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Abstract

The approximate number system (ANS) has been consistently found to be associated with math achievement. However,
little is known about the interactions between the different instantiations of the ANS and in how many ways they are
related to exact calculation. In a cross-sectional design, we investigated the relationship between three measures of ANS
acuity (non-symbolic comparison, non-symbolic estimation and non-symbolic addition), their cross-sectional trajectories
and specific contributions to exact calculation. Children with mathematical difficulties (MD) and typically achieving (TA)
controls attending the first six years of formal schooling participated in the study. The MD group exhibited impairments in
multiple instantiations of the ANS compared to their TA peers. The ANS acuity measured by all three tasks positively
correlated with age in TA children, while no correlation was found between non-symbolic comparison and age in the MD
group. The measures of ANS acuity significantly correlated with each other, reflecting at least in part a common numerosity
code. Crucially, we found that non-symbolic estimation partially and non-symbolic addition fully mediated the effects of
non-symbolic comparison in exact calculation.
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Introduction adolescents retroactively correlated with standardized math
achievement scores from Kindergarten up to the sixth grade. A
series of other studies replicated this finding using not only general
standardized math achievement scores [18,20-22] but also simple

arithmetics operations [13,23].

An extensive literature that comprises psychophysical [1,2],
electrophysiological [3], and neuroimaging data [4] has demon-
strated that human infants and adults share an approximate
number system (ANS), which is dedicated to representing large
magnitudes in an analog fashion. Number representation within
the ANS is very similar to the intuition that we have for space and
time magnitudes [5] and can be well described by Weber-
Fechner’s law [3,4,6,7]. Because the ANS is already present in
newborns [8] and interacts with culturally derived symbolic
representations during development [9], it is considered to be an
important stari-up tool for the acquisition of mathematical
knowledge [10].

Converging evidence from correlational [11], cross-sectional
[12,13], longitudinal [14-18] and training studies [19] has
provided robust support for the link between the ANS and

Importantly, a number of other studies failed to find an
assoclation between non-symbolic comparison and math achieve-
ment, but rather found significant associations between math
achievement and the symbolic version of the task (see [24] for a
review of the inconsistency of those findings).

However, two recent meta-analyses confirmed the existence of a
robust association between non-symbolic comparison and math
achievement from childhood to adulthood. Fazio, Bailey, Thomp-
son and Siegler [25] analyzed 19 published studies and found that
although non-symbolic processing is less strongly correlated with
math achievement compared to symbolic processing, there is a
robust and specific significant association between non-symbolic

arithmetics. Halberda et al. [11] showed that the Weber fraction
calculated from a non-symbolic number comparison task in
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comparison and math achievement. Chen and Li [26] investigated
36 cross-sectional studies and found that the association between
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non-symbolic comparison and math achievement is moderate but
statistically significant (r =0.20, 95% CI=[0.14, 0.26]), even after
controlling the effect of general cognitive abilities. Importantly,
non-symbolic comparison was found to prospectively predict later
math performance (r=0.24, 95% CI=[0.11, 0.37]; 6 samples)
and it is also retrospectively correlated to early math achievement
(r=0.17, 95% CI=[0.07, 0.26]; 5 samples). Based on the
estimated effect sizes, the authors conducted power analyses and
confirmed that many previous studies failed to find a significant
association between non-symbolic comparison and math achieve-
ment because of insufficient statistical power due to small sample
sizes.

Moreover, other measures of ANS acuity, such as number
estimation, were also found to correlate with math achievement in
children and adolescents [12,16,27].

Noticeably, longitudinal and training studies have provided
evidence for a foundational role of the ANS on the development of
math abilities. Using the non-symbolic number comparison task,
Mazzoco et al. [18] showed that the ANS acuity measured prior to
formal mathematical instruction was selectively predictive of
arithmetics achievement in the first grade (see also Libertus et al.
[17]). Similarly, Gilmore et al. [15] found that non-symbolic
calculation abilities measured in a group of Kindergarten children
were a robust predictor of later math achievement. Complemen-
tary, Park and Brannon [19] showed that training adults in a non-
symbolic addition and subtraction task specifically improves exact
addition and subtraction. Interestingly, the ANS acuity was also
found to improve with mathematical education. Piazza, Pica,
Izard, Spelke, and Dehaene [28] investigated a group of
Mundurukus, an indigenous population in Brazil that does not
have a system for representing exact numbers [29], and found that
the ANS acuity, as quantified by a non-symbolic number
comparison task, was modulated by the level of formal instruction
at the standard Brazilian school system. This result provides
support for a bidirectional association between the most basic
forms of number processing and math abilities. Importantly, an
analogous bidirectionality has long been found in the reading
domain, such as the fact that phonological abilities serve as the
base for reading competence and are improved by literacy [30,31].

Finally, group studies demonstrated that children with devel-
opmental dyscalculia (DD), a learning disability specific to
calculation, have an impaired ANS compared to their typically
achieving (TA) peers. Piazza et al. [13] showed that the ANS
acuity in children with DD at 10 years old, as quantified by the
internal Weber fraction, was equivalent to the acuity observed in
TA Kindergarten children. Similar results were obtained by
Mazzoco et al. [12], who showed not only that adolescents with
DD present higher internal Weber fractions than their TA peers
but also that they have an impairment in estimating numerical
magnitudes.

Other studies that investigated younger children with DD found
only an impairment in the symbolic version of the number
comparison task (see review by Noél & Rousselle [32]), which casts
doubt on the assumption of a critical role of the ANS in the
acquisition of exact number representations. Chu, van Marle, and
Geary [33] found that the ANS acuity significantly predicted the
risk for DD in children, but measures of symbolic number
knowledge were more robust predictors. However, those studies
used only one measure to assess the ANS acuity: the non-symbolic
number comparison task. Based on Gilmore et al. [15] it could be
the case that different forms of approximate manipulation of
numerical information, such as calculation, could be additional
important predictors of risk for DD.
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Although much progress has been achieved in the establishment
of an association between the ANS and arithmetics, it remains
largely elusive in how many ways the ANS interacts with exact
calculation and through which cognitive mechanisms this associ-
ation could be grounded. The ANS allows for comparing two
different magnitudes, to approximately grasp how many objects
are present in a scene and to manipulate quantities using simple
operations such as addition and subtraction [34]. In this sense,
different tasks have been used to measure the ANS acuity, such as
comparison [11-13,35], estimation [12,23,27,36] and approxi-
mate calculation [15,37,38]. Importantly, very little attention was
given to the fact that these measures are tapping different
instantiations of the ANS. Comparison, estimation and approx-
imate calculation, although possibly operating at the same level of
representation (the ANS), involve very different computational
processes and consequently could have specific contributions to
the development of exact number representations and mathemat-
ics. Indeed, Mazzocco et al. [12] found that non-symbolic
comparison and estimation accounted for unique proportions of
the variance when predicting math achievement.

Moreover, given the complexity of arithmetics, the link between
basic number processing (e.g., magnitude comparison) and exact
calculation is possibly not direct and might involve the recruitment
of other cognitive processes. Indeed, the study by Lyons and
Beilock [39] found that the ability to identify the order of a series
of digits fully mediated the association between the ANS acuity (as
measured with the non-symbolic number comparison task) and
exact calculation in adults. Importantly, van Marle, Chu, Li and
Geary [40] provided a conceptual replication of the study of Lyons
and Beilock [39] in children, and proposed that the ANS acuity
facilitated the early acquisition of symbolic number knowledge and
was indirectly associated with math achievement through this
knowledge. In line with these findings, it might also be the case
that there is a type of hierarchical association between different
instantiations of the ANS, from the most elementary abilities to
more complex operations and manipulations of magnitude
information. That is, non-symbolic estimation and calculation
could be intermediate steps between simple number discrimination
and exact calculation.

Surprisingly, to date there is only one study in adults and no
study with children that directly compared different measures of
the ANS. Gilmore, Attridge, and Inglis [41] measured the ANS
with non-symbolic versions of the number comparison and
approximate addition tasks and found null correlations between
the internal Weber fractions calculated from each task, placing in
doubt the assumption of a single underlying ANS. However, this
result is very puzzling and deserves further examination, because
both tasks used non-symbolic magnitudes and, even though
different cognitive mechanisms might be recruited during perfor-
mance, both tasks should at least partially activate the represen-
tation of numbers and its underlying brain circuitry. Indeed, using
a conjunction analysis, Park, Park and Polk [42] recently showed
that non-symbolic comparison and non-symbolic addition acti-
vated common brain circuitries in the right parietal cortex.

Therefore, a more comprehensive investigation of the associa-
tion between different instantiations of the ANS (comparison,
estimation and calculation), their cross-sectional trajectories in
children with typical and atypical math abilities and how they
interact with exact calculation is needed.

The present study

Measures that are related to the ANS acuity appear to be
normally distributed in the population [11] and are systematically
associated with arithmetics achievement. In this sense, the present
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study first addressed the hypothesis that children with math
difficulties (MD) who were selected according to a relatively liberal
criterion (below the 25t percentile on a standardized math
achievement test [43]) would present with lower ANS acuity
compared to their TA peers. To this end, we calculated specific
psychophysical parameters for each of three different tasks as
indices of ANS acuity. The internal Weber fraction (w) [1] was
calculated for the non-symbolic number comparison task, and the
coefficient of variation (cv) was calculated for the non-symbolic
estimation and non-symbolic addition tasks. The c¢v is a
normalized measure of dispersion of a probability distribution
and it is defined as the ratio of the standard deviation to the mean.
Therefore, like the w, the higher the cv, the lower the precision.
Based on the previous results obtained by Mazzocco et al. [12] and
Piazza et al. [13], we expected TA children to have higher ANS
acuity (lower values in the psychophysical parameters) compared
to children with MD. Second, as noted by Noél and Rousselle
[32], one should expect to find differences between the TA and
MD groups in the cross-sectional trajectories of the ANS.

More specifically, group differences in ANS acuity, at least as
measured by non-symbolic number comparison, should have a
trend to increase across development. We finally tested the degree
of association between the measures of ANS acuity and exact
calculation. Because the psychophysical parameters extracted from
the tasks that measure the ANS acuity are at least partially related
to the degree of noise in the representation of numerosity, they
should be positively correlated to one another. Moreover, based
on previous studies [11,18], it is expected that the ANS acuity will
have a specific impact on exact calculation, even after controlling
for the effects of general developmental factors and other abilities
that are related to mathematics, such as language. Crucially, based
on the results by Lyons and Beilock [39], who showed that number
ordering fully mediated the effect of non-symbolic comparison in
exact calculation, we further investigated the relationship between
the ANS acuity and calculation using mediation models. Six
mediation models were estimated with all possible permutations
between measures of ANS acuity as predictors or mediators and
exact calculation as the outcome.

Materials and Methods

Participants

This study was approved by the ethics review board of the
Federal University of Minas Gerais, Brazil (COEP-UFMG).
Informed consent was obtained in written form from the parents
and orally from the children. Children from first to sixth grade
were recruited from public and private schools in Brazil and were
assigned to different groups according to their performance in the
Arithmetics and word Spelling subtests of the Brazilian School
Achievement Test (Teste de Desempenho Escolar, TDE [44]).
The typical achievement group (TA, n=172) was composed of
children who performed above the 25" percentile in both the
Arithmetics and Spelling subtests of TDE. The mathematical
difficulties group (MD, n = 45) performed below the 25™ percentile
in the Arithmetics and above that in the Spelling subtest of the
TDE.

There were no statistically significant differences in age and sex
between groups. All of the children had normal intelligence, as
measured by Raven’s Colored Progressive Matrices (IQ scores
above 85).

Children were assessed using an exact calculation task
comprising addition, subtraction and multiplication, a simple
reaction time task and three tasks that measured the ANS acuity:
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non-symbolic comparison, non-symbolic estimation and non-
symbolic addition (see the detailed description of the tasks below).

A subgroup of 10 children from the TA and 5 from the MD
group were excluded from further analyses, because either they
had a poor fit (R?) for estimation of the w on the non-symbolic
comparison task (RZ<0.2), and/or they showed a w that exceeded
the limit of discriminability of the comparison task (w>0.6). The
final sample was composed of 162 TA children and 40 children
with MD. The subject details are presented in Table 1 (for the
descriptive data of the individual assessment samples by grade, see
Table S1 in the Supporting Information).

Tasks

The Brazilian School Achievement Test. The TDE [44] is
the most widely used standardized test of school achievement that
has norms for the Brazilian population (see also Oliveira-Ferreira
et al. [45]). We used the Arithmetics and Spelling subtests, which
can be applied in groups. Norms are provided for school-aged
children between first and sixth grade. The Arithmetics subtest is
composed of three simple verbally presented word problems (e.g.,
“If you had three candies and received four, how many candies do
you have now?”) and 35 written arithmetic calculations of
increasing complexity (e.g., very easy: “4—17; easy: “1230+150+
1620”; intermediate: “823 * 96”; hard: “3/4+2/8). The Spelling
subtest constitutes a dictation of 34 words that have increasing
syllabic complexity (e.g., “toca”; “balango”; “cristalizagao”). The
reliability coefficients (Cronbach’s o) of the TDE subtests are 0.89
or higher. The children were instructed to work on the problems
to the best of their capacity but without time limit.

Raven’s Coloured Progressive Matrices. General intelli-
gence was assessed with the Raven’s Coloured Progressive
Matrices, according to Brazilian norms [46].

Exact Calculation. The task was divided in two sets of items:
symbolic and written verbal calculations. The symbolic calculation
set was composed of additions (27 items), subtractions (27 items)
and multiplications (28 items). Problems that were printed on
separate sheets of paper. Children were instructed to answer as fast
and as accurately as possible. Arithmetic operations were balanced
at two levels of complexity and were presented to children in
separate blocks: one block was composed of simple arithmetic
table facts and the other block had more complex facts. Simple
addition items had results below 10 (e.g., 3+5), while complex
addition results ranged between 11 and 17 (e.g., 9+5). Tie
problems (e.g., 4+4) were not considered for addition. Simple
subtraction was composed of problems in which the operands were
below 10 (e.g., 9-6), while in complex subtractions, the first
operand ranged from 11 to 17 (e.g., 16-9). No negative results
were included in the subtraction problems. Simple multiplication
constituted operations that had results below 25 or that had the
number 5 as one of the operands (e.g., 2 * 7, 5 * 6), whereas for the
complex multiplication, the result of the operands ranged from 24
to 72 (e.g., 6 * 8). Tie problems were not used for multiplication.
The time limit per block was set to 1 minute. The written verbal
calculation set was composed of four additions and eight
subtractions with single-digit operands (e.g. “Isabella has 9 cents.
She gives 3 to Pedro. How many cents does Isabella have now?”).
Problems were presented to children on a sheet of paper and read
aloud by the examiner to avoid reading proficiency bias. The child
had to solve the problems mentally and write down the answer in
Arabic format as fast and as accurately as possible. The time limit
per problem was 1 minute. The total score was calculated as a
simple sum of all correct answers combining both symbolic and
written verbal items (max score = 94). The task was highly reliable
(all Cronbach’s >0.90) [45,47].
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Table 1. Descriptive data of the individual assessment sample.

Approximate Number System and Exact Calculation

Categorical Variables TA (n=162) MD (n=40) 7 df p-value

Sex (% female) 59.26 52.50 0.601 1 0.274

School type (% public) 86.42 87.50 0.032 1 0.547
Continuous Variables Mean SD Mean SD t df p-value d
Age (months) 121.562 13599 118325 16.513 1.290 200 0.199 0.228
Raven (IQ score) 110.612 10.545 103.619 9.659 3.817 200 <0.001 0.674
TDE Arithmetics 108.924 11406 85.784 5.073 12510 200 <0.001 2.209
TDE Spelling 110.078 8.130 101.220 8.929 6.050 200 <0.001 1.068

doi:10.1371/journal.pone.0111155.t001

Simple Reaction Time. The computerized Reaction Time
(RT) task was a simple task in which a picture of a wolf
(height =9.31 cm; length = 11.59 c¢m) was displayed in the center
of a black screen for a maximum time of 3,000 ms [47]. Upon
appearance of the wolf on screen, children were instructed to press
the spacebar on the keyboard at the moment they saw the wolf; as
fast as possible. Trials terminated with the first key press. The task
had 30 trials, with an inter-trial interval of 2,000 ms, 3,500 ms,
5,000 ms, 6,500 ms or 8,000 ms. This task was used to control for
possible differences in basic processing speed that were not related
to numerical tasks.

Non-symbolic Comparison. In the non-symbolic compar-
ison task, participants were instructed to compare two sets of black
dots, which were simultaneously presented in two white circles on
the left and on the right side of the screen, and they were
instructed to choose the larger numerosity by pressing a key
congruent to its side (left or right) (see Figure 1) [45,47,48]. Black
dots were presented on a white circle against a black background.
On each trial, one of the two white circles contained 32 dots
(reference numerosity), and the other contained 20, 23, 26, 29, 35,
38, 41, or 44 dots. Each numerosity was presented eight times, and
every presentation was arranged in a different configuration. The
task comprised 64 testing trials. The maximum stimulus presen-
tation time was 4,000 ms, and the intertrial interval was 700 ms.
Between trials, a fixation point appeared on the screen for 500 ms;
the fixation point was a cross printed in white and that had 3 cm
for each line. To prevent the use of non-numerical cues, the sets of
dots which represent the non-symbolic numerosities were designed
and generated using a MATLAB script [49] such that on half of
the trials, dot size remained constant, and total dot area covaried
positively with the numerosity; on the other half of the trials, total
dot area was held constant and dot size covaried negatively with
numerosity. The data were trimmed for each child to exclude
responses of £3 SD from the individual mean RT. The w was
calculated for each child as a measure of ANS acuity, based on the
Log-Gaussian model of the number representation [1], with the
methods described by Piazza et al. [4].

Non-symbolic Estimation. In the non-symbolic estimation
task, participants were asked to estimate, with a verbal response,
the quantity of dots shown on the computer screen [48] (see
Figure 1). Black dots were presented on a white circle against a
black background. The numerosities were 10, 16, 24, 32, 48, 56 or
64 dots. Each numerosity was presented 5 times, every time in a
different configuration such that the same numerosity never
appeared in consecutive trials. The task comprised 35 testing trials.
To avoid counting, the maximum stimulus presentation time was
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TA: typically achieving; MD: mathematical difficulties. Both TDE Arithmetics and TDE Spelling scores are in a standardized form with mean =100 and SD = 15; d = Cohen'’s
d

set to 1000 ms. As soon as the child responded, the examiner, who
was seated next to the child, pressed the spacebar on the keyboard
and typed the child’s answer. Between individual trials, a fixation
point appeared on the screen, which was a cross printed in white,
with 3 c¢m for each line. To prevent the use of non-numerical cues,
the sets of dots were generated using MATLAB, in such a way that
dot size changed but total dot area in a given set was always fixed
across the stimuli. Thus, the total occupied area could not serve as
a cue for distinguishing between the different numerosities. As a
result of this manipulation, the average item size covaried inversely
with numerosity. To avoid memorization effects due to the
repetition of a specific stimulus, on each trial, the stimuli were
randomly chosen from a set of 10 precomputed images with the
given numerosity. The data were trimmed for each subject, to
exclude the responses =3 SD from the mean chosen value across
all of the trials. As a measure of ANS acuity, we calculated the
mean cv of the responses for each child.

Non-symbolic Addition. The non-symbolic addition task
was based on Knops, Viarouge, and Dehaene [50] (see Figure 1).
Participants were instructed to solve approximate addition
problems with operands presented in a non-symbolic notation
(dots patterns). To adapt the paradigm for the use of children, the
addition task was embedded in a small history of a monkey having
a box of balls. Hence, a trial started with the presentation of the
monkey’s face, which was followed by the appearance of a brown
box against a black background and the first set of dots that moved
into the box. Next, another set of dots moved into the same box.
Afterward, the box disappeared from the screen and was replaced
by the top-view of five boxes that contained different numerosities.
The boxes were arranged in a circular manner around the middle
of the screen. The children were to choose which numerosity was
the closest to the correct outcome by clicking with the left mouse
button on the respective box. The task comprised 2 learning trials
and 32 testing trials. In the training trials, the boxes were framed
after each response. In a case in which the response was correct,
the frame was green, which indicated that the child had chosen the
box with the correct number of balls. If the response was incorrect,
then the frame was red, and the children were instructed to choose
another box. This procedure was repeated until the child had
chosen the correct box. Before starting the testing, the children
were asked if they had understood the task, and if not, the training
was repeated until they confirmed that they understood the task.
In the testing period, the childrens’ choices were indicated by a
neutral blue frame around the chosen box, regardless of whether
the response was correct or not. All of the addition problems
added up to four possible results (i.e., 10, 16, 26 and 40), which
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Non-symbolic Comparison

Choose the larger

PLg

Fixation: 500 ms Test: max 4,000 ms Blank screen: 700 ms

[

Time

Non-symbolic Estimation

How many dots?

e

Fixation: 500 ms Test: max 1,000 ms Blank screen: 700 ms

[

Time

Non-symbolic Addition

Choose the sum

Fixation: 500 ms Stimulus 1: 1,000 ms  Stimulus 2: 1,000 ms Test: max 10,000 ms

Time

Figure 1. Psychophysical tasks used to measure ANS acuity, with non-symbolic comparison, non-symbolic estimation and non-
symbolic addition. The white arrows are used in the bottom picture to illustrate the movement of the dots into the box.
doi:10.1371/journal.pone.0111155.g001
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combined ten different operands (4, 5, 6, 8, 10, 13, 14, 18, 20 or
26). To prevent the subjects from memorizing the problems, the
operands were randomly “jittered" by adding a random value r,
with r € J and J={—1,0,1}. For each correct response, 7 response
alternatives were generated as round (c x Q.Si/s), where ¢ is the
correct result and 7 ranges from —3 to +3. To discourage the use of
non-arithmetic strategies, such as “Always choose a response
alternative in the middle of the presented range”, only five of the
seven possible results were presented in a trial, such that, in half of
the trials, the presented results were the upper five (high range),
and thus, the correct response was the second largest numerosity.
In the other half of the trials, the lower five results were shown (low
range), and the correct response was the fourth largest numerosity.
To prevent the use of non-numerical cues, the sets of dots were
generated using MATLAB, in such a way that dot size covaried
inversely with numerosity. To avoid memorization effects due to
the repetition of a specific stimulus, on each trial, the stimuli were
randomly chosen from a set of 10 precomputed images with the
given numerosity. The data were trimmed for each subject, to
exclude the responses 3 SD from the mean chosen value across
all of the trials. As a measure of ANS acuity, we calculated the
mean c¢v of the four different results.

Analyses

Initially, the TA and MD groups were compared with regard to
exact calculation and the three measures of ANS acuity. Next, the
cross-sectional trajectories of the ANS were investigated by
calculating the slopes of the regressions between ANS acuity and
age for each group separately. Finally, the association between the
measures within the ANS and between the ANS acuity and the
exact calculation was investigated in three steps. First, cross-
correlations of the measures of ANS acuity and exact calculation
were determined. Second, to estimate the specific contributions of
ANS acuity measures to explain exact calculation, multiple
regression models were conducted with exact calculation as the
dependent variable and the three measures of ANS acuity as the
predictor variables, regressing out the effects of age, schooling,
general intelligence and spelling abilities. Finally, to investigate
more deeply the possible mediation effects between the ANS
instantiations and exact calculation, six mediation models were
estimated with all of the possible permutations between the
measures of ANS acuity as predictors or mediators and exact
calculation as the outcome. All of the statistical analyses were
performed using R statistical software [51]. Raw data is available
in the Supporting Information (Data S1).

Results

First, we verified whether the children’s performances in the
measures of ANS acuity followed Weber’s law. In the non-
symbolic comparison task, we calculated the R? of the fitting
procedure to calculate the w for each child. In both the TA and
MD groups, the R? values were high (TA: mean=0.883,
SD =0.082; MD: mean = 0.849, SD = 0.108), which indicates that
the children’s performances were well described by the Log-
Gaussian model of number representation [l]. For the non-
symbolic estimation task, we calculated the coeflicients of the
regression between the correct outcomes and the mean cv per
child in each presented numerosity. In both the TA and MD
groups, the f coeflicients were small (TA: mean=0.145,
SD =0.513; MD: mean = 0.072, SD = 0.449), which indicates that
children’s responses have scalar variability. Nevertheless, the mean
slope was significantly different from 0 in TA, but not in the MD
group (TA: {(161)=4.105, p<<0.001; MD: (39) = 0.883, p = 0.383).
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Similar 8 coeflicients were obtained in the non-symbolic addition
task, (TA: mean=0.094, SD=0.531; MD: mean=0.056,
SD =0.581). In this case, the mean slope was not significantly
different from zero in both groups (TA: £(161)=0.122, p =0.223;
MD: #39)=1.119, p=0.270). Taken together, these results
demonstrate that the performance in all of the tasks that measure
the ANS acuity from both the TA and MD groups can be well
described by Weber’s law. Group differences are presented in the
next section.

Differences between the TA and MD groups in ANS
acuity

Although all of the children with MD had normal intelligence
(IQ>85) and normal spelling achievement (above the 25t
percentile), they scored significantly lower in these measures when
compared to their TA peers (Table 1; see Table Sl in the
Supporting Information for the descriptive data separated by
grade). For this reason, intelligence and spelling were included as
covariates for group comparisons in exact calculation and ANS
acuity (see Table 2 for statistics). As expected, the TA group
showed better performance in exact calculation when compared to
the children with MD. No group difference was found in the
simple reaction time task. More importantly, the TA group
presented higher ANS acuity, with significant lower w the non-
symbolic comparison task. Moreover, TA children had lower cv in
the non-symbolic estimation task; however, this difference was
only marginally significant. Finally, a significantly lower cv was
found in the non-symbolic addition task for the TA compared to
the MD group.

Cross-sectional trajectories of ANS acuity

Cross-sectional trajectories of the different measures of ANS
acuity were investigated separately for the two groups (see
Figure 2). The w was found to decrease monotonically with age
in the TA children (f = —0.184, p = 0.015), but it remained stable
in the children with MD (f=—0.016, p=0.897). This result
suggests that difference between the MD and TA groups in ANS
acuity measured by the w increases during development. Second,
the cv from non-symbolic estimation was found to monotonically
decrease with age more or less to the same extent in both the TA
and MD groups (TA: f=-0.338; p<<0.001; MD: = —0.425;
p=0.006). Finally, the cv from non-symbolic addition was also
found to decrease with age by the same extent in both groups, but
was only marginally significant in the TA group and was non-
significant for the MD group (TA: f=—0.154, p<<0.050; MD:
f=-0.149, p=0.375).

To confirm the results of the cross-sectional trajectory of the
number comparison task, given the possible lack of statistical
power in the MD group to detect significant coeflicients, we ran a
bootstrap analysis with the regression coefficients of the three
measures of the ANS and age. First, we generated 10,000 samples
with N=40 (N of the MD group), allowing repetitive cases for
each group separately. Next, we calculated for each sample one f8
coefficient for each of the regressions: age and non-symbolic
comparison, age and non-symbolic estimation, and age and non-
symbolic addition. Afterward, we calculated the percentage of
positive coefficients in each group, which we use as a likelihood
index for the true direction of the association in the population. In
the non-symbolic comparison task, the coefficients of the TA
group were found to be negative in 91.27% of the generated
samples. This finding was not the case in the MD group, in which
only 53.67% of the samples showed negative coefficients. For the
other measures of ANS acuity, TA and MD showed similar
patterns (non-symbolic estimation: TA=97.30%, MD = 99.30%;
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TA = typically achieving; MD = mathematical difficulties; w: internal Weber fraction; cv: coefficient of variation; acc = accuracy in % correct.

doi:10.1371/journal.pone.0111155.t002
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Figure 2. Cross-sectional trajectories of the measures of ANS
acuity for the TA and MD groups.
doi:10.1371/journal.pone.0111155.9g002

non-symbolic addition: TA: 80.98%, MD: 82:61%). Considering a
confidence interval of 90%, both groups showed developmental
changes in non-symbolic estimation, but the results were less
robust in non-symbolic addition. Crucially, TA showed significant
improvement in non-symbolic comparison in contrast to their MD
peers, who definitively did not show any sign of improvement in
this task during development.
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Relationship between the measures of ANS acuity and
exact calculation

As expected, all of the three measures of ANS acuity showed
significant positive correlations among themselves, even after
controlling for the effects of age, spelling and intelligence, which
indicates that they share a common construct. Importantly, all
three measures of ANS acuity also correlated with exact
calculation (Table 3).

Following the suggestion of one the reviews based on the
inhibitory control account of the relationship between the non-
symbolic comparison task and exact calculation [52,53], we ran
separate correlations between the w calculated from two sets of
stimuli (wSize: size control; wArea: area control; see Methods) used
in the non-symbolic comparison task and exact calculation. Partial
correlations controlling for the effects of age, intelligence and
spelling revealed that both wSize and wArea significantly
correlated with exact calculation (r=—0.13, p=0.033 and r= —
0.175, p=10.007, respectively). Importantly, Fisher’s r-to-z trans-
formation revealed that there was no significant difference
between the two correlation coefficients (z=—0.459, p =0.359).
Therefore, we used the w calculated from all trials in further
analyses.

Next, the specific contributions of the different instantiations of
the ANS in exact calculation were determined by calculating three
multiple regression models. In all three models, two blocks of
variables were defined. In the first block, the intervening variables
age, schooling, general intelligence and spelling abilities were
added using the method “enfer”. In the second block, the three
measures of ANS acuity were included as single predictors in three
separate models. The first block of variables explained 57.8% of
the variance in exact calculation (see the coeflicients in Table 4).
Importantly, all three measures of ANS acuity remained
significant predictors of exact calculation after removing the
effects of the intervening variables (non-symbolic comparison:
p=—0.135, p =0.005; non-symbolic estimation: f=—0.162, p<
0.001; non-symbolic addition: f#=—0.167; p<<0.001). This finding
indicates that all three instantiations of the ANS contribute to
explaining exact calculation independently of age, schooling,
general intelligence and spelling abilities.

Because all measures of ANS acuity are intercorrelated, the
extent to which different instantiations of the ANS present unique
contributions to exact calculation was determined. A multiple
regression model was calculated with the same structure as before.
The first block of variables included the same variables as before,
and the second block of variables considered the three measures of
ANS acuity simultaneously by using the “stepwise” method. The
regression model kept non-symbolic estimation and non-symbolic
addition but excluded non-symbolic comparison. Non-symbolic
addition raised the variance explained to 60.1% and non-symbolic
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estimation to 61.4% (Table 4). Therefore, the multiple regression
analysis showed that both non-symbolic estimation and non-
symbolic addition have unique contributions to exact calculation.
Moreover, the contribution of non-symbolic comparison to
explain exact calculation is shared with other instantiations of
the ANS.

Together, these results reveal that all of the instantiations of the
ANS contribute to explaining exact calculation, but their
contributions are not always unique. More specifically, the effects
of non-symbolic comparison on exact calculation appear to be
fully shared by non-symbolic estimation and non-symbolic
addition. In contrast, a portion of the impact of these two
variables on exact calculation appears to be unique. That is, the
effect of non-symbolic comparison on exact calculation is indirect,
because it is common to non-symbolic estimation and non-
symbolic addition. Are these results due to mediation processes
that act inside the ANS? To specifically test this hypothesis, one
must test whether the effect of one instantiation of the ANS (X) on
exact calculation (Y) is significantly absorbed by another
instantiation of the ANS (M) [54,55]. Moreover, to increase the
confidence in the direction of the mediation effect, it is necessary
to determine whether the effect of M in exact calculation is also
reduced to the same extent by the inclusion of X as a mediator
variable.

To investigate these possible mediation effects, we conducted
Causal Mediation Analysis [54,55], as implemented in the R
package mediation (version 4.2.2) [56]. Six models that analyzed
all of the possible combinations of different measures of ANS
acuity as both predictors (X) and mediators (M) and exact
calculation as the outcome (Y) were calculated. In each model, the
total effect of each instantiation of the ANS on exact calculation
was decomposed into a mediation and a direct effect. The
regression coefficients as well as their confidence intervals and
statistical significance are depicted in Table 5. To determine the
statistical significance of the coeflicient estimates, a nonparametric
bootstrap method was employed. To obtain reliable estimates, a
total of 10,000 samples for bootstrapping were drawn.

As can be seen in Table 5, only Models 1.1 (X = non-symbolic
comparison, M = non-symbolic estimation) and 2.1 (X = non-
symbolic comparison; M = non-symbolic addition) presented
directional mediation effects (p =0.038 and p =0.026, respective-
ly). These results revealed that both non-symbolic estimation and
non-symbolic addition mediate the total effect of non-symbolic
comparison on exact calculation. While non-symbolic estimation
has a partial mediation effect, because the direct effect between
non-symbolic comparison to exact calculation remained significant
(p=0.012), non-symbolic addition has a complete mediation
effect, because the direct effect from non-symbolic comparison to
exact calculation failed to reach statistical significance (p =0.064).

Table 3. Partial correlations between measures of ANS acuity and exact calculation, controlling for age, intelligence and spelling.

TA and MD group (n=202)

Nsymb Estimation (cv)

Nsymb Addition (cv)

Measures Exact Calculation
Nsymb Comparison (w) —0.212*

Nsymb Estimation (cv) —0.237%*

Nsymb Addition (cv) —0.233**

0.253*

0.346**
0.249**

is significant at the 0.01 level.
doi:10.1371/journal.pone.0111155.t003
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TA = typically achieving; MD = mathematical difficulties; w: internal Weber fraction; cv: coefficient of variation. *Correlation is significant at the 0.05 level; **Correlation

November 2014 | Volume 9 | Issue 11 | e111155



Approximate Number System and Exact Calculation

Table 4. Stepwise regression with exact calculation as the dependent variable and non-symbolic comparison, non-symbolic
estimation and non-symbolic addition as predictors, regressing out the effects of age, schooling, general intelligence and spelling

abilities.

Model Predictors B SE Beta t p-value

Block 1 R?=0.578 Age 0.349 0.156 0.236 2.231 0.027
Grade 8.736 1.862 0.485 4.692 <0.001
Raven 8.882 1.530 0.302 5.805 <0.001
TDE Spelling 8.330 1719 0.237 4.845 <0.001

Block 2 R?=0.037 Nsymb Addition (cv) —34.688 12.689 —0.136 —2.734 0.007
Nsymb Estimation (cv) —29.214 11.568 —0.128 —2.525 0.012

doi:10.1371/journal.pone.0111155.t004

The direction of the possible causal direction between the
measures of ANS acuity and exact calculation was further
corroborated by the fact that the alternative models 1.2 and 2.2
with non-symbolic comparison as the mediator variable did not
show any significant mediation effect (p=0.069 and p=0.094,
respectively). Finally, the results revealed no mediation directional
effects between non-symbolic estimation and non-symbolic addi-
tion to exact calculation (p =0.055 and p = 0.058, respectively).

Discussion

The present study investigated the relationship between three
measures of ANS acuity (non-symbolic comparison, estimation
and addition), their cross-sectional trajectories in children with
typical and atypical arithmetic abilities, and their specific
contributions to exact calculation. The children with MD were
found to have impairments in multiple instantiations of the ANS,
more specifically in non-symbolic comparison and non-symbolic
addition. Moreover, the TA children were more accurate in
mapping between non-symbolic magnitudes and number words
compared to the children with MD, although this difference was
only marginally significant.

Interestingly, the acuity of the non-symbolic comparison was
found to develop normally in TA, but not in the MD group. The

TA = typically achieving; MD = mathematical difficulties; w: internal Weber fraction; cv: coefficient of variation.

children with MD did not show any improvement with age in this
task. A bootstrapping analysis confirmed that this difference was
not due to a lack of statistical power given the smaller sample size
of the MD group. Regarding the acuity of non-symbolic addition,
both groups improved with age, but the children with MD were
less accurate compared to their TA peers. Finally, both groups also
improved to the same extent in the non-symbolic estimation task.

The three measures of ANS acuity significantly correlated with
each other, which possibly reflects at least in part a common
numerosity code, as proposed by Dehaene [34]. Importantly, all
three measures of ANS acuity significantly correlated with exact
calculation. However, a multiple regression analysis revealed that
only non-symbolic estimation and addition contributed with
unique proportions of variance in explaining exact calculation.
Mediation analysis showed that the effect of non-symbolic
comparison on exact calculation was mediated to different degrees
by non-symbolic estimation and non-symbolic addition.

Differences between the TA and MD groups in ANS
acuity

In line with previous studies that have investigated the cognitive
mechanisms that underlie MLD, the ANS acuity as measured by
non-symbolic comparison was found to be impaired in children

Table 5. Mediation models with measures of ANS acuity as either predictors (X) or mediators (M) and exact calculation as the
outcome (Y).
Models Variables Effects Estimate 95% Cl Lower 95% Cl Upper p-value
1] X = Nsymb Comparison Direct —25.113 —43.782 —6.943 0.012
M = Nsymb Estimation Mediation —7.665 —14.791 —1.864 0.038
1.2 X = Nsymb Estimation Direct —30.810 —50.139 —9.162 0.002
M = Nsymb Comparison Mediation —6.239 —13.116 —1.337 0.069
2.1 X = Nsymb Comparison Direct —21.982 —45.660 —1.744 0.064
M = Nsymb Addition Mediation —10.795 —19.664 —2.047 0.026
22 X = Nsymb Addition Direct —34.319 —60.102 —6.306 0.008
M = Nsymb Comparison Mediation —8.308 —18.448 —0.791 0.094
BNl X = Nsymb Estimation Direct —29.214 —48.779 —8.317 0.003
M = Nsymb Addition Mediation —7.835 —15.859 —1.565 0.055
32 X = Nsymb Addition Direct —34.688 —59.325 —9.521 0.006
M = Nsymb Estimation Mediation —7.939 —16.354 —1.630 0.058
X = predictor variable, M = mediator variable.
doi:10.1371/journal.pone.0111155.t005
PLOS ONE | www.plosone.org 9 November 2014 | Volume 9 | Issue 11 | e111155



with MD compared to their TA peers [12,13,57]. Importantly, we
were able to detect deficits in the ANS even in a group of MD
children selected with a more liberal criterion, which probably
includes children with high cognitive heterogeneity [43]. This
finding lends support to the view that the different forms of MD
are better described as a continuous spectrum rather than
qualitatively different categories.

The children with MD were also found to be impaired in the
acuity of non-symbolic addition. To our knowledge, this study was
the first that demonstrated that non-symbolic addition is impaired
in children with low achievement in math. De Smedt and Gilmore
[38] found no impairment in a non-symbolic addition task in
children with DD during the first year of formal schooling.
However, the authors used a two-alternative forced choice task
and analyzed only the mean accuracy of the responses. In the
present study, the task used allowed children to compare their
internally generated sum with five different options that were
presented. Accordingly, the acuity of the internal representation of
numbers could be determined by calculating the cv. Therefore,
our measure 1s more sensitive to capturing differences.

Finally, in line with previous studies [12,27], TA children were
more accurate in mapping between non-symbolic stimuli and
number words compared to children with MD, although in our
study this difference was only marginally significant.

Both the MD and TA groups had normal intelligence (1Q>85)
and normal spelling achievement (above the 25" percentile), but
group differences in those domains were still observed. For this
reason, intelligence and spelling abilities were included as
covariates in the group comparison analyses. These results are
similar to other studies that also found medium to high effect sizes
when comparing language-related abilities [13] and intelligence
[58] between TA and DD groups. Lower language-related and
intelligence performance could reflect the more widespread
impairment that is frequently observed in children who have
specific developmental disorders [59].

Cross-sectional trajectories of ANS acuity

More detailed analyses of the cross-sectional trajectories of ANS
acuity in typically and atypically developing children revealed
several findings that merit discussion. First, while the w for the TA
children decreased with age, this relationship was not the case for
the children with MD. While longitudinal studies [16,18] have
found that ANS acuity measured by the non-symbolic comparison
task prior to formal schooling is a specific predictor of later
mathematics achievement in TA children, group studies with
younger children (6 to 9 years old) failed to find differences in this
task between TA and children with DD (for a review, see Noél &
Rousselle [32]). However, studies with younger children did not
use the w as an index of ANS acuity, which might be a more
sensitive parameter to capture group differences compared to the
commonly used distance effect (e.g. Oliveira-Ferreira et al. [45]).
Furthermore, those studies tended to use a more liberal criterion to
classify the children with DD, for example, below the 15
percentile [35,38]. In contrast, studies with older children that
used a more stringent criterion to characterize the DD group
(below the 10"/5™ percentile) reported an elevated w for these
children compared to their TA peers [12,13]. Because no
correlation was found between non-symbolic comparison and
age in children with MD as opposed to their TA peers, our results
suggest that it might be easier to detect group differences in this
task in older children, because differences seem to increase over
the course of development.

Importantly, we were able to detect group differences in the
non-symbolic comparison task in a group of 10-year-olds even
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when using a very liberal criterion to select children with math
difficulty. The acuity of the non-symbolic addition was found to
increase more or less to the same degree in both the TA and MD
groups; however, TA children were systematically more accurate
than the children with MD. This finding suggests that even from
the initial years of formal schooling, MD children might already
present a detectable impairment in more complex manipulations
of numeric information. In line with the present results, non-
symbolic addition measured before formal math instruction was
found to be a specific predictor of later math achievement [15]. A
similar pattern compared to non-symbolic addition was observed
in the non-symbolic estimation task; however, a group comparison
revealed that there was only a marginally significant result.

Taken together, the results suggest that the hypothesis put
forward by Noél and Rousselle [32], which states that the ANS is
not impaired in children with DD, based solely on the results of a
single measure of ANS acuity (non-symbolic comparison) might be
too simplistic. The present results indicate that compared to TA
children, younger children with low achievement in math selected
even with a liberal criterion already present a lower acuity in non-
symbolic addition, which is a task that probably calls for more
manipulations within the ANS than non-symbolic comparison.
The characterization of cross-sectional trajectories can be consid-
ered as an important step towards the understanding of the
evolution of developmental disorders, but should be confirmed in
future longitudinal studies [60].

Relationship between the measures of ANS acuity and
exact calculation

As expected, significantly positive correlations were found
between the three measures of ANS acuity. This finding is
consistent with the data from Mazzocco et al. [12], who reported
an association between non-symbolic comparison (w) and non-
symbolic estimation (cv) in 14-year-old adolescents. However, the
results are inconsistent with the only study that directly investi-
gated the association between more than one measure of ANS
acuity [41]. These authors found null correlations between the w
calculated from non-symbolic versions of the number comparison
and approximate addition tasks, suggesting that these tasks are
measuring completely different constructs. However, this study has
an important limitation, which is that for the non-symbolic
comparison task, only three ratios were used to fit the psycho-
metric function. As is known from the psychophysical literature, it
is very difficult to have good fits from using only three points in the
psychometric curve [61]. Thus, the lack of correlation reported by
the authors could simply reflect a poor estimation of the
coefficients. In contrast, in the present study, a much larger range
of data points (eight) was used to calculate the w in the non-
symbolic comparison task. Therefore, the moderate but significant
correlations between non-symbolic comparison, non-symbolic
estimation and non-symbolic addition found in the present study
are compatible with the existence of different instantiations of the
ANS which at least partially activate a common underlying
numerosity code. Nevertheless we agree with both Gilmore et al.
[41] and Park and Brannon [62] that it is very misleading to select
only one task involving non-symbolic numerical stimuli and
present it as a valid index of a supposedly unique ANS. This is a
very frequent practice in the numerical cognition literature that
should be avoided in further studies.

The indices w and cv correspond to the degree of noise in the
internal representation of numerosity and are mathematically
equivalent, in the sense that they are on the same scale (for a
comprehensive review on the mathematical basis of the internal
Weber fraction, see Dehaene [l]; for an intuitive explanation
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about the relationship between the Weber fraction and the
coeflicient of variation, see Halberda [63]). Indeed, the values of
the parameters in the three tasks have been revealed to be similar
(see Table 2). However, one should not expect them to be equal,
because the tasks that were used to extract them involve very
different cognitive processes: simple discrimination, mapping from
non-symbolic magnitudes to number words and more complex
manipulations of magnitudes in the context of an arithmetic
operation, for non-symbolic comparison, estimation and addition.
Interestingly, the coefficient values increased from non-symbolic
comparison to non-symbolic addition; thus, it is tempting to
speculate that this result possibly reflects the summation of noise
during the process of accumulation of evidence in more complex
forms of magnitude manipulation. For example, the internally
generated sum of two given numerosities is possibly noisier than
the representation of the numerosities themselves, because during
addition there is another source of noise, which arises from the
operation itself. In fact, the two existent mathematical models of
approximate calculation [37,64] account for this additional source
of variation, by including a scaling factor that corresponds to the
amount of noise due to the calculation. The same logic could be
applied to non-symbolic estimation. In this task, one needs to not
only discriminate the magnitudes but also transform the repre-
sented value in a symbolic label, which certainly corresponds to
another source of noise [1]. The precise mechanisms that are
involved in different instantiations of the ANS and how their
interaction occurs is a very exciting topic, but scarcely addressed in
the literature. Therefore, future studies should investigate empir-
ically the different sources of noise during magnitude manipula-
tions and their spatial-temporal neural dynamics.

Next, we investigated more deeply the association between
measures of ANS acuity and exact calculation. Significant
correlations between all three measures of ANS acuity and exact
calculation were found. Importantly, all three measures of ANS
acuity have specific contributions to explain variance in exact
calculation, which remain significant after partialling out the more
general effects of age, schooling, general intelligence and spelling
abilities. Accordingly, the link between the different instantiations
of the ANS and exact calculation does not seem to be generated by
general cognitive processes, but rather by magnitude processing
abilities underlying the tasks. However, our results are not
definitive. It is still possible that other general cognitive abilities
that we didn’t include in this study, such as executive functions and
especially inhibitory control [52,53] can account for this link.

Previous studies also found that non-symbolic estimation
[12,27,36] and non-symbolic addition [15] are significantly
correlated with exact calculation. Regarding the non-symbolic
comparison, the literature is more inconsistent and contains both
positive and negative results (see De Smedt et al. [24] for a
comprehensive review). As noted by De Smedt et al. [24], this
inconsistency can probably be attributed to methodological
differences in the non-symbolic comparison tasks, in the index
calculated from behavior (e.g., RT, accuracy, distance effect,
Weber fraction) and also in the math tests used. This inconsistency
has led some authors to radically argue that the ANS does not
make any contribution to explaining exact calculation [32].
However, this conclusion may have been premature, since two
recent meta-analyses reported an association, although moderate,
between non-symbolic comparison and math achievement from
childhood to adulthood [25,26]. Moreover, the present study also
showed that partial correlations between ANS acuity and exact
calculation are in the same order of magnitude as that reported by
Chen and Li [26], and Fazio et al. [25], which cannot be reduced
to more general cognitive processes. After inspecting all these
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results, one can be confident to assume the existence of a specific
link between very basic ANS related processes and exact
calculation.

An alternative hypothesis is that the non-symbolic comparison
task is not a measure of the precision of numerical representations,
but rather a measure of inhibitory control, since it is necessary to
inhibit the processing of continuous visual parameters to be able to
accurately discriminate between two numerosities [52,53]. To
ensure that participants are not using non-numerical variables to
judge which collection of dots is the larger, researchers normally
use different sets of stimuli varying continuous visual properties,
such as dot size and dot total area. For example, Fuchs and
McNeil [52] used three different sets of stimuli: dot total area was
constant and dot size positively covaried with numerosity; mean
dot size was constant and dot total area positively covaried with
numerosity; dot total area and mean dot size were both inversely
covaried with numerosity (‘inverse ANS acuity’ trials). Interest-
ingly, results demonstrated that only the accuracy in the inverse
ANS acuity set was significantly correlated with math achieve-
ment. Furthermore, accuracy in this set showed the highest
correlation coefficient with a measure of inhibitory control.
Similarly, Gilmore et al. [53] used two sets of stimuli: dot total
area and dot size positively covaried with numerosity (‘congruent’
trials); dot total area and dot size negativelly covaried with
numerosity (‘incongruent’ trials). Consistently with Fuchs and
McNeil [52], results showed that incongruent trials were
significantly correlated with math achievement but congruent
trials were not.

As described in the Methods, in the present study we used two
different sets of stimuli: dot size was constant and dot total area
positively covaried with numerosity (size control); dot total area
was constant and dot size negatively covaried with numerosity
(area control). Therefore, we didn’t have the ‘inverse ANS acuity’
[52] or the ‘incongruent’ [53] sets of trials. Nevertheless, we
calculated the w separately for the size control and area control
items. Partial correlations controlling for the effects of age,
intelligence and spelling revealed that both wSize and wArea
significantly correlated with exact calculation and no significant
difference were found between the two coeflicients. However, we
cannot rule out the possibility that inhibitory skills could account
at least in part for the relationship between the non-symbolic
comparison task and exact calculation in the present study. It is
important to note that a serious limitation of separating the items
in two different categories, which the above-mentioned studies
didn’t take into account, is that the number of observations in each
category of stimuli dramatically decreases and consequently
compromises the stability of the measure. Therefore, we decided
to use the w calculated from all items in all the analyses.

Importantly for our results, higher correlations between non-
symbolic comparison and math abilities were reported in studies
that measured math ability with standardized achievement
batteries, which normally include items closely associated with
the representation and manipulation of numerical quantity
without invoking knowledge of arithmetic (e.g. TEMA-3
[11,18]). In fact, more recently, Libertus, Feigenson and Halberta
[65] analyzed the association between the non-symbolic compar-
ison task and the items present in the widely used TEMA-3
separated in two distinct categories: items associated with informal
(e.g. enumeration and number comparison) and formal (e.g.
transcoding and exact calculation) mathematical abilities. Results
demonstrated that the performance in the non-symbolic compar-
1son task was only significantly correlated with informal mathe-
matical abilities. Similarly, Piazza et al. [13] found the
performance in the non-symbolic comparison task significantly
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correlated only with a subtest of a standardized math achievement
battery that required children to compute the proximity relations
between different numbers, but not with the other subtests, which
measured transcoding and exact calculation abilities. Therefore, it
is most likely that non-symbolic comparison, a very basic form of
number manipulation within the ANS, has an indirect and
consequently moderate effect in exact calculations.

Accordingly, Lyons and Beilock [39] found that the ability to
order a series of digits fully mediated the correlation between non-
symbolic comparison and basic symbolic arithmetical operations
in adults. In the same line, van Marle et al. [40] found that the
association between non-symbolic comparison and math achieve-
ment in children was also fully mediated by a series of symbolic
numerical tasks, mainly the knowledge of cardinal value.
Following the same logic, it is also possible that other instantiations
of the ANS that require different forms of numerical manipulation
also account for the effect of non-symbolic comparison in exact
calculation. Indeed, results of our multiple regression model
revealed that non-symbolic comparison did not uniquely contrib-
ute to explain the variance of exact calculation, when all three
measures of ANS acuity were considered simultaneously. To our
knowledge, no previous study has systematically investigated the
effects of non-symbolic comparison, estimation and addition on
exact calculation. In order to do that, we calculated six mediation
models with all combinations of measures of ANS acuity as either
predictors or mediators and exact calculation as the outcome. The
results revealed first that non-symbolic estimation partially
mediates the relation between non-symbolic comparison and
exact calculation. This finding is in line with Mazzocco et al. [12],
who demonstrated that both non-symbolic comparison and non-
symbolic estimation accounted for unique proportions of variance
in a math achievement task. Second, a full mediation effect of non-
symbolic addition was found to be present in the relation between
non-symbolic comparison and exact calculation. These results are
fully compatible with the ones recently reported by in Park and
Brannon [61], who demonstrated that the training on non-
symbolic addition but not in non-symbolic comparison has a
significant transfer effect to exact calculation. Therefore, the
authors suggested that the active process of manipulating
numerical information is the critical mechanism underlying the
association between the basic number processing and exact
calculation.

Although significantly correlated, the three ANS related tasks
investigated in the present study involve different cognitive
processes. The non-symbolic comparison task involves a very
basic operation of magnitude discrimination, which is found to be
already present in infancy. Differently, the non-symbolic estima-
tion task involves a transcoding process from approximate to exact
symbolic representations of numbers. Finally, the non-symbolic
addition involves a more complex process of arithmetical
transformations. Results of the mediation analyses show the
existence of multiple associations between the different measures
of ANS acuity and exact calculation and suggest the existence of a
hierarchy of complexity between different instantiations of the
ANS. These different instantiations seems to be organized from
the more basic and less cognitively demanding forms of number
processing to more elaborate operations that involve more active
manipulation of magnitudes. The crucial evidence supporting this
hypothesis is that alternative models with non-symbolic compar-
1son as the mediator variable for the association of non-symbolic

References

1. Dechaene S (2007) Symbols and quantities in parietal cortex: Elements of a
mathematical theory of number representation and manipulation. In: Haggard

PLOS ONE | www.plosone.org

Approximate Number System and Exact Calculation

estimation and non-symbolic addition with exact calculation
showed no significant mediation effects. At the neural level, this
hierarchical organization of different processes underlying number
representation and manipulation might reflect the increasing
functional connectivity between and within the left and right
parietal cortices, as observed during the performance of number-
related tasks with increasing demands on the processing of
numerical information [42]. Finally, the hierarchical structure of
the different instantiations of the ANS can account for the finding
that exact calculation is more strongly associated with non-
symbolic estimation and non-symbolic addition, compared to non-
symbolic comparison.

Conclusions

Benefiting from high statistical power, we showed that children
with MD, even when selected with a more liberal criterion, present
lower acuity in multiple instantiations of the ANS (non-symbolic
comparison and addition), even after controlling for the effects of
intelligence and spelling abilities. This finding lends support to the
view that the different forms of MD are better described as a
continuous spectrum rather than qualitatively different categories.
Second, the analyses of the cross-sectional trajectories showed that
the ANS acuity measured by all three tasks positively correlated
with age in TA children, while no correlation was found between
non-symbolic comparison and age in the MD group. A plausible
explanation for this result is that number discrimination, as the
most basic form of numerical manipulation, is less prone to
compensatory strategies that MD children could have developed
to solve the other number-related tasks. Third, for the first time,
we demonstrated that the three instantiations of the ANS
investigated were significantly correlated among each other,
reflecting at least in part a common numerosity code. Finally,
mediation models revealed that non-symbolic estimation partially
and non-symbolic addition fully mediated the effects of non-
symbolic comparison in exact calculation. Therefore, the present
study represents an important step towards a deeper understand-
ing of the cognitive mechanisms underlying the relationship
between basic number processing and mathematics. Given the
highly hierarchical nature of mathematics, further studies should
focus on precisely investigating the association between each
instantiation of the ANS and different forms of mathematical
reasoning. This will certainly help to a better understanding of the
typical normal development of mathematical abilities as well as the
nature of developmental dyscalculia.

Supporting Information

Table S1 Descriptive data of the individual assessment
sample by grade.
DOCX)

Data S1 Raw data. Data_Sl.zip. (sheet l: data; sheet 2:
variables specifications).

(Z1P)

Author Contributions

Conceived and designed the experiments: JL HK AK PPC VGH KW.
Performed the experiments: PPC IS. Analyzed the data: PPC GW IS.
Contributed reagents/materials/analysis tools: PPC GW. Wrote the paper:
PPC GW VGH.

P, Rossetti Y, Kawato W, editors. Sensorimotor foundations of higher cognition:

November 2014 | Volume 9 | Issue 11 | e111155



22.

23.

24.

32.

33.

34.

Attention and performance. Cambridge (UK): Oxford University Press. pp.
527-574.

. Xu F, Spelke ES (2000) Large number discrimination in 6-month-old infants.

Cognition 74: B1-B11.

. Nieder A, Miller EK (2003) Coding of cognitive magnitude: compressed scaling

of numerical information in the primate prefrontal cortex. Neuron 37: 149-157.

. Piazza M, Izard V, Pinel P, Le Bihan D, Dehaene S (2004) Tuning curves for

approximate numerosity in the human intraparietal sulcus. Neuron 44: 547-555.

. Dehaene S, Brannon EM (2010) Space, time, and number: a Kantian research

program. Trends Cogn Sci 14: 517-519.

. Izard V, Dehaene S (2008) Calibrating the mental number line. Cognition 106:

1221-1247.

. Moyer RS, Landauer TK (1967) Time required for judgements of numerical

inequality. Nature 215: 1519-1520.

. Izard V, Sann C, Spelke ES, Streri A (2009) Newborn infants perceive abstract

numbers. Proc Natl Acad Sci USA 106: 10382-10385.

. Dehaene S (1992) Varieties of numerical abilities. Cognition 44: 1-42.
. Piazza M (2010) Neurocognitive start-up tools for symbolic number represen-

tations. Trends Cogn Sci 14: 542-551.

. Halberda J, Mazzocco MM, Feigenson L (2008) Individual differences in non-

verbal number acuity correlate with maths achievement. Nature 455: 665-668.

. Mazzocco MM, Feigenson L, Halberda J (2011) Impaired acuity of the

approximate number system underlies mathematical learning disability (dyscal-
culia). Child Dev 82: 1224-1237.

. Piazza M, Facoetti A, Trussardi AN, Berteletti I, Conte S, et al. (2010)

Developmental trajectory of number acuity reveals a severe impairment in
developmental dyscalculia. Cognition 116: 33—41.

. Bonny JW, Lourenco SF (2013) The approximate number system and its

relation to early math achievement: evidence from the preschool years. J Exp

Child Psychol 114: 375-388.

. Gilmore CK, McCarthy SE, Spelke ES (2010) Non-symbolic arithmetic abilities

and mathematics achievement in the first year of formal schooling. Cognition

115: 394-406.

. Libertus ME, Feigenson L, Halberda J (2011) Preschool acuity of the

approximate number system correlates with school math ability. Dev Sci 14:

1292-1300.

. Libertus ME, Feigenson L, Halberda J (2013) Is approximate number precision

a stable predictor of math ability? Learn Individ Differ 25: 126-133.

. Mazzocco MM, Feigenson L, Halberda J (2011b) Preschoolers’ precision of the

approximate number system predicts later school mathematics performance.

PLo0S One 6: €23749.

. Park J, Brannon EM (2013) Training the approximate number system improves

math proficiency. Psychol Sci 24(10): 2013-2019.

. Desoete A, Ceulemans A, De Weerdt F, Pieters S (2012) Can we predict

mathematical learning disabilities from symbolic and non-symbolic comparison
tasks in kindergarten? Findings from a longitudinal study. Br J Educ Psychol 82:
64-81.

. Inglis M, Attridge N, Batchelor S, Gilmore C (2011) Non-verbal number acuity

correlates with symbolic mathematics achievement: but only in children.
Psychon Bull Rev 18: 1222-1229.

Landerl K, Kolle C (2009) Typical and atypical development of basic numerical
skills in elementary school. ] Exp Child Psychol 103: 546-565.

Mundy E, Gilmore CK (2009) Children’s mapping between symbolic and
nonsymbolic representations of number. J Exp Child Psychol 103: 490-502.
De Smedt B, Noél M-P, Gilmore C, Ansari D (2013) How do symbolic and non-
symbolic numerical magnitude processing skills relate to individual differences in
children’s mathematical skills> A review of evidence from brain and behavior.
Trends Neurosci Edu 2: 48-55.

. Fazio LK, Bailey DH, Thompson CA, Siegler RS (2014) Relations of different

types of numerical magnitude representations to each other and to mathematics
achievement. J Exp Child Psychol 123: 53-72.

. Chen Q, Li J (2014) Association between individual differences in non-symbolic

number acuity and math performance: A meta-analysis. Acta Psychol 148: 163~

172.

. Mejias S, Mussolin C, Rousselle L, Gregoire J, Noél MP (2011) Numerical and

nonnumerical estimation in children with and without mathematical learning

disabilities. Child Neuropsychol 18(6): 550-75.

. Piazza M, Pica P, Izard V, Spelke ES, Dehaene S (2013) Education enhances the

acuity of the nonverbal approximate number system. Psychol Sci 24: 1037—

1043.

. Pica P, Lemer C, Izard V, Dehaene S (2004) Exact and approximate arithmetic

in an Amazonian indigene group. Science 306: 499-503.

. Bradley L, Bryant PE (1983) Categorizing sounds and learning to read - a causal

connection. Nature 301: 419-421.

. Castles A, Coltheart M (2004) Is there a causal link from phonological awareness

to success in learning to read? Cognition 91: 77-111.

Noél MP, Rousselle L (2011) Developmental changes in the profiles of
dyscalculia: An explanation based on a double exact-and-approximate number
representation model. Front Hum Neurosci 5: 165.

Chu FW, van Marle K, Geary DC (2013) Quantitative deficits of preschool
children at risk for mathematical learning disability. Front Psychol doi: 10.3389/
fpsyg.2013.00195

Dehaene S (2009) Origins of mathematical intuitions: the case of arithmetic.

Ann N'Y Acad Sci 1156: 232-259.

PLOS ONE | www.plosone.org

38.

39.

40.

41.

42.

43.

44.

46.

47.

48.

49.

50.

51.

52.

53.

54.

56.

57.

58.

59.

60.

62.

63.

64.

Approximate Number System and Exact Calculation

. Rousselle L, Noél MP (2007) Basic numerical skills in children with mathematics

learning disabilities: a comparison of symbolic vs. non-symbolic number
magnitude processing. Cognition 102: 361-395.

. Booth JL, Siegler RS (2006) Developmental and individual differences in pure

numerical estimation. Dev Psychol 42: 189-201.

. Barth H, La Mont K, Lipton J, Dehaene S, Kanwisher N, et al. (2006) Non-

symbolic arithmetic in adults and young children. Cognition 98: 199-222.

Numerical magnitude processing in first graders with mathematical difficulties.
J Exp Child Psychol 108: 278-292.

Lyons IM, Beilock SL (2011) Numerical ordering ability mediates the relation
between number-sense and arithmetic competence. Cognition 121(2): 256-61.
van Marle K, Chu FW, Li Y, Geary DC (2014) Acuity of the approximate
number system and preschoolers’ quantitative development. Dev Sci doi:
10.1111/desc.12143.

Gilmore C, Attridge N, Inglis M (2011) Measuring the approximate number
system. Q J Exp Psychol (Hove) 64: 2099-2109.

Park J, Park DC, Polk TA (2013) Parietal functional connectivity in numerical
cognition. Cereb Cortex 23: 2127-2135.

Mazzocco MM (2007) Defining and differentiating mathematical learning
disabilities and difficulties. In Berch DB, Mazzocco MM, editors. Why is math so
hard for some children? The nature and origins of mathematical learning
difficulties and disabilities. Baltimore: Brookes. pp. 29-47.

Stein LM (1994) TDE — Teste do Desempenho Escolar. Manual para
aplicagao e interpretagdo. Sao Paulo: Casa do Psicélogo. 204 p.

. Oliveira-Ferreira F, Costa DS, Micheli LR, Pinheiro-Chagas P, Haase VG

(2012) School Achievement Test: normative data for a representative sample of
elementary school children. Psychology & Neuroscience 5(2): 157164
Angelini AL, Alves ICB, Custodio EM, Duarte WF, Duarte JLM (1999)
Matrizes progressivas coloridas de Raven — escala especial. Sao Paulo: Centro
Editor de Testes e Pesquisas em Psicologia 435 p.

Costa AJ, Silva JB, Chagas PP, Krinzinger H, Lonneman J, et al. (2011) A hand
full of numbers: a role for offloading in arithmetics learning? Front Psychol 2:
368.

Julio-Costa A, Antunes AM, Lopes-Silva JB, Moreira BC, Vianna GS, et al.
(2013) Coount on dopamine: influences of COMT polymorphisms on numerical
cognition. Front Psychol 4: 531.

Dehaene S, Izard V, Piazza M (2005) Control Over Non-Numerical Parameters
In Numerosity Experiments. Available: www.unicog.org/docs/
DocumentationDotsGeneration.doc. Accessed 12 February 2014

Knops A, Viarouge A, Dehaene S (2009) Dynamic representations underlying
symbolic and nonsymbolic calculation: evidence from the operational momen-
tum effect. Atten Percept Psychophys 71: 803-821.

The R Development Core Team (2008) R: a language and environment for
statistical computing. Available: http://www.lsw.uni-heidelberg.de/users/
christlieb/teaching/UKStaSS10/R-refman.pdf. Accessed 12 February 2014.
Accessed 2014 Feb 12.

Fuchs MW, McNeil NM (2013) ANS acuity and mathematics ability in
preschoolers from low-income homes: Contributions of inhibitory control. Dev
Sci 16: 136-148.

Gilmore C, Attridge N, Clayton S, Cragg L, Johnson S, et al. (2013) Individual
differences in inhibitory control, not non-verbal number acuity, correlate with
mathematics achievement. PLoS One 8(6): ¢67374.

Imai K, Keele L, Tingley D (2010) A general approach to causal mediation
analysis. Psychol Methods 15: 309-334.

. Imai K, Tingley D, Yamamoto T (2013) Experimental designs for identifying

causal mechanisms. J Royal Stat Soci 176(1): 5-51.

Tingley D, Yamamoto T, Hirose K, Keele L, Imai K (2014) mediation: R
package for causal mediation analysis. J Stat Softw 59(5); 1-38.

Mussolin C, Mejias S, Noél MP (2010) Symbolic and nonsymbolic number
comparison in children with and without dyscalculia. Cognition 115: 10-25.
Ashkenazi S, Rosenberg-Lee M, Tenison C, Menon V (2012) Weak task-related
modulation and stimulus representations during arithmetic problem solving in
children with developmental dyscalculia. Dev Cogn Neurosci 2 Suppl 1: S152—
166.

Johnson MH (2012) Executive function and developmental disorders: the flip
side of the coin. Trends Cogn Sci 16: 454-457.

Thomas MS, Anaaz D, Ansari D, Scerif G, Jarrold C, et al. (2009) Using
developmental trajectories to understand developmental disorders. J Speech

Lang Hear Res 52(2):336-358.

. Kingdom FAA, Prins N. (2010) Psychophysics: a practical introduction.

London: Academic Press. 304 p.

Park J, Brannon EM (2014) Improving arithmetic performance with number
sense training: An investigation of underlying mechanism. Cognition 133: 188—
200.

Halberda J (2011) What is a Weber fraction? Available: http://pbs.jhu.edu/
research/halberda/publications/pdf/HalberdaWeberChp110124.pdf. Accessed
2014 Feb 12.

Cordes S, Gallistel CR, Gelman R, Latham P (2007) Nonverbal arithmetic in
humans: light from noise. Percept Psychophys 69: 1185-1203.

. Libertus ME, Feigenson L, Halberda J (2013) Numerical approximation abilities

correlate with and predict informal but not formal mathematics abilities. ] Exp

Child Psychol 116: 829-838.

November 2014 | Volume 9 | Issue 11 | e111155


www.unicog.org/docs/DocumentationDotsGeneration.doc
www.unicog.org/docs/DocumentationDotsGeneration.doc
http://www.lsw.uni-heidelberg.de/users/christlieb/teaching/UKStaSS10/R-refman.pdf
http://www.lsw.uni-heidelberg.de/users/christlieb/teaching/UKStaSS10/R-refman.pdf
http://pbs.jhu.edu/research/halberda/publications/pdf/HalberdaWeberChp110124.pdf
http://pbs.jhu.edu/research/halberda/publications/pdf/HalberdaWeberChp110124.pdf

