Supplementary Materials A: Formal Derivation of the EWS Theory for
Multivariate Systems

For the manuscript “Examining the Research Methods of Early Warning Signals in Clinical Psychology
through a Theoretical Lens”

In this part, we aim to provide a formal derivation of the existence of early warning signals for general multivariate systems and
systematically examine the assumptions involved in the derivation. The proof for one-dimensional systems and multidimensional
systems with symmetric Jacobian has been given in previous work (Dablander et al., 2022; Scheffer et al., 2009).

Assume the dynamic system is governed by the following ordinary differential equation:
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— =F(x 1
7 = Fla), (1)
and assume there is an equilibrium point @y that F(xy) = 0. To simplify notations, we assume xy = 0. When the system is
close enough to the equilibrium point, with local linearization, the dynamics can be represented by a linear Jacobian matrix:
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where J = : ) : , n is the dimension of the system, F; and z; represents the i-th component of F' and x. Here,
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the local linearization means that we assume the force that pulls the system back to (or pushes the system away from) the local
minimum is proportional to the distance it is from the local minimum. Holding the same direction, the further the system is
from the local minimum, the stronger the force to pull it back (or push it away).

The forces that pull the system back (or push it away) depend on the direction in which the system is away from the local
minimum. There are specific directions that characterize the effect of the force, represented by the eigenvectors of J. Each
eigenvector also has an eigenvalue, representing the strength of the force. The eigenvalue may be complex numbers, but whether
the force tends to pull the system back or push the system away only depends on the real part of the eigenvalue. Because the
equilibrium point is stable, the system should be pulled back under a small perturbation, no matter in which direction. This
means all the eigenvalues of J should only have negative real parts. The eigenvalue with the largest real part (the eigenvalue with
the smallest absolute value of the real part) is called the dominant eigenvalue (A\g). So the equilibrium condition is equivalent
to Re(Ag) < 0. We first show the derivations with the assumption that all eigenvalues and eigenvectors of J are real values.
The situation with complex eigenvalues and eigenvectors has similar conclusions and will be discussed later. When the system
is close to the catastrophic bifurcation point Ay approaches zero, making the system gradually unstable in this direction. This
instability manifests when we add noise in the system, as represented by the following multivariate Ornstein-Uhlenbeck process,

dX(t)=JX({)dt+odW(t). (3)
To simplify the derivation, we first do a transformation of the coordinates with eigenvalue decomposition.
dX'(t)=AX'(t)dt+ o' dW (1), (4)

where X'(t) = Q71X (t), A = Q1JQ, 0’ = Q 'o(t). Here Q is a square matrix whose columns are the eigenvectors of J,
and A is a diagonal matrix whose diagonal elements are the eigenvalues of J. The order of the eigenvalues in A is arbitrary.
Here, we assume that the first eigenvalue is the dominant eigenvalue, and it is the only eigenvalue that will approach zero from
the negative side (\; — 07). Now we investigate the variance and covariance of the process. It can be proved that Ornstein-
Uhlenbeck processes always have a multivariate normal distribution, and the variance of the Ornstein-Uhlenbeck process above
for a sufficiently long time can be calculated by the following formulas (Meucci, 2009; Vatiwutipong & Phewchean, 2019),

vec (3,) = [—(A & A)] 7 vee(X), ()



where X/ = o'’’’ = Q71Z(Q 1T, vec is the vectorization parameter that transforms a matrix to a column vector by stacking
the columns of the matrix together and @ is the Kronecker sum defined by
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The equations above seem overwhelming. Nevertheless, as A is a diagonal matrix, A & A is also a diagonal matrix, and the
first element A @ A is the only one approaching zero. This means the term [—(A @ A)]~! is a diagonal matrix as well, with only
the first element approaching infinity. If the first element of X/ is not zero, only the first element of X/_, which is the variance
of the first new axis var(X7]), will approach infinity when the system approaches the bifurcation point.
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The auto-covariance of X' (t) can be calculated with the following formulas.

lim cov(X'(t), X'(t + At)) = A3/ (8)
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As A is a diagonal matrix, its exponential is a matrix with the exponential of diagonal elements:
eAAt — diag(exlm, eAgAt’ . eA"At), (9)

in which the first element approaches 1, and other elements are between 0 and 1. Therefore, the first element of the auto-
covariance matrix, which means the auto-covariance of the first new axis cov(X7(t), X1 (¢t + At)) will approach var(X7).

Finally, we derive the situation back to the original coordinates. Because ¥, = Q¥ Q7T the variance and covariance of all
the variables with non-zero loading in the first eigenvector will approach infinity, and their correlations will approach 1.
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The same also holds for auto-correlation.

The eigenvalues and eigenvectors of J may contain complex numbers even if we are working with a real function. This
is because the local dynamic around the equilibrium point may not only contain shrinking and growing tendencies but also
contain rotating. When there are complex eigenvalues and eigenvectors, they always appear in pairs. The imaginary part of the
eigenvalues and eigenvectors of J represents how the system tends to rotate.

If there are complex eigenvalues, we can do a block diagonalization instead of a plain diagonalization (Margalit & Rabinoff,
2019). In a block diagonalization, for each conjugated pair of eigenvalues and eigenvectors, we use the real and the imaginary
part of the eigenvectors [Re(v) Im(v)] as the vectors for coordinates transformation, and we use a 2 x 2 block —Rlir(l?z\) grelgf\\;
to represent the rotating and shrinking or growing tendencies together.

We assume the first pair of complex eigenvalues are the dominant eigenvalues of J, and only the real parts of them approach
zero before the bifurcation point. In this case,
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To simplify the calculation of the inverse, we change the order of the matrix and vectors to make the values that approach
infinity all to the upper-left corner of the matrix. The matrix then becomes a block diagonal matrix that we can obtain the
invert of each block separately.
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in which (symbolic calculation performed with Mathematica, Wolfram Research, Inc., 2022)
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(14)
Because o1, = 04y, cov(X], X}) = cov(X}, X1) = 0. As long as ¢, and o}, are not both zero, var(X7) and var(X}) will both
approach infinity. Because A3 does not approach zero, both cov(X7, X}%) and cov(X%, X?%) will remain finite.
Following the same procedure as used for the real-valued case, it can be proved that the variance of any variables that have
non-zero loading in either the real part or the imaginary part of the first eigenvector will approach infinity. Their correlation and
auto-correlation will approach 1 as long as the two variables of consideration both belong to either the real part or the imaginary

To summarize, with the aforementioned assumptions, we can derive the fact that the variables involved in this critical direction
should have the variance, (auto)covariance, and (auto)correlations increasing before the transition.



Examples with the bivariate cusp model

Since the derivation above may be difficult to understand, here we provide an example with the bivariate cusp model (Figure 1A
in the main text; also described in Supplementary Materials B). Note that this is a special case of the general derivation above.
The model is specified as follows:
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The partial derivatives of U with respect to = and y are as follows:
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The force on the system is the gradient of U, namely F = [ 3% } . Therefore, the Jacobian of the system is the following:
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At the equilibrium points, both partial derivatives should be zero. Comparing the two equations above, it is obvious that
x —y =0, x =y. Therefore, at the equilibrium point, we have the following condition:
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The closed-form solution for this cubic equation with a parameter has a complex form. Interested readers may use numerical
software (e.g., Mathematica, Wolfram Research, Inc., 2022) to observe how the solution differs with different A\ values. Here, we
only provide the conclusion about the asymptotic behavior close to the bifurcation point. As A — 27, the stable equilibrium point
-1 1
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then approach 0 and -2 (which can also be seen from the decomposition in Eq. 17).
Following Eq. 5, the variance-covariance matrix of the system under noise is given by the following (note that, as we have
the Jacobian, we calculate the variance-covariance matrix in the original coordinates):

at the negative half approaches (—ﬁ —ﬁ) and the Jacobian approaches
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in which the first matrix is singular. To know what exact elements of the matrix are approaching infinity, we do a calculation
when A is a little smaller than 2, that the equilibrium is a little to the negative side of (—?, —g) Assume the Jacobian is now
[ —-1.01 1.01

101 —101 ] , we have (numerical calculation was conducted by Mathematica, Wolfram Research, Inc., 2022):
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Therefore, as long as there is some noise in the system (i.e., ¥ # 0), the variance and covariance of z and y will approach
infinity.

We also do the same calculation for the second model in the main text (Figure 1B in the main text, also described in
Supplementary Materials B). This time the model is specified as:

1
U=-2*- §x2 + Az + 92 (21)
4 2
We then have: 507
T
w_, -
Oy v-
OF, OF,
ox oy (23)
_ -3224+3 0
o 0 -2

When A — 2, the equilibrium point at the negative half approaches (—1,0), and the Jacobian approaches [ 8 _02 } . Again,
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we consider the case when A is a little smaller than 2, and J = 0 9

} . Similarly, we have (numerical calculation was

conducted by Mathematica, Wolfram Research, Inc., 2022):
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Here, as long as there is some noise for z (i.e., X,, # 0), the variance of x and x only will approach infinity. Other elements of
the variance-covariance matrix will remain small.
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