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Abstract

Electron holography in Fraunhofer region was realized by using an asymmetric double

slit. A Fraunhofer diffraction wave from a wider slit worked as an objective wave inter-

fered with a plane wave from a narrower slit as a reference wave under the pre-

Fraunhofer condition and recorded as a hologram. Here, the pre-Fraunhofer condition

means that the following conditions are simultaneously satisfied: single-slit observa-

tions are performed under the Fraunhofer condition and the double-slit observations are

performed under the Fresnel condition. Amplitude and phase distributions of the

Fraunhofer diffraction wave were reconstructed from the hologram by the Fourier trans-

form reconstruction method. The reconstructed amplitude and phase images corre-

sponded to Fraunhofer diffraction patterns; in particular, the phase steps of π at each

band pattern in the phase image were confirmed. We hope that the developed

Fraunhofer electron holography can be extended to a direct phase detection method in

the reciprocal space.
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Introduction

Recently several electron imaging methods have been
developed by utilizing not only the real space but also the
reciprocal space, such as diffractive imaging [1–3] and
ptychography [4–6]. These developments are due to
advancement of the following technologies: highly sensitive

imaging technologies based on direct electron detection
cameras [7], image-processing technologies for multiple
and large-scale image data [8], and iteration algorisms for
image data analysis [9,10]. Understanding of wave propa-
gation between the real space and the reciprocal space is
very important from the optical point of view, especially in
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image reconstructions in the real space from data in the
reciprocal space, and in phase retrieval for data in the real
and reciprocal spaces. Precise investigation of amplitude
and phase distributions of wave fields in the reciprocal
space is necessary for these purposes. In wave optics, this
has already been performed theoretically as well as experi-
mentally [11,12].

In electron microscopy, the amplitude and phase distri-
butions of wave fields in the reciprocal space, such as dif-
fraction planes, have been extensively discussed in phase
microscopy [13,14] and vortex beam microscopy [15–19].
In particular, the phase distribution in the reciprocal space
is difficult to detect directly even by using holography tech-
nique because intensity of the object wave in diffraction
patterns is a few orders of magnitudes larger than that of
the diffracted waves and also because no appropriate refer-
ence waves exist in the reciprocal space. Few trials using
electron microscopes have been reported except for elec-
tron holography approach for vortex beams [18,19]. In
light optics, on the other hand, several experimental and
theoretical studies have been performed using microwaves
on the wave fields in the reciprocal space, i.e. in the back
focal planes [12,20,21].

In this paper, we propose electron holography on
Fraunhofer diffraction utilizing an asymmetric double slit
created by a biprism from a symmetric double slit placed
at the specimen position [22]. A Fraunhofer diffraction
wave from a wider slit can work as an objective wave
interfering with a plane-wave-like wave from an extremely
narrower slit acting as a reference wave. The Fraunhofer
diffraction wave was used successfully to record holograms
and to reconstruct amplitude and phase distributions from
the hologram through the Fourier transform reconstruction
method. The reconstructed phase profile had phase steps of
π at each band pattern in the phase images. These results
are consistent with those of microwave data [12,20,21],
indicating that electron beams were diffracted and propa-
gated as plane waves.

Theoretical

Figure 1 shows an illustration for explaining the concept of
this study and ‘pre-Fraunhofer condition’ [22]. An asym-
metric double-slit, which has one narrow opening and
other slightly wider opening, is positioned at the upstream
of a coherent electron wave. In the downstream side, two
waves pass through the slit-openings and their propaga-
tions are illustrated. The term ‘pre-Fraunhofer condition’
indicates that the following conditions are simultaneously
satisfied: each single-slit observations are performed under
the Fraunhofer condition and the double-slit observations
are performed under the Fresnel condition. In general,

Fraunhofer/Fresnel conditions depend on wavelengths,
sizes of the scattering objects, and propagation distances.
When two scattering objects with different sizes are
observed under appropriate conditions regarding the wave-
length and the propagation distance, the following obser-
vation condition is possible: the Fraunhofer condition is
realized for a smaller object and the Fresnel condition is
realized for a larger object at the same time under a single
experimental condition. In the present paper, an asymmet-
ric double slit was used as shown in Figs 1 and 2, and the
propagation distance was chosen for the Fraunhofer condi-
tion for each slit with the opening width as a parameter
and the propagation distance was chosen for the Fresnel
condition for the double slit with widths of the slit spacing
as a parameter. To describe this experimental condition we
coined the term ‘pre-Fraunhofer condition’.

Fresnel fringes from the edges of the either opening or
interference fringes due to the two passed waves were numer-
ically obtained using Fresnel diffraction theory [11] in the
wave optics. Since the Fraunhofer diffraction can be analyzed
by the Fresnel diffraction theory as a case of an extremely
large-distance propagation, two waves ϕright(x, Δf) and
ϕleft(x, Δf) can be written as follows:
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where ϕright(x, Δf) and ϕleft(x, Δf) are complex amplitude
distributions of the waves projected on the observation
plane from the right and left slits, respectively. In addition,
x indicates the coordinate of the observation plane whose
origin is the midpoint of the projected image of the double
slit on the observation plane; Δf is the propagation dis-
tance between the slit plane and the observation plane, i.e.
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the defocus distance; α(x, Δf) is a function of x and Δf
denoting a conventional variable of the Fresnel integration
derived from the geometrical ray-path from the slit plane
to the observation plane; λ is the wavelength; and C(α, Δf)
and S(α, Δf) denote Fresnel integrals in Cosine-type and
Sine-type, respectively. When the slit widths are ωright and
ωleft and spacing between the slits is d, then the variables
of Fresnel integrations, αright1, αright2, αleft1 and αleft2, are
given by [11],

⎛
⎝⎜

⎞
⎠⎟α

λ
ω

( Δ ) =
Δ

+ − ( )x f
f

d
x,

2
2 2

, 3right1
right

⎛
⎝⎜

⎞
⎠⎟α

λ
ω

( Δ ) =
Δ

− − ( )x f
f

d
x,

2
2 2

, 4right2
right

⎛
⎝⎜

⎞
⎠⎟α

λ
ω( Δ ) =

Δ
− − − ( )x f

f
d

x,
2

2 2
, 5left1

left

⎛
⎝⎜

⎞
⎠⎟α

λ
ω( Δ ) =

Δ
− + − ( )x f

f
d

x,
2

2 2
. 6left2

left

Using the above equations, we obtain a normalized
intensity distribution on the objective plane Inorm(x, Δf)
with the two wave interference patterns,

ϕ ϕ

α α

α α
α α

α α

( Δ )

=
+

× | ( Δ ) + ( Δ )|

=
+

× {[ ( ( Δ )) − ( ( Δ ))]

+ ( ( Δ )) − ( ( Δ ))]
+ [ ( ( Δ )) − ( ( Δ ))
+ ( ( Δ )) − ( ( Δ ))] }

( )

I x f

I I
x f x f

I I
C x f C x f

C x f C x f

S x f S x f

S x f S x f

,
1

, ,

1
, ,

, ,
, ,

, ,

,

7

right left

right left

norm

0 0
right left

2

0 0
right2 right1

2

left2 left1
2

right2 right1

left2 left1
2

where I0right and I0left are the intensities generated by the
waves from each single slit at the optical axis on the obser-
vation plane, x = 0. In the Fresnel diffraction theory, Eq. 7
describes not only the interference of two waves on the
observation plane but also the propagation process as a
function of Δf.

Figure 2 shows the calculated propagation behavior of
two waves passed through the asymmetric double slit
when the right slit width is varied from 5 to 38 nm, which
are the same as those of the experiments: (a) 38 nm, (b)
22 nm, (c) 10 nm and (d) 5 nm. Other parameters in the
calculation are also chosen to be the same as those in the
experiments: ωleft = 120 nm, d = 800 nm, and λ = 0.76 pm
for 1.2-MeV electron beams. The yellow horizontal lines
indicate the position of the observation plane for Δf =
23.2mm.

Although the right-slit width of 5 nm is four orders of
magnitude larger than the wavelength λ, the electron waves
passed through the right slit spread out quickly just like a
plane wave and overlaps with the electron wave passed
through the left slit (see, Fig. 2d). Because of this behavior,
we conjecture that waves passed through the narrower slit
with less than several nm wide can be used as a reference
wave against the other wave passed through a much wider
slit under the Fraunhofer condition. In this way, electron
holography under the Fraunhofer diffraction condition can
be realized.

Experimental

In the present double-slit experiments, a 1.2 MV field-
emission transmission electron microscope [23] with the
wavelength of 0.76 pm was used because the microscope
can generate highly coherent electron beams whose coher-
ence length is more than 95 μm [24]. Figure 3 shows a
schematic diagram of the optical system for the double-slit
experiment. A symmetric double slit was installed at the
specimen position. The first image of the double slit was
formed just on the biprism (BP) filament, where a conju-
gate relation between the slit and the filament was realized.
This filament (1.6 μm in diameter) made of a quartz fiber
with Pt-Pd coating was utilized to control the opening

Fig. 1. Illustration of the present experimental setup and for explan-

ation of ‘pre-Fraunhofer condition.’ An electron wave passed through

the left single slit is an object wave and an electron wave passed

through the right narrower slit is a reference wave. In the pre-

Fraunhofer region, the reference wave spreads to an almost plane-

wave-like wave enabling to record holograms of the Fraunhofer diffrac-

tion pattern on the left.
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width of the right slit. The defocused image patterns
formed by using the magnifying lens varied from the info-
cus condition to the Fresnel condition, and to the
Fraunhofer condition. Since a crossover of the incident

electron beam as the electron source was formed above the
double slit, an under-focus condition for the defocusing
was adopted, and defocused image patterns were enlarged
by using successive magnifying lenses. The reason for
choosing under-focus condition in this experiment was
that the crossover was located above the specimen in this
optical system. The defocusing operation deviates the info-
cus point and moves it close to the crossover (see, Fig. 3),
generating large defocusing.

The double slits with two rectangle openings having
120 nm width, 10 μm length, and 800 nm spacing between
the slits were made of copper foil of 1 μm thick by using
an FIB instrument (NB-5000, Hitachi High-Technologies
Corp.). The inset in Fig. 3 shows a scanning electron
micrograph of the fabricated double slit. Advanced direct
electron detection camera system (3711 × 3839 pixels,
K2®Summit Camera, Gatan, Inc.) installed in the micro-
scope was used.

Results and discussion

Figure 4 shows series of varied patterns depending on the
right slit width: (a) 38 nm, (b) 22 nm, (c) 10 nm and (d)
5 nm. The defocus distance Δf, indicating the propagation
distance from the slit plane to observation plane, was
23.2mm. Blue inset images at the bottom of each panel are
calculated results in Fig. 2. The calculated images of both
Fresnel fringes and interference fringes are in good agree-
ment with the experimental interferograms. This indicates
that electrons passed through both slits as waves and inter-
fered with each other on the observation plane.
Furthermore, the direct wave (central maximum wave)
from the right slit (smaller slit) spreads widely with a level
to be considered as a background and was superimposed

Fig. 2. Wave optical simulation on wave propagation from an asymmetric double slit by changing the right-slit

width ωright: (a) 38 nm, (b) 22 nm, (c) 10 nm, and (d) 5 nm. The left-slit width ωleft is 120 nm.

Fig. 3. A schematic diagram of the optical system. A double slit is

installed at the specimen position and is imaged on the electron bipr-

ism (BP) filaments. The double slit and the BP filament are focused on

the image plane. Defocusing conditions are controlled by the magnify-

ing lens below the objective lens. The width of the right slit is varied by

using the BP filament. In the inset is a scanning electron micrograph of

the fabricated double slit, having 120 nm width, 10 μm length and

800 nm spacing between the slit.
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on the Fraunhofer diffraction wave from the left slit (larger
slit): consequently, the intensity of the direct wave is diffi-
cult to recognize. Since the diffraction wave from the right
slit can be regarded as an almost plane-wave-like wave,
this wave can be used as a reference wave in holography,
and then Fraunhofer hologram of the left slit is recorded.
This behavior is also shown theoretically in Fig. 2d.

The size and contrast of the Fresnel fringes for the right
narrower slit greatly varied and depended on the slit width,

whereas the spacing of the interference fringes did not
depend on the right slit width. Since spacing of the interfer-
ence fringes mostly depended on the distance of the two
slits d (= 800 nm), the spacing of the interference fringes
was kept at about 22 nm during the experiment.

Figure 5a shows an electron hologram of a Fraunhofer
diffraction from the left slit with 120 nm width at the
defocus distance Δf of 23.2 mm; here the electron wave
passed through the right slit with 5 nm width was used as
the reference wave. Figure 5b shows a Fraunhofer diffrac-
tion pattern from the left slit alone with the right slit
closed. As is clearly shown in these micrographs, uniform
and homogeneous Fraunhofer diffraction patterns were
obtained over a wide area of a few micrometers.
Comparison of Figs 5a and b indicates that only interfer-
ence fringes due to the two-wave interference disappeared
in (b) and that the opening/closing of the right slit does not
affect the Fraunhofer diffraction pattern from the left slit.
In other words, Fig. 5 is an experimental proof that shows
that the reference wave from right slit works as a plane
wave at the observation plane with defocusing Δf =
23.2mm. Then, the conventional electron holography
reconstruction technique, Fourier transform method can be
adopted to reconstruct the hologram in Fig. 5a.

Since the electron holography on the Fraunhofer dif-
fraction is recorded and reconstructed in a region which is
neither a real space nor a reciprocal space, the definition of
the scale of the image becomes ambiguous. In Figs 5 and 6,
the scale bar was given based on the projected size from
the object plane to the observation plane (see, Fig. 2).

Figure 6 shows reconstructed amplitude and phase dis-
tributions of the Fraunhofer diffraction pattern in the
white square region in Fig. 5a. For reconstruction, a con-
ventional Fourier transform was used. The amplitude

Fig. 4. Series of the experimental results by changing the right slit

width ωright: (a) ωright = 38 nm, (b) 22 nm, (c) 10 nm and (d) 5 nm. The

defocus distance Δf was 23.2mm for all panels. Inset images in blue at

the bottom of each panel are calculated results along the yellow lines

in Fig. 2.

Fig. 5. (a) Electron hologram of a Fraunhofer diffraction from the left slit. (b) The Fraunhofer diffraction pattern

only from the left slit with 120 nm width recorded at the defocus distance Δf of 23.2mm. Amplitude and phase

distributions in a white square region in (a) are reconstructed and shown in Fig. 6.
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image corresponds to the Fraunhofer diffraction pattern in
the reciprocal space generated by a single slit. The phase
distribution shows a band-shape feature. The phase profile
along the red broken line in Fig. 6b is given in Fig. 6c,
showing a step-like phase profile with π difference between
steps. It can be explained that the amplitude distribution of
the Fraunhofer diffraction of the rectangular opening is
represented by the sinc function. When the alternating
change of the positive/negative values of the amplitude dis-
tribution is stacked as a π step of the phase, the phase dis-
tribution is represented in steps of π for each Fraunhofer
fringe of the slit. These observed phase steps are similar to
those of microwaves at the back focal plane of an imaging
lens reported in the 1950s [12,20,21]. These results show
that incompletely shielded electrons of less than 2.7% of
the incident electrons estimated using multi-slice simulation
did not affect the interferometry.

These observations lead us to believe that the interferom-
etry developed in the present study, named as Fraunhofer
electron holography, can be widely applied to amplitude
and phase distribution studies in many kinds of materials,
for example magnetic materials, dielectric materials, and
functional materials, by placing their specimens at the left
slit position.

Conclusion

We realized electron holography in the reciprocal space
named as Fraunhofer electron holography by using an
asymmetric double slit. A Fraunhofer diffraction wave from
the wider slit as an object wave was interfered with a plane
wave from another narrower slit as a reference wave, and
was recorded as Fraunhofer hologram. When reconstructed,
a Fraunhofer diffraction wave had the phase step of π,

which is consistent with the results of the Fraunhofer dif-
fraction patterns in microwave studies in 1950s. We believe
the developed interferometry, Fraunhofer electron holog-
raphy, will be used widely as a new electron holography
technique for analyzing electro-magnetic materials, such as
electron vortex beams.
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