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ABSTRACT: Topological semimetals have attracted much
attention because of their excellent properties, such as ultra-high
speed, low energy consumption quantum transport, and negative
reluctance. Searching materials with topological semimetallic
properties has become a new research field for Group-IV materials.
Herein, using first-principles calculations and tight-binding
modeling, we proposed a topological nodal-line semimetal ABW-
Ge4 when spin−orbit coupling (SOC) is ignored, which is
composed of pure germanium atoms in a zeolite framework
ABW. It holds excellent dynamic and thermal stability. In its
electronic band structure, there exists a stable Dirac linear band crossing near the Fermi energy level, which forms a closed ring in the
kx = 0 plane of the Brillouin zone (BZ). Our symmetry analysis reveals that the nodal ring is protected by Mx mirror symmetry.
Furthermore, by examining the slope index in all possible k paths through the considered Dirac point, we find that the band
dispersion near the Dirac point is greatly anisotropic. In some direction, the Fermi velocity is even larger than that of graphene, being
promising for the future ultra-high speed device. When spin−orbit coupling is included, the nodal line is gapped and the system
becomes a topological insulator with topological invariants Z2 = 1. Our findings not only identify a new Ge allotrope but also
establish a promising topological material in Group-IV materials, which may have the desirable compatibility with the traditional
semiconductor industry.

1. INTRODUCTION
As is known, the Group-IV elemental solids (e.g., silicon and
germanium) are quite important in semiconductor and
microelectronics industries, which have been extensively
studied.1 Owing to the complex potential energy surface, the
Group-IV elements can form various allotropes with different
structural and electronic properties, which provides promising
platforms for constructing multifunctional microelectronic
devices. Hence, the searching for stable Group-IV allotropes
has attracted considerable attention from both theoretical and
experimental researchers.2−5 However, these studies mainly
focus on carbon (C) and silicon (Si), and the studies about
germanium (Ge) allotropes are relatively few. The most
prominent Ge allotrope is the diamond-cubic Ge, denoted as
dc-Ge, which has higher electron and hole mobilities, and
smaller indirect band gap with respect to that of dc-Si.6 In
addition to dc-Ge, the high-pressure transitions of Ge
allotropes have already been confirmed by many experimental
works, via using the compression or subsequent decompression
on dc-Ge.7−10 For instance, under 10.6 ± 0.05 GPa
compression, the dc-Ge will transform into a body-centered
tetragonal Ge (β-Sn-Ge);7 then, the β-Sn-Ge can further
transform into a tetragonal phase (P43212-Ge) at 7.6 ± 0.05
GPa during the slow release of pressure; orthorhombic
symmetry Imma Ge (Imma-Ge) is found to exist above ∼75
GPa;8 the β-Sn-Ge structure can transform into a simple

hexagonal (sh-Ge) phase at 75 ± 3 GPa and to a double
hexagonal close-packed structure (dhcp-Ge) at 102 ± 5 GPa.10

In 2011, the new Ge phase m-allo-Ge was synthesized from
Li7Ge12,

11 which was confirmed to have a direct band gap. The
bulk phase of ST12-Ge was synthesized in 2017,12 and its
optical measurements indicate that it is a semiconductor with
an indirect band gap of 0.59 eV. ST12-Ge is confirmed to be a
better material for infrared detection compared with the dc-Ge
and has potential applications in both high-frequency and low-
voltage electronics. Additionally, Tang et al. synthesized a new
well-crystallized metastable phase Ge(oP23-Ge) by adjusting
the properties of ionic liquids in 2018.13 It is proved that oP23-
Ge is a diamagnetic semiconductor with a narrow direct optical
band gap (Eg) of 0.33 eV.
In recent years, with the improvement of computer

performance and algorithms, more and more studies based
on first-principles calculations are devoted to predict the new
Ge phase with interesting properties. Nguyen et al. proposed a
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new dynamically stable Ge allotrope with a distorted sp3 hybrid
framework in P42/mnm symmetry.14 Their band-structure
calculations show that the P42/mnm Ge is semiconducting
with an energy gap close to the optimal value for
optoelectronic or photovoltaic applications. Using ab initio
method, Saleev et al. predicted six new allotropes of Ge. Their
structural, elastic, vibrational, electronic, and optical properties
have been systematically studied.1 The results show that one of
the Ge allotropes has a very small band gap, in agreement with
the semimetallic nature of amorphous Ge. It is worth
mentioning that Cao et al. predicted a metastable allotrope
of Ge (named germancite) in 2016,15 which is constructed by
the known staggered layered dumbbell (SLD) structures.
Interestingly, it is found that germancite is a Dirac semimetal
with a pair of Dirac points on the screw axis. Moreover, the
quantum thin film of germancite is confirmed to be an intrinsic
quantum spin Hall insulator. However, investigations on
topological semimetals (TSMs) composed of the Ge element
are far from complete. And whether the properties of
topological semimetals can be preserved with the rotational
symmetry being broken? In this context, one naturally wants to
know whether there exist topological nodal-line semimetals in
Ge, similar to those in carbon and silicon, and what happens to
the TSM behavior when spin−orbit coupling (SOC) is
included.
In fact, the study of topological semimetals has become a hot

topic in both condensed matter physics and materials science.
Wang et al. theoretically predicted that both A3Bi (A = Na, K,
Rb)16 and Cd3As2

17 were three-dimensional (3D) Dirac
semimetals, which were then experimentally confirmed in
just a few years.18 This makes the research of topological

materials a hot field. In physics, the distinct feature of
topological semimetals is the existence of topologically stable
linear crossing near the Fermi level.19 So far, various
topological semimetals have been identified, and their species
are becoming more and more diverse according to the
degeneracy of the nodes, the distribution of the nodes in BZ
space, and the feature of band dispersion. The known
topological semimetals include Weyl semimetal,20−22 nodal-
line semimetals,23−25 Dirac semimetal,15,16,26 etc. Specifically,
when the Dirac or Weyl nodes form a one-dimensional (1D)
continuous line, the corresponding materials should be nodal-
line semimetals;27 furthermore, they can be divided into type I
and II topological semimetals according to the feature of band
dispersion. Owing to the novel physical properties of
topological nodal semimetals, such as high carrier mobility
and superconducting phenomena, they have promising
applications in next-generation electronic devices.
However, TSMs possessing a nodal ring could be driven into

topological insulators (TIs) when SOC is included.28,29 TI is a
special insulator with robust surface state for a 3D system. The
common feature between TSMs and TIs is that the nodal ring
from the crossing between the conduction band and the
valence band is protected by the reflection symmetry and the
time-reversal symmetry, and SOC plays a significant role in
driving the quantum-phase transition from TSM into TI. Based
on first-principles calculations, Zhu et al. found a TSM phase
in Ba2X (X = Si, Ge) with a nodal ring in the kx = 0 plane,
which would evolve into the TI phase by SOC.
In this paper, on the basis of first-principles calculations, we

identify a new stable Ge allotrope, which holds a similar
framework of the Zeolite structure of ABW, termed as ABW-

Figure 1. (a) Unit cell of the optimized structure of ABW-Ge4. (b) Perspective view from the crystallographic b-axis. (c) Total energy as a function
of volume per Ge atom for ABW-Ge4 in comparison with some known germanium allotropes. (d) Calculated phonon dispersion curves of ABW-
Ge4.
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Ge4. From the electronic band calculations, we find that there
exist band inversion and Dirac linear crossing in the vicinity of
the Fermi level. Specifically, the Dirac nodes can form a closed
nodal loop on the kx = 0 plane of symmetric space and
protected by a mirror symmetry. In other words, ABW-Ge is a
typical topological nodal-line semimetal without SOC.
Furthermore, the anisotropy of the low-energy band around
some considered Dirac point is discussed. Moreover, when
considering SOC, a topological phase transition from nodal-
loop semimetals to topological insulator occurs and is
characterized by calculating surface states. Our work not
only fills the gap in topological semimetals in germanium
isomorphic phases but also finds topological phase transitions
whose topological electronic properties are expected to be
applied in future high-speed electronic devices.

2. COMPUTATIONAL METHODS
Our density functional theory (DFT)30 calculations with
projector-enhanced wave (PAW)31 are implemented in Vienna
Ab initio Simulation Package (VASP).32 The generalized
gradient approximation (GGA) in the form of Perdew−
Burke−Ernzerhof (PBE) is used to treat the exchange−
correlation interactions.33 A plane-wave basis set with a kinetic
energy cutoff of 500 eV is used. By using Monkhorst−Pack
methods, the k point meshes with a uniform density of 2π ×
0.02 Å−1 are adopted to sample the reciprocal BZ. The forces
on ions are calculated according to the Hellmann−Feynman
theorem.34 In the case of complete relaxation, the convergence
thresholds of total energy and ionic force components are set
to 1 × 10−8 eV and 10−3 eV/Å, respectively. The phonon
frequencies are obtained using the finite displacement method,
which is implemented in PHONOPY code.35 In the first-
principles molecular dynamics (MD) simulations, the system is
established with a 3 × 3 × 3 supercell containing 216
germanium atoms. The temperature is set to 500 K. The nodal
lines and surface states are calculated using WannierTools
package,36 where the Wannier90 code is built based on the
Wannier tight-binding model.37

3. RESULTS AND DISCUSSION
Figure 1 shows the crystal structure of ABW-Ge4. The space
group is Imma (no. 74), which has many symmetry operations,
including C2 rotation axis, central inversion operation, and Mx
mirror symmetry. The time-reversal symmetry of ABW-Ge4 is
retained as it has nonmagnetic properties. The results of the

optimized lattice parameters of ABW-Ge4 are a = 7.91 Å, b =
4.14 Å, and c = 6.92 Å, respectively. There are four atoms in a
primitive cell, and there is only one nonequivalent germanium
atom, taking the Wyckoff coordinates of 8i (0.16, 1.25, 0.10).
As one can see from Figure 1b, ABW-Ge4 has a porous
structure and this suggests that it might be synthesized
experimentally by the high-pressure method like Imma Ge.8 In
this regard, the stability of the porous structure ABW-Ge4 must
be of particular concern.
To investigate the energy stability of ABW-Ge4, the total

energy of ABW-Ge4 as a function of volume per atom is
calculated. For comparison, the results of five known Ge
allotropes, including dc-Ge, ST12, hP12, oC12, and
germancite structures, are also presented (see Figure 1c).
The results show that the average energy per atom of ABW-
Ge4 in the equilibrium state is 0.16 eV higher than that of dc-
Ge, but it is slightly lower than that of the Dirac semimetallic
phase (germancite) predicted by Cao et al.15 and greatly lower
than that of the hP12 phase. This means that the proposed
ABW-Ge4 is competitive in energy stability with respect to the
known allotropes.
The dynamic stability of ABW-Ge4 has been confirmed by

phonon dispersion calculation. Figure 1d shows the phonon
dispersion in the first BZ along typical high-symmetry points
and high-symmetry directions of ABW-Ge4. It can be observed
that calculated phonon dispersion curves do not contain soft
modes, i.e., negative frequencies, in any highly symmetric
direction. This indicates that ABW-Ge4 is dynamically stable
under ambient pressure.
Furthermore, in order to investigate the mechanical stability

of this porous structure, we have also calculated the elastic
constants of ABW-Ge4. The values of independent elastic
constants C11, C12, C13, C22, C23, C44, C55, and C66 of ABW-Ge4
are 79, 35, 51, 110, 29, 34, 46, and 30 GPa, respectively, which
are in good accordance with the Born mechanical stability
criterion, namely,

> × >C C C C0,11 11 22 12
2

× × + × × ×

× ×

>

C C C C C C C C

C C C C

2

0

11 22 33 12 13 23 11 23
2

22 13
2

33 12
2

> > >C C C0, 0, 044 55 66

Figure 2. (a) Fluctuation of potential energy during 5000 fs FPMD simulation for ABW-Ge4 at 500 K. (b) Snapshot structure of ABW-Ge4 after
molecular dynamics simulation for a 3 × 3 × 3 supercell.
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Therefore, ABW-Ge4 is also mechanically stable.
To further explore the thermal stability, we performed first-

principles molecular dynamics (FPMD) simulation by building
a 3 × 3 × 3 supercell with 108 Ge atoms at 500 K. Figure 2a
shows that the average total potential energy of ABW-Ge4
remains almost constant during the whole simulation time
period ranging from 0 to 5 ps. As shown in Figure 2b, no
structural collapse can be found in ABW-Ge4 after heating for
more than 5 ps. So ABW-Ge4 can be thermally stable up to 500
K, which is larger than the room temperature for practical
application.
The electronic band structure of ABW-Ge4 without SOC is

shown in Figure 3. It can be seen that there are two Dirac
linear crossings (denoted as N1 and N2) between the valence
and conductance bands along the Γ−X and G0−X paths near
the Fermi level, marked as points N1 and N2, respectively. As
is known, the band crossing of most topological semimetals
comes from band inversion. To examine the feature of band
inversion, we calculated the orbital and atom-decomposed

band structures, as illustrated in Figure 3b. The red and purple
lines denote pxz and s + pxz states, respectively. We can see that
from Γ to N1 point, the energy of the pxz state is lower than
that of the s + pxz state, while from the N1 to X point, the
energy ordering between pxz and s + pxz states is changed and
the energy band reversal occurs. Similar orbital projection
features also appear near the N2 point. In order to explore the
origin of band inversion from symmetry, we calculated the
eigenvalues of symmetric operators near crossing points. The
irreducible representations of the crossing band subgroups at
the N1 point (along the Γ−X path) are denoted as DT2 and
DT3, while A1 and A2 are the crossing band subgroups around
the N2 point (along the G0−X path). According to these
irreducible representations, we further confirm that they all
correspond to the characteristic wave functions of Mx mirror
reflection. This indicates that the band inversion in ABW-Ge4
is caused or protected by the mirror reflection symmetry.
In momentum space, mirror reflection symmetry can be

defined as Mx:Mx [(kx, ky, kz) → (−kx, ky, kz)]. Symmetry can

Figure 3. (a) Electronic band structure of ABW-Ge4 without SOC. Orbital projections near (b) N1 and (c) N2. DT2, DT3 and A1, A2 represent
irreducible representations of the intersection bands near the nodes N1 and N2, respectively.

Figure 4. (a) High symmetry points and representation of nodes in Brillouin zone. (b) The three-dimensional and energy band of the plane where
the node line is located.
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be used as a unitary operator representation for one electron
wave function, satisfying Mx

2 = (−1)2S, where S is the spin of a
single particle. When the SOC does not exist, the system can
be considered as a spin-free system (S = 0) that maintains
complete SU (2) spin rotation symmetry, and Mx has two
eigenvalues 1 and −1, respectively. When the non-interacting
system described by Hamiltonian H (kx, ky, kz) has a mirror
reflection symmetry Mx, there exists MxH (kx, ky, kz) Mx

−1 = H
(−kx, ky, kz). It can be seen that on the two high symmetry
planes of the BZ, i.e., kx = 0 and kx = π, mirror operators and
Hamiltonians have the same eigenstates, so we can use the
eigenvalues ofMx to label the bands on the two planes. That is,
the DT2, DT3 and A1, A2 bands are forbidden by mirror
symmetry to cross each other.38

To elucidate the distribution details of the Dirac nodes in
whole BZ, we further constructed a tight-binding model (TB)
based on the maximum local Wannier function. As shown in
Figure 4a, the Dirac nodes form two horseshoe-like “U” curves
on the kx = 0 plane of BZ. That is to say, ABW-Ge4 is actually a
nodal-line semimetal rather than a Dirac nodal-point semi-
metal.

From the shape and position of the nodes, one can see that
the two nodal lines are part of a complete closed ring, residing
at the boundary of BZ. To prove this, we further calculated the
three-dimensional band structure on an expanded area beyond
the first BZ. As shown in Figure 4b, we confirm that the two
horseshoe nodal lines indeed form a closed ring. In this sense,
ABW-Ge4 should be a nodal-ring semimetal without SOC.
To explore the transport properties of the Dirac linear

dispersion, we examine the Fermi velocities in different
momentum directions near the Dirac points as shown in
Figure 5a. By constructing a θ and φ spherical coordinate
system with N1/N2 as the origin point, the band structure
along 7500 k paths through the nodal points N1/N2 is
calculated; the Fermi velocities, defined as v E k kh d ( )/dF ,
are fitted on the basis of the obtained bands. From Figure 5,
one can see that around both N1 and N2, the Fermi velocities
of the low-energy linear bands are the direction dependent,
exhibiting strong anisotropy, especially near the node.
Moreover, the maximum Fermi velocity near the node N2 is
1.3 × 106 m/s, which is even greater than that of the
prominent graphene (9.02 × 105, 9.42 × 105 m/s).39 This is

Figure 5. (a) Schematic diagram of the spherical coordinates in the momentum space with node N1 as the origin. (b) Node N1 representation in
the spherical coordinates in the BZ. Slope indices (c) γL and (d) γR of node N1 along all possible k directions (θ, φ).

Figure 6. (a) Electronic band structure of ABW-Ge4 under SOC. (b) Z2 topology invariants calculated based on Wannier charge centers algorithm
under SOC. (c) The semi-infinite (100) edge state of ABW-Ge4.

ACS Omega http://pubs.acs.org/journal/acsodf Article

https://doi.org/10.1021/acsomega.3c02542
ACS Omega 2023, 8, 27231−27237

27235

https://pubs.acs.org/doi/10.1021/acsomega.3c02542?fig=fig5&ref=pdf
https://pubs.acs.org/doi/10.1021/acsomega.3c02542?fig=fig5&ref=pdf
https://pubs.acs.org/doi/10.1021/acsomega.3c02542?fig=fig5&ref=pdf
https://pubs.acs.org/doi/10.1021/acsomega.3c02542?fig=fig5&ref=pdf
https://pubs.acs.org/doi/10.1021/acsomega.3c02542?fig=fig6&ref=pdf
https://pubs.acs.org/doi/10.1021/acsomega.3c02542?fig=fig6&ref=pdf
https://pubs.acs.org/doi/10.1021/acsomega.3c02542?fig=fig6&ref=pdf
https://pubs.acs.org/doi/10.1021/acsomega.3c02542?fig=fig6&ref=pdf
http://pubs.acs.org/journal/acsodf?ref=pdf
https://doi.org/10.1021/acsomega.3c02542?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as


beneficial for mass-less and non-dissipative ultra-high speed
carrier transport applications.
Germanium is a heavy element with d orbitals, thus the SOC

effect should be considered, which may open a gap at the
identified Dirac nodal points and take a topological phase
transition to a topological insulator. Figure 6a shows the
electronic band structures of ABW-Ge4 under SOC. One can
see that the valence and conductance bands move away from
each other and the Dirac points N1 and N2 are fully gapped.
Specifically, the opened gap is about 46 meV along the Γ−X
path and 99 meV along the G0−X path, respectively. Owing to
the existence of the opened band gap and time inversion
symmetry, we further calculated the Z2 topological invariant
according to the evolution of the Wannier charge centers
(WCCs)40 based on the obtained maximum localized Wannier
function. Taking an arbitrary horizontal line (e.g., WCC = 0.77
in Figure 6b) as reference, one can see that the number of
crossings between the reference line and the evolution of WCC
is odd for ABW-Ge4 under SOC. This indicates that ABW-Ge4
should be an intrinsic trivial 3D insulator with Z2 = 1. To
provide more visual evidence, we further examined the
topological surface states. As shown in Figure 6c, there is a
pair of gapless nontrivial surface states (i.e., spin transport
channels) traversing across the bulk gap and connecting the
conduction and valence bands, which is consistent with the
calculated result of Z2. Therefore, the ABW-Ge4 system is
essentially a 3D topological insulator. Considering the
compatibility with traditional semiconductor materials, it is
reasonable to believe that ABW-Ge4 may be promising in
future microelectronic topological devices.

4. CONCLUSIONS
In summary, a new Ge allotrope ABW-Ge4 is defined based on
the first-principles calculations. Its stability, electronic proper-
ties, and topological properties are systematically studied. The
results show that ABW-Ge4 is a stable topological nodal-line
semimetal without SOC, holding many desirable properties:
(i) it has excellent dynamic, thermal, and mechanical stability;
(ii) there exist two topological nodal lines protected by Mx
mirror symmetry, which can be connected into a ring in the
Brillouin zone; (iii) strongly anisotropic electron transport
characteristics near the N1 and N2 nodes have been confirmed
by the calculation of Fermi velocities along different k
orientations, and it is found that the maximum Fermi velocity
is even larger than that of graphene; and (iv) the electronic
band structures of ABW-Ge4 under SOC indicate that the
valence and conductance bands move away from each other
and it is fully gapped along the whole high-symmetry direction;
ABW-Ge4 under SOC will be converted into a topological
insulator. Our findings establish a new member of topological
material in the Group-IV elements. The results of quantum-
phase transition from a nodal-line semimetal into a topological
insulator as a result of SOC may be widely used in the field of
microelectronic devices, due to the compatibility with
traditional semiconductor materials.
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