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ARTICLE INFO ABSTRACT

Keywords: Current outbreaks of the COIVD-19 pandemic demonstrate a global threat. In this paper, a conceptual model is
Basis function developed for the COVID-19 pandemic, in which the people in society are divided into Susceptible, Exposed,
CQVID-19 . Minor infected (Those who need to be quarantined at home), Hospitalized (Those who are in need of hospi-
]1;:;18;(: nlfcrameter varying (LPV) model talization), Intensive infected (ventilator-in-need infected), Recovered and Deceased. In this paper, first, the
Quarantine model that is briefly called SEMHIRD for a sample country (Italy as an example) is considered. Then, exploiting

the real data of the country, the parameters of the model are obtained by assuming some basis functions on the
collected data and solving linear least square problems in each window of data to estimate the time-varying
parameters of the model. Thus, the parameters are updated every few days, and the system behavior is
modeled according to the changes in the parameters. Then, the Linear Parameter Varying (LPV) Model of
COVID19 is derived, and its stability analysis is presented. In the end, the influence of different levels of social

Social distancing
Stability analysis
SARS-CoV-2

distancing and quarantine on the variation of severely infected and hospitalized people is studied.

1. Introduction

The World Health Organization (WHO) announced the outbreak of
the COVID-19 pandemic, also known as the Coronavirus pandemic, on
January 30th, 2020 [1]. This disease influences the respiratory system of
patients [2]. COVID-19 strikes the immunity, and patients who are
already dealing with another disease such as heart or lung disease are at
higher risk. Therefore, more attention should be paid to these people
[3].

Due to the rapid spread of the disease in the world, the prevention
and control of Coronavirus as soon as possible are very important.
Evidently, mathematical modeling of the pandemic disease can help in
predicting and forecasting the spread pattern and helps in deciding
about required governmental action against the virus.

In the literature, several models for the spread of the virus are pre-
sented [4-9]. Inspiring the models previously developed for a similar
pandemic (influenza) [10], various models for COVID-19 are proposed,
which are all based on models developed through data analysis. In [1], a
susceptible-exposed-infected-recovered (SEIR) model is developed that
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divides the people in society into four groups, excluding the passed away
people. In [11], a more detailed model is proposed that considers the
people in susceptible, infected, diagnosed, healed, ailing, recognized,
threatened, and extinct based on being asymptomatic/symptomatic,
detected/undetected, ...

In [12-16] similar models are developed, and each study divides the
people in society into various groups. However, all these papers provide
models with constant variables, which is not able to fit the real data in
the whole period of study.

In [17], the dynamics of the virus are modeled for the general pop-
ulation and regional hospital scale. In [18], for the pandemic model, an
adaptive Bayesian inversion is proposed to obtain the uncertainty in the
model parameters. In [19], a network model is presented, in which,
connections between Chinese cities are considered. This model provides
a spatial spread of the virus. While most papers develop a continuous
model for COVID-19, in [20,21], a discrete model is developed.

In [22], a deterministic model for the Coronavirus and the impact of
the quarantine strategy on the model for Tunisia are described in two
ways. In [11,23,24], fractional derivational order mathematical models
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are presented. In [25], a model with fractal-fractional is considered. In
[26], a healthy, infected, and dead people (HID) model with one
reversible reaction and a model by adding people with serious condi-
tions to the HID model are proposed, and the impact of quarantine
strategies in hospitals on the model are incorporated. A mathematical
model for Nigeria is presented in [27]. A new epidemic model consid-
ering the impact of health care capacity has been developed in [28]. An
epidemic model with a latency period is presented in [29]. In [30],
artificial neural network approaches (autoregressive integrated moving
average and nonlinear autoregressive artificial neural networks) have
been used to model and forecast the prevalence of this epidemic in
Egypt. Huang et al. [31] proposed a multi-input convolutional deep
neural network model to predict the cumulative number of confirmed
cases of COVID-19 in seven Chinese cities. In [32], a reinforcement
learning-based agent was derived for tuning the model’s parameters of
COVID-19 transmission dynamics. The authors took into account the
healthcare system parameters, the pandemic’s characteristics, and the
socio-economic aspects of the community.

Although several models for the COVID-19 pandemic are developed,
still much effort is need to develop a model that can fit the real data in all
pandemic waves, completely. On the other hand, most models cannot
indicate whether the capacity of hospitals in full or, similarly, the ca-
pacity of ICU beds is completely occupied according to the model of
disease.

In this paper, with generalizing the pandemic model based on the
analysis of available data, infected people are classified according to the
degree of their involvement in the disease, which considers their impacts
on the usage of hospitals or ICU capacity. The reason for this model
development is due to the shortage of hospital capacity or ventilators,
which caused a panic in the peak of coronavirus disease in most
countries.

The main usage of model development is to provide a detailed and
accurate model which can fit the past and present data. Therefore, a
time-varying model is developed in this paper to assure an appropriate
model according to the historical data of a country. After being sure
about the suitability of the model, it is used for developing an LPV model
for the COVID-19 pandemic according to the time-varying parameters.
Stability analysis of this model according to various social distancing
levels can obviously be done by such an LPV model using LMI-based
methods or the direct searching idea [33]. The LPV model is also
appropriate for model-based stability analysis and controller design for
the COVID19 pandemic, especially, the robust stability analysis and
controller design approaches.

Unfortunately, many countries deal with a serious challenge of not
being able to provide the required facilities for all patients. This inspired
the significance of caring for this point in mathematical modeling. In this
paper, the people in society are divided into SEMHIRD or Susceptible,
Exposed, Minor infected (Those who need to be quarantined at home),
Hospitalized (Those who are in need of hospitalization), Intensive
infected (ventilator-in-need infected), Recovered and Deceased. Existing
data provided by the Italian Health Organization are used in this study
due to their completeness. The parameters of the proposed model are
estimated via least-squares fitting. Then, according to a certain capacity
in hospitals for people with severe care who need a ventilator to breathe
and a certain capacity for hospitalization, the model is analyzed whether
the present quarantine or social distancing rules are suitable for being
continued in a country or a more sever strategy is required. Finally, the
immaculate derived model is exploited in generating the COVID-19 LPV
model.

The remainder of the paper is organized as follows. In Section 2, the
suggested generalized mathematical model of pandemic Coronavirus is
proposed. Section 3 presents the time-varying model identification
strategy and the impact of various levels of quarantine. The COVID-19
LPV model is presented in Section 4. Numerical tests and comparisons
between real and mathematical model behavior of coronavirus disease
in a sample country are presented in Section 5. Also, this section includes
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the results of the LPV model analysis. Section 6 presents a discussion
about the results and the state-of-the-art approaches. Finally, Section 7
concludes the paper.

2. Mathematical model of COVID-19

The purpose of this section is to provide an appropriate mathematical
model for COVID-19 which can demonstrate the relation among
different categories of people in society.

2.1. Conceptual model

In the proposed model, seven states are considered that represent
different categories of people in the community who are associated with
the disease. Susceptible people, S(t), exposed people, E(t), people with
positive tests with mild symptoms of the disease as minor infected
people, M(t), hospitalized with symptoms people, H(t), people in
intensive infected, I(t), recovered people, R(t), and deceased people,
D(t). The state I(t) shows the people who need a ventilator for breathing.

The flow diagram of the proposed model is shown in Fig. 1.

In this diagram, ag, ay and ag show the contact factors of exposed,
minor infected, and hospitalized people with susceptible people, which
can lead to their transition to exposed people. Also, k1, ks, 51, 82,61 and
6, coefficients demonstrate the transfer from exposed to minor infected,
from exposed to hospitalized, from minor infected to hospitalized,
hospitalized to minor infected, from hospitalized to intensive infected
and from intensive infected to hospitalized, respectively.

According to the proposed model, recovered people have come from
the exposed, minor infected, hospitalized and critical people with
transfer coefficient p, g, 1, and ¢, respectively.

Deceased people are from critical people with transfer coefficient p.
Similarly, the rest of the parameters indicate the transfer coefficient of
each group to another group. The compartmental representation of
Fig. 1 is equivalent to the following set of differential equations:

dfT(tt) = — apSE() — aS(OM(1) — auS(t)H (1) @
O 0,(0)E(0) + anS(OM) + auSOH() ~ (ka-+k)EW) —pEG) ()
WO _ 1 ()~ (1) — v ®)
di’;’) — keE(1) +M(t) — OH (1) — qH(1) — CH(1) )
PO o110y 1)~ s 5)
RO ) + M)+ nH () + 91 ) ©)

Fig. 1. Flow diagram of SEMHIRD mathematical model of COVID-19.
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Table 1
Parameter Information.
Parameter Description
ag Contact factor of exposed to susceptible
ay Contact factor of minor infected to susceptible
ay Contact factor of hospitalized to susceptible
k1 Transition rate of exposed to minor infected
ko Transition rate of exposed to hospitalized
P Transition rate of exposed to recovered
B Transition rate of minor infected to recovered
Transition rate of hospitalized to recovered
S Transition rate of minor infected to hospitalized
@ Transition rate of intensive infected to recovered
0 Transition rate of hospitalized to intensive infected
u Transition rate of intensive infected to deceased
¢ Transition rate of hospitalized to deceased
PO _ 1o + e @)
N(t) = S(t) +E(1) + M(t) + H(r) + (1) + R(z) + D(¢) (©)]

where N(t) is the total population of the considered country. Dividing
equation (8) by N(t), the number of people in each group will be pro-
portional to the total population. With considering the relative popu-
lation for each group, the following equation is obtained:

S(t)+E(@)+M(tr)+H(@)+1(t)+R(t)+D(t) =1 ()]

The algebraic relationship (9) helps to make the model simpler by
reducing one state. S(t) can be removed from state equations. Table 1
indicates the parameter information in the simulation.

In the sequel, some explanatory notes about the conceptual model
(1-8) are given to understand its concepts and aspects, completely.

First, it must be emphasized that the mentioned groups have their
own dynamics, properties, and influences on the virus transmission
dynamics. For instance, the minor and major infected people have
different dynamics and have cross-influences on the other groups.
Indeed, the proposed categorization is adopted from the nature of the
virus spread.

Second, the proposed model (1-8) can be rewritten as given below:

—k] —kz —p+aES aMS aHS 0 00 E
ki —p-86 0 0 00| |M
A ks § —0-n—¢ 0 00||H
EMHIRD| = 0 o 0 _puool||1
p p n 9 O0O0||R
0 0 ¢ u 00| |D

(10)

The non-zero entries of the system’s matrix in (10) indicate the
conceptual connections between the mentioned groups. The connections
are consistent with the real transmission dynamics of the virus, in both
definition and causality aspects. For example, the deceased people
cannot influence the other groups, while the exposed or infected ones
can significantly impact the other groups.

In (10), the off-diagonal entries of the system’s matrix are non-
negative, which means the matrix is Metzler and the proposed model
is positive [34]. Hence, the states will remain non-negative in the
simulation times whenever initial conditions are non-negative. This fact
mathematically describes the sign of off-diagonal entries that are obvi-
ously consistent with the positive nature of the real model. The diagonal
entries of the system’s matrix in (10) are supposed to be non-positive to
satisfy the wave shape of the model’s states. Thus, the states should
individually have a damping mechanism to suppress their values inde-
pendent of the values of the other groups. It is apparent that this prop-
erty can be held by restricting the diagonal entries to be non-positive.
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Consequently, the proposed model satisfies necessary conditions
adopting from the definitions and causality conditions of the real virus
spread model. It means the structure of the model must be considered as
(1-8) based on the existed restrictions and conceptual definitions of the
model’s states.

2.2. Parameter concepts and formulations

In this model, birth is not considered, and death is only considered
for this disease. The reason is the negligible number of death and birth in
a short period of study. It is assumed that recovered people are immune
to the disease, and only people in need of intensive care may die. With
considering the susceptible people in the community who get the disease
if they are exposed to it, the spread of the virus is through the
communication of susceptible people with exposed people at the risk of
the disease who are asymptomatic, people who have few symptoms of
the disease, and people admitted to the hospital. Also, it is assumed that
intensive infected are completely isolated from the outside environment.
These communications are shown by agS(t)E(t), amS(t)M(t) and
apS(t)H(t) terms. It seems that ag is greater than ay because people are
more likely to avoid the people with symptoms of the disease, but a is
reduced strongly by implementing social distancing. ag may be greater
than ag and ay; because of the severity of the disease.

Exposed people do not have the symptoms of the disease, and the
disease can be transmitted to others. People who have been recovered
may also transmit the disease for a period of time. Therefore, in this
paper, these people are also considered those who can spread the disease
to exposed people. Parameter p indicates the rate of recovery of these
people. It is difficult to measure the number of people in this category
due to the lack of symptoms and their avoidance of visiting medical
centers. However, these people may have symptoms after a period of
time. People with low symptoms and high symptoms may transfer to the
minor infected people group and hospitalized people group with rates k;
and ko, respectively.

Minor infected people may get worse over time and be hospitalized,
and this conversion rate is shown by 6. Hospitalized people may recover,
be transferred to the part of intensive infected or die with rates#, 6 and ¢,
respectively. Intensive infected people may recover or die with rates ¢
and u, respectively.

The vector of all parameters is denoted by 6(t)=
[(xE,aM,aH,kl,kz,/),/},n,ﬁ,(p,&y,ﬂT for the convenience of the nota-
tions. Obviously, these parameters surely have time-varying nature
because the amounts of their related contact factors or transition rates
(based on Table 1) are continuously changed over time. Furthermore,
the consideration of time-varying parameters increases the number of
free variables in the least square problem that intuitively improves its
results which is described later in this paper. To represent this time-
varying nature, each parameter such as ag(t) is considered as an

extension of n basis functions:
n

@~y g, bilr) 1)
i=1

n
where notations {w,,Ev} and {b;(t)};_, are two sets of real co-
1)1

efficients and radial basis functions with the following definition:

, _ee(=hi=al) s

G

n
In fact, b; is the it basis function which is a Gaussian basis function in
which ¢; is the center of each basis function and ¢ is its variance. All

parameters can similarly be formulated as (11) that implies the structure
of a network of n radial basis functions as follows:

o) = > wibi (1) (13)
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where;
T
w; = [(UD!E,- ’ wa,w, ’ wau, ’ wky, 7w1<z, y Wy W5 Wy W,y Wy, 5 D, Dy, 5 D, (14)

The time-varying nature of the parameters is represented by (13) that
is a combination of some radial basis functions given in (12). This
particular time-varying structure is considered according to the uni-
versal approximation theorem that states there exist coefficients {wi};‘g
for each threshold error value ¢ > 0 that satisfy condition (15) (Please,
note that the number of the basis functions n(e) depends on the
threshold error value ¢):

n(e)
0(t) = > wbi(t)

i=1

Vit <e (15)

Regarding the universal approximation theorem, the time-dependent
parameters 6(t) can be approximately considered as given in (13). The
theorem provides a mathematical reason for the time-varying repre-
sentation (13).

3. Modeling strategy

The linear parameters of the proposed model can be obtained from
system identification. Endeavor to fit a constant-variable model to real
database of a country demonstrates that the behavior of coronavirus
spread is so complex that it cannot be modeled only by constant vari-
ables. Therefore, the attempt is made to fit the model by time-varying
parameters. To ensure accurate and appropriate model of the Corona-
virus transmission dynamics, all the parameters in (1)- (8) are consid-
ered as a function of basis functions, and the parameters of the basis
functions are determined, assuring least square errors.

A sample basis function network is shown in Fig. 2 [35].

In Fig. 2, t; is the time which is considered from t; to t, corresponding
to the length of data, w; is a coefficient vector and the output y is the
estimation of the parameters in equations (1)-(8).

The proposed model (1)-(8) contains a set of unknown variables
which are the weights of the radial basis functions in equation (13). The
variables are estimated through the least square method, which is pre-
sented in the following. For this purpose, the following matrices should
be firstly defined:

x=[EMHIRD]" (16)
—ky —ky—p+agS ayS ayS 0 0 0
ky —p—6 0 0 00
_ ka 5 —0-n—-¢ 0 00
A(5,0) = 0 0 0 —p—u 0 0
p p n ® 00
0 0 ¢ g 00

@a7)

Fig. 2. A sample basis function network.
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S(t) =1—x,(t) — -+ — x6(1) (18)
Using (16) and (17), the dynamics of the model can be rewritten as

follows:

i) = A(S(1), 0(1) )x(t) 19

The above model is a nonlinear time-varying model, even though it
seems to be a linear model. This paper presents this nonlinear time-
varying model by a Linear Parameter Varying (LPV) model since its
parameters are time-varying according to (13).

To implement the least square method, the above model is firstly
discretized as given below, in which notations T and k stand for the step
time and time index, respectively:

x((k+1)T) = A(S(KT), O(kT) )x(kT) (20)

On the other hand, (13) leads to the following result:
O(kT) = Z wbi(kT) (21)
i=1
Upon substituting (21) in (20), one can find the following equation:
x((k+1)T) = iA(S(kT),bi(kT)w,» )x(kT) (22)
i=1

For the convenience of the notations, x((k+1)T) and x(kT) are
replaced by xi.1 and x; in the above equation, as follows:

Xyl = iA(S(kT), bi(kT)w; )x; (23)
=1

Please note that, vector x; is adopted from the recorded data which is
the k™ record. Using this fact, the following equation can be found from
(23):

Vi=1,+,6:

n 13
elx =Y Z(efA(s(kT),z,b,-(kT) )X )w,-,, 4
i=1 I=1
where ¢; and ¢ are the j* and I columns of the identity matrices of I
and I3 (Please, note that, there are 13 parameters in the model). Let N be
the number of the recorded data that means there exists {x; }p_, records.
Using this assumption, the identification problem will briefly be ob-
tained as follows:

Go=g (25)

with the following matrix definitions and considering Sy = S(kT) and
bix = bi(kT):

elA (SO;Elbl.O)-XO
e3A(So,€1b10)x0

el A(So,213b10)x0
e;A (So,?mb].o)xo

el A(So,213bu0) X0
egiA (S(),E]}bn.())x()

evA(So,21b10)x0 et A(So,€13b1,0)Xo et A(So,e13bn0) %o

efA(Sk,e1b1y)xe el A(Sk,€1abii) % €1 A (S €1abui) X

e A(Sk,21b1 1) X et A(Sk,813b1i)xe v A(Sk,E13bui) X

e.er(SNaElbl,N)xN 'elTA(SN,EBbl,N)XN 'ETA(SN,?an,N)XN

eeA(Sn,eibin)xy - et A(Sy,eisbin)xy - egA(SyCi3bun)xn

(26)
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r
g = [efxiefxi e xy - egxyi1] 27)

T
o= [wH---(4)1713-~~a),,71---(4),1,13} (28)

The least square method is used to solve the algebraic equations (25)-
(28). To evaluate the cross validation, the algebraic equation is
decomposed such as Guqin and G, and the test dataset are randomly
selected from the rows of matrix G. Similarly, vectors gqqn and g are
correspondingly selected from the rows of the main vector g. Using these
decompositions, the algebraic equation (25) is equivalently converted to
the following equations:

Girain® = &irain (29)

Giest® = Grest (30)

The algebraic equation (29) is solved via the least square method as
the train equation. Then, the results are cross validated by the test
equation (30) to check their accuracy.

4. LPV modeling of SEMHIRD and its stability assessment

Consider the system (10). It can be seen that in this system the
parameters

{pi} = {ag,au, an, ki, k2, p, B0, 9,6,6, 1, ¢} (31

belong to a predefined interval [0 p;]. Also, each state variable of the
system (10) belongs to the set [0 1].
The LPV model of system (10) can be written as [36]:

x=A(p)x (32)

where p represents the interval change of parameters {p;}, and ma-
trix A is

A=A0(1-C)+AGC (33)
And
[~k —ky—p 0 0 0 00
0 —p—-5 B 0 N 0 0 0
A= 0 0 —-0-1n1—-¢ 0 0 0
- 0 0 0 —p—pu 0 0
0 0 0 0 0 0
L 0 0 0 0 0 0
[0 au ax 0 0 0
lﬂ 0 0O 0 0 O
- ky & 9 0 0 0
1o 9 g 0 0 0
p B 1 700
L O 0  umw 0 0
_Cl Cy C3 0 0 0
cgs 0 O 0 0 0
_les e O 0O 0 0
€= 0 0 ¢ 0 0 0 Ca
Ccg Co9 Cio C11 00
_0 0 Cip Ci13 00

The corner points of matrix A can be found by setting each varying
parameter c;}.>, a value of one or zero. Therefore, there are 2!3 corner

points in the COVID-19 LPV model. In the above model, the varying
parameters ¢; can change freely in the interval [0 1].

Lemma 1.. The system (10) is stable if there exists a positive definite
symmetric matrix P such that:
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AiTP + PA; <0, for all corner points A;. (35)
Proof.. The system (10) can be rewritten as:
213
= "aiAn, (36
i=1

where q; represents the coordinates of matrix A in the convex space
formed by the corner points A;. Now, consider the Lyapunov function
V = xTPx. Its derivative can be found as:

213 2|3
V= Z a,-xTA[TPx +a;PAix = aix” < ZA,.TP + PA,-) X 37)

i=1 i=1

If all the elements in the parentheses are negative definite, it can be
concluded that V is negative definite.

To check the COVID-19 LPV system stability, we use both the LMIs in
(37) and the concept of direct search approach [37]. Evidently, we have
an uncertain system that includes many time varying parameters that
should be assessed whether it is stable. Due to the large uncertain space
of parameters, the LMIs in (37) may become infeasible. To be sure that
we can find the system stability status exactly, we exploit the direct
search approach. The methodology is to consider the whole uncertain
space and then divide it into small simplexes. Then, check whether the
simplices in the uncertain space assure stability of the model or not. The
stability assessment is based on the exposed edges lemma. In each
simplex, if the corner points are stable and the convex combination of
the corner points does not entail any critical points, then the whole
simplex is stable. The detailed proofs of the method are given in [37].

In the direct search approach, the goal is to check the system stability
by searching the solution space of the parameters.

At first, we check if the COVID-19 model is inherently stable, and we
may encounter a non-satisfying answer that it is not stable. Then, we can
apply some control measures such as increasing social distancing level
and repeat the test. This method can lead to a useful conclusion for
controlling the COVID-19 spread.

5. Simulation results

To show the appropriateness of the proposed approach in modeling
the Coronavirus transmission dynamics and assessing its stability, the
sample data of a country is exploited. According to the completeness of
data in [38], the real data of Italy is considered. Then, the model is
developed based on the basis function model, and the behavior of the
model in the past and present is evaluated. After being sure about the
time-varying model parameters, the effects of social distancing and
quarantine levels on the severity of the Coronavirus infections and death
are investigated.

The proposed model can be used for different countries, however, in
this article, the data of Italy is used due to its completeness.

5.1. Model study

In this section, the data provided by the Italian Ministry of Health,
[38], are used to determine the parameters of the proposed model of
COVID-19. The total population of the mentioned groups for Italy is
considered 60,381,361 people [39].

At first, the model without using basis functions is considered and by
using constant parameters, the model is simulated. Fig. 3 shows the
results of the model with constant parameters and a comparison of the
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states model with real data for 454 days. As shown in Fig. 3, the model is
not fitted on the real data.

In the following, the basis functions model mentioned in section 3 is
implemented to simulate the model. In this simulation, for some
different c;, the Gaussian functions are chosen as basis functions. The
number of basis functions isn = 130.6 = 0.15 and N is the population of
Italy. Fig. 4 shows the considered basis functions in this simulation (for
better display, it is only shown for 150 days).

According to the obtained data, the least square approach is
exploited to determine the model parameters.

The variation of quantities in the mathematical model for the Italy
database for 454 days is shown in Fig. 5. The maximum error in the
fitting of the model to the real data is 0.0115. The results of Mean
Squared Error (MSE), Sum Squared Error (SSE), and Root Mean Squared
Error (RMSE) are given in Table 2. As shown in Fig. 5, the number of
minor infected people, hospitalized people, and intensive infected
increased in the early days, and these populations experience a peak,
and after that, with the regulations related to this disease, given by
WHO, the trend is decreasing. Again, after some time, the pandemic
experiences its second wave.

Fig. 6 to Fig. 10 show the results of parameter estimation using real
data from Italy. The parameters are time-varying, and every 3.5 days
change.

5.2. Discussion about shortage in hospital capacity and ventilator
capacity

The hospital capacity of Italy is 3.18 beds per 1000 people and the
ventilator capacity for Italy is 5,324 [40], and the need for these devices
has to be at most equal to the number of available devices. This number
is about 8.9 per 100,000 people. Since some people are already hospi-
talized in the country according to a disease other than Coronavirus, it is
assumed that the 30% of hospital capacity and 80% of ventilator ca-
pacity can be devoted to this disease, approximately. The capacities are
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shown by a red line in Fig. 11 and Fig. 12.

To analyze the model for the future, we can consider the above
model and assume that the level of quarantine is changed. In model (1)-
(2), the social distancing and the quarantine levels can affect the
parameter ag, and apy, respectively. At the same time, the social
distancing and quarantine strategies may change, which can influence
the curve variations in the future.

It is assumed that the social distancing is divided into 5 categories:
100%, 75%, 50%, 25%, and 0%, according to the level of social
distancing imposed by the government. Obviously, 100% means com-
plete lockdown, and 0% means no social distancing is applied. In other
categories, different levels of social distancing are considered. For
instance, we can assume 75% social distancing means all people stay at
home and only the shops are open provided that they keep on the sever
regulations of WHO (covering most parts of their shop with glass or
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0.15

0.1F

Basis Functions
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Fig. 4. Basis functions.
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Fig. 3. Variation of number of states of the model with constant parameters which shows inappropriate modeling result: ap = 0.342, ayy = 0686, ay = 0.2955, k; =
0.0123, k; = 0.0021, p = 7.8126e 4, p = 0.0153, = 0.1180, 6 = 0.0055, ¢ = 0.0750, # = 0.0123, u = 0.0152, { = 0.0016.
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Table 2
Error in Statistical Tests.
State MSE SSE RMSE
E 1.7134 x 1074 0.0778 0.0353
M 9.3893 x 10°° 0.0043 0.0083
H 2.5102 x 1078 1.1396 x 10~° 4.2733 x 1074
I 2.7961 x 10~° 1.2694 x 10°° 1.4262 x 1074
R 5.7608 x 10~* 0.2615 0.0647
D 2.0986 x 10°° 9.5275 x 104 0.0039
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plastics to avoid direct contact with the customers). The 50% social
distancing level can be assumed as the case that added to the shops,
subways, MTR and transportation facilities, work, and finally, 25% so-
cial distancing refers to the case that except conferences, university and
school classes that are held electronically, all other activities in the city
are followed, regularly. Obviously, these numbers are not estimated

exactly and they are just mentioned to give a sense of different social
distancing levels.

Added to the different social distancing levels, different cases of
quarantine in hospitals are assumed. In these cases, people (doctors,
nurses, and those who are supposed to work at hospitals) who visit the
patients may or may not wear special clothes, and the patients may or
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may not be kept in isolated rooms. The more the contaminated person is
kept isolated, the more severe quarantine level is considered.

5.2.1. Effects of quarantine strategy on hospitalized and Intensive-infected
people

The effect of decreasing quarantine strategy with increasing ay on
the population of hospitalized people and intensive infected people are
shown in Fig. 13. Similarly, Fig. 13 reveals that to avoid a shortage of
ICU beds, it is necessary to quarantine the hospitalized people. This
indicates the isolation of COVID-19 patients to protect doctors, nurses,
and those who are supposed to work at hospitals. It is concluded that the
isolation should be kept at the highest level to assure enough ICU ca-
pacity for intensive infected people.

5.2.2. Effects of social distancing on hospitalized and Intensive-infected
people

The effect of decreasing social distancing with increasing ag on the
population of hospitalized people and intensive infected people are
shown in Fig. 14.

Fig. 14a indicates that if no social distancing is applied, the capacity
of hospitals is not enough for patients. However, Fig. 14b determines the
essential social distancing level of at least 75% to assure that ICU beds
are enough for Coronavirus patients who are in need of a ventilator.
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5.3. LPV model stability analysis

According to the results given in Fig. 6- Fig. 10, the variation of the
parameters in the LPV model of COVID-19 in (10) is derived as follows:

are[0,3.45],a,,€[0,2.92], a11€[0.07,3.41], k,€[0,1.38],k,€[0,1.36], pe[0,0.15],
Be(0,0.46],

7€[0.02,2.55],€[0.23,2.59],5€[0,2.66], 0<[0.17,1.32], 4€[0,0.06],£<[0,0.07]
(38)

At first, the stability is assessed by solving the set of LMIs in (35)
using the YALMIP toolbox [41]. The result shows no feasible solution. To
be sure that whether the problem is unstable per se or it can be stable,
the direct searching approach is exploited.

The approach shows total infeasible solution space, which means
intensive care and quarantine strategies are needed to stabilize the
model. Since the direct search approach is non-conservative, this means
that the LPV model is unstable. For further study, the quarantine and
social distancing levels are increased, which is equal to decreasing the
values of ag,aym,ay. Setting these levels to 75% shows a stable model that
guarantees the states’ convergence to constant values.
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Fig. 13. Effect of decreasing quarantine of hospitalized people with increasing ay. a) The effect of different levels of quarantine on the hospitalized people. b) The

effect of different levels of quarantine on the intensive infected people.
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6. Discussion

The data of COVID-19 in case study Italy for 454 days from March
2nd, 2020 to May 29th, 2021 are collected and a model for the spread of
Coronavirus is suggested. It is shown that without using basis functions
and by using constant parameters, the model is not fitted on the
collected data. Then, according to section 3, some basis functions are
used, and the parameters are estimated dynamically. As is given in
section 4, the results show the capability of the proposed model to follow
the real data. There are some papers that work on COVID-19 modeling,
but they didn’t compare modeling results with real data [4,11]. In some
other works, only in the early days of the outbreak, the model has been
tested to fit the data [22,27,29], and in some others, the model has not
fitted appropriately for all days [13,42]. However, in this paper, the
comparison of data and the proposed model is given and the accuracy of
fitting the proposed model to the data is 99.33% in the total data.

In sections 5.2.1 and 5.2.2, it is shown that without applying
appropriate quarantine and social distancing, the required number of
hospital beds and ventilators exceeds the available capacities. The re-
sults show the need for social distancing and quarantine rules.

It is essential to mention that the social distancing level depends on
the physical distance of the people. Therefore, it is not essential for the
model whether lockdown policy is imposed or the people themselves
obey WHO’s suggestions. In some countries, the government imposed
severe regulations, while in some other countries, governments just
suggest people follow WHO regulations. For the proposed model of this
paper, both of these strategies are the same. The result is important: the
people should not come closer to others (whether by force or by their
own decision).

In the last part of the paper, the modeling results are used to derive
the LPV model of COVID-19 disease. Fortunately, the methodology is
successful in presenting an approach for COVID-19 LPV model deriva-
tion. Then, the stability tools can be used to assess the model stability.

7. Conclusion

In this paper, a mathematical model for the spread of COVID-19 is
proposed. In this model, the people involved with the disease are divided
into seven groups, including susceptible people, exposed people, minor
infected, home isolation people, hospitalized people, intensive care
people, intensive infected, recovered people, and deceased. After esti-
mating the time-varying parameters in the model, the effects of social
distancing and quarantine are studied on the model. It is concluded that
the model is suitable for fitting the past and present curves and can be
used for determining the level of quarantine and social distancing in a
city. In addition, the time-varying parameters of the model are used in
deriving the COVID-19 LPV model. The model can be used for robust
stability assessment or controller design (vaccine injection rate) ap-
proaches, exploiting the theory of LPV systems.
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