 (t12)ps U (1] 815
e t tk—1
= (=i / dt / dty
k=0 70 0
where “//‘Sl(t)A = Vé(t)A — A\Zé“(t) and

k
B e0= 3 (lq0 e 2

zeqxk \=1

o (k) £ 2 (62)
> |PY e <H$17/'s"(t1)) Ps»

I=1 41=16€Q_, =1

(k)>

are the marginal joint distributions. As sub-ensembles of Pg s, these distributions satisfy the non-negativity

and consistency criteria
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In the case of the exact Hamiltonian, given the spectral decomposition of operators in the compound coupling

VE—Z‘”"?'” Ay Al = Z & Z A){n; Al (65)

§eQy;  mb=vy,
the evolution of the reduced system state reads
ﬁg(t) — eltHstrE< ltHSE pseltHSE> —itHg

kA

B %) o t /tk—l
_k;( i) /Odtl.-- L 11 > (66)

=1 =18n5€9Q;

k
X 8.0 qﬁf),,,;vk (€143 (H W (51C1t1)> Ps»

I=1

where # é are defined analogously to #s [see Eq. (16)] but with Vé'(t) replacing Vs(t). The quasi-probabilities
corresponding to the marginal distributions in (62) are given by

k k
k 0 A ,
4P, et = (H >y )sm (s 2l Bt mi ) T Tl mmylnggmpse),

I=1 np:§1=vpy; ) M81=vim; 2 I=1
(67)
where the propagators have been modified according to
Tt;”)“/(nm|n/m/) = trg <|m; A (n; Ae HE |0 Y (' /1/|eitHE>. (68)
These marginal quasi-probabilities are consistent
(k) (k=1) . . .
Z Dy €EO =95 5, G bt St -, (69)

16168205

and, due to the contribution from coherence-connected chains, they are not necessarily non-negative. There-
fore, the validity criterion for multi-component surrogate field representation is virtually identical to criterionl:
when the superposition of coherence-connected propagator chains in each quasi-probability is negligible, then

the remaining non-negative projector-connected chains p<k) 5, (§0) can be treated as a proper marginal joint
probability distributions. When this is the case, then the evolution of the reduced state of any S coupled to E
through operator compounded from any combination of V#’s is indistinguishable from the simulation with
multi-component surrogate field.

However, the issue is that this criterion is only an existence theorem: when it is satisfied, we only know that the
objective surrogate E (t) exists and that the stochastic simulation is valid, but we cannot access the multi- compo-

nent trajectories of the surrogate to run this simulation with. Indeed, the projector-connected chains p 5, are
only marginal distributions, and hence, even when one calculates all of them, it is still not enough information to

recover the distributions they are marginalizing—the family analogous to {P_(E )jo0 o that is needed to instantiate
trajectories. The exception is when the components of the surrogate are mutually independent, which occurs

when V£’s couple to separate sub-environment, i.e., when g = ®; o4 Hp = 3, 187! @ A% @ 184 ~*+1and
Vi =191 ® V* @ 1%4~/+1 and each of those sub-environments facilitates its own surrogate field. Therefore,
only in this case, the multi-component surrogate representation is useful in practical terms.

Conclusions

We have formulated the sufficient criterion for the dynamics of any open quantum system coupled with a given
environment to be simulated using the external field that is a surrogate for the environmental degrees of free-
dom—the surrogate field representation. To achieve this, we have developed the approach in which the influ-

ence of the environment is wholly described by the family of joint quasi-probabilities {qg{) } oo > With each of its
members constructed out of simple basic elements. This language has proven to be flexible enough to allow us
not only to carry out a comprehensive analysis of microscopic origins of so-called classical noise approximations
and random unitary dynamical maps, but also to explore some of the most interesting accompanying issues. Two
important examples of such issues were the previously hypothesized incompatibility of surrogate representa-
tion with the formation of system-environment entanglement, and the causal relation between the absence of
system’s back-action and the existence of valid surrogate representation; we have disproved both propositions.
We have concluded that it is impossible to point to one reason for the validity of the surrogate field repre-
sentation (like e.g., the absence of back-action). Instead, whether the simulation with surrogate field is valid is
determined by the relationship between the dynamical laws governing the environment (the free Hamiltonian

Scientific Reports |

(2020) 10:22189 | https://doi.org/10.1038/s41598-020-78079-7 nature research



www.nature.com/scientificreports/

Hp and the initial state 5g) and operator Vi that couples it to the system. The examples of environment types
that facilitate their surrogate fields presented here illustrate this point by showing a variety of ways to satisfy the
validity criterion.

We have addressed the issue of subjectivity and inter-subjectivity of the surrogate field representation. Even
though the question of the objectivity of external field simulator is an important one—both from practical and
purely theoretical point of view—previous studies on classical noise or random unitary maps were unable to
engage with it in satisfactory capacity. We have taken this particular shortcoming into consideration, and we have
set fixing this specific blind spot as one of the main design goals of our approach. The resultant quasi-probability
formulation leads to the system state decomposition (Eq. 14) where the contributions from the system and the
environment are clearly separated. This separation is crucial; it allows for the influence exerted by the environ-
ment to be considered independently of the influenced system (e.g., in order to determine whether this influ-
ence can be represented with the surrogate field). Thus, the quasi-probability formulation was an ideal tool for
finding the answer to the question of surrogate’s objectivity; one can hope that it will also open new avenues for
the development of the quantum open systems theory.

Methods
Reduced system state. The interaction picture of the reduced state of the system is given by

,6§(t) = ¢itfstry (e—itHsglaS ® fi eitHSE>e7itHs = oiHsolr, (@)~ HsES 50 @ f (70)

where we have switched to the super-operator representations,

tre(0)A ® B = tr(B)A, (71a)
[A,e]B =[A, B] = AB — BA, (71b)
(e—itA o eitix)]‘g _ e—itAE eit?& _ e_it[’:"']fﬂ. (71¢)

Continuing,
ﬁs(t) — eit[Hs,o]trE(.)e—it[Hs+HE+Vs®VE,o]pf\s ® ,OAE
N A N t PN A A
_ eit[Hs’°]trE(o)e_it[Hs’.]e_it[HE’.]9.exp(—i/ eiz[Hs+HE,-][VS ® VE; .]e—it[Hs+HE,o]d-[) /35 ® /3E
0

o t f1 ko ) R .
> = / d ... / dtictrp(s) (H MV (1) @ VE,-]e-“l[HE”])ﬁseaﬁE
0 0

k=0 I=1

(72)
where symbol HLI o/ (I) applied to super-operators is understood as an ordered composition
o/ (1) (2) ... (k), T indicates time-ordering operation, and Vs(t) = etHs Vge~itHs = ¢itlHsl g

First, note the following identity for super-operator associated with commutator of a composite operator

A A A 1 A A NI 1 . A A A
[Vs(t) ® Vi, 0]AQ B = E[Vs(t),A] ® {Ve, B} + E{Vs(t),A} ® [VE, Bl, (73)

where {A, B} = AB + BA is the anti-commutator. Next, let {|n)},, be the basis in E composed of eigenstates of the
environment-side coupling, Vi |n) = vu|n). Then, the set {|n) (m|},,,» composed of projectors |n) (n|and coherences
|n)(m|(n # m) forms an orthonormal basis in the subspace of linear Hermitian operators acting in E. Moreover,
the elements of this basis are also the right eigenoperators of super-operator associated with commutator and
anti-commutator of \7}3,

V£ Vi

1 . N
7 (Ve e £ o VE)|n)(m| = |12} (m]. (74)

Since these super-operators are Hermitian [with respect to the trace inner product (A|B) = tr(ATB)], |n) (m]
are also their left eigenoperators, and thus, the super-operators can be subjected to the spectral decomposition

1 4 A +
RN OEDS ) (mltrg(Im) (nle) = STCZ D Immlte(m) (nle). oo

n,m §.0€Qy EQW {;nvm

V£ Vi

Combining Eqs. (73) and (75) gives us
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[s) @ Vpol= 3 (é%g[vsm o+ s, -}) S S Immltrs(m)(ale)

£,0€Qyp nE=v, m:=vy
Soowseene | > > In)(mlp(jm)(nle) |,
E,CGQ(, mE=v, m:{=vy
(76)
which we then substitute into Eq. (72)
k
Ps(t) —Z(—l)k/ dy .. / dty trg(e) > KH Ws(é‘z(ﬂz)) ps
FEUAA
k .
(H Z Z M1 ) mz|e*“fHEtrE<|mz><nz|e*“HE-e”’HE>>ﬁE]
= Ez an q= Vm,
%) L ¢ o1 k
=Z(—i) /dhm dty Z [ HWs(s&.z{ltz) 0s 77)
k=0 0 0 greqxk - \=1
k k-1
(H >N )trE<|m><m1|)<nk|p5<tk)|mk T 7ot Gumilngymigy)
=1_m: _m: I=1

§1=vn; 1=V

00 k
Z —l)k/ dty .. / e Y b4y (L) (H Ws(éz;“ﬁz)) Ps.
I=1

£.Le ka

Consistency criterion for joint quasi-probabilities.  Using the definition of joint quasi-probability dis-
tribution (Eq. 17), we can write the left hand side of the consistency criterion (Eq. 19) as

k—1
k ~
ooaPeew=> .| Y Y Z ST S L] Tty (ool ) (il B (50 ).
EQ nyp,my: eQy, Nt Nje>M: b=1
s §1=Vn, sl " =V §1= le Ek=Vn.
E1=Vmy Ck=Vmy,

(78)
The sum over & and ¢ effectively lifts all constraints from the sums over indices n; and m;

222 =2

RS YRR ny,mp (79)

V= =V = Vm,

These indices form a connection between a two-link segment of the propagator chain; using the explicit definition
of propagator (Eq. 18) and the super-operator representation (Eq. 71) introduced in the Methods “A Reduced
system state’, we can preform the summation across this segment

> Ty ymy s [mmy) Ty iy, |y y)
np,mj

= trg(jmi—y) (ny-y o) 7S] (Z |nz)(ml|trE(|ml)(nz|0)) e e STy iy

np,mp

(80)

i(ti-1~t)[HE.e] p=i(ti—t11) [ AE

= trg(|my—1) (n_1le)e” *Nnppr) (|

—i(ti_y—ti41)[Hg

= trp(lm_1)(m_1le Ny mpa ) = Ty —n, (ymi—1 | namig),

where we have utilized the super-operator variant of the decomposition of identity (recall from the Methods
“Reduced system state” that {|n) (m]|},,m is an orthonormal basis)

> Iy {mltr(Im) (n]e) = o. (81)

The two-link segment is merged into one propagator that links |y ;) (m4|and |n;_1) (m;_| directly, and thus,
k . k—
g (Ect)is reduced to g (.5 181t 1: Eer St - ).
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Joint quasiprobability distributions for open environment. Consider an orthonormal basis in ED
sAubspace {In; i)}n,i, where|n; i) = |n) ® |i),{|i)};is an arbitrary basis in subspace D, and |n) are the eigenstates of
V. Using this basis and the Schrodinger representation of propagators [see Egs. (22) and (33)]

Ty(ni, mj|n'i',m'j'y = (n; i|Upp (t) |15 ') (m; |1 Upp () |m'; ) = (n; il Ugp(t) |15 ') (s 7 | UL (8) s ),

we will now rewrite the general definition (Eq. 17) of qg{)

k k—1
o Gy = > (H > )Z > <H<m; i1|UED<n—tz+1>|nz+1;iz+1>>
1=2 np mj:

ny: — i1 fp..ip \I=1
§1=Vn1 él:"nl {l:VmI J2-jk

k—1

*
x (ng; ix| Uep (8 e ® pp Up () 1mis ji) (H(ml:jZIOED(tl - tl+1)|ml+1§jl+1>>
1=1

. ; (82)
=3 (H >y ){Zml;m [T Oeptios = )l | D 1in) i
ni: J=2 np o omp i =2 i
EI:an EI:Vn, §1=‘le
A A 2 A
x Ugp(t0pe ® poUtp (o) [ TT | D linGtl | lma) (mil Uty — 1) |n1;i1>},
I=k \ ji

where the symbol H;e:lb A(l) is to be understood as an ordered composition: AUpAUp + 1) ... A(,) for
Iy <l or AUp)A(l, — 1) ... A(l,) for I, > I,. Since the sums over i; and ji are not constraint in any way, we get
> (n1;it] e [ny; i) = (miltrp(e)|n1)and Zil li)(if] = 1, which leads to Eq. (32).

How to solve the system dynamics in surrogate field representation. First step is to choose a
method for solving the dynamics of system S for a given time-dependent external field, e.g., Euler’s method for
integrating von Neumann equation,

d e A . n Re G G . n . n G G R
Zpd) = —ilHs +EP Vs, 5 01— Pt + by~ 50 (1) — ih[Hs + 59 (1) Vs, ¢ (D] and ¢ (0) = ps,

dt
(83)
for small time step h. Index j indicates the solution obtained for jth trajectory £ (t) (real-valued function of

time) of the surrogate field & (stochastic process defined by the family {pg() 1%21)- The chosen method defines the
time grid for sampling the field’s trajectories (see “From quantum process to surrogate field”); in this case, it is
a basic uniform grid tgd = {Mh =t,...,2h,h,0} with sample trajectories

gy = (80, eV €D ) = (EDMh), ..., £D (h),£9 (0)). (84)

Each trajectory is instantiated by drawing it at random from the joint probability distribution

M+1 M
M+1 LT A 1 1 T
P g = | TT D2 | raasale™™ pre™ e pmag ) T 1emle ™™ ) 2. (85)
I=1 npg§=vy I=1

In this way one populates an ensemble of trajectories {§ 2{21}, }JI»\];1 and calculates the corresponding ensemble of

density matrices { ,5§] ) (Mh) }]N:sl. The individual members of this ensemble are meaningless and their only purpose
is to calculate the physically meaningful average,

N N N
s wa——— 1 A ; A ; 1 A ; A ; 1 i
5 = 6 UT = lim — M e UT(HEDY ~ — M e UT(HEDY ~ — 50
ps(t) = UE)psU (tlE) = lim — ; OctisMasU" 1) ~ ; UctisMasU" 1) ~ j:zlps (Mh).
(86)
The larger the ensemble, the more accurate the approximation; typically, the sufficient ensemble size is
N ~10° — 10*
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