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Unsupervised attribute reduction based on variable
precision weighted neighborhood dependency
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SUMMARY

Neighborhood rough set (NRS) have been successfully applied to attribute reduction (AR). However, most
current methods of AR based on NRS are supervised or semi-supervised. This limits their ability to process
data without decision information. When granulating data samples, NRS considers only the number of sam-
ples within the neighborhood radius. It does not consider distribution information between samples, which
can result in the loss of original data information. To address the aforementioned issue, we propose an un-
supervised attribute reduction (UAR) strategy based on variable precision weighted neighborhood depen-
dency (VPWND) (UAR_VPWND). We compare algorithm UAR_VPWND to existing classical UAR algorithms
using public datasets. The experimental results show that algorithm UAR_VPWND can select fewer attributes
to maintain or improve the performance of clustering learning algorithms.

INTRODUCTION

With the development of sensor technologies, people are able to
comprehensively and multi-perspectively describe things. This
results in a large amount of complex and high-dimensional
data. These data can assist organizations in making science-
based decisions, reducing costs, and creating value. However,
these data are not only massive and high-dimensional but also
contain significant noise. This noise significantly impacts knowl-
edge discovery. Hence, performing AR on data is crucial. AR
(also known as feature selection’+) has the primary goal of elim-
inating unimportant or redundant attributes in data. It can reduce
data dimensionality to maintain or improve the learning perfor-
mance of the original data®* AR has emerged as one of the
most effective methods for handling high-dimensional data.
The current AR methods can be divided into three main cate-
gories based on whether decision information is present in the
data. They are supervised methods, semi-supervised methods,
and unsupervised methods.® For supervised and semi-super-
vised methods, we must know the full or partial decision informa-
tion of data in advance. In real life, obtaining the decision infor-
mation of data is exceptionally difficult. Therefore, how to
identify the optimal attribute subset from high-dimensional
data in the absence of decision information is of great impor-
tance. And, it has attracted numerous researchers to continu-
ously explore unsupervised attribute reduction (UAR).

Rough set theory (RST), proposed by Pawlak,® is a mathemat-
ical tool for information processing. It has been widely applied ina
variety of fields, including AR,”*® knowledge discovery,® machine

learning, '® and image recognition. Classical RST is based on the
concept of equivalence relations to perform granular partitioning
of the samples. It defines upper and lower approximation sets
and other related concepts through these granules to describe
the uncertainty of data. Eventually, AR and generation of decision
rules are achieved. However, classical RST can only handle nom-
inal data. When dealing with numerical data, it is often necessary
to discretize the data in advance.'""'? It inevitably leads to the loss
of original data information. To address this practical issue, re-
searchers have extended classical RST to develop a more widely
applicable version of RST. Neighborhood rough set (NRS) is one
of the extended models,'® which utilizes the neighborhood rela-
tion instead of the strict equivalence relation found in classical
RST. It avoids information loss and expands the applicability of
RST. NRS is currently a research hotspot in the field of RST.
NRS model has been successfully applied to AR,"*"" multi-la-
bel AR,'®?° data classification,”'*** gene selection,”*° incre-
mental learning,”® and outlier detection,?” etc. It holds promising
research value and practical applications. For example: regarding
the lower approximation in NRS, which only permits strictly con-
taining samples. This strict partition condition reduces the toler-
ance of the NRS to noise. Hu et al. introduced the variable preci-
sion concept proposed by Ziarko into NRS and proposed the
variable precision NRS."® Hu et al. proposed a method for hetero-
geneous attribute subset reduction based on NRS.?® To our
knowledge, most NRS AR algorithms assume that all samples
within the neighborhood have the same importance when
computing neighborhood dependency. The distribution informa-
tion of samples within the neighborhood is ignored. In fact, the
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spatial distribution of each sample in the neighborhood is one of
the basis for evaluating the importance of candidate attributes.
For two different attribute subsets, even if their neighborhood
samples are the same, if the spatial distribution of their neighbor-
hood samples is different, they may convey different information.
To address this issue, this paper presents the concept of
weighted neighborhood, which takes into account the spatial dis-
tribution of neighborhood samples.

Based on the aforementioned discussion, we propose an UAR
model based on VPWND. First, the average VPW dependency is
calculated for all individual attribute subsets to define the rele-
vance of the certain subset of attributes, thereby the importance
is defined to indicate the importance of a candidate attribute.
Next, an UAR algorithm based on VPWND is developed. Finally,
the algorithm UAR_VPWND is compared and analyzed with exist-
ing classical UAR algorithms using public datasets. The experi-
mental results show that the algorithm UAR_VPWND can
select fewer attributes to maintain or improve the learning perfor-
mance of the data in clustering learning algorithms. Besides,
the hypothesis statistical analysis shows that the algorithm
VPWND_UAR differs significantly from the majority of classical
UAR algorithms. In summary, the main contributions of this study
are as follows.

(1) To account for the distributional information between
samples and reduce loss of information in the original
data, we study weighted neighborhood and weighted
neighborhood dependency.

In order to deal with uncertainty and incomplete data
without decision information. We use weighted neighbor-
hood dependency as the measurement basis and inte-
grate the advantages of variable precision NRS to design
the algorithm UAR_VPWND.

Experimental comparisons with other nine UAR algorithms
on public datasets show that the proposed algorithm
UAR_VPWND not only improves clustering performance
but also reduces information loss by considering weighted
attribute relationships. At the same time, statistical signifi-
cance analysis verifies the effectiveness of the algorithm.

—
N
-

—
w
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The rest of this paper is organized as follows. Related work
presents UAR, and NRSAR. Preliminaries introduces the basic
theory of NRS, and variable precision neighborhood rough set
(VPNRS) UAR based on VPWND gives a VPNRS model consid-
ering conditional attribute sets, analyses the model, and pro-
poses the algorithm UAR_VPWND. Results presents the experi-
mental results and analyses. Finally, discussion introduces
advantage and disadvantage of this paper.

Related work
In this section, we review related work, including methods for
UAR, NRS AR methods, and methods of weighted.

UAR methods have gained significant attention in many
research areas. This is primarily because they can identify and
select relevant attributes without decision information. Similar to
supervised and semi-supervised AR methods, UAR methods
can be divided into three categories based on the AR strategy: fil-
ter approach, wrapper approach, and hybrid approach.*?° Filter
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approach selects the most relevant attributes based on the data
itself. Their main characteristics are fast speed and strong scal-
ability. There are two categories of UAR methods based on filter
approach: univariate filter methods and multivariate filter
methods.*° In univariate filter methods, there are two prominent
groups: methods based on information theory and methods based
on spectral analysis.®>' Rao and Sastry proposed an unsupervised
univariate filter method that ranks attributes using information the-
ory.®' DelLeon and Chough developed a new unsupervised spec-
tral AR method for mixed data, called unsupervised spectral
feature selection method (USFSM).>2 There are three main cate-
gories of multivariate filter methods are statistical/information
methods, bio-inspired methods, and spectral/sparse learning
methods. Mitra et al. proposed an AR method called feature sim-
ilarity-based feature selection (FSFS) within the statistical/infor-
mation-based methods category, which uses attribute similarity.**
It is one of the most representative and most cited works. Tabakhi
etal. proposed an UAR method based on ant colony optimization,
called UFSACO.** It is one of the earliest methods based on bio-
inspired concepts. Nie et al. proposed a structured optimal graph
AR method based on sparse learning methods, called SOGFS.*®
This method performs AR and local structure learning simulta-
neously. Wrapper methods use the results of specific clustering al-
gorithms to evaluate subsets of attribute. Its main drawback is the
high computational cost. And, it can only be used with specific
clustering algorithms. UAR methods based on wrapper approach
are divided into three groups based on the attribute search strat-
egy: sequential methods, bio-inspired methods, and iterative
methods. In 2004, Dy and Brodey proposed an UAR method,
which is considered one of the most outstanding sequential
methods.*® Dutta et al. proposed an UAR method based on bio-
inspired.®® Law et al. proposed a method that uses clustering algo-
rithms to cluster data and perform AR simultaneously.®” Itis one of
the most representative among iterative methods. To effectively
utilize the advantages of both filter and wrapper methods, re-
searchers have proposed hybrid methods. In filter stage, hybrid
approach performs attribute ranking or selection based on mea-
surements of intrinsic attributes of data. In wrapper stage, it eval-
uates the certain subsets of attribute using a specific clustering al-
gorithm to identify the optimal attributes. Hybrid approach can be
divided into two categories: ranking-based methods and non-
ranking-based methods. Solorio-Fernandez et al. proposed a
ranking-based hybrid UAR method.*® Hruschka et al. proposed
a non-ranking based hybrid UAR method.*° The method com-
bines k-Means clustering and Bayesian filtering.

The aforementioned UAR methods cannot handle uncertainty
and incomplete data. Rough sets are a mathematical tool and
method for dealing with uncertainty and incomplete data. It is
widely used for high-dimensional data AR. The traditional rough
set model is only applicable to nominal data. NRS model is an
extension of the classical rough set model, due to the introduction
of the concepts of neighborhood granularity and granularity
space, which can be used to deal with numerical data. At the
same time, do not discretize the process, reducing the loss of
original data information. Researchers have done a great deal of
work on NRS AR method. Wang et al. developed an NRS-based
AR algorithm using self-information.’® Wan et al. proposed a
novel hybrid AR method considering attribute interaction in
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NRS.'* Chen et al. proposed an AR method for imbalanced data
based on NRS.*! Yang et al. proposed a method for AR based on
NRS and distance metric learning.*?

In the aforementioned studies on NRS AR, researchers did
not account for the weighted of attributes, as each type of at-
tributes has the different impact on the outcome. By consid-
ering the internal correlations between conditional attributes
and decisions in advance, it becomes more feasible to select
attributes with high correlation and dependency. Therefore,
by using a weighted method to assign different weights to attri-
butes, data can be processed more efficiently and accurately.
Guo et al. used decision trees and proposed an adaptive
weighted generalized multi-granulation interval-valued deci-
sion-theoretic rough sets model.** Tsang et al. used kernel-
based fuzzy rough sets to define a weighted Parzen function,
and proposed a new KNN classification algorithm based on
the weighted Parzen function to improve classification accu-
racy.** Vluymans et al. proposed new weight selection strate-
gies for ordered weighted average based fuzzy rough sets.*”
The weighting methods primarily include subjective weighting
and objective weighting. Subjective weighted methods rely on
human subjectivity for determining the weights of attributes,
and the involvement of relevant experts is required when using
these methods. Objective weighting methods can obtain
weighted values by computing the original data, which are
widely used. Recently, scholars have proposed some new
and novel methods. Li et al. proposed an AR method based
on improved Fuzzy C-Means with principle of refined justifiable
granularity.“® Liu et al. proposed a parameter-free multi-granu-
larity AR method.*” Li et al. proposed an interval dominance-
based AR method for interval-valued ordered data.”® Zhang
et al. proposed an a possibilistic information fusion-based
UAR method using information quality measures.*’ Li et al. pro-
posed a double-quantitative AR method for multi-granularity or-
dered decision systems.°® At the same time, some work
has been done on attribute reduction based on machine
learning. Sheikhpour at al. use generalized uncorrelated
constraint for hessian-based semi-supervised AR.°" Berah-
mand at al. use dual autoencoders for semi-supervised deep
attribute clustering.®?

The paper takes UAR, NRS AR, and etc. as the research basis
to study UAR based on VPWND.

Preliminaries

In this section, we will review some basic definitions and nota-
tions regarding NRS, VPNRS, and VPWN. They will be used in
subsequent sections of this paper.

NRS

Definition 1. Information System(lS) is a quadruple, i.e., IS =

(U, A, V,F). Where U" = {x1,X2,",Xn} is @ nonempty finite set
of samples, called the universe; A is also a nonempty finite set,
called the attribute set; ¥V = UV,(Va € A), V, is the value uni-
verse of a; F : UXA—V is an information function, which sat-
isfies Vx;e U and a€ A, there exists F(x;,a) € V,. For decision
information system(DIS), A can be divided into two mutually
disjoint subsets: the conditional attribute set C = {c1,C2,**,Cm}
and the decision attribute set D, CND = &J,CUD = A. DIS can
be can be briefly written as DIS = (U',C UD,V,F).
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Based on the IS = (U, A, V, F), we introduce the distance

function A and neighborhood radius ¢ to measure the distin-
guishability of samples on the attribute set.
Definition 2. Given IS = (U, A,V,F), for any nonempty
subsets of conditional attributes B<=C, B = {C,,Ck,, ", Ck,}
(1 <h <m), Vx,x;,xke U (1 <i,j,k <m), the distance func-
tion Ag(x;,Xx;) needs to satisfy:

—_

1) Az(xi,x;) > 0 (Non-negativity);
) AB(XHXI) = AB(XI'>XI') (symmetry);
3) Ap(Xi,xk) < Ap(Xi,X;) + Ap(X;, xk) (Triangular inequality).

IS

Ag(xi, X;) calculates the distance between x; and x; under B. This
paper adopts the Euclidean distance function from,'® which is:

Ap(xi,x;) = <i(?(x,-,ck,) - P(x,-,ck,))2>2. (Equation 1)
=1

Where F(x;, ¢y, ) represent the attribute value of sample x; under
the attribute ¢ (1 </ <m); F(x;,ck) represent the attribute
value of sample x; under the attribute c,.

Based on the Euclidean distance function, we introduce the
neighborhood radius ¢ (¢ > 0) to granulate the universe forming
neighborhood relations and neighborhood classes. Thus, the
neighborhood information system (NIS) based on samples is con-
structed. Next, we present the definition of ¢ — neighborhood.
Definition 3. Given IS = (U, A, V,F), for Vx;e U, BSC, and
e > 0, the ¢ — neighborhood of x; on B is defined as'°%°*

n(x) = {x|Ds(x;,x) < e,x; € U} (Equation 2)

n%(x;) contains data samples in U" whose distance from the x; is
no more than e under 5.
Definition 4. Given IS = (U, A,V,F), for VB=C, ¢>0, and
Vxj,x;e U'. Then, the neighborhood relation in U determined
by B can be defined as'®°%>*
nrs = {(x, %)% € n(x)}- (Equation 3)

From the definition 4, which is clear that the neighborhood
relation among the samples in the V" necessarily satisfies reflex-
ivity and symmetry, and it is a class of similarity relations. In the
NIS, whene = 0, it can be said that nr is the finest granularity on
V. ltis actually a degenerate equivalence relation, which is appli-
cable for nominal data. When &> 0, nrj is a coarse equivalence
relation on U, which is applicable for numerical data. It is clear
that the neighborhood relation actually describes the similarity
or indistinguishability between samples in the V.

Next, we will give the property of neighborhood.
Property 1. Given IS = (U,A,V,F), for Vx,xelU, and
VP, Q< C. Fromdefinition 3and definition 4, the ¢ — neighborhood
and  neighborhood relationship have the following
properties. 3%

(1) x; € n5(x;) =n5(x) = J;

2 VPSQ:n;(X,-)QnSQ(x,-);
(3) VO0<eg <e 2[7;; (X,‘) En;z.
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4 1< |ng(x,')} <U;

(6) Ui_qny(xi) = U3

6) YP=Q=nrp=2nrg.
Definition 5. Given IS = (U, A, V,F), for VBSC, ¢ > 0, nrz is
the B — ¢ neighborhood relationship induced on U by B.
NR¢ = {nrz : BEC} represents all neighborhood relations on
the . The quadruple NIS = (U, NR¢,V,F) is a NIS. Similarly,
the neighborhooddec decision information system(NDIS) can
be represented as NDIS = (U, N'Rz UD,P,F).'>5%5
VPNRS
Definition 6. Given NIS = (U, NR¢,V,F), for VYXSU,
nri € NR¢, and introduced variable precision parameter (0.5 <
B8 <1). Then, the variable precision neighborhood information
(VPNIS) can be represented as VPNIS = (U, NR¢,V,F,B).
Similarly, the variable precision neighborhood decision
information  system(VPNDIS) can be represented as
VPNDIS = (U, NRcUD,V,F,B)."°

In the VPNIS, variable precision upper and lower approxima-
tion sets can be defined.
Definition 7. Given VPNIS = (U, NR¢,V,F,B), for VX< U,
nrse NRc. The variable precision upper approximation sets
nrs(X) and variable precision lower approximation sets nrz(X)
of X based on the neighborhood relation nry are defined as'®

nr(X) = {x% >1-f.xe 1/}, (Equation 4)
nr(X) = {X %;;X' > B,xe U}. (Equation 5)

The NRS relaxes the strict definition of the positive region by
introducing variable precision parameter B. The value of B is
inversely related to the size of the positive region, i.e., the smaller
the B, the larger the positive region. Therefore, VPNRS have the
certain tolerance to data inconsistency and exhibit good noise
resistance.

VPWN
Definition 8. Given VPNIS = (U, NR¢,V,F,8). Then, the
weighted neighborhood of x;e U on BE C can be defined as

ny = {w x x|A(.x) < ew = 1 - Ag(x,x),x € U}
(Equation 6)

In order to make the expression for calculating the weighted
neighborhood in the subsequent steps clearer and more intui-
tive, the weighted neighborhood object wxx; is simplified to wx;.
From Equation 6, it can be observed that when the x; is rela-
tively far from the x; within its neighborhood, the weight of the
X; is smaller, and its contribution to the classification is also
smaller. Conversely, it is larger.
Based on definition 4 and definition 8, the weighted neighbor-
hood relation can be defined.
Definition 9. Given VPNIS = (U, NR¢,V,F,B), for VBS C,e >
0 and Vx;,x;e U. Then, the weighted relation on U determined
by B can be defined as

nr(x) = {(xi, wx;)|wx; e n'y}. (Equation 7)
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Based on definition 7 and definition 9, we can define the variable
precision neighborhood upper and lower approximation sets.
Definition 10. Given VPNIS = (U, NR¢,V,F,B), for VXS,
VB<EC, n/;, and nry,. Then, the variable precision neighborhood
upper approximation sets @(2{) and the variable precision
neighborhood lower approximation sets nry(X) based on the
weighted neighborhood relation nrj; are defined as

nrp(X) = {x,- M >1-6,xe¢ U}, (Equation 8)
|n’3(x)|
[ns(x) N x| .
nry(X) = {x,- o = BX e U’}. (Equation 9)
- ()]

Then, the nrj;(X) and nrj;(X) based on nrj; also can be further
defined as

W((\;) = {x |n*,;(x,-)ﬂ)(| x Zmenjs(x;)nx(-' - AB(Xivm))
? I |n;'3(x,)| Znen;g(x,)(‘] - AB(th))
>1-6,xe¢ U},

(Equation 10)
nr' (X) - Ix !n;;(xl)nf\;| x Zmen%(x,-)ﬁ)((" - AB(vam))
— I |n;'3(x,)| Znen‘g(x,)(-1 - AB(van))

> B,Xj € U}

(Equation 11)

UAR based on VPWND

In this section, a new VPNRS selection model that considers
conditional attribute sets is first developed. Next, an UAR model
based on VPWND is proposed. Finally, we design the algorithm
VPWND_UAR and provide a specific example to illustrate it.
VPNRS model considering conditional attributes

Given VPNIS = (U, NRc,V,F,B), where U = {X1,X2, ", Xn},
C = {c1,c2,"",Cm}. Let B = {Ck,,Cky, " CK, 1(1 <h <m)<=C,
For Vx;,x;e U, the weighted relation nrj; under B can be ex-
pressed as

e IW= 1 — Ap(xi, X)), Ap(Xi, X)) < &
! 0,A5(x,X;) >e.

} (Equation 12)

From Equation 12, it can be seen that when the Euclidean dis-
tance between x; and x; is less than or equal to the g, we consider
that x; and x; are indistinguishable under B and assign a weight
value of w between them. In traditional NRS, when x; and x; are
indistinguishable, we use 1 to denote the neighborhood relation-
ship between them.'*'® It does not take into account the distri-
butional information between samples, which may lead to loss of
information in the original data. To address this, we use w to
denote the neighborhood relationship between x; and x;.
Ag(xi,x;) is smaller, w is larger; Ag(x;, ;) is larger, w is smaller.
To a certain extent, it can prevent the loss of information in the
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original data. When the Euclidean distance between x; and x; is
greater than the ¢, x; and x; are considered distinguishable under
B. This approach reflects people’s tolerance for numerical data
noise. nry is the weighted relation on U w.r.t. B. Then, the
weighted relation matrix can be expressed as

B B B
ra ro o My
r/B r/B r/B
M (nry) = n "2 2n (Equation 13)
B B B
r ni r n2 e r nn

The weighted neighborhood n’é; of x; can also be represented
as a vector, i.e., n'5(x) = (Fh,ro,,rE)0 <rh <1).

Next, we define the neighborhood radius parameter e.
Definition 11.  Given VPNIS = (U, NR¢,V, F,B),for VB< C, let
B = {Ck ,Cky, " Ck, }(0 < h < n). Then, the equation for calcu-
lating the neighborhood radius is defined as

e = ZZ:1Std(Ckn) )

h (Equation 14)

Where std(cy, ) is the standard deviation of the attribute values of
Ck,, and h is the number of individual attribute subset in B.
Definition 12. The family of neighborhood granules generated
by nrp is defined as

G(nrs) = {n%(x1),n%(x2), -, n%(xa) }. (Equation 15)

Where n%(x;) is the set of neighborhood granules containing X;
induced by nrz. Without causing confusion, B can also be
used to replace nr, i.e., G(nrp) can be simply written as G(B).
Based on definition 9 and definition 12. We will next provide the
definition of the family of the weighted neighborhood granules.
Definition 13. The family of the weighted neighborhood gran-
ules generated by nry; is defined as
g (nry) -

{n"5(x1),n"5(x2), ---,n"5(xa)}. (Equation 16)

Without causing confusion, B’ can also be used to replace nri,
i.e., ¢ (nry;) can be simply written as ¢'(B').

In the VPNIS, the upper and lower approximation sets of the
variable precision neighborhood information granules are pro-
posed for the classification of the decision attribute. Based on
this, this paper will introduce the concept of VPW neighborhood
upper and lower approximation sets for the classification of con-
ditional attributes.

Definition 14. Given VPNIS = (U, NR¢, V,F,8), for VP,Q< C,
Vxi.ge V. Let G(P) = {nh(x1).n5(xe), .n5(Xn)}, G(Q) =
{n5(x1),n(62), -+ n(xa)}.  VNS(x)€ G(P),  Vn(x) € G(Q).
Then, the variable precision neighborhood upper and lower
approximation sets of n;,(x;) with respect to nrp are defined as

|ns, ()G ()|
|5 (xi) |

r3ns) = {x

> 1 —ﬁ,X,'E U'}7

(Equation 17)
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(Equation 18)

The upper and lower approximations sets of the VPNRS
are based on the [ tolerance partition, which allows
the certain degree of misclassification. The size of B deter-
mines the sample coverage of the upper and lower approxima-
tion sets.

Based on definition 13 and definition 14, the VPW neighbor-

hood upper and lower approximation sets can be defined
considering conditional attributes.
Definition 15. Given VPNIS = (', NR¢, V,F,B), for VP,Q<=C,
VXX € U. Let G/(P') = {1 (x1), W' (x2), -, W' (xa)}, G'(Q) =
{n'g(x1),M'g(x2), -, Mo (Xa)}. V'5(xi) e G'(P'), and Vn'g(x) e
G (Q'). Then, the VPW neighborhood upper and lower approxi-
mation sets of ny,(x;) w.r.t. nry, are defined as

' (x)NN'g ()]
s, (x;) |

M(n';(x,)) = {x; >1-8x¢€ U}7

(Equation 19)

"5 () 6 ()]
s, (xi) |

o (n0) = {x

> ﬁ,X,‘ € U‘}
(Equation 20)

From definition 10, we can further derive the VPW neighbor-
hood upper and lower approximation sets, as follows

|5 (xi) N ()|

n5(x)|

Emfen;,(xmn;(x,)m — Ap(x;,m'))
Zn’en;(x)“ — Ap(x;,n))

nry(n's(x)) = {x,-

> 1 *ﬁ,X,‘E U}7

(Equation 21)

|5 (xi) NN ()|

ol
Zm’enj,(x)ﬂn;(xl)(1 - AP(Xl'vm’))
Zn’enfp(x)(<| - AP(X,‘,"/))

nr'y (') = {

X

> ﬁ,X,‘ € U‘}
(Equation 22)

Next, we will define the VPWND. Based on this, the concept of
the VPW neighborhood positive region is first introduced.
Definition 16. The positive region of the VPW neighborhood of
Q w.r.t. P can be defined as

VPNPOS'%(Q) = U nrh(ns(x),  (Equation 23)

(%)= 9@)
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The VPW neighborhood positive region defines the union of
the VPW neighborhood lower approximation sets of Q with
respect to P. The size of it can reflect the relevance of the con-
ditional attributes. Next, we will define the VPWND.

Definition 17. The VPWND of Q w.r.t. P can be defined as

_ |VPNPOS;,(Q)|

75(Q) 7

(Equation 24)

Clearly, 0 < y/f)(Q) < 1. This shows the relevance between
conditional attributes. When v'%,(Q) = 1, itis said that Q is fully
dependent on P; When y’f)(Q) = 0, itis said that Q is completely
independent of P. The goal of this paper is to find the subset of
attributes with the maximum dependency. under the circum-
stances, the attributes within the subset of attributes have higher
relevance to each other.

Given VPNIS = (U, NR¢,V,F,B), for P, Q=C, Vn'y(x)e
¢ (Q'). From definition 15, it is known thatny’g) is non-monotonic.
Then, y’f,(Q) is also non-monotonic.

7’5,)(Q) mainly focuses on the relevance between the 7 and Q.
In order to compute v'%,(Q), We should not attempt to examine all
subsets within C. Since there are 2/l subsets of attributes in C,
we will obtain 22/¢I VPWND. This will result in its time complexity
being exponential. Therefore, this paper only considers the
VPWND w.r.t. all individual attribute subset.

Next, we will define the relevance of the conditional attribute
subset B.

Definition 18. The relevance of the B can be defined as

m
Rel(B) = % > ek (Equation 25)

k=1

Where 0 < Rel(B) < 1, the relevance reflects the 3 and all indi-
vidual condition attribute subsets. It can be used to define the
importan of an attribute.

Definition 19. If Rel(B) = Rel(B —b), then b is said to be
redundant in B; otherwise, b is said to be necessary in B. If every
attribute in B is necessary, then B is said to be independent.
Definition 20. Let B=C, if B satisfies

(1) Rel(B) = Rel(C);
(2) Vbe B,Rel(B — b)<Rel(B).

Then, B is called a reduction of C.

In the definition 20, the condition (1) requires that the reduction
cannot decrease the distinguishing ability of the system, and the
condition attributes after the reduction have the same distinguish-
ing ability as all the condition attributes; the condition (2) requires
that there are no redundant attributes after the reduction, and all at-
tributes should be indispensable. It is formally completely consis-
tent with the definition of supervised AR in classical rough sets. The
model uses the VPWND to measure the correlation between con-
ditional attributes. However, AR of supervised uses the decision
attribute to define the importance of the conditional attributes.
Therefore, they are applicable to completely different scenarios.

Relevance defines the correlation between conditional attri-
butes Therefore, it can serve as an indicator for evaluating the
importance of an attribute.
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Definition 21.
tive to B as

Vbe C — B, we define the importance of b rela-

Imp(b,B) = Rel(BUDb) — Rel(B). (Equation 26)
Since 0 < Rel(B) <1 and Rel(B) < Rel(BUb), we have

0<Imp(b,B) <1.1fImp(b,B) = 0, the bis considered redun-

dant in B; otherwise, it is considered necessary.

VPWND based on AR algorithm

So far, the paper has established an unsupervised AR model

based on VPWND, which called VPWND based on UAR.

The description of data samples often differ in magnitude and
dimension. In order to obtain accurate data processing results
and avoid the influence between different data, we need to stan-
dardize the original data.® The paper adopts min-max normali-
zation. Its computational formula is as

F(Xi,¢,) — ming,

F(Pl,c0) = max,, — ming,
Ck ck

(Equation 27)

Where F(x;, cx) represents the value of x; under the c,. max., and
ming, are maximum and minimum values of ¢, respectively. After
normalization, the range of values for these attributes is [0,1]. Next,
we will design the algorithm UAR_VPWND and analyze its time
complexity.

Algorithm 1. the algorithm UAR_VPWND

Input: VPNIS = (U, NR¢,V, F,B), where |C| = m, variable precision
threshold parameter B

Output: Set

1 Set—, Label —1, B—C — Set;
2 fork<—1tomdo

3 Calculate M'(nr'(ck));

4 end.

5 while Label do

6 LetB = {Ck,Cky,"",Ck, |3

7 for/<1tohdo

8 fors«<1tomdo

9 Calculate yﬁetu% ({cs})s
10 end.

11 Calculate Rel(Set U{cy});
12 end.

13 Select attribute ¢y, , s.t. Rel(Set U {ck;}) have a maximum value;
14  Calculate Tmp(cy,,Set) = Rel(Set U{ck, }) — Rel(Set);

15 if Imp(c,, Set) >0 then

16 Set—SetU{cy, }, BB — {cx };

17 B = {CkyCky,""",Ch, }3

18 forj«<1topdo

19 Calculate M’ (nr'(c;))
20 end.

21 else.

22 Label < 0;

23 end.

24 end.

25 end.

26 if |Set| = = m then
27 return Set—Set(1:m — 1);

28 else.

29 return Set.
30 end.

31 end.
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Table 1. Initial and standardized the IS

Table 2. The VPWND between two individual attributes

7 C1q Co C3 Cy C1q Co C3 Cy4

xy 14 75 39 46 0.4444 0.5000 1.0000 0.6250
x 15 76 32 45 05556 0.6250 0.2222 0.5000
x3 1.0 79 33 42 0.0000 1.0000 0.3333 0.1250
xs 16 76 36 42 06667 0.6250 0.6667 0.1250
xs 12 71 3.0 41 0.2222 0.0000 0.0000 0.0000
xs 1.9 73 38 49 1.0000 0.2500 0.8889 1.0000

The algorithm UAR_VPWND starts with the empty set. The
importance of all remaining attributes is calculated each time.
The algorithm UAR_VPWND selects the attribute with the high-
est importance and add it to the reduction set until the impor-
tance of all remaining attributes becomes 0. That is, adding
any new attribute, the system’s importance no longer changes.
In the algorithm UAR_VPWND, the number of loops in steps
2 — 4 runs m times, the number of loops in step 3 runs for nx
n times, the number of loops in steps 7 — 12 runs hx m times,
the number of loops in steps 8 — 10 runs m times, the number

1.0000
0.8889
0.0000
0.7778
0.7778
0.0000

0.8889
1.0000
0.0000
0.8889
0.6667
0.0000

M (nré,‘ ) =

1.0000
0.8750
0.0000
0.8750
0.0000
0.7500

0.8750
1.0000
0.0000
1.0000
0.0000
0.0000

1.0000
0.0000

, 0.0000

M (”’ 0’3> 0.6667
0.0000

0.8889

0.0000
1.0000
0.8889
0.0000
0.7778
0.0000

0.0000
0.0000
1.0000
0.0000
0.7778
0.0000

0.0000
0.0000
1.0000
0.0000
0.0000
0.0000

0.0000
0.8889
1.0000
0.6667
0.6667
0.0000

7oy ({6} ¢t cs cs c4

c 1.0000 0.3333 0.3333 0.1667
c2 0.6667 1.0000 0.1667 0.5000
cs 0.6667 0.3333 1.0000 0.5000
Cs 0.3333 0.3333 0.6667 1.0000

of loops in steps 18 — 20 runs p times, and the number of loops
in step 19, runs nxn times. The total number of loops in the algo-
rithm UAR_VPWND ism X nX n+h X m+p X n x n. Therefore,
the time complexity of the algorithm UAR_VPWND is O(n?).
A special example
Given VPNIS = (U, NR¢,V,F, ), the values on the left side of
Table 1 are the numerical data. Where U" = {x1,X2,X3, -**,Xg},
C = {c1,C2,C3,C4}. First, we need to perform min-max normaliza-
tion on the original data using Equation 27. The normalized results
are shown on the right side of Table 1. Let Set = J, B = C,
8 = 0.75.

V¢ € C, the weighted relation matrixs are as follows.

0.7778
0.8889
0.0000
1.0000
0.0000
0.6667

0.7778
0.6667
0.7778
0.0000
1.0000
0.0000

0.0000
0.0000
0.0000
0.6667 ’
0.0000
1.0000

0.8750
1.0000
0.0000
1.0000
0.0000
0.0000

0.0000
0.0000
0.0000
0.0000
1.0000
0.7500

0.7500
0.0000
0.0000
0.0000 ’
0.7500
1.0000

0.6667
0.0000
0.6667
1.0000
0.0000
0.7778

0.0000
0.7778
0.6667
0.0000
1.0000
0.0000

0.8889
0.0000
0.0000
0.7778 ’
0.0000
1.0000
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1.0000
0.8750
0.0000
0.0000
0.0000
0.6250

0.8750
1.0000
0.6250
0.6250
0.0000
0.0000

M (nrég) =

The VPWND between two individual attributes are calculated
from Equation 24, Which is shown in Table 2.

By definition 18, the relevance for each attribute can be calcu-
lated as follows. Rel({c1}) = L 37 ,y&(ck) = 1(1.0000 +
0.3333 +0.3333 +0.1667)=0.4583; Rel({co}) = 0.5833;
Rel({cs}) = 0.6250; Rel({c4}) = 0.5833.

Similarly, the importance of each attribute is as follows.
(Since Set = J, then Rel(Set) = 0.) Imp(c1, Set) = Rel(Set
U{cy}) — Rel(Set) = 0.4583 — 0.0000 = 0.4583; Imp(cy,
Set) = Rel(Set U{c,}) — Rel(Set) = 0.5833 — 0.0000 =
0.5833; Imp(cs,Set) = Rel(Set U{cs}) — Rel(Set) = 0.6250
—0.0000 = 0.6250; Imp(cs, Set) = Rel(SetU{cs}) —
Rel(Set) = 0.5833 — 0.0000 = 0.5833.

Next, the attribute with the highest importance is added to Set.
That is the attribute c3 is added to Set, we can get Set = {cs},
B=C- {03} = {C17C27C4}.

Similarly, we can calculate Tmp(c+, Set) = Rel (Set U{cz}) —
Rel(Set) = 1.0000 — 0.6250 = 0.3750; Imp(cy, Set) = Rel

(Set U{cs}) — Rel(Set) = 0.9583 — 0.6250 = 0.3333;
Imp(ca, Set) = Rel(SetU{cs}) — Rel(Set) = 0.0000 —
0.6250 = — 0.6250.

At this point, we can get Set = {c3,c1},B = {C2,Ca}.

0.0000
0.6250
1.0000
1.0000
0.8750
0.0000

iScience

0.0000
0.6250
1.0000
1.0000
0.8750
0.0000

0.0000
0.0000
0.8750
0.8750
1.0000
0.0000

0.6250
0.0000
0.0000
0.0000
0.0000
1.0000

Further, we can calculate Imp(cy, Set) = Rel
(Set U{c,}) — Rel(Set) = 1.0000 — 1.0000 = 0.0000; Imp
(cs, Set) = Rel(SetU{cs}) — Rel(Set) = 1.0000 —
1.0000 = 0.0000.

Therefore, Set = {c3,c1}.

RESULTS

This section evaluates the algorithm UAR_VPWND through
the performance clustering tasks. It mainly includes the
experimental datasets, and experimental schemes, ex-
perimental results, parameter analyses, and hypothesis
testing.

Experimental datasets

From publicly available databases, 16 numerical datasets are
selected for experiments. For the missing values in some data-
sets, the maximum method is used to fill the missing values.
The datasets used for clustering are described as shown in
Table 3.

Table 3. Datasets basic information

ID Datasets Abbreviation Sample Conditional attributes Decision class
1 Dermatology Derm 366 34 6
2 Diabetes Diab 768 8 2
3 Ecoli Ecoli 336 7 8
4 Glass identification Glass 214 10 6
5 lonosphere lono 351 33 2
6 Movement_libras Move 360 90 15
7 Page_blocks Page 5473 10 5
8 Parkinsons Park 195 22 2
9 Sonar Sonar 208 60 2
10 Wisconsin Breast Cancer WBC 699 9 2
11 Wisconsin Diagnostic Breast Cancer WDBC 569 31 2
12 Wilt Wilt 4839 5 2
13 Wine Wine1 178 13 8
14 winequality_white Wine2 4898 11 7
15 winequality_red Wine3 1599 11 6
16 Wisconsic Prognostic Breast Cancer WPBC 198 34 2
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Table 4. The average optimal number of attributes based on different UAR algorithms

Dateset  Original Attribute  FRUAR ~ UFRFS  HKCMI LS FSFS USFSM SPEC FMIUFS UAR_mSMU UAR_VPWND
Derm 34.0 16.0 19.0 7.0 17.0 17.0 17.0 17.0 17.0 17.0 17.0

Diab 8.0 7.0 8.0 7.0 4.0 4.0 4.0 4.0 4.0 4.0 4.0

Ecoli 7.0 6.0 7.0 6.0 4.0 4.0 4.0 4.0 4.0 4.0 4.0

Glass 10.0 9.0 8.0 9.0 5.0 5.0 5.0 5.0 5.0 5.0 5.0

lono 33.0 32.0 12.0 12.0 4.0 4.0 4.0 4.0 4.0 4.0 4.0

Move 90.0 49.0 5.0 8.0 115 115 115 115 115 115 1.5

Page 10.0 9.0 8.0 5.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0

Park 22.0 18.0 8.0 8.0 5.0 5.0 5.0 5.0 5.0 5.0 5.0

Sonar 60.0 30.0 8.0 8.0 6.0 6.0 6.0 6.0 6.0 6.0 6.0

WBC 9.0 8.0 9.0 8.0 5.0 5.0 5.0 5.0 5.0 5.0 5.0

WDBC 31.0 14.0 9.0 12.0 3.5 3.5 3.5 3.5 3.5 3.5 3.5

Wilt 5.0 4.0 5.0 4.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0

Wine1 13.0 12.0 8.0 9.0 3.0 3.0 3.0 3.0 3.0 3.0 3.0

Wine2 11.0 10.0 10.0 10.0 4.0 4.0 4.0 4.0 4.0 4.0 4.0

Wine3 11.0 10.0 10.0 10.0 5.0 5.0 5.0 5.0 5.0 5.0 5.0

WPBC 34.0 24.0 8.0 9.0 14.0 14.0 14.0 14.0 14.0 14.0 14.0

Average 24.3 16.1 8.9 8.3 5.8 5.8 5.8 5.8 5.8 5.8 5.8
Experimental schemes accuracy (ACC),*®" and adjusted rand index (ARI°° to evaluate

On the datasets listed in Table 3, we compared the algorithm
UAR_VPWND with the fuzzy rough set-based UAR (FRUAR),"
unsupervised fuzzy rough set-based feature selection
(UFRFS),*® hybrid kernel-based fuzzy complementary mutual in-
formation (HKCMI),>” Laplacian score-based (LS),*® feature sim-
ilarity-based feature selection (FSFS),*® unsupervised spectral
feature selection method (USFSM),*? spectral analysis-based
(SPEC),*° a novel unsupervised approach to heterogeneous
feature selection based on fuzzy mutual information
(FMIUFS),°° and a possibilistic information fusion-based unsu-
pervised feature selection method using information quality
measures (UAR_mSMU).*? Where, algorithms LS and FSFS are
typically applicable to numerical data; the algorithm USFSM is
applicable to mixed data. Among them, algorithms FRUAR,
UFRFS, HKCMI, FMUFS, and UAR_mSMU are based on fuzzy
rough set theory. Where algorithms UFRFS and UAR_mSMU
are applicable to numerical data; the algorithms FRUAF,
HKCMI, and FMIUFS are applicable to mixed data. For the algo-
rithm FRUAR, which adjust the parameter A in the range of
[0.1, 3.0] with a step size of 0.1 to get optimal result. For the
algorithm HKCMI, which adjust the parameter p in the range of
[0.1 1.0] with a step size of 0.1 and another parameter ¢e
{1072,1073,10~4,1075} to get the optimal result. For the algo-
rithm FMUFS, which adjusts the parameter A in the range of [0.1,
2.0] with a step size of 0.1 to get the optimal result. For each da-
taset, they can select an optimal subset of attributes.

For clustering experiments, the clustering effects of the afore-
mentioned comparison algorithms are also evaluated by calling
algorithms k-Means, and fuzzy C-Means (FCM) in MATLAB
R2021a. The parameters of all clustering experiments are kept
as initial values. The number of clusters is set to the number of
real decision classes. The clustering algorithms return the pre-
dicted decisions for the dataset. This paper uses clustering

the performance of the clustering algorithms. ACC is defined as

ACC = 22:1 6(P(X/)v F/(Xi)) )

p (Equation 28)

Where F(x;) represents the true decision value of x;, and F'(x;)
represents the predicted decision value of x;. If F(x;) = F'(x;),
then 6(F(x;), F'(x;)) = 1. Otherwise, 6(F(x;), F/(x;)) = 0. The
higher the ACC or AIR value, the better the performance of the
clustering algorithm. Since clustering algorithms k-Means, and
FCM have random, therefore, we need repeat the experiment
10 times. Finally, this paper uses the average and standard devi-
ation of the clustering ACC as the final results.**°

In the experiment, all the attribute values of datasets are
normalized to the [0.0, 1.0] using the min-max normalization
Equation 28. We follow the experimental setting in,°” which
sets the neighborhood size to be fixed at 5 when the algorithm
LS calculates the neighbor graph matrix. For the algorithm
FSFS, the “style” is set as —1. Algorithms LS, FSFS, USFSM,
SPEC, and FMIUFS output a sequence of attributes arranged
in descending order of attribute importance. In order to compare
with the algorithm UAR_VPWND proposed in this paper, we
select attribute subsequences with the same number of attri-
butes selected by the algorithm UAR_VPWND for the clustering
experiments. The algorithm UAR_VPWND has a precision
threshold parameter 3(0.5 < 8 < 1.0), which is used to adjust
the partitioning of the positive region and has a significant impact
on the algorithm. Generally, different values of B will lead to
different results. Therefore, we need to adjust the parameter
from 0.5 to 1.0, with a step size of 0.05. Through extensive exper-
imental results show that the algorithm UAR_VPWND is
usually difficult to achieve the stop condition that the importance
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Table 5. The clustering ACC(%) of the k-Means algorithm on reduced dataset

i

USFSM SPEC FMIUFS UAR_mSMU  UAR_VPWND

FSFS

LS

HKCMI

UFRFS
70.38 + 6.10 63.61 + 11.60 56.48 + 3.74 65.49 + 6.16 68.52 + 6.67 70.93 + 6.49 70.14 + 8.33 71.75 + 4.84 7292 + 6.60 69.15 + 2.93 0.95

65.78 + 0.91 66.80 = 0.00 66.60 + 0.07 64.80 + 445 65.65 + 0.67 66.02 + 0.62 65.70 + 0.68 65.31 + 1.91

53.66 + 5.81 58.84 + 3.67 56.90 + 6.75 40.65 + 2.61

Dataset Original attribute FRUAR
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82.88 + 4.35 80.57 + 4.92 75.90 + 3.06 82.05 + 0.00 1.00

40.95 + 3.45 39.40 + 2.42 38.90 + 1.69 40.71 + 3.41

77.32 + 5.05 83.87 + 3.31
43.22 + 2.05 31.69 + 1.03 40.89 + 1.68 31.69 + 1.15 31.75 + 1.39 32.83 + 1.30 31.75 £ 0.94 31.94 + 143 32.25 + 1.50 43.83 + 3.36 0.80

50.35 + 5.46 45.71 + 6.54 50.71 + 5.02 81.68 + 16.54 31.12 + 0.62 75.59 + 20.03 91.14 + 0.00 89.05 + 1.37 85.07 + 12.24 91.04 + 0.31
64.87 + 1.35 74.82 + 1.12 75.90 + 1.05 74.77 + 450 75.49 + 3.01 72.10 + 3.82 75.79 + 2.20 74.87 + 3.48 76.05 + 1.33 79.28 + 2.50 0.70

55.05 + 2.47 56.30 + 0.15 61.20 + 2.89 53.37 + 0.68 53.89 + 0.70 53.70 + 0.79 54.04 + 0.61 53.46 + 0.74 53.89 + 0.70 63.89 + 0.15 0.50

95.57 + 0.00 95.85 + 0.00 95.99 + 0.00 93.71 + 0.00 93.71 + 0.00 93.71 + 0.00 93.71 + 0.00 93.71 + 0.00 93.71 + 0.00 95.99 + 0.00 0.90
91.14 + 0.15 91.48 + 0.09 90.46 + 0.08 88.12 + 0.39 85.61 + 8.11 78.00 + 13.28 88.08 + 0.36 80.33 + 12.27 77.86 + 13.16 93.25 + 0.56 0.50

51.14 + 0.13 51.10 = 0.17 51.06 + 0.01 55.07 + 0.08 54.97 + 0.13 55.20 + 12.90 54.95 + 0.13 58.99 + 12.48 54.79 + 0.13 55.02 + 0.12 0.85

95.79 + 0.89 93.54 + 0.30 94.89 + 1.31 78.20 + 0.24 78.20 + 0.24 78.26 + 0.27 78.20 + 0.24 78.26 + 0.27 78.26 + 0.27 93.54 + 1.00 0.65

59.58 + 8.20 59.07 + 5.39 61.31 + 7.14 68.50 + 6.25 67.34 + 6.51 66.87 + 6.62 70.93 + 6.74 67.34 + 7.64 68.55 + 5.31
27.74 + 1.55 27.38 + 2.11

7117 + 0.12 71.08 + 455 71.34 + 0.06 77.66 + 4.41
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94.66 + 0.55

Wine1

27.54 + 2.67 26.78 + 0.79 26.65 + 0.55 26.46 + 0.13 26.67 + 0.38 26.45 + 0.14 26.20 + 0.77 26.72 + 1.53 0.95

26.96 + 1.09

Wine2
Wine3

30.01 + 2.42 29.15 + 2.60 29.17 + 2.83 28.44 + 1.69 30.97 + 2.27 28.32 + 2.98 28.57 + 2.37 32.35 + 4.08 1.00

31.15 + 1.93 29.79 + 2.01
56.36 + 2.84 60.56 + 2.01

57.12 + 6.27 60.96 + 9.21

30.99 + 1.83

61.41 + 3.60 62.63 + 3.23 62.47 + 3.20 61.16 + 2.48 63.43 + 3.53 66.57 + 1.19 0.80

WPBC 59.75 + 0.24
Average 61.29 + 2.19

63.52 + 2.01 62.64 + 3.77 62.14 + 3.53 67.40 + 1.79 -

61.48 + 2.71 61.13 + 3.00 61.73 + 2.36 61.89 + 3.30 58.86 + 2.72 61.50 + 4.81

iScience

of all remaining attributes is 0. Therefore, the algorithm
UAR_VPWND sets the importance stop condition to 0.0001.
Finally, the algorithm UAR_VPWND selects an optimal subset
of attributes for each dataset. All decision attributes in all data-
sets will be removed before the reduction.

Experimental results

Next, we will analyze the results of the clustering experiments. Its
comparison results are shown in Tables 4, 5, and 6. Table 4
shows the average optimal number of attributes for different
attribute reduction algorithms. Where, bold indicates that corre-
sponding reduction algorithm obtains the original set of condi-
tional attributes as the result. From Table 4, we can observe
that for all datasets, algorithms FRUAR, HKCMI, and
UAR_VPWND are able to remove some redundant and irrelevant
attributes. However, the algorithm UFRFS cannot remove any
conditional attributes on certain datasets, such as datasets
Diab, Ecoli, WBC, and Wilt. On all datasets, the algorithm
UAR_VPWND select the number of attributes is smaller than
the number of condition attributes in the original dataset. Such
as, for datasets lono, Move, Page, Park, Sonar, WDBC, Wine1,
and WPBC, the algorithm UAR_VPWND select the average num-
ber of attributes of 4.0, 11.5, 1.0, 5.0, 6.0, 3.5, 3.0, and 14.0,
respectively. This is significantly less than the original number
of conditional attributes in datasets. Besides, for the average
number of attributes, the algorithm UAR_VPWND is significantly
lower than the algorithms FRUAR, UFRFS, and HKCMI. This in-
dicates that the proposed algorithm UAR_VPWND can more effi-
ciently remove redundant and irrelevant attributes from the
dataset.

Tables 5, 6, 7, and 8 present the optimal clustering ACC and ARI
results based on the k-Means and FCM algorithm, respectively.
The bold values in the tables indicate the optimal values achieved
by the different AR algorithms. From the results in Tables 5, 6, 7,
and 8, we can get some corresponding analyses as follows.

(1) From the results in Tables 5 and 6, the algorithm
UAR_VPWND achieves the best clustering ACC in 15
cases compared to the other 9 UAR algorithms. However,
algorithms FRUAR, UFRFS, HKCMI, LS, FSFS, USFSM,
SPEC, FMIUFS, and UAR_mSMU achieve the best clus-
tering ACCinonly5,2,1,1,1,2,4,2,and 3 cases, respec-
tively. Besides, for the clustering ACC of the algorithm
UAR_VPWND, there are 24, 25, 22, 26, 28, 26, 24, 26,
and 27 cases higher than algorithms FRUAR, UFRFS,
HKCMI, LS, FSFS, USFSM, SPEC, FMIUFS, and
UAR_mSMU respectively.

From the results in Tables 7 and 8, the algorithm
UAR_VPWND achieves the best clustering ARI in 12
cases compared to the other 9 UAR algorithms. However,
algorithms FRUAR, UFRFS, HKCMI, LS, FSFS, USFSM,
SPEC, FMIUFS, and UAR_mSMU achieve the best clus-
tering AIRinonly 5,1, 3,1,0,0, 3, 3, and 4 cases, respec-
tively. Besides, for the clustering AIR of the algorithm
UAR_VPWND, there are 24, 26, 22, 27, 29, 30, 27, 26,
and 26 cases higher than algorithms FRUAR, UFRFS,
HKCMI, LS, FSFS, USFSM, SPEC, FMIUFS, and
UAR_mSMU respectively.
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Table 6. The clustering ACC(%) of the FCM algorithm on reduced dataset

Dataset Original attribute FRUAR UFRFS HKCMI LS FSFS USFSM SPEC FMIUFS UAR_mSMU UAR_VPWND B
Derm 69.73 + 6.07 48.31 + 0.12 62.32 + 0.09 51.53 + 0.19 50.22 + 0.22 50.33 + 0.22 50.41 + 0.19 51.15 + 2.68 50.36 + 0.22 50.66 + 0.67 60.41 + 2.14 0.95
Diab 66.67 + 0.00 67.04 + 0.04 66.67 + 0.00 66.93 + 0.00 64.66 + 0.07 64.64 + 0.07 64.65 + 0.07 64.67 + 0.06 64.64 + 0.07 64.64 + 0.07 67.06 + 0.00 0.80

H

H
H

92UBIOGI

Ecoli 50.36 + 1.95 51.01 + 2,11 50.60 + 2.13 50.18 + 2.26 33.15 + 0.21 33.39 + 0.39 33.42 + 0.37 33.45 + 0.40 33.36 + 0.30 33.63 + 0.40 47.71 + 1.84 0.90
Glass 54.86 + 2.36 55.42 + 2.71 57.99 + 0.15 55.42 + 2.71 64.58 + 1.69 64.25 + 1.72 63.18 + 2.23 63.27 + 1.38 63.93 + 1.69 64.58 + 1.69 66.03 + 1.03 0.90
lono 70.94 + 0.00 71.23 + 0.00 67.52 + 0.00 69.52 + 0.00 87.18 + 0.00 87.18 + 0.00 87.18 + 0.00 87.18 + 0.00 87.18 + 0.00 87.18 + 0.00 77.78 + 0.00 1.00
Move 15.94 + 1.14 15.11 + 0.42 30.94 + 1.10 25.64 + 0.86 30.83 + 0.65 30.89 + 0.60 30.97 + 0.66 31.17 + 0.75 31.31 + 0.75 31.06 + 0.96 37.61 + 1.74 0.75
Page 35.74 + 0.00 35.70 + 0.01 35.72 + 0.00 35.68 + 0.01 86.16 + 0.69 31.08 + 0.00 85.40 + 1.61 90.61 + 0.01 85.47 + 1.35 85.63 + 1.12 90.61 + 0.03 0.60

H
H

Park 67.18 + 0.00 67.69 + 0.00 75.38 + 0.00 74.87 + 0.00 74.36 + 0.00 74.36 + 0.00 74.36 + 0.00 74.36 + 0.00 74.36 = 0.00 74.36 + 0.00 73.85 + 0.00 0.80

Sonar  55.48 + 0.61 56.92 + 1.29 56.73 + 0.00 62.07 + 0.15 53.85 + 0.00 53.85 + 0.00 53.85 + 0.00 53.85 + 0.00 53.85 + 0.00 53.85 + 0.00 63.94 + 0.00 0.50
WBC 95.28 + 0.00 95.57 + 0.00 95.28 + 0.00 95.28 + 0.00 93.85 + 0.00 93.85 + 0.00 93.85 + 0.00 93.85 + 0.00 93.85 + 0.00 93.85 + 0.00 95.99 + 0.00 0.75
WDBC 92.79 + 0.00 91.74 + 0.00 91.74 + 0.00 91.04 + 0.00 88.58 + 0.00 88.58 + 0.00 88.58 + 0.00 88.58 + 0.00 88.58 + 0.00 88.58 + 0.00 93.50 + 0.00 0.65
Wilt 51.44 + 0.00 51.48 + 0.00 51.44 + 0.00 51.60 + 0.00 53.81 + 0.01 53.81 + 0.01 51.44 + 0.00 53.81 + 0.00 53.81 + 0.00 53.82 + 0.01 53.81 + 0.01 0.85
Wine1 94.94 + 0.00 94.94 + 0.00 92.70 + 0.00 94.38 + 0.00 78.09 + 0.00 78.09 + 0.00 78.09 + 0.00 78.09 + 0.00 78.09 + 0.00 78.09 + 0.00 93.82 + 0.00 0.60
Wine2  30.15 + 1.06 31.78 + 1.03 30.91 + 0.90 30.45 + 1.12 21.50 + 0.39 21.54 + 0.29 21.56 + 0.52 21.70 + 0.45 21.85 + 0.39 21.57 + 0.58 23.61 + 0.15 0.65
Wine3  30.45 + 0.88 29.40 + 1.06 28.66 + 0.51 29.97 + 0.59 22.67 + 0.66 23.30 + 0.18 22.38 + 0.30 22.35 + 0.06 22.45 + 0.32 22.39 + 0.29 28.95 + 0.05 0.95
WPBC 58.08 + 0.00 58.28 + 2.98 60.40 + 2.26 63.13 + 0.00 59.09 + 0.00 59.09 + 0.00 59.09 + 0.00 59.09 + 0.00 59.09 + 0.00 59.09 + 0.00 62.12 + 0.00 0.80

Average 58.75 + 0.88 57.60 + 0.74 59.69 + 0.54 59.23 + 0.49 60.16 + 0.29 56.76 + 0.22 59.90 + 0.37 60.45 + 0.36 60.14 + 0.32 60.19 + 0.36 64.80 + 0.44 -
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Table 7. The clustering ARI of the k-Means algorithm on reduced dataset ﬁ 8
Original > U
Dataset attribute FRUAR UFRFS HKCMI LS FSFS USFSM SPEC FMIUFS UAR_mSMU  UAR_VPWND 8 3
Derm 0.6246 + 0.5666 + 0.6036 + 0.3304 + 0.7327 + 0.4866 + 0.3821 + 0.4808 + 0.5394 + 0.6057 + 0.6306 + (r}-') n
0.1212 0.0709 0.1291 0.0415 0.1158 0.0825 0.0417 0.0402 0.1152 0.1237 0.0118 » @
Diab 0.1023 + 0.0867 + 0.1023 + 0.0994 + 0.0779 + 0.0839 + 0.0555 + 0.1062 + 0.1070 = 0.1062 + 0.1070 =+
0.0001 0.0455 0.0001 0.0006 0.0355 0.0167 0.0396 0.0000 0.0000 0.0000 0.0000
Ecoli 0.4811 = 0.4359 + 0.4465 + 0.4536 + 0.3711 = 0.3925 + 0.4158 + 0.3821 + 0.3806 + 0.3496 + 0.3854 +
0.0881 0.0655 0.0707 0.0748 0.0548 0.0618 0.0765 0.0547 0.0363 0.0236 0.0525
Glass 0.4891 + 0.4360 + 0.4648 + 0.3918 + 0.3514 + 0.5255 + 0.1914 + 0.3928 + 0.5621 + 0.1752 + 0.5213 +
0.1137 0.1458 0.1080 0.1389 0.0706 0.1421 0.0309 0.0838 0.1032 0.0193 0.0676
lono 0.1742 + 0.1771 = 0.1651 + 0.1822 + 0.1185 + 0.1876 + 0.0208 + 0.0207 + 0.1299 + 0.1131 = 0.3981 +
0.0024 0.0015 0.0391 0.0091 0.0037 0.0682 0.0590 0.0075 0.0000 0.0247 0.0000
Move 0.3025 + 0.2740 = 0.1284 + 0.2451 + 0.1573 + 0.2288 + 0.1874 + 0.1364 + 0.2414 + 0.2249 + 0.3072 +
0.0314 0.0335 0.0092 0.0199 0.0052 0.0112 0.0198 0.0046 0.0234 0.0117 0.0251
Page 0.1063 + 0.1042 + 0.1073 + 0.0984 + 0.0043 + 0.0217 + 0.2194 + 0.3782 + 0.0041 + 0.3767 + 0.3767 +
0.0108 0.0101 0.0089 0.0102 0.0006 0.0004 0.0729 0.0073 0.0000 0.0064 0.0064
Park 0.0493 + 0.0801 + 0.2376 + 0.2321 + 0.0403 + 0.1724 + —0.0702 + —0.0675 + —0.0254 + 0.1172 + 0.2534 +
0.0034 0.0184 0.0112 0.0190 0.1709 0.0713 0.0034 0.0000 0.0359 0.1275 0.0895
Sonar  0.0031 + 0.0039 + 0.0109 + 0.0462 + —0.0047 + 0.0070 + 0.0055 + 0.0227 + 0.0114 + —0.0033 + 0.0733 +
0.0053 0.0077 0.0000 0.0189 0.0001 0.0009 0.0055 0.0084 0.0188 0.0000 0.0000
wBC 0.8391 + 0.8284 + 0.8391 + 0.8444 + 0.8225 + 0.7825 + 0.8306 + 0.7866 + 0.7814 + 0.8236 + 0.8443 +
0.0000 0.0000 0.0000 0.0000 0.0017 0.0035 0.0027 0.0000 0.0016 0.0017 0.0000
WDBC 0.7302 + 0.6726 + 0.6849 + 0.6521 + 0.6686 + 0.0418 + 0.0997 + 0.0318 + 0.6701 = 0.0023 + 0.7575 +
0.0000 0.0054 0.0030 0.0041 0.0099 0.0010 0.0457 0.0461 0.0001 0.0028 0.0232
Wilt —0.0074 + —0.0006 + —0.0074 + —0.0008 + —0.0043 + —0.0014 + —0.0344 + —0.0349 + —0.0043 + —0.0387 = —0.0014 +
0.0141 0.0003 0.0141 0.0000 0.0002 0.0001 0.0120 0.0121 0.0002 0.0000 0.0001
Winel  0.8456 =+ 0.8670 =+ 0.8058 + 0.8598 + 0.7028 + 0.4288 + 0.2327 + 0.6219 + 0.8149 + 0.4289 + 0.8110 +
0.0102 0.0233 0.0138 0.0236 0.0109 0.0068 0.0519 0.0000 0.0000 0.0142 0.0185
Wine2  0.0441 = 0.0450 + 0.0429 + 0.0447 + 0.0451 + 0.0181 = 0.0139 = 0.0490 + 0.0397 + 0.0493 =+ 0.0126 +
0.0033 0.0042 0.0032 0.0027 0.0022 0.0019 0.0048 0.0020 0.0021 0.0022 0.0035
Wine3  0.0664 =+ 0.0613 + 0.0555 + 0.0578 + 0.0748 + 0.0206 + 0.0372 + 0.0112 + 0.0291 + 0.0794 + 0.0302 +
0.0096 0.0092 0.0150 0.0121 0.0062 0.0038 0.0095 0.0035 0.0130 0.0051 0.0019
WPBC 0.0338 = 0.0010 = 0.0210 = 0.0089 + 0.0243 + —0.0142 + —0.0231 = 0.0510 =+ 0.0207 + 0.0362 + 0.0508 +
0.0017 0.0205 0.0277 0.0364 0.0219 0.0095 0.0014 0.0418 0.0024 0.0457 0.0470
Average 0.3053 + 0.2900 + 0.2943 + 0.2841 + 0.2614 + 0.2114 + 0.1603 + 0.2106 + 0.2689 + 0.2154 + 0.3474 +
0.0259 0.0289 0.0283 0.0257 0.0319 0.0301 0.0298 0.0195 0.0220 0.0255 0.0217
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Table 8. The clustering ARI of the FCM algorithm on reduced dataset

Original
Dataset attrgi]bute FRUAR UFRFS HKCMI LS FSFS USFSM SPEC FMIUFS UAR_mSMU  UAR_VPWND
Derm 0.6047 + 0.2717 + 0.4720 + 0.3013 + 0.6190 + 0.4098 + 0.2394 + 0.4920 + 0.5381 + 0.6831 + 0.4172 +
0.0939 0.0032 0.0253 0.0032 0.0289 0.0344 0.0074 0.0219 0.0240 0.0000 0.0016
Diab 0.1069 + 0.1138 + 0.1069 + 0.1099 + 0.0988 + 0.0881 + 0.0697 + 0.0995 + 0.1104 + 0.0995 + 0.1104 +
0.0000 0.0000 0.0000 0.0000 0.0000 0.0009 0.0008 0.0000 0.0000 0.0000 0.0000
Ecoli 0.3594 + 0.3586 + 0.3585 + 0.3594 + 0.2853 + 0.3076 + 0.3348 + 0.3118 + 0.3322 + 0.2700 + 0.3639 +
0.0034 0.0012 0.0016 0.0038 0.0028 0.0044 0.0048 0.0037 0.0046 0.0004 0.0182
Glass 0.3590 + 0.3703 + 0.3947 + 0.3697 + 0.3574 + 0.4613 + 0.1985 + 0.3243 + 0.4690 + 0.1748 + 0.4877 +
0.0458 0.0450 0.0053 0.0458 0.0216 0.0164 0.0000 0.0182 0.0182 0.0151 0.0000
lono 0.1727 + 0.1776 + 0.1196 + 0.1495 + 0.1163 + 0.2092 + —0.0054 + 0.0134 + 0.1299 + 0.1024 + 0.2983 +
0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0012 0.0000
Move 0.0747 = 0.0436 + 0.1224 + 0.1205 + 0.1472 + 0.2088 + 0.1640 + 0.1148 + 0.2268 + 0.2115 = 0.2266 +
0.0042 0.0013 0.0042 0.0101 0.0053 0.0085 0.0079 0.0083 0.0092 0.0058 0.0077
Page 0.0641 + 0.0641 + 0.0641 + 0.0641 + 0.0035 + 0.0242 + 0.2317 + 0.4786 + 0.0035 + 0.4784 + 0.4757 +
0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0171 0.0009 0.0000 0.0009 0.0097
Park 0.1109 + 0.1187 + 0.2418 + 0.2359 + 0.0584 + 0.1645 + —0.0742 + —0.0675 + 0.0869 + 0.0896 + 0.1723 +
0.0000 0.0000 0.0356 0.0000 0.0706 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
Sonar  0.0067 + 0.0121 + 0.0134 + 0.0475 + —0.0047 + 0.0254 + 0.0221 + 0.0086 + 0.0333 + —0.0033 + 0.0733 +
0.0016 0.0078 0.0000 0.0182 0.0000 0.0000 0.0000 0.0000 0.0059 0.0000 0.0000
WBC 0.8178 + 0.8284 + 0.8178 + 0.8178 + 0.8230 + 0.7705 + 0.8074 + 0.7814 + 0.7757 = 0.8230 + 0.8443 +
0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
WDBC 0.7305 + 0.6947 + 0.6950 + 0.6718 + 0.6456 + 0.1790 + 0.2609 + 0.2984 + 0.6824 + 0.0038 + 0.7543 +
0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
Wilt 0.0000 + 0.0001 + 0.0000 + 0.0004 + —0.0038 + —0.0013 = —0.0418 + —0.0446 + —0.0038 + —0.0446 + —0.0013 +
0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0027 0.0000 0.0000 0.0000 0.0000
Wine1l  0.8498 + 0.8499 + 0.7845 + 0.8349 + 0.7071 + 0.4595 + 0.2763 + 0.6373 + 0.8149 + 0.4243 + 0.8185 +
0.0000 0.0000 0.0000 0.0000 0.0039 0.0000 0.0090 0.0000 0.0000 0.0000 0.0000
Wine2  0.0485 + 0.0537 + 0.0491 + 0.0486 + 0.0439 + 0.0142 + 0.0254 + 0.0098 + 0.0382 + 0.0411 = 0.0406 +
0.0022 0.0012 0.0015 0.0012 0.0007 0.0004 0.0008 0.0026 0.0010 0.0029 0.0009
Wine3  0.0312 + 0.0318 + 0.0297 + 0.0326 + 0.0611 = 0.0192 + 0.0423 + 0.0602 + 0.0543 + 0.0675 + 0.0580 +
0.0009 0.0033 0.0016 0.0003 0.0009 0.0001 0.0010 0.0003 0.0008 0.0001 0.0001
WPBC 0.0222 + 0.0212 + 0.0314 + 0.0649 + 0.0351 + —0.0047 + —0.0100 + 0.0370 + 0.0166 + 0.0424 + 0.0538 +
0.0012 0.0191 0.0300 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0031 0.0020
Average 0.2725 + 0.2507 + 0.2688 + 0.2643 + 0.2496 + 0.2085 + 0.1588 + 0.2222 + 0.2693 + 0.2165 + 0.3246 +
0.0096 0.0051 0.0066 0.0052 0.0084 0.0041 0.0032 0.0035 0.0040 0.0018 0.0025
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Table 9. 7 of different clustering learning algorithms
Clustering learning algorithms7g Critical value (« = 0.1)CD, - 9.1
2.53281.6783 3.1257
3.0868- -

k-Means
FCM

Where q, is the critical value from the Tukey’s distribution, which
can be found in.®®

Given a significant level a, the corresponding CD,, can be ob-
tained. By calculating the difference of average ordinal vale be-
tween any two AR algorithms on the same clustering learning al-
gorithm, which indicates the significant performance differences
between the two AR algorithms on the clustering learning
algorithm.

However, the aforementioned method does not visually repre-
sent the significant differences between the two AR algorithms.
To this end, we describe the previous test results using the Nem-
enyi’s test figure.* In the Nemenyi test figure, the average
ordinal values of 10 AR algorithms are plotted at corresponding
positions on the number line. If a group of algorithms is con-
nected by a horizontal line segment, which indicates that
there is no significant difference between these algorithms.
Conversely, it means there is a significant difference be-
tween them.

By observing Tables 5 and 6, we can get that M = 10 and
N = 16, the 71 distribution has 9 and 135 degrees of freedom.
According to the Friedman’s test, the 7 and CD, for different
clustering learning algorithms are shown in Table 7. According
to Table 9, when @ = 0.1, the each values of 7 on two clustering
learning algorithms is greater than the critical value of 1.6783.
Therefore, the null hypothesis that “all AR algorithms have the
same performance” is rejected on two clustering learning algo-
rithms. This indicates that there are significant performance dif-
ferences among all UAR algorithms in clustering learning algo-
rithms. At this point, the Nemenyi’s post hoc test is used to
further distinguish these AR algorithms on two clustering
learning algorithms.

From Table 9, for the significant level « = 0.1, we can obtain
CD, = 3.1257. The Nemenyi’s test figures on two clustering
learning algorithms are shown in Figure 1. From Figure 1, it can
be seen that algorithm UAR_VPWND has statistically significant
differences compared to most other UAR algorithms. From Fig-
ure 1A, it can be see that algorithm UAR_VPWND is connected
by horizontal line segment to algorithms HKCMI, FRUAR,
SPEC, UAR_mSMU, and UFRFS; From Figure 1B, it can be
see that algorithm UAR_VPWND is connected by horizontal

A CD=3.1257 B

CD=3.1257
10 9 8 7 6 5 4 3 2 1 S —

iScience

line segment to algorithms HKCMI, UFRFS, FRUAR, SPEC,
and FMIUFS. It indicates that the algorithm UAR_VPWND has
statistically significant differences from the remaining AR algo-
rithms on two clustering learning algorithms. Besides, from Fig-
ure 1, we can see that the algorithm UAR_VPWND has the high-
est average ordinal values on two clustering learning algorithms,
which also shows the effectiveness of the algorithm
UAR_VPWND.

Parameter analyses

The parameter B plays a very important role in the algorithm
UAR_VPWND. It can be used to control the neighborhood gran-
ules of data analysis.

Figure 2 describes the variation in the number of attribute in
Set and ACC with the parameter B for UAR_VPWND. B takes
values from 0.5 to 1.0 in steps of 0.05. As can be seen from Fig-
ure 2, when $<0.65, few attributes are found by the algorithm
UAR_VPWND, and the corresponding ACC is also relatively
low; when 3>0.85, the attributes found by the algorithm are
also very few. Relatively speaking, when B is set between [0.65,
0.85], the algorithm UAR_VPWND identifies attributes more
appropriately, and the corresponding ACC is also higher.

Next, we will analyze from the perspectives of the number of
attributes in the Set and ACC.

(1) From Figure 2, it shows that on some datasets, as B in-
creases, the number of attributes in the reduction set re-
mains relatively stable, such as datasets Ecoli, Page,
Wine1, and Wine2. However, for datasets Derm, Diab,
Park, WBC, Wilt, and WPBC, as B increases, the number
of attributes in the reduction set is in a state of fluctuation.
Besides, for datasets Move, and Sonar, as B increases,
the number of attributes in the reduction set first remains
relatively stable, and then decreases. For datasets
WDBC, and Wine3, as B increases, the number of attri-
butes in the reduction set first gradually increases, and
then decreases.

(2) As for ACC, we can see from Figure 2, for most datasets,
optimal values can be obtained under values of multiple
parameter B. For each dataset, we can select the appro-
priate B based on Figure 2. Therefore, the algorithm
UAR_VPWND is feasible for AR in clustering learning algo-
rithms. Based on the above analyses, it is known that the
algorithm UAR_VPWND proposed in this paper has the
certain sensitivity to parameter B. Therefore, it is neces-
sary for us to adjust the parameter B in the proposed algo-
rithm. With appropriate parameter values, the algorithm
UAR_VPWND can achieve better results in most cases.

Figure 1. Nemenyi’s test figures on two
clustering learning algorithms

I 09 8 T 6 5 4 3 2 | (A) Ten UAR algorithms on Nemenyi’s test figure
UAR_VPWND S ‘— LS UAR VPWND USFSM on k-Means learning algorithm.
;‘F;(Sm E;TSFS HKCMI FSFS (B) Ten UAR algorithms on Nemenyi’s test figure
SPEC USESM eoes PAR-MSMU - on k-Means learning algorithm.
UAR_mSMU UFRFS SPEC FMILFS
k-Means FCM
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Figure 2. The number of reduced attributes and clustering ACC of the algorithm UAR_VPWND using different  values on numerical datasets
A) The number of reduced attributes and clustering ACC of the algorithm UAR_VPWND using different B values on the Derm dataset.
B) The number of reduced attributes and clustering ACC of the algorithm UAR_VPWND using different 8 values on the Diab dataset.
C) The number of reduced attributes and clustering ACC of the algorithm UAR_VPWND using different B values on the Ecoli dataset.
D) The number of reduced attributes and clustering ACC of the algorithm UAR_VPWND using different 8 values on the Glass dataset.

F) The number of reduced attributes and clustering ACC of the algorithm UAR_VPWND using different p values on the Move dataset.
G) The number of reduced attributes and clustering ACC of the algorithm UAR_VPWND using different 8 values on the Page dataset.
H) The number of reduced attributes and clustering ACC of the algorithm UAR_VPWND using different B values on the Park dataset.
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K) The number of reduced attributes and clustering ACC of the algorithm UAR_VPWND using different p values on the WDBC dataset.
L) The number of reduced attributes and clustering ACC of the algorithm UAR_VPWND using different B values on the Wilt dataset.

M) The number of reduced attributes and clustering ACC of the algorithm UAR_VPWND using different B values on the Wine1 dataset.
N) The number of reduced attributes and clustering ACC of the algorithm UAR_VPWND using different f values on the Wine2 dataset.
0O) The number of reduced attributes and clustering ACC of the algorithm UAR_VPWND using different f values on the Wine3 dataset.
P) The number of reduced attributes and clustering ACC of the algorithm UAR_VPWND using different p values on the WPBC dataset.
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In summary, the algorithm UAR_VPWND is feasible and
effective.

DISCUSSION

Aiming at the problem of UAR, This paper proposes an UAR
method based on VPWND that can deal with uncertainty and
incomplete data without decision information.

The algorithm UAR_VPWND does not require discretization
processing, which can reduce the time for data processing while
avoiding the loss of data information. For this method, we have
designed the corresponding algorithm UAR_VPWND. Based
on 16 datasets, the algorithm UAR_VPWND is compared with
existing nine classical UAR algorithms. The experimental results
show that the algorithm UAR_VPWND can select fewer attri-
butes to maintain or improve the performance of clustering
learning algorithms. Besides, the hypothesis statistical test
show that the algorithm UAR_VPWND has significant differences
compared to most classical UAR algorithms.

Limitations of the study

However, the the algorithm UAR_VPWND has some limitations.
It is only suitable for processing numerical data and requires
the adjustment of parameter. Some traditional methods can
not only handle mixed data but also do not require parameter
adjustment. In the future, we can further research the UAR of
mixed data based on NRS.
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EXPERIMENTAL MODEL AND STUDY PARTICIPANT DETAILS

This study proposed an UAR algorithm UAR_VPWND, which is applicable to numerical data.

This study developed an UAR algorithm UAR_VPWND considering conditional attributes based on VPNRS, weighted neighbor-
hood, and UAR. At the same time, we selected nine classical UAR algorithms as the comparison algorithms. There are FRUAR,*
UFRFS,*® HKCMI,*” LS,*® FSFS,** USFSM,* SPEC,*® FMIUFS,*® and UAR_mSMU.*® We use clustering learning algorithms
k-Means and FCM, and hypothesis testing analyses to evaluate the performance of algorithms. The final results of the analysis
are shown in Tables 4, 5, 6, 7, and 8, and Figure 1.

METHOD DETAILS

This study proposed an UAR algorithm UAR_VPWND, which is applicable to the processing of high-dimensional numerical data
without decision information. we compared UAR_VPWND with FRUAR, UFRFS, HKCMI, LS, FSFS, USFSM, SPEC, FMIUFS, and
UAR_mSMU using publicly available datasets Table 3. We use clustering learning algorithms and hypothesis testing analyses to eval-
uate the performance of algorithms. For clustering experiments, We called algorithms in MATLAB R2021a k-Means and FCM. The
parameters of all clustering experiments are kept as initial values. The number of clusters is set to the number of real decision classes.
The clustering algorithms return the predicted decisions for the dataset. This study uses ACC and adjusted ARI to evaluate the per-
formance of the clustering algorithms. For hypothesis testing analyses, we use Nemenyi test figure Figure 1, the average ordinal
values of 10 UAR algorithms are plotted at corresponding positions on the number line.

The algorithm UAR_VPWND does not require discretization processing, which can reduce the time for data processing while
avoiding the loss of data information. Based on 16 datasets, the algorithm UAR_VPWND is compared with existing nine classical
UAR algorithms. The experimental results show that the algorithm UAR_VPWND can select fewer attributes Table 4 to maintain
or improve the performance of clustering learning algorithms Tables 5, 6, 7, and 8. Besides, the hypothesis statistical test show
that the algorithm UAR_VPWND has significant differences compared to most classical UAR algorithms Figure 1. This fully proves
the effectiveness and application value of the UAR algorithm proposed in this study.

QUANTIFICATION AND STATISTICAL ANALYSIS

From Tables 4, 5, 6, 7, and 8, we can see that the algorithm UAR_VPWND can select fewer attributes to maintain or improve the per-
formance of clustering learning algorithms. At the same time, we adopt hypothesis testing analyses®*"°" to evaluate the statistical
importance of algorithm.

From Table 9 and Figure 1, we can see that 7¢ for the k-Means and FCM learning algorithms, respectively:2.5328, and 3.0868. Also,
for the critical value = 0.1, we can get the corresponding critical difference CD, - ¢.1. The experimental results show that the algo-
rithm UAR_VPWND has significant differences compared to most classical UAR algorithms. This fully indicates that the algorithm
UAR_VPWND has some effectiveness and application value. From Figure 2, we can see that when variable precision threshold pa-
rameterp is set between [0.65,0.85], the algorithm UAR_VPWND identifies attributes more appropriately, and the corresponding ACC
is also higher.
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