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Magnon magic angles and tunable 
Hall conductivity in 2D twisted 
ferromagnetic bilayers
Doried Ghader

Twistronics is currently one of the most active research fields in condensed matter physics, following 
the discovery of correlated insulating and superconducting phases in twisted bilayer graphene (tBLG). 
Here, we present a magnonic analogue of tBLG. We study magnons in twisted ferromagnetic bilayers 
(tFBL) with collinear magnetic order, including exchange and weak Dzyaloshinskii-Moriya interactions 
(DMI). For negligible DMI, tFBL presents discrete magnon magic angles and flat moiré minibands 
analogous to tBLG. The DMI, however, changes the picture and renders the system much more exotic. 
The DMI in tFBL induces a rich topological magnon band structure for any twist angle. The twist 
angle turns to a control knob for the magnon valley Hall and Nernst conductivities. Gapped flat bands 
appear in a continuum of magic angles in tFBL with DMI. In the lower limit of the continuum, the band 
structure reconstructs to form several topological flat bands. The luxury of twist-angle control over 
band gaps, topological properties, number of flat bands, and valley Hall and Nernst conductivities 
renders tFBL a novel device from fundamental and applied perspectives.

Two-dimensional (2D) materials with intrinsic magnetism has recently been  realized1,2, opening new horizons 
in 2D material  research3–22. In these bosonic Dirac materials, magnetic anisotropy is found to overcome thermal 
fluctuations and stabilize the magnetic order at finite temperatures. The exotic physics in 2D magnetic systems 
attracted important attention in search for novel nanomagnetic quantum devices.

To a large extent, the theoretical investigation and experimental realization of bosonic Dirac materials was 
motivated by their fermionic counterparts. Research on graphene demonstrates that the electronic properties 
in bilayers change drastically compared to single layer  graphene23,24. A particularly interesting class of bilayer 
graphene is the twisted bilayer graphene (tBLG), presenting moiré Bloch bands as a result of the twist. tBLG 
was found to present fascinating electronic and optical properties, giving rise to novel physics that is com-
pletely absent in AB stacked bilayer  graphene26–33. The twist angle reconstructs the electronic structure, realizing 
flat moiré superlattice minibands at discrete magic angles. Superconductivity was observed at magic angles in 
 tBLG32,33 which triggered unprecedented interest in 2D moiré  materials34–40. Numerous fermionic 2D hetero-
structure are currently under intensive investigation for superconducting, correlation and topological features.

Magnons in 2D magnetic materials mimic electrons in 2D fermionic  systems13. For example, the exchange 
magnon spectrum in a 2D honeycomb ferromagnet is qualitatively identical to the electronic structure in gra-
phene. Moreover, 2D and quasi-2D quantum magnets with Dzyaloshinskii-Moriya (DM) spin–orbit interaction 
can host topological magnon  bands5,9,12,16, similar to their fermionic counterparts. The topological nature of the 
magnon spectrum in 2D magnets can be confirmed experimentally via measurements on the thermal magnon 
Hall response. This gives value for the theoretical investigation of magnon Hall conductivity, widely explore in 
honeycomb ferromagnets with  DMI6,7.

Given the remarkable analogy between graphene and honeycomb ferromagnets, it is reasonable to propose 
tFBL with ferromagnetic interlayer coupling (e.g. CrBr3 and Cr2Ge2Te6 ) as potential magnonic analogues for 
tBLG. A wide spectrum of layered 2D magnetic materials are van der Waals materials with a weak interlayer 
exchange coupling compared to the intralayer  exchange7,9,15,16. The ferromagnetic interlayer exchange thus mim-
ics the interlayer hopping in tBLG and the arguments in the Bistritzer—MacDonald  approach28 can hence be 
implemented to develop the tFBL spin wave theory. We find that the magnons transport properties in tFBL indeed 
mimic their electronic counterparts. The DMI, however, enriches the topology in the system and induces excit-
ing new physics. Unlike tBLG, its magnetic twin with DMI presents a continuum of magic angles and numerous 
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topological flat bands. The magnon bands valley Berry curvatures and valley Chern numbers are sensitive to the 
twist angle and the DMI strength. The valley thermal magnon Hall and Nernst conductivities induced by the 
multiple topological flat bands show a complex and exotic response to the twist angle. The twist angle can hence 
be used as a control knob for these topological responses, which is not possible in tBLG.

Results
Magnons in a ferromagnetic monolayer. We start with a ferromagnetic honeycomb monolayer 
(Fig. 1a) with nearest neighbor exchange and next nearest neighbors DMI. We define the lattice constant a as the 
A− A (or B− B ) distance, whereas the nearest-neighbor distance is denoted d = a/

√
3 . The vectors connecting 

an A-site to its three nearest neighbors can be expressed as �δA1 = a
(

0, 1/
√
3
)

 , �δA2 = a
(

1/2,−
√
3/6

)

 , and 
�δA3 = a

(

−1/2,−
√
3/6

)

 . For the DMI, the next nearest neighbors vectors for both A and B sublattices read 
�γ1 = a

(

1/2,−
√
3/2

)

 , �γ2 = a
(

−1/2,−
√
3/2

)

 , �γ3 = a(1, 0) , �γ4 = −�γ1 , �γ5 = −�γ2 , and �γ6 = −�γ3 . A schematic 
illustration of vectors �δAi  and �γj is presented in Fig. 1a.

We will use J and D to denote the exchange and DMI coefficients respectively. The real space semi-classical 
Heisenberg Hamiltonian for the ferromagnetic monolayer (ML) can be expressed as

HML = −J
∑

�RA ,�δAi

�SA
(�RA, t

)

.�SB
(

�RA + �δAi , t
)

+
∑

�RA , �γj

�D
(�RA, �RA + �γj

)

.
[�SA

(�RA, t
)

× �SA
(�RA + �γj , t

)]

+
∑

�RB , �γj

�D
(�RB, �RB + �γj

)

.
[�SB

(�RB, t
)

× �SB
(�RB + �γj , t

)]

Figure 1.  (a) Schematic representation of a single ferromagnetic honeycomb sheet. (b) The corresponding 
Brillouin zone and high symmetry axes. (c) and (d) show the magnon dispersion curves along the high 
symmetry axes for D = 0 and D = 0.05J respectively. Figures generated using Mathematica Software version 12 
(free trial) https ://www.wolfr am.com/mathe matic a/.

https://www.wolfram.com/mathematica/
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Here, �Sα
(�Rα , t

)

 is the spin at site �Rα and time t  . The alternating DMI vector has the form 
�D
(

�r, �r + �γj
)

= Dzẑ = ±Dẑ , where the orientation of �D is determined in the conventional way from the local 
geometry of the honeycomb lattice 5.

In the semi-classical approach, �Sα is treated as a numerical vector and the spin dynamics are governed by 
the Landau-Lifshitz (LL) equations of motion. In Supplementary Notes 1, we use this approach to derive the 
monolayer momentum-space Hamiltonian. We arrive at

with the exchange and DMI functions, f
(

�k
)

 and fD
(

�k
)

 respectively, given by

Mz is the constant z− component of the magnetization and �k =
(

kx , ky
)

 denotes the 2D momentum.
Similar to graphene tight-binding Hamiltonian, HML

(

�k
)

 can be expanded near K and K ′ = −K valleys in 
the form of Dirac Hamiltonians,

with v = 1
2

√
3JMza , �K =

(

0, 4π3a
)

 , and �σ =
(

σx , σy
)

 . The parameter v can be interpreted as the magnitude of 
the magnon group velocity near the valleys. ±�K are the momenta vectors from the center of the Brillouin Zone 
(BZ) to the valleys ±K  . �q represents a small deviation from ±�K  in the momentum-space. The matrices σi are 
the Pauli matrices while I2 is the 2× 2 identity matrix. θ�q is the angle between momentum �q and the kx− axis.

Figure 1b presents the BZ and highlights the high symmetry axes KŴ , ŴM , and MK . Figure 1c and Fig. 1d 
present the magnon spectra along the high symmetry axes for D = 0 and D = 0.05J respectively. For negligible 
DMI, the magnons act as massless Dirac quasi-particles near K , with linear dispersions. Similar to tBLG, magnon 
flat bands are expected in tFBL, as a result of the band repulsion effect between the overlapping Dirac cones from 
different layers. The DMI, however, induces a band gap at the valleys and significantly reduces the valley group 
velocities (Fig. 1d). The Dirac cones are absent in this case and the band repulsion effect is expected to induce 
new dispersion profiles that are absent in tBLG.

Model Hamiltonian for tFBL. Consider next a ferromagnetic bilayer in the AB configuration. Sites in 
layers l = 1, 2 are denoted Al and Bl . In the AB stacking, the constant ferromagnetic interlayer exchange coef-
ficient, J⊥ , is considered between A1 − B2 dimers and neglected elsewhere. To form the tFBL, we translate layer 
2 by a vector �τ0 =

(

τ0x , τ0y
)

 and then rotate layers 1 and 2 in opposite directions. To be specific, layer 1 and 2 are 
rotated by θ/2 in clockwise and anticlockwise directions respectively. The tFBL is assumed in a collinear ground 
state, with a sufficiently weak ferromagnetic interlayer exchange and DMI compared to the intralayer ferromag-
netic coupling. A schematic representation is presented in Fig. 2.

We write a semi-classical Heisenberg Hamiltonian HT in real space, including nearest neighbor exchange 
and next nearest neighbors DMI,

Index l  is summed over 1 and 2 while each of α and β runs over A and B sites. J⊥
(�Rα1 , �Rβ2

)

 is the distance 
dependent interlayer exchange coefficient between spins at sites �Rα1 and �Rβ2 . The first, second and third terms 
in HT hence account for the intralayer exchange, interlayer exchange and DM interactions respectively. A less 
compact expression for HT is presented in Supplementary Notes 2.

Spin dynamics in tFBL. The DMI term in HT can be rewritten in terms of a scalar  product22 which unifies 
the treatment of the exchange and the DMI parts of HT (Supplementary Notes 1 and 3). The effective exchange 
fields �Hαl acting on the sublattice magnetizations �Mαl can then be derived from the Heisenberg Hamiltonian 
 as19–22,41–46
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where we have used the convention that if α = A then α = B and vice versa. Same convention assumed for l  and 
l  . We also introduce the vector �Mαl

D = M
αl
y x̂ −M

αl
x ŷ to simplify the expression of �Hαl.

In Supplementary notes 3, we present a detailed development of the LL equations of motion, 
∂t �Mαl = �Mαl × �Hαl . Interestingly, the interlayer terms in the tFBL are found to be qualitatively identical to 
those encountered in the electronic theory for tBLG. These are hence treated using the Bistritzer—MacDonald 
continuum  approach28, valid for commensurate and incommensurate structures at small twist angles ( θ ≤ 10◦ ). 
The spin wave theory, however, yields diagonal terms that are absent in the electronic theory. Nevertheless, 
the main ideas of the Bistritzer—MacDonald approach can still be applied to evaluate these terms (details in 
Supplementary notes 3). We prove that, unlike AB-stacked ferromagnetic bilayers, the exchange interaction 
contribution to the diagonal terms in the tFBL Hamiltonian is uniform and only causes a shift in the magnonic 
spectrum. With the development in Supplementary notes 3, the K− valley LL equations (near Kl and Kl  ) reduce to

(2)

�Hαl
(�Rαl , t

)

= −J
∑

�δαi

�Mαl

(

�Rαl + �δαi , t
)

+
∑

�γj
Dz

(�Rαl , �Rαl + �γj
) �Mαl

D

(�Rαl + �γj , t
)

−
∑

�Rα
l

J⊥
(�Rαl , �Rαl

) �Mαl
(�Rαl , t

)

−
∑

�Rα
l

J⊥
(�Rαl , �Rαl

) �Mαl
(�Rαl , t

)

(3a)

�uA1

( �K1 + �q
)

=
[
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√
3
D

J

]

uA1

( �K1 + �q
)

+
√
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2

∣

∣�q
∣

∣e−i(θq−θ/2)uB1
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)

− J⊥
3J

[

uA2

( �K2 + �q+ �qb
)

+ eiϕuA2

( �K2 + �q+ �qJr
)

+ e−iϕuA2

( �K2 + �q+ �qJl
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− J⊥
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Figure 2.  Schematic representation of tFBL ( θ = 5
◦ ). The figure present a representative part of the quasi-

infinite bilayer. Figure generated using Mathematica Software version 12 (free trial) https ://www.wolfr am.com/
mathe matic a/.

https://www.wolfram.com/mathematica/
https://www.wolfram.com/mathematica/
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In Eq. 3, u denotes the Bloch wave amplitude, � is the magnon frequency normalized with respect to JMz , and 
ϕ = 2π/3 . The symbol �0 = 3+ 2J̃⊥(0)

JA  accounts for the uniform exchange interaction contribution (discussed 
above) to the diagonal terms. A is the honeycomb unit cell area ( A =

√
3a2/2 ) and J̃⊥

(

�q
)

 represents the Fourier 
transform of the interlayer exchange. We have also defined the constant momenta

Equations 3 determine the momentum-space Hamiltonian, HK
T

(

�q
)

 , near the K− valley. The Hamiltonian 
H

−K
T

(

�q
)

 can then be deduced in a straight forward manner. Similar to the tBLG theory, the coupled amplitudes 
in the LL equations do not form a closed set. It is hence necessary to properly truncate the ensemble of LL 
equations involved in the formalism. The dimensions of H±K

T

(

�q
)

 should be sufficiently large, notably for small 
twist angles, to guarantee convergence of the magnon spectrum. In most of our numerical results, we have used 
172× 172 matrices and discretized the moiré BZ to 14,000–15,000 points. These dimensions were occasionally 
increased to ensure proper convergence of the valley Chern numbers.

Magnon magic angles and topological bands. We performed intensive numerical investigations on 
the magnon spectrum within the intervals 0.05J ≤ J⊥ ≤ 0.4J and 0.02 ≤ D ≤ 0.3 . This analysis proves that the 
main results and conclusions are general and hence independent of the particular values of J⊥ and D . We only 
present representative samples of the generated numerical results, fixing the parameters J⊥ = 0.2J and �0 = 3.8 . 
Obviously, the specific choice of �0 is irrelevant, as it only shifts the magnon spectrum.

For negligible DMI, the Hamiltonian HK
T

(

�q
)

 is qualitatively identical to the tBLG Hamiltonian and the 
magnons in tFBL mimic the electrons in tBLG. The first magic angle for the chosen J⊥ is found at θ ≈ 1.8◦ . 
The corresponding magnon band structure is presented in Fig. 3a. The spectrum is calculated from both valley 
contributions and plotted along high symmetry axes in the moiré BZ (Fig. 3g).

Introducing the slightest DMI strongly affects the dispersion profiles. Figure 3b–f illustrate the reconstruction 
of the +K− valley magnon bands, caused by the twist angle θ , in tFBL with weak DMI (D = 0.02J) . The figures 
show the gradual construction of the flat band bundle when θ is decreased: the bands are squeezed towards lower 
energies while their bandwidths collapse to very small values compared to the DMI-induced gaps. For clarity, 
we only present 14 magnon bands near the � = �0 axis. Very similar behavior is observed for the −K− valley 
magnons (not presented).

Figure 3b–f further demonstrate the continuum of magic angles. For the selected DMI in the figures, (almost) 
flat bands exist for any angle less than 2◦ (approximately). The upper limit of the continuum increases with the 
DMI. Another interesting numerical fact is the improved symmetry between positive and negative energies 
(sign relative to �0 ) in the presence of DMI. Additional numerical results on the reconstruction of the magnon 
spectrum are presented in Supplementary notes 4 for several values of J⊥ and D.

To make reference to the different bands simpler, we use the notation ǫµ,i
(

�q
)

 to denote their energies. µ takes 
the values ± in reference to the ±K− valleys. The bands above �0 are labeled by i = 1, 2, . . . in ascending energy 
order, while the bands below �0 are labeled by i = −1, − 2, . . . in descending energy order.

The DMI induces a tunable primary energy gap between the valence-like band, ǫ+,−1 , and the conduction-like 
band, ǫ+,1 . The gap dependence on the twist angle θ and the DMI strength D is analyzed in Fig. 3h. A consistent 
behavior is observed for different values of D.

The DMI also opens tiny gaps between neighboring bands ǫµ,i and ǫµ,i+1 . This decouples the bands and ena-
bles us to calculate their valley Berry curvatures, �µ,i . For completeness, we present some details on the numerical 
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approach used to calculate �µ,i following reference 47. For a band ǫµ,i and any �q in the discretized moiré BZ, we 
numerically calculate the quantities

In the above expressions, q̂x and q̂y denote the momentum-space unit vectors while δq denotes the infinitesi-
mal segment (or step) used to discretize the moiré BZ. Next, the Wilson loop Wµ,i

(

�q
)

 is calculated from

Ux
µ,i

(

�q
)

=
〈

ǫµ,i
(

�q+ δq q̂x
)∣

∣ǫµ,i
(

�q
)〉

U
y
µ,i

(

�q
)

=
〈

ǫµ,i
(

�q+ δq q̂y
)∣

∣ǫµ,i
(

�q
)〉

Figure 3.  (a) Magic angle magnon spectrum for DMI-free tFBL. (b–f) Reconstruction of the K− valley 
magnon spectrum for a tFBL with weak DMI ( D = 0.02J ). At slight twists, the spectrum presents multiple flat 
bands. (g) The rotated Brillouin zones for the 2 layers and the moiré BZ. (h) Dependence of the primary gap on 
the twist angle. Figures generated using Mathematica Software version 12 (free trial) https ://www.wolfr am.com/
mathe matic a/.

https://www.wolfram.com/mathematica/
https://www.wolfram.com/mathematica/
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where ∗ denotes complex conjugation. Finally, �µ,i can be deduced via the argument ( arg-function) of the 
Wilson loop as

As a sample of our numerical results, we present in Fig. 4 the K− valley Berry curvatures for 12 bands ( ǫ+,±i , 
i = 1, . . . , 6 ) in a tFBL with θ = 3◦ and D = 0.1J . The Berry curvatures, plotted in the moiré BZ, are peaked at 
avoided crossings between neighboring bands. Due to the tiny band gaps, the Berry curvatures display large 
values which can compensate the reduced moiré BZ area and yield non-zero integer valley Chern numbers. In this 
context, our extensive numerical investigation demonstrate that tFBL with DMI is topologically rich, presenting 
multiple topological magnon bands with nonzero valley Chern numbers Cµ,i . Although not formally proved, 
we believe topological bands exist at any twist angle within the scope of the continuum approach ( θ ≤ 10◦ ). 
Moreover, varying the twist angle is not likely to induce an adiabatic deformation to the Berry curvatures (even 
the BZ changes with θ ) and valley Chern numbers are expected to vary with θ . This is numerically confirmed 
and a sample of the numerically calculated +K− valley Chern numbers is presented in Table 1, for selected 
bands, DMI and θ . With the valley Berry curvatures in hand, the valley Chern numbers are determined through 
numerical integration over the moiré BZ (mBZ),

Tunable valley Hall and Nernst conductivities. The non-trivial valley Berry curvatures and topologi-
cal bands, consequences of the DMI, induce valley thermal magnon Hall and Nernst effects in tFBL. These 
effects exist in tFBL at any twist angle. Of particular interest, however, are the valley Hall and Nernst conduc-
tivities induces by the topological flat bands bundle. We choose tFBL with D = 0.1J characterized by a bundle 
of (nearly) flat bands below 2◦ . Figure 5a shows the first 12 flat bands ǫ+,±i , i = 1, . . . , 6 for θ = 1.8◦ . The right 
panel illustrates the tiny gaps between these nearly flat bands. The nonzero valley Chern numbers are inves-
tigated in Table 2 for selected angles in the range 1.5◦ ≤ θ ≤ 2◦ . The table illustrates the strong and sensitive 
dependence of the valley Chern numbers on θ . This naturally implies significant dependence of the valley Hall 
and Nernst conductivities on the twist angle.

The +K valley Hall and Nernst conductivities, κ+,xy and αs
+,xy respectively, are calculated using the standard 

equations 3,7,48–51,

He re  g
(

ǫ+,i

)

=
[

eǫ+,i/kBT − 1
]−1 i s  t he  B o s e – E i ns te i n  d i s t r ibut i on  f u nc t i on ,  w h i l e 

c1(x) = (1+ x) ln (1+ x)− x ln x , and c2(x) = (1+ x)
[

ln
(

1+x
x

)]2 − (ln x)2 − 2Li2(−x) . The symbol Li2 stands 
for the dilogarithm function.

Figure 5b,c present the tunable valley Hall and Nernst conductivities, plotted as a function of temperature. For 
the selected values of the DMI and twist angles, the conductivities show a standard profile: they vanish at T = 0 
(no thermal excitations), change exponentially for larger temperatures, and approach a constant value at elevated 
temperatures. The figures also illustrate the significant impact of the twist angle on the conductivities. Changing 
θ simultaneously affects the energies and the Berry curvatures of the bands, and eventually modifies the valley 
Hall and Nernst conductivities. The impact on the energy is well determined: the energy bands are gradually 
compressed closer to �0 for smaller θ . The variation of the valley Chern numbers with θ , however, can lead to 
an unsteady behavior in the valley conductivities, even when θ is varied smoothly. This is manifested in Fig.5b,c. 
The conductivities change slightly from θ = 1.5◦ to 1.6◦ and from θ = 1.8◦ to 2◦ since the valley Chern numbers 
are the same for the initial and final angles (see Table 2). This is not the case for a transition from θ = 1.6◦ to 1.8◦ , 
where the change in the valley Chern numbers is manifested in an abrupt jump in the conductivities. A similar 
behavior is observed for the −K valley conductivities. We note that the standard Hall and Nernst conductivities 
can be determined as the sum of ±K valley conductivities.

We conclude this section with a remark on valley Chern numbers and conductivities. Similar to tBLG, we 
expect the ±K valleys to be decoupled in tFBL which allows us to analyze their magnon excitations separately. 
From a theoretical point of view, it is hence possible to excite valley-polarized magnons with measurable valley 
conductivities, in analogy with several 2D electronic materials 52–56. Nevertheless, the final word should come 
from future experimental studies, which can hopefully realize the device and measure its topological response.
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Discussions
The present work proposes tFBL as a promising magnonic analogue for tBLG. In particular, we have focused on 
the topological and flat band physics induced by the DMI in tFBL.

The spin–orbit coupling is negligibly weak in tBLG. Nevertheless, magic angle flat bands in tBLG are topologi-
cally  nontrivial57–60, interpreted in terms of the pseudo magnetic fields generated by the moiré  potential60. Quan-
tum anomalous Hall effect was observed in magic angle tBLG on hexagonal Boron Nitride (hBN)  substrate61–63. 
The Hall effect in tBLG, however, is present only at the magic angle and cannot be tuned through the twist angle.

Figure 4.  Berry curvatures plotted in the moiré BZ for selected K− valley bands in a tFBL with θ = 3
◦ and 

D = 0.1J . Figures generated using Mathematica Software version 12 (free trial) https ://www.wolfr am.com/
mathe matic a/.

https://www.wolfram.com/mathematica/
https://www.wolfram.com/mathematica/
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Table 1.  +K valley Chern numbers for selected bands, θ , and D . In addition, C+,±1 = C+,±2 = 0 for these 
choices of D and θ.

Chern number
(

Cµ,i

)

D = 0.02J D = 0.1J

θ = 4◦ θ = 3.5◦ θ = 3◦ θ = 2.5◦ θ = 4◦ θ = 3.5◦ θ = 3◦ θ = 2.5◦

C+,3 3 0 0 0 0 0 0 0

C+,−3  − 3  − 3  − 3 0 0 0 0 0

C+,4 1 4 4 4  − 2  − 2  − 2  − 2

C+,−4  − 1  − 1  − 2  − 4  − 1  − 1  − 1  − 1

C+,5  − 1  − 1  − 1 1 4 4 4 4

C+,−5  − 1  − 1  − 1  − 1  − 3  − 3  − 2  − 1

C+,6 3 3 3 1 4 1  − 2  − 2

C+,−6  − 1  − 1  − 1  − 1  − 2 1 4 2

Figure 5.  (a) Flat bands bundle in tFBL with D = 0.1J and θ = 1.8
◦ . (b) and (c) show the tunable magnon 

valley Hall and Nernst conductivities, induced by the topological flat bands bundle, in tFBL with D = 0.1J . 
Figures generated using Mathematica Software version 12 (free trial) https ://www.wolfr am.com/mathe matic a/.

Table 2.  Illustrates the sensitivity of flat bands’ valley Chern numbers to the twist angle in tFBL with D = 0.1J.

Chern number
(

Cµ,i

)

θ = 2◦ θ = 1.8◦ θ = 1.6◦ θ = 1.5◦

C+,−4 0 0 0 0

C+,5 2 2 0 0

C+,−5  − 2  − 2  − 2  − 2

C+,6  − 2  − 2 0 0

C+,−6 2 2 2 2

https://www.wolfram.com/mathematica/
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Similar to tBLG, the twist angle in tFBL turns into a knob that can tune the magnon spectrum and conse-
quently the magnetic properties of tFBL. Dzyaloshinskii-Moriya (DM) spin–orbit interaction, however, is present 
in 2D and quasi-2D magnets with broken inversion  symmetry5,7,10,12,16. The DMI in tFBL induces topologically 
rich magnon bands for any twist angle. As a result, the DMI yields topological magnon valley Hall and Nernst 
conductivities that can be tuned via the twist angle. Unlike tBLG, tFBL with DMI presents a continuum of magic 
angles which might facilitate the experimental investigation of magnonic flat bands.

Flat bands in tBLG were successfully interpreted by mapping their electronic wavefunctions to those of the 
lowest Landau  level64. In our work, magnon flat bands and their topology are presented as numerical facts since 
the formal investigation of their origin is beyond our current scope. Another interesting topic for future inves-
tigation is the possible interesting consequences of magnon-magnon and magnon-phonon interactions. These 
interactions might be significant due to the band flatness.

Engineering magnon band gaps, flat bands, valley Nernst and Hall conductivities constitutes a difficult chal-
lenge for material science research. The ability to control all these characteristics via the twist angle in tFBL is 
indeed remarkable, and shall motivate interest in tFBL and other collinear twisted magnets. Research on 2D 
moiré magnets is indeed active, with a current focus on skyrmion formation and control in twisted magnetic 
layers with antiferromagnetic interlayer  coupling65–67. We hope the present work opens new opportunities in 
the newly born field of 2D twisted magnets.

Data availability
The data that support the findings of the current study are available from the corresponding author upon rea-
sonable request.
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