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Mathematical Modeling of the Heat-Shock Response in HeLa Cells
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ABSTRACT The heat-shock response is a key factor in diverse stress scenarios, ranging from hyperthermia to protein folding
diseases. However, the complex dynamics of this physiological response have eluded mathematical modeling efforts. Although
several computational models have attempted to characterize the heat-shock response, they were unable to model its dynamics
across diverse experimental datasets. To address this limitation, we mined the literature to obtain a compendium of in vitro hy-
perthermia experiments investigating the heat-shock response in HeLa cells. We identified mechanisms previously discussed in
the experimental literature, such as temperature-dependent transcription, translation, and heat-shock factor (HSF) oligomeriza-
tion, as well as the role of heat-shock protein mRNA, and constructed an expanded mathematical model to explain the temper-
ature-varying DNA-binding dynamics, the presence of free HSF during homeostasis and the initial phase of the heat-shock
response, and heat-shock protein dynamics in the long-term heat-shock response. In addition, our model was able to consis-
tently predict the extent of damage produced by different combinations of exposure temperatures and durations, which were
validated against known cellular-response patterns. Our model was also in agreement with experiments showing that the num-
ber of HSF molecules in a HeLa cell is roughly 100 times greater than the number of stress-activated heat-shock element sites,
further confirming the model’s ability to reproduce experimental results not used in model calibration. Finally, a sensitivity anal-
ysis revealed that altering the homeostatic concentration of HSF can lead to large changes in the stress response without signif-
icantly impacting the homeostatic levels of other model components, making it an attractive target for intervention. Overall, this
model represents a step forward in the quantitative understanding of the dynamics of the heat-shock response.
INTRODUCTION
The heat-shock response is a cellular-level regulatory mech-
anism to mitigate the cytotoxic effects of damaged or mis-
folded proteins. In addition to heat stress, a variety of
other physiological stressors can lead to the accumulation
of misfolded proteins in the cell. Therefore, despite its
name, the heat-shock response is important not just in hy-
perthermia but also in many other scenarios, such as toxic
chemical exposure (1), aging (2), cancer (1,3), protein
folding diseases (4), and gene therapy (5). By improving
our knowledge and understanding of the heat-shock
response, progress may be made in all of these areas (6).

Dating back to the discovery of the heat-shock response in
the 1960s (7), there has been much interest in unraveling its
molecular mechanisms. It is now known that the core of the
heat-shock response is the activationof the transcription factor
for heat shock, known as the heat-shock factor (HSF), leading
to the production of heat-shock proteins (HSPs), which serve
to ameliorate the effects of accumulated misfolded proteins
(MFPs) (2,8,9). However, experiments have also found a
great deal of complexity in the regulation of the heat-shock
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response. The amount of HSF activated in response to hyper-
thermia is extremely sensitive to small changes in temperature
(10), and the relationships between temperature, exposure
duration, and damage, are nonlinear (11). Furthermore, there
are many molecular pathways that regulate the extent of the
response (2,12) in a tissue-specific manner (12,13).

The importance of understanding the heat-shock response
and the complexities involved in doing so have motivated
the development of mathematical models. For example,
we believe that Peper et al. (14) constructed the first model
of the heat-shock response and used it to investigate mech-
anisms of thermotolerance without including a detailed
description of transcriptional regulation. In contrast, Rieger
et al. (15) studied the dynamics of HSP expression and HSF
regulation in more detail to identify the critical steps in the
regulatory control. This work was recently extended in the
models of Petre et al. (16) and Szyma�nska and Zylicz (17)
to further investigate the dynamics of the response, sensitiv-
ities of parameters, and interrelations between molecular
species. A major drawback of these prior models is the
limited number of comparisons with experimental data,
both in terms of parameter identification and model valida-
tion. Without rigorous comparisons between models and
data, such works serve as useful tools to conceptualize the
dynamics of the heat-shock response, but are limited in their
quantitative and predictive capabilities.
http://dx.doi.org/10.1016/j.bpj.2015.06.027
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In the literature, copious data exist on the heat-shock
response for a variety of experimental conditions. We
leveraged these data to develop a mathematical model of
the heat-shock response starting from the model of Petre
et al. (16). By restricting our analysis to experiments study-
ing hyperthermia in HeLa cells in vitro, we obtained a
collection of relatively consistent data suitable for the
development of a coarse biochemical model. Constructing
a model that would be consistent with these data required
the incorporation of several molecular mechanisms, such
as temperature-dependent transcription, translation, and
HSF oligomerization, as well as the representation of
HSP mRNA, that were not included in prior models of
the heat-shock response. However, their inclusion is justi-
fied by the literature to describe specific responses, such
as temperature-varying DNA binding dynamics, the pres-
ence of free HSF during homeostasis and the initial phase
of the heat-shock response, and HSP dynamics in the long-
term heat-shock response. By successfully calibrating our
model with a wide range of experimental data from several
different research groups, we semiquantitatively demon-
strated its ability to capture these relevant molecular mech-
anisms. We performed model validation by comparing the
predictions of our model with a previously derived rela-
tionship between time and temperature of exposure ob-
tained from a wide variety of experimental models (11).
Finally, a sensitivity analysis revealed potential targets to
modulate the stress-induced levels of key components of
the heat-shock response while maintaining normal homeo-
static function. This model represents a step forward in the
quantitative understanding of the dynamics of the heat-
shock response, and lays a foundation for future work
investigating further regulatory intricacies.
MATERIALS AND METHODS

Model structure

The core of the heat-shock response is the stress-induced activation of the

heat-shock transcription factor (HSF), leading to the production of HSPs,

which have dual roles of limiting damage caused by a stressor and acting

as a negative feedback regulator of HSF. Fig. 1 shows the network diagram

of our model, which comprised 11 molecular species (Table 1), 14 reactions
(Eqs. 1–14), and 25 parameters (Table 2). We based our model heavily on

the previously published model of Petre et al. (16), but with some critical

changes, which are detailed below.

2HSF4HSF2; (1)

HSFþ HSF24HSF3; (2)
HSF3 þ HSE4HSF3 : HSE; (3)
HSF3 : HSE/HSF3 : HSEþ mRNA; (4)
mRNA/; (5)
mRNA/mRNAþ HSP; (6)
HSPþ HSF4HSP : HSF; (7)
HSPþ HSF2/HSP : HSFþ HSF; (8)
HSPþ HSF3/HSP : HSFþ 2HSF; (9)
HSPþ HSF3 : HSE/HSP : HSFþ HSEþ 2HSF; (10)
HSP/; (11)
Prot/MFP; (12)
HSPþMFP4HSP : MFP; (13)
HSP : MFP/HSPþ Prot: (14)
The heat-shock response is initiated by a stressor, hyperthermia in this

case, leading to the conversion of healthy proteins (Prots) into misfolded

proteins (MFPs) via Eq. 12. In this model, no distinction was made between

different types of healthy and misfolded protein, so Prot and MFP represent

lumped variables across all of the proteins in a cell. We used Eq. 15, which

was obtained from calorimetry data in Lepock et al. (18) and gives the spe-

cific dependence of protein misfolding on temperature, to specify the tem-

perature-dependent reaction rate (4T) for Eq. 12. This is consistent with
FIGURE 1 Network diagram of the heat-shock

response model. Highlighted reactions (red or

gray) are those that have explicit temperature de-

pendences, as described by Eqs. 15, 19, and 20.

(HSE, heat-shock element; HSF, heat-shock factor;

HSP, heat-shock protein; MFP, misfolded protein;

mRNA, heat-shock protein messenger RNA; and

Prot, healthy protein.) To see this figure in color,

go online.
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TABLE 1 Species in the heat-shock response model

Species Description

HSF heat shock factor

HSF2 HSF dimer

HSF3 HSF trimer

HSE free heat-shock element (HSE) site on DNA

HSF3:HSE HSF3 bound to HSE

mRNA mRNA of heat-shock protein

HSP free heat-shock protein

HSP:HSF HSP bound to HSF

Prot healthy protein

MFP free misfolded protein

HSP:MFP HSP bound to misfolded protein
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prior models of the heat-shock response (14,16). In Eq. 15, T represents the

temperature (in �C), with a default homeostatic value of 37�C:

4T ¼
�
1� 0:4

eT�37

�
� 1:4T�37 � 1:45 � 10�5: (15)

Free MFPs form HSP:MFP complexes with free HSP (see Eq. 13), which

may facilitate the refolding of MFP back to Prot (see Eq. 14). However, in

homeostasis, much of the cell’s HSPs are in the inactive form as HSP:HSF

complexes. As MFPs are produced in response to elevated temperatures,

HSP:HSF complexes break down (see Eq. 7) as MFP competes with HSF

for HSP binding. This frees HSF to form activated trimers that can bind
TABLE 2 Model parameters and total amounts of conserved

species

Parametera Value Units

k1f 5.13 � 10�3 mL/n/s

k1r 8.58 � 10�2 1/s

k2f 7.97 � 10�5 mL/n/s

k2r 6.42 � 10�3 1/s

k3f 2.21 � 10�1 mL/n/s

k3r 1.49 � 103 1/s

k4 1.85 1/s

k5 1.26 � 10�5 1/s

k6 1.70 � 10�4 1/s

k7f 6.38 � 101 mL/n/s

k7r 3.42 � 103 1/s

k8 2.47 � 101 mL/n/s

k9 1.53 � 10�2 mL/n/s

k10 4.73 � 10�1 mL/n/s

k11 3.22 � 10�4 1/s

k13f 2.19 � 10�2 mL/n/s

k13r 6.49 � 102 1/s

k14 4.04 � 101 1/s

kS1 1.65 none

kS2 4.11 � 101 �C
kS3 7.97 � 10�1 none

kS4 4.08 � 101 �C
Total HSF (HSF0) 5.19 � 103 n

Total HSE (HSE0) 7.34 � 101 n

Total Prot (Prot0) 9.88 � 108 n

Here, n, number; HSF, heat-shock factor; HSE, heat-shock element; Prot,

healthy protein.
akif and kir denote forward and reverse reaction rates, respectively, for the ith

equation number (i¼ 1,2,.14 for Eqs. 1–14, respectively) if the reaction is

reversible. Otherwise, the reaction rate for the ith equation number is given

by ki. See Eqs. 19 and 20 for the terms ks1–ks4.
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to heat-shock elements (HSE) on the DNA (HSF3:HSE) (see Eqs. 1–3).

Binding of the activated transcription factor to DNA leads to the production

of HSP and, consequently, there is an increased concentration of free HSP

available to bind to both MFP and HSF. Eventually, when sufficient

amounts of HSP are produced relative to its substrates, it will again

sequester HSF in inactive HSP:HSF complexes. In this manner, the magni-

tude of the stress response is tuned based on the amount of misfolded pro-

teins, and the response self-regulates when sufficient amount of HSP has

been produced.

Based on the reactions shown in Eqs. 1–14, we specified conservation re-

lationships in our model for three species (total HSF, total protein, and total

HSE sites in Eqs. 16–18, respectively), thereby defining a unique homeo-

static steady state at T ¼ 37�C:

HSFþ 2 � HSF2 þ 3 � HSF3 þ 3

� HSF3 : HSEþ HSP : HSF ¼ constant;

(16)

Prot þMFP ¼ constant; (17)
HSEþ HSF3 : HSE ¼ constant: (18)
The above description of our model is consistent with the model of Petre

et al. (16), which is the basis of our work. In addition, we made several data-

driven modifications to the model:

1) We added an mRNAvariable to represent the mRNA of HSP (Eqs. 4–6)

rather than assuming that activation of the transcription factor directly

leads to HSP production. This is important because HSP mRNA can

persist for several hours after transcription ends, accounting for patterns

of HSP production that cannot otherwise be reconciled with HSF activa-

tion data.

2) We used the sigmoidal term (S1) shown in Eq. 19 to scale the rates of

transcription and translation in Eqs. 4 and 6, based on experimental ev-

idence that both transcription and translation rates diminish when cells

are exposed to very high temperatures (19,20):

S1 ¼ 1� 1

1þ e�kS1ðT�kS2Þ: (19)

A similar sigmoidal relationship between temperature and translation in

the heat-shock response was previously explored in the model of
Rieger et al. (15).

3) We used the sigmoidal term (S2) shown in Eq. 20 to scale the rates of the

HSF oligomerization reactions in Eqs. 1 and 2, based on the known tem-

perature dependence of HSF oligomerization potentially caused by mul-

tiple molecular mechanisms (2):

S2 ¼ 1

1þ e�kS3ðT�kS4Þ: (20)

The need for these modifications to the model is detailed in the Results,

where model simulations are compared against a variety of experimental

data from prior studies. The formulas for S1 and S2 do not have mechanistic

origins. They are phenomenologically derived sigmoid functions designed

to mimic observed experimental results of molecular species in the model.

S1 is meant to account for the fact that both transcription and translation

rates diminish when cells are exposed to very high temperatures (19,20).

S2 represents the effect of temperature on HSF oligomerization, which

could plausibly be caused by several mechanisms (2). A larger model would

be required to potentially derive more-mechanistic representations of these

effects. The parameters in the equations for S1 and S2 were fit along with the

reaction rate parameters as described in the Parameter Estimation, below.

This was ultimately done because, as discussed above, S1 and S2 do not

have precise biological meaning and direct experimental data were not
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available. Hence, their fit to the available experimental data is only mean-

ingful in that their presence allows the entire model to fit all of the exper-

imental data shown in Results.

In total, the 11 differential equations used to simulate the 11 species in

our mass action kinetics model are given below:

dHSF

dt
¼ �2 � ð1� S2Þ � k1f � HSF2 þ 2 � k1r

�HSF2 � ð1� S2Þ � k2f � HSF � HSF2

þk2r � HSF3 � k7f � HSP � HSFþ k7r

�HSP : HSFþ k8 � HSF2 � HSPþ 2 � k9

�HSF3 � HSPþ 2� k10 � HSF3 : HSE� HSP:

dHSF2 2
dt
¼ ð1� S2Þ � k1f � HSF � k1r � HSF2

� ð1� S2Þ � k2f � HSF � HSF2 þ k2r

� HSF3 � k8 � HSF2 � HSP:

dHSF3 ¼ ð1� S Þ � k � HSF � HSF � k � HSF

dt

2 2f 2 2r 3

� HSE� k3f � HSF3 : HSE� k3r

� HSF2 � k9 � HSF3 � HSP:

dHSE ¼ �k � HSF : HSEþ k

dt

3f 3 3r

� HSF2 þ k10 � HSF3 : HSE � HSP:

dHSF3 : HSE ¼ k � HSF : HSE� k

dt

3f 3 3r

� HSF2 � k10 � HSF3 : HSE � HSP:

dmRNA ¼ ð1� S Þ � k � HSF : HSE� k � mRNA :

dt

1 4 3 5

dHSP ¼ ð1� S Þ � k � mRNA� k � HSP � HSF

dt

1 6 7f

þk7r � HSP : HSF� k8 � HSF2 � HSP� k9

�HSF3 � HSP� k10 � HSF3 : HSE � HSP

�k11 � HSP� k13f � HSP � MFP

þk13r � HSP : MFPþ k14 � HSP : MFP:

dHSP : HSF

dt
¼ k7f � HSP � HSF� k7r

� HSP : HSFþ k8 � HSF2 � HSP

þ k9 � HSF3 � HSPþ k10

� HSF3 : HSE � HSP:
dProt
dt
¼ �k12 � 4T þ k14 � HSP : MFP:

dMFP
dt
¼ k12 � 4T � k13f � HSP � MFP

þ k13r � HSP : MFP:

dHSP : MFP ¼ k � HSP � MFP� k

dt

13f 13r

� HSP : MFP� k14 � HSP : MFP:

Comparisons with experimental data

We obtained the experimental data for the model, shown and described in

detail in Results, for a variety of heat-stress conditions from Abravaya

et al. (10), Theodorakis and Morimoto (19), Andrews et al. (21), Baler

et al. (22), Kline and Morimoto (23), Mosser et al. (24), Shi et al. (25),

and Stege et al. (26). All data in these studies were from experiments

involving HeLa cells exposed to hyperthermia.

In our model, we included only one HSP variable to represent all HSPs.

In reality, there are multiple HSPs, typically grouped by their molecular

masses. The HSP model variable was intended to represent the collective

action of all HSPs. However, separate measurements for all of the different

HSPs are generally not available. Therefore, data for 70-kDa HSP (Hsp70)

were used to calibrate the HSP variable in our model because Hsp70 data

were the most abundant and well characterized. The HSF variable in our

model represented the HSF1 transcription factor. Although there are several

other isoforms of HSF, HSF1 is the primary regulator of the response to

stressors such as elevated temperature.

All of the published experimental data used here was qualitative, which

complicated the comparison of model output to data. For most of the data,

all that could be done was to run the model for the same temperature stim-

ulus as in the experiment and then scale both the experimental data and

model output so that they had the same peak value. However, in some cases,

it was possible to derive additional information from the experimental data-

sets. When multiple experiments in the same article were reported on the

same scale (10,25), data and model output were normalized together for

all of those experiments/simulations by scaling them relative to the overall

maximum peak values. Additionally, due to the fact that HSF1 levels

remain constant during heat stress, studies measuring HSF in its different

complexes (free, trimerized, and bound to HSP) (22) were collectively

scaled with a denominator equal to the total amount of HSF in the experi-

mental data or the model simulation. A complete implementation of the

data normalization process can be found in Model S1 in the Supporting

Material.
Parameter estimation

We estimated the model parameters based on the data and normalization

described above. The parameters in the model include reaction rates corre-

sponding to the reactions in Eqs. 1–14 (kif for forward rate and kir for the

reverse rate if the reaction is reversible and ki otherwise, where i is the re-

action number), temperature constants that define the sigmoidal functions

in Eqs. 19 and 20, and the initial concentrations of the conserved species

in Eqs. 16–18. To start, we fixed the model parameters and performed sim-

ulations for each experimental study. Next, we computed the objective

function as the sum of the squared errors between the model outputs and

the experimental data from all studies. Finally, we minimized this objective

function using a pattern-search algorithm available in the software

MATLAB (The MathWorks, Natick, MA: via the PATTERNSEARCH

function). This algorithm was observed to produce a lower value of the
Biophysical Journal 109(2) 182–193
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objective function than the other global optimization algorithms available

in MATLAB. Briefly, the PATTERNSEARCH algorithm works by itera-

tively searching within a mesh surrounding an established local optimal

point in the parameter space to identify the next local optimal point. By

repeating this procedure, the pattern-search algorithm identifies a path to-

ward the optimal solution in the parameter space. In the optimization pro-

cess, all of the parameters shown in Table 2 were allowed to vary. For each

set of parameters generated during the optimization, the model was allowed

to reach steady state before hyperthermia was applied, thus ensuring that all

simulations were done for heat-shock response models at homeostatic 37�C
steady states before heating.
Sensitivity analysis

We performed a local one-at-a-time sensitivity analysis to identify param-

eters and initial conditions that most influence model outputs, using the

same procedure as prior models of the heat-shock response (15,16). We

computed the sensitivity coefficients (si,j) for each combination of output

metrics [fi(x,T)] and parameters (pj) in Eq. 21,

si;j ¼ vln fiðx; TÞ
vln pj

; (21)

where p represents the vector of parameters and initial conditions shown in

Table 1, x denotes the time course output of the model, and T represents the

temperature profile. We used three output metrics: steady-state levels of the

HSP and MFP variables, respectively, at 37�C; and the AUC of MFP in

response to a 1 h 43�C heat shock.
Code availability

The MATLAB software code for this study is available in Model S1 in the

Supporting Material. This includes the model described in the text, data

normalization, parameter estimation, cumulative equivalent minutes at

43�C (CEM43) analysis, sensitivity analysis, and generation of all figures.
RESULTS

Comparisons to experimental data

Prior modeling studies have focused largely on qualitative
comparisons between model simulations and limited exper-
imental datasets. Given the large amount of published
experimental data on the heat-shock response, we sought
to perform a comprehensive comparison of our model
against the data. A major challenge in this regard was the
heterogeneity in the experimental data. For this reason, we
focused exclusively on in vitro studies of HeLa cells where
the only applied stressor was hyperthermia. Literature
search using these constraints produced a largely consistent
set of data made up of 17 time-series measurements of six
model components from eight publications (10,19,21–26).
We used these data to calibrate the model (Figs. 2, 3, and 4).
HSF DNA binding

A critical step in the activation of the heat-shock response is
the binding of activated HSF trimers to DNA, allowing for
the transcriptional regulation of HSP (Eqs. 3 and 4). Fig. 2
Biophysical Journal 109(2) 182–193
shows four experimental datasets from three HSF DNA-
binding studies (two different datasets were from the same
study) (10,22,23) compared against the HSF3:HSE variable
from both Petre et al. (16) and our model. The model of
Petre et al. (16) fit well to the data for heat shock at 42�C
in Fig. 2 A, which was used in their model calibration,
and to the similar data in Fig. 2 B. However, it poorly fit
the data for heat shock at other temperatures (Fig. 2, C
and D). Fig. 2 D (10) shows an important feature of HSF
DNA binding observed from the experimental data: namely,
that there was a huge difference in the binding dynamics as
the heat-shock temperature is increased from 42 to 43�C,
which was not captured by the model of Petre et al. (16).
In contrast, our model was successful in capturing the dy-
namics for heat shock across a range of temperatures from
41 to 45�C by accounting for the diminished transcriptional
and translational efficiency at higher temperatures (Eq. 19).
In response to low temperatures, the heat-shock response is
acute and self-limiting due to the negative feedback loop be-
tween HSF and HSP. However, at high temperatures, dimin-
ished transcriptional and translational efficiency inhibit the
function of the negative feedback loop, leading to much
more persistent activation of the transcription factor.
Without accounting for this mechanism that allows for
long-term DNA binding, it would not be possible to model
the data shown in Fig. 2 D.

Although the simulations shown in Fig. 2, A and B, are
identical to the 42�C simulations in Fig. 2 D (middle
plot), the scaling of the output is different because the sim-
ulations in Fig. 2 D were plotted on a scale relative to the
highest of the three temperatures. In Fig. 2, A and B, only
one temperature was available from the experimental data,
allowing only relative comparisons at that one temperature.
HSP:HSF dynamics

We obtained the data on binding between HSF and HSP
from two studies (22,25). Fig. 3 A shows the data from the
protocol proposed by Baler et al. (22), in which the concen-
tration of HSF was measured in three different forms: mono-
meric; bound to HSP; and trimeric. Prior computational
models (15,16), including the model of Petre et al. (16),
have qualitatively captured the well-known heat-stress re-
sponses of HSP:HSF complex dissociation and HSF trime-
rization (Fig. 3 A, middle and bottom, respectively).
However, the experimental data (Fig. 3 A, top) also showed
a substantial amount of free HSF in homeostasis and early in
the heat-stress response, which is consistent with other
studies (22,27,28) but could not be explained by previously
published computational models (15,16). In contrast, using
a temperature-dependent term in Eq. 20 to represent the
increased propensity for HSF oligomerization with temper-
ature increase, we were not only able to describe HSP:HSF
complex dissociation and HSF trimerization but also the
presence of free HSF during homeostasis and the initial



FIGURE 2 Comparison of model simulations

with HSF DNA-binding data. Each plot shows

the heat-stress temperature at the top, experimental

data (circles), our model simulation (solid line),

and model simulation of Petre et al. (16) (dashed

line). Each box enclosing one or more plots is de-

noted by a letter and represents either one experi-

ment or experiments from the same study plotted

on the same scale: (A) (23), (B) (10), (C) (22),

and (D) (10). To see this figure in color, go online.
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phase of the heat-stress response. The behavior of the prior
models showing no free homeostatic HSF, and thereby con-
tradicting the experimental data (Fig. 3 A), can be explained
based on a common misconception that HSF is inactivated
solely by binding to HSP and thus free HSF always rapidly
oligomerizes. However, Anckar and Sistonen (2) showed
that although HSP-mediated sequestration of HSF is a pop-
ular model for the regulation of HSF oligomerization, there
are several alternative mechanisms supported by experi-
mental evidence, including regulation by heat-sensitive non-
coding RNA, HSF conformational changes, and neuronal
control. Because the specific molecular pathways and rela-
tive contributions of the aforementioned regulatory mecha-
nisms are not known as of this writing, using the generic
temperature-dependent term in Eq. 20 to account for the to-
tal contributions from these mechanisms allowed us to
consistently reproduce the experimental data shown in
Fig. 3 A.

Fig. 3 B shows the data from the protocol investigated by
Shi et al. (25), in which cells were exposed to two different
heating regimes: 42�C for 4 h and 42�C for 2 h followed by
2 h of recovery at 37�C. An interesting characteristic of the
response was the increased concentration of HSP:HSF in the
latter case when heating was stopped due to a combined
FIGURE 3 Comparison of model simulations

with HSP/HSF dynamics data. Each plot shows

the heat-stress temperature at the top, experimental

data (circles), our model simulation (solid line),

and the model simulation of Petre et al. (16)

(dashed line). Each box enclosing multiple plots

is denoted by a letter and represents experiments

from the same study plotted on the same scale:

(A) (22) and (B) (25). To see this figure in color,

go online.
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FIGURE 4 Comparison of model simulations

with HSP transcription and translation data. Each

heat-stress temperature at the top, experimental

data (circles), our model simulation (solid line),

and the model simulation of Petre et al. (16)

(dashed line). Results from the model of Petre

et al. (16) are only shown in (E) because (A)–(D)

correspond to the mRNA variable, which was not

included in their model. Each box enclosing one

or more plots is denoted by a letter and represents

either one experiment or experiments from the

same study plotted on the same scale: A (19), B

(21), C (24), D (21), and E (26). To see this figure

in color, go online.
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effect of reduced MFP production and increased efficiency
of HSP transcription and translation at a lower temperature
(37�C), leading to greater availability of free HSP to bind to
HSF. We included both of these mechanisms in our model
(Eqs. 15 and 19), thereby allowing us to capture the dy-
namics (Fig. 3 B), as opposed to the model of Petre et al.
(16), and other prior models.
Transcription and translation of HSP

The production of HSP is the main mechanism by which the
heat-shock response exerts its protective effect as a result of
stress. Activation of the heat-shock transcription factor
(HSF) leads to transcription of HSP mRNA and ultimately
the translation of new HSP proteins. Transcription is rela-
tively rapid in response to hyperthermia, with mRNA reach-
ing maximal levels within hours of the initiation of stress, as
shown in Fig. 4, A–D (19,21,24). Even in response to heat
stress being discontinued after a relatively short 2 h period
(Fig. 4 D), mRNA levels persisted for several hours (21).
The experimental data shown in Fig. 4 A are also interesting
because, being from the same study, this information pro-
vides a semiquantitative comparison on the relative levels
of transcription in response to 42 and 43�C heating (19),
clearly illustrating that the higher temperature leads to
diminished transcription. By incorporating temperature-
dependent transcription and translation rates in the model
(Eq. 19), we were successfully able to capture the temporal
mRNA dynamics for these different heat-stress conditions.
None of these transcriptional data can be compared with
the model of Petre et al. (16), which does not explicitly
include mRNA; instead, in their model, HSP is produced
directly from HSF:HSE. More importantly, it is not possible
to model the long-term heat-shock response, as shown in
Biophysical Journal 109(2) 182–193
Fig. 4 E (26), using their formulation. Fig. 4 E shows
the change in total HSP as a result of heat stress at 44�C
for 15 min followed by recovery at 37�C. Although hyper-
thermia was only applied for 15 min, HSP mRNA persisted
in the system after transcription ended (similar to Fig. 4 D),
leading to a HSP profile that peaked ~10 h after the heat
stress ended. Therefore, by incorporating an mRNAvariable
into our model, we were successfully able to account for
the experimental mRNA and protein dynamics shown in
Fig. 4.
Cumulative equivalent minutes at 43�C

There has long been interest in comparing the effects of
thermal doses of different temperatures and durations. For
instance, is it worse to be exposed to 43�C for 15 min or
44�C for 10 min? Experimental work in a variety of
different cell lines and tissues has resulted in an empirical
formula to facilitate these comparisons through a metric
called ‘‘cumulative equivalent minutes at 43�C’’ (CEM43)
(11,29,30), as given by Eq. 22,

CEM43 ¼ Dt � R43�T

R ¼
�
0:25; T<43�C
0:50; T>43�C;

(22)

where Dt is the duration of the exposure, R is the gas con-
stant, and T is the temperature of the exposure.

CEM43 was designed to reflect the equivalent damage,
such as the fraction of cells killed (or tissue necrosis frac-
tion), for different time-temperature combinations. For
example, using Eq. 22 for CEM43, damage at 44�C for
10 min is equivalent to that at 43�C for 20 min. In the
absence of a direct variable in our model that maps to
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damage, we used free MFP concentration as a representative
of damage because free misfolded proteins are known to
play a critical cytotoxic role in the response to hyperthermia
(31). Therefore, we used the area under the curve (AUC) of
the MFP variable as a damage metric to evaluate whether
our model predictions were consistent with the tempera-
ture-time equivalence given by the CEM43 relationship
(Eq. 22). Fig. 5 A shows the MFP concentration as a func-
tion of time for various heat-stress temperatures, and, as ex-
pected, MFP increased for higher exposure temperatures.
Fig. 5 B shows the changes in MFP AUC (relative to MFP
AUC at 43�C) with temperature when the heating duration
was either kept constant (blue line) or set in a tempera-
ture-dependent manner (red line) using the CEM43 formula
(Eq. 22). To obtain the blue line in Fig. 5 B, we selected 20
different temperatures at equal intervals between 42 and
45�C. For each temperature, we performed model simula-
tions to calculate the MFPAUC for 20 different heating du-
rations equally spaced from 10 to 120 min, performing 400
simulations in total. Next, we calculated the ratio of MFP
AUC at a particular temperature to that at 43�C for the
same duration. Finally, we calculated the average (blue
line) and standard deviation (shaded blue region) of MFP
AUC ratio for each temperature to obtain the results shown
in Fig. 5 B. As expected, and consistent with Fig. 5 A, the
MFP AUC ratio, which gives the relative damage at a spe-
cific temperature with respect to damage at 43�C, increased
significantly as the temperature increased beyond 43�C.

Similarly, to obtain the red line in Fig. 5 B, we first deter-
mined Dt from the CEM43 relationship (Eq. 22) correspond-
ing to the 20 different CEM43 durations from 10 to 120 min
for the 20 different temperature used above. For example,
for heating at 42�C, the CEM43 time of 10 min corresponded
to Dt of 40 min (using Eq. 22). Next, we performed model
simulations for these calculated durations for each tempera-
ture, again resulting in a total of 400 simulations. Subse-
quently, we calculated the ratio of MFP AUC at a
particular temperature and duration to that at 43�C for the
corresponding CEM43 duration. Finally, we calculated the
average (red line) and standard deviation (shaded red re-
gion) of the MFP AUC ratio for each temperature to obtain
the results shown in Fig. 5 B. Based on the definition of
CEM43, these ratios should be 1 (dashed line in Fig. 5 B)
for each case if our model predictions were to be consistent
with the CEM43 formulation. We indeed found that the MFP
AUC ratio (red line) was roughly constant across the tem-
perature range and close to 1, indicating that the model cor-
responded well with prior studies on heat-induced damage
and CEM43 time-temperature equivalence. The only excep-
tion was observed at low temperatures, where longer tem-
perature exposures produced lower levels of MFP AUC
because the model predicted that the heat-shock response
was sufficient to keep MFP at very low levels after an initial
acute response. These results served as model validation
because MFP AUCs and CEM43 values were not computed
until after model calibration was completed. Furthermore,
as evidenced by Fig. S1 (in the Supporting Material)
showing the equivalent of Fig. 5 for the model of Petre
et al. (16) (which does not produce an isoeffect for temper-
atures and durations set by the CEM43 formula), it is not true
that all models of the heat-shock response capture the effect
of the CEM43 relationship.
Sensitivity analysis

We performed sensitivity analysis to investigate the rela-
tionship between model output and parameter values. We
used three different output metrics to calculate sensitivities:
1) steady-state value of HSP at 37�C, 2) steady-state value of
MFP at 37�C, and 3) MFP AUC in response to heat stress.
Using the HSP and MFP variable for sensitivity analysis al-
lowed for comparison with the results of Petre et al. (16),
and the MFP AUC variable served as a reasonable metric
of damage, as described above. Fig. 6 shows the sensitivities
of these three output metrics relative to each of the param-
eters shown in Table 2. Several parameters had very low
sensitivities, indicating that their specific values did not sub-
stantially impact the model output. These include the rates
governing HSF deoligomerization (k1r and k2r), which Petre
et al. (16) also identified as among the most insensitive pa-
rameters in their model. In general, steady-state sensitivity
coefficients from our model corresponded well with those
of Petre et al. (16), as is shown in Fig. S2. The MFP AUC
sensitivities revealed a subset of parameters that had differ-
ential sensitivities in stress and in homeostasis, such as
HSF0 (the total amount of HSF), k14 (rate of MFP refolding
FIGURE 5 Analysis of protein misfolding as a

function of temperature and duration of exposure.

(A) MFP versus time for three different tempera-

tures. (B) AUC for 800 simulations similar to those

in (A) for a variety of heating duration and temper-

ature combinations. (Blue curve) Ratio of MFP

AUC at a particular temperature to that at 43�C
for the same duration. (Red curve) Ratio of MFP

AUC at a particular temperature and duration to

that at 43�C for the corresponding cumulative

equivalent minutes at 43�C (CEM43) duration.

(Shaded regions) Standard deviation over multiple

different heating durations.
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FIGURE 6 Sensitivities of steady-state values

and stress responsiveness of the heat-shock
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by HSP), and k7f and k7r (forward and reverse rates for the
binding of HSP and HSF, respectively).
DISCUSSION

Building on an existing model and experimental data, we
developed a more detailed model of the heat-shock
response. The model presented here is not the first heat-
shock response model (14–17), but it differs from previous
works in its use of a wide range of published experimental
studies for both calibration and validation. Although prior
models did well to qualitatively investigate the core mecha-
nisms of the heat-shock response, a more quantitative
approach is necessary to ensure that a model can be reliably
applied as a component within a larger system, such as dur-
ing heat-stress progression (32), which is a major potential
application of this type of work. Simple models of the
heat-shock response have already been used as components
of larger mathematical models for predicting inflammation
in heat stroke (33) and optimizing cancer therapy (3,34).
A more-complete and realistic model could aid in further
applications where understanding the extent of the heat-
shock response is important.

Our model builds on the work of Petre et al. (16), which
itself was more comprehensively calibrated and validated
than any of the other previous models of the heat-shock
response. Petre et al. (16) calibrated their model with data
on HSF DNA binding, which was used here in Fig. 2 A. Sub-
sequently, they validated their model based on novel data of
cells transfected to express yellow fluorescent protein in
response to HSF activation. However, calibration using a
single time series is not sufficient to identify parameter
sets that produce reasonable results for variables not
involved directly in the calibration process. We observed
this throughout the model development process, where it
was not uncommon for an incomplete version of our model
to be consistent with some but not all of the experimental
data. It was only in the context of the complete set of exper-
imental data that all the limitations of prior models became
Biophysical Journal 109(2) 182–193
apparent, thus motivating our structural modifications to
model components responsible for HSF oligomerization,
transcription, and translation.

In general, it is possible to fit any model to any data if
enough free parameters are added to the model. Therefore,
it is important to stress the point that the modifications we
made to the model of Petre et al. (16) were not just arbitrary
free parameters; instead, they were all based on mechanisms
described in the literature. For instance, transcriptional data
clearly shows that although HSP mRNA is produced in
response to heat stress, there is a point around, roughly,
43�C where further increases in temperature lead to less
transcription (19). It is similarly well established that HSF
can in fact exist as a free monomer without immediately oli-
gomerizing, due to HSF-inactivating factors besides the
HSF-HSP negative feedback loop (2). Making relatively
simple modifications to the model of Petre et al. (16) to
incorporate these mechanisms resulted in a model that
was consistent with the experimental data shown in Figs.
2, 3, and 4. Furthermore, these changes appeared to be
necessary to explain the data, as we were not successful in
attempts to simply recalibrate the model of Petre et al.
(16) to all of the data in the same manner as the calibration
procedure described here.

In addition to calibrating our model with data, we sought
to validate it by testing its performance relative to data not
used in calibration. Ideally, this would have been done by
simply reserving some experimental data as validation
data, but this was not feasible due to the complexity of the
model relative to the limited amount of available data.
Instead, the analysis of time-temperature equivalence in
our model, shown in Fig. 5, serves as an important valida-
tion of model behavior. The ability of our model to repro-
duce the breakpoint at 43�C in the CEM43 equation
(Eq. 22) is facilitated by the same mechanisms that were
added to the model to explain the HSF DNA-binding data
shown in Fig. 2 and the mRNA data shown in Fig. 4. As tem-
perature increases beyond a certain threshold near 43�C,
transcriptional and translational efficiency diminish,
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resulting in a weakened heat-shock response even in the
presence of a more severe heat stress. The amount of weak-
ening required to describe the molecular-level data turned
out to also be the amount of weakening required to accu-
rately capture the higher-level characteristics of the
CEM43 breakpoint, which serves as validation of our model.

Another source of validation comes from comparing the
total concentrations of conserved species with known values
from the literature. Two of the three conserved species in
our model are HSF, the transcription factor; and HSE, its
DNA-binding site. As shown in Table 2, our model calibra-
tion procedure resulted in an HSF concentration that is
roughly 100 times higher than that of HSE, which naively
seems like an unrealistically large disparity. However, it is
in line with experimental data showing that the number of
molecules of HSF in a HeLa cell is roughly 100 times larger
than the number of stress-activated HSE sites (35,36). This
again confirms the ability of our model to reproduce exper-
imental results that were not used in calibration.

The steady-state sensitivity analysis results for our model
were largely in agreement with those of Petre et al. (16), as
shown in Fig. S2. This is surprising given the additional
mechanisms in our model and the large differences in the
time-course simulation results of Figs. 2, 3, and 4. The
stress-responsive sensitivity analysis results were most
interesting because they revealed certain parameters of the
model that can lead to large changes in stress responsiveness
without substantially altering homeostasis. This is important
because HSPs are molecular chaperones involved in
numerous cellular signaling pathways, so it may be desir-
able to modulate the heat-shock response without altering
homeostatic levels of its components.

We found that the parameter with both the largest overall
sensitivity in the stress response and the largest ratio of
stress-responsive and homeostatic sensitivities was the total
amount of HSF in the cell (HSF0), making it an attractive
target for intervention (Fig. 6). HSF0 was a conserved quan-
tity in our model based on experimental evidence that HSF
levels remain roughly constant during heat stress (35). Our
model, based on HeLa cells, predicted that overexpression
of HSF leads to diminished free MFP accumulation (and
therefore decreased cytotoxicity) through the increased pro-
duction of HSP (Fig. S3). The effects of HSF overexpression
have been previously studied in a murine fibroblast cell line
(37). They found that cells that overexpressed HSF were
more resistant to the cytotoxic effects of heat stress, but
this effect did not appear to be directly caused by the pro-
duction of more HSP. However, a more recent study of
HSF overexpression in human colon carcinoma cells did
observe that overexpression of HSF led to increased HSP
levels in response to a chemical stimulus (38), in agreement
with our model. Because it is known that the heat-shock
response varies by cell type (39), sensitivities relative to per-
turbations, such as HSF overexpression, could be heteroge-
neous in different cell types. Given sufficient training data
for different types of cells, mathematical models could be
used to predict these kinds of potentially important cell-
type-specific effects of modulating the expression and ac-
tion of components of the heat-shock response.

When modeling chemical reactions occurring at different
temperatures, it is important to consider the inherent effect
that temperature has on reaction rates, which has not been
done previously, to our knowledge, in models of the heat-
shock response. In our model, certain reactions known to
be highly sensitive to temperature based on specific biolog-
ical mechanisms have explicit temperature dependences in
their reaction rates, which is highlighted in Fig. 1. More
generally, each reaction rate should have some dependence
on temperature, which can be approximated through a rela-
tively simple exponential model based on the concept of
temperature coefficients (40). However, because incorpo-
rating this type of global temperature dependence did not
substantially alter our ability to explain the data, we chose
to pursue the simpler formulation of the model without these
temperature coefficient terms.

Even with the larger amount of data we used for our
model development relative to prior models, data availabil-
ity was still a significant challenge. The scope of our model
and analysis was purposely limited to make it feasible to
identify parameter values based on the available data. The
lack of consistent, quantitative data complicated the calibra-
tion process, and improvements in this regard could result in
a better parameterized model. Additionally, several compo-
nents in our model could be expanded to become more real-
istic if adequate data were available. The regulation of HSF
activation is a complex process involving multiple different
pathways (2), which we combined in Eq. 20, representing
our uncertainty of the relative contributions of different
mechanisms. The HSP variable of our model was meant
to collectively represent the action of the many classes of
HSPs, and more comprehensive and consistent time-course
data would be valuable in modeling the heterogeneous be-
haviors of different HSPs. Furthermore, a significant chal-
lenge in all hyperthermia research is the high variability
observed in responses to subtly different heating methods
(41). For these reasons, the parameter set shown in Table
2 is likely not the only parameterization that allows our
model to fit the data reasonably well. However, the fact
that this model, unlike prior models, is able to explain exper-
imental data through a set of well-established reactions im-
plies that it can serve as a basis for further exploration into
the intricacies of the heat-shock response.

In addition to the limitations described above, the main
challenge in terms of data availability is the paucity of infor-
mation about the dynamics of protein misfolding. The only
published data came from the calorimetry studies of Lepock
et al. (18), which we used in Eq. 15 to set the rate of protein
misfolding similar to prior models (14,16). However, these
data are problematic for two reasons: 1) they are unable to
distinguish between protein misfolding and other
Biophysical Journal 109(2) 182–193
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thermodynamic processes; and 2) measurements were taken
as temperature was increased 1�C/min, which may not be
valid for longer-term heating. Although it is plausible that
protein misfolding could be the dominant component
measured in those calorimetry experiments and Lepock
et al. (42) claimed that longer exposures do not drastically
change the total amount of misfolding, more data on protein
misfolding would be desirable, including data on the associ-
ation of misfolded proteins with HSPs and the formation of
aggregates of misfolded proteins. Despite these significant
limitations in terms of data availability, this work still repre-
sents a step forward in that it does encompass multiple data
sets from multiple different experiments on most of the
components in the model. From a mathematical perspective,
the problem of limited data could be somewhat assuaged by
nondimensionalization, which could reduce the number of
parameters in the model and facilitate the analysis of the
different timescales inherent in the chemical reactions
(15,43).

Because cells respond differently to different types of
heat-shock-response-inducing stimuli and different cell
types have heterogeneous responses to heat stress (39), we
considered data only from hyperthermia experiments in
HeLa cells. Prior models have, to some extent, investigated
cell-type differences in the heat-shock response. Rieger
et al. (15) qualitatively set some reaction rates in their model
to compare differences in HSF activation mechanisms be-
tween human and yeast cells. Yet, even within different
types of human cells, there can be important differences in
the heat-shock response. An in vivo study (13) has shown
significant variability between responses in different tissues
exposed to very similar heating profiles. By focusing on
HeLa cells (the cell line with the most available data), our
work represents a foundation for future models aimed at
exploring cell-type heterogeneity in more detail. However,
this will require novel experimental data in which multiple
cell types are probed in consistent conditions. In 2013, there
has been progress on understanding tissue-specific differ-
ences in the regulation of the heat-shock response (12),
but much work remains to gather the knowledge required
to build dynamical molecular-level models that capture
this heterogeneity.

We chose not to explore the problem of consecutive heat
shocks or thermotolerance in this article. Although this
problem has been explored by prior models of the heat-
shock response, including the model of Petre et al. (16),
given the challenges discussed here in accurately modeling
a single heat shock, it is unlikely that existing models
(including ours) would provide reasonable agreement with
experimental data and provide novel insights about consec-
utive heat shocks. Moreover, experimental studies exploring
dual-hit heat shocks (26,39,44) contain additional degrees of
freedom in the experimental design (length of each pulse;
gap between pulses; temperatures before, during, and after
each pulse), which further exacerbate the modeling chal-
Biophysical Journal 109(2) 182–193
lenges discussed here and would require novel experimental
data to be fully described in a mathematical framework.

Modeling the heat-shock response is a critical task in un-
derstanding the overall response to heat stress, which in
addition to the heat-shock response also includes several
other physiological responses, such as altered blood-flow
patterns and inflammation (45). If cell-type-specific models
of the heat-shock response can be developed and validated
in vitro similar to our approach here for HeLa cells, that
would facilitate linking the cellular heat-shock response
with models of interlinked processes, such as inflammation
(33) and heat transfer (46), culminating in a multiscale
model of in vivo heat stress. The work presented here is a
step toward that ultimate goal.
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