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Abstract

The formation of an efficient market depends on the competition between different invest-

ment strategies, which accelerates all available information into asset prices. By incorporat-

ing market impact and two kinds of investment strategies into an agent-based model, we

have investigated the coevolutionary mechanism of different investment strategies and the

role of market impact in shaping a competitive advantage in financial markets. The coevolu-

tion of history-dependent strategies and reference point strategies depends on the levels of

market impact and risk tolerance. For low market impact and low risk tolerance, the major-

ity-win effect makes the trend-following strategies become dominant strategies. For high

market impact and low risk tolerance, the minority-win effect makes the trend-rejecting strat-

egies coupled with trend-following strategies become dominant strategies. The coupled

effects of price fluctuations and strategy distributions have been investigated in depth. A U-

shape distribution of history-dependent strategies is beneficial for a stable price, which is

destroyed by the existence of reference point strategies with low risk tolerance. A δ-like dis-

tribution of history-dependent strategies leads to a large price fluctuation, which is sup-

pressed by the existence of reference point strategies with high risk tolerance. The

strategies that earn more in an inefficient market lose more in an efficient market. Such a

result gives us another explanation for the principle of risk-profit equilibrium in financial mar-

kets: high return in an inefficient market should be coupled with high risk in an efficient mar-

ket, low return in an inefficient market should be coupled with low risk in an efficient market.

Introduction

Complex behaviors like self-organization and phase transition are ubiquitous in social, eco-

nomic, biological and physical systems [1–6]. A noted feature of these systems is that a variety

of macroscopic changes usually appear spontaneously and unpredictably. In financial markets,

whether the stock prices are predictable or not is usually taken as an indicator for market effi-

ciency [7–10]. In an efficient market, the stock prices can fully reflect all available information.

An advantageous condition would lead to an increase in the stock prices and a disadvanta-

geous condition would lead to a decrease in the stock prices, which results from people’s
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competition for limited resources [11–15]. People’s investment strategy plays an important

role in the competition.

In financial markets, people may adopt different kinds of strategies to make their invest-

ment [16–22]. An individual with a history-dependent strategy usually makes his buying and

selling decision according to historical information, like the changing tendencies of stock

prices and trading volumes [23–26]. An individual with a reference point strategy usually

makes his buying and selling decisions according to his subjective evaluation of a given stock,

which is called the reference point effect in behavioral finance [27–31]. The models employed

in exploring the evolutionary dynamics of complex financial systems have so far been limited

to the population with a typical kind of investment strategies [32–38]. The coupled effects of

different kinds of investment strategies on the evolution of complex behaviors in financial sys-

tems, especially their competitive advantage under different market environments, are short of

discussion in depth.

In this paper we examine the change of competitive advantage of investment strategies

under the environments with different levels of market impact. Market impact is the effect that

a buyer or a seller pushes the market to move toward the direction that he tried to refrain from

[39–43]. In the stock market with low market impact, the information enters the transaction

price with relatively long time delay. Therefore, the stock price is usually predictable. In the

stock market with high market impact, the information enters the transaction price instantly.

Therefore, the stock price is usually unpredictable. Depending upon the minority game, the

effect of market impact on the evolution of stock prices has been investigated [44]. There exists

a transition point, below which the stock price fluctuates greatly and above which the stock

price is relatively stable. Depending upon the evolutionary minority game, the effect of market

impact on the evolution of stock prices has been investigated [45]. The role of market impact

in the evolution of stock prices is closely related to the existence of different kinds of investors.

As the momentum traders exist, the market impact may be reduced or promoted.

Exploring the competitive advantage of investment strategies under different levels of mar-

ket impact can tell us the following three questions: How are the stock prices affected by the

coexistence of different kinds of investment strategies? Whether or not can the investment

strategies always play their role in the evolution of stock prices independently? How does the

market impact affect the competitive advantage of different investment strategies? The follow-

ing are our main findings.

(1)The stock price fluctuations are closely related to the market impact and the ratio of indi-

viduals with history-dependent strategies and reference point strategies. For low market

impact, the stock prices are relatively volatile and the existence of heterogeneous reference

point strategies helps suppress the price fluctuations. For high market impact, the stock prices

are relatively stable and the existence of homogeneous reference point strategies promotes

price fluctuations.

(2)The coevolution of history-dependent strategies and reference point strategies is related

to the levels of market impact and risk tolerance. For low market impact and low risk toler-

ance, the majority-win effect makes the trend-following strategies become dominant strategies.

For high market impact and low risk tolerance, a heterogeneous distribution of history-depen-

dent strategies is easy to be destroyed by homogeneous reference point strategies. The minor-

ity-win effect makes the trend-rejecting strategies coupled with trend-following strategies

become dominant strategies. A heterogeneous distribution of reference point strategies is rela-

tively stable, which is not easy to be affected by the existence of history-dependent strategies.

(3)The competitive advantage of investment strategies is closely related to the market

impact. For low market impact, the strategy that promotes the price fluctuations outperforms

the strategy that suppresses the price fluctuations. For high market impact, the strategy that
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suppresses the price fluctuations outperforms the strategy that promotes the price fluctuations.

The effect of high risk and high return, low risk and low return is found.

The rest of the paper is organized as follows. The model with market impact and two kinds

of investment strategies is introduced in section two. The simulation results are presented in

section three. A theoretical analysis is given in section four. The conclusions are drawn in sec-

tion five.

The model

Buying-selling actions and payoffs

The present model describes such a scenario where a large number N of individuals have to

take one of the three actions at each time step: buying (a=+1), selling (a=-1) and taking no

action (a = 0). The net payoff Pi of a buying-selling action to an individual i is

Pi ¼ Psell � Pbuy; ð1Þ

in which Psell and Pbuy are the transaction prices at different times. There exists short sales

mechanism in the present model. The amount of shares each individual holds are confined to

kmin� k� kmax. The individuals with minimum shares will not sell further and the individuals

with maximum shares will not buy further.

The individuals with history-dependent strategies make their buying and selling decisions

as follows. For an individual i with strategy gi, facing a typical history of price change, he fol-

lows the history prediction with probability gi and rejects the history prediction with probabil-

ity 1 − gi. The individuals with reference point strategies make their buying and selling

decisions as follows. If the stock price is less than an individual’s expected price pexp
i , he buys

the stock with probability
pexpi � PðtÞ

PðtÞ . If the stock price is greater than an individual’s expected

price pexp
i , he sells the stock with probability

PðtÞ� pexpi
PðtÞ .

Evolution of prices and available information

The price dynamics is related to the attendance buying and selling the stocks. More sellers

than buyers leads to a decrease in stock prices. More buyers than sellers leads to an increase in

stock prices. Following the work done in ref. [46], the return R(t) in trading is given by

RðtÞ � logPðtÞ � logPðt � 1Þ ¼
AðtÞ
l

; ð2Þ

in which A(t) is the difference in the numbers of individuals buying and selling the stocks at

time t, A(t) = Nbuy − Nsell, λ is called liquidity controlling price sensitivity on attendance.

Therefore, the time-dependent price is

PðtÞ ¼ Pðt � 1Þe
Nbuy � Nsell

l : ð3Þ

Market impact is related to the discrepancy between an individual’s expected price and the

actual transaction price [47, 48], which depends on how long the individual queues up for his

transaction turn. During such a sequential process of clearing the deals, the transaction price

ranges from its present value to a new value, which is satisfied with the equation [47]

PtrðtÞ ¼ ð1 � bÞPðt � 1Þ þ bPðtÞ: ð4Þ

For β = 0, the buyers and the sellers finish their transactions with the latest historical price P(t
− 1). For β = 1, the buyers and the sellers finish their transactions with the instant price P(t).
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There is a time series of latest historical prices, which is m-bit long and can be depended

upon as available information for an individual to make his buying and selling decisions. For

an individual with a history-dependent investment strategy, he follows the history-dependent

trend prediction with probability g and rejects it with probability 1 − g. For example, facing a

price history """, if the history-dependent trend prediction is ", an individual i makes a buying

decision with probability gi and makes a selling decision with probability 1 − gi. If the history-

dependent trend prediction is #, he makes a selling decision with probability gi and makes a

buying decision with probability 1 − gi. Therefore, gi is a history-dependent strategy of individ-

ual i.
For an individual with a reference point investment strategy, he does not follow the history-

dependent trend prediction. The m0-bit long latest historical prices are only averaged as a

benchmark for an individual to determine his reference point. For example, facing an average

price �P, if an individual i’s reference point pref
i is within the range of �Pe� aGi � pref

i � �PeaGi , in

which Gi represents individual i’s risk tolerance and α is a constant, he keeps his reference

point. Or else, he will randomly choose a new reference point within the range of

�Pe� aGi � pref
i � �PeaGi . Similar to that in ref. [49], the risk tolerance is incorporated into the

present model as follows. Initially, each individual randomly chooses his own Gi within the

range of Gi 2 [Gmin, Gmax]. If Gmin = Gmax, all the individuals have the same risk tolerance. For

an individual i with a large Gi, his reference point strategy pref
i is relatively stable. For an indi-

vidual i with a small Gi, he is quite possible update his reference point strategy pref
i frequently.

Heterogeneous beliefs and evolution of strategies

Similar to the strategies in the evolutionary minority game [50], the history-dependent invest-

ment strategy is related to the latest m-bit long stock prices. For example, for m = 3, the m-bit-

string (xyz) and the latest historical outcome w are (###) ", (##") #, (#"#) #, (#"") ", ("##) #,

("#") ", (""#) #, (""") ", in which " represents the rise of price and # represents the drop of

price. Faced with the latest change of stock prices (###), an individual might simply predict

the same outcome " as that registered in the memory. The individual will hence make a buying

decision. An individual is also possible to predict the outcome # contradictory to that regis-

tered in the memory. The individual will hence make a selling decision. Similar to the work

done in ref. [50], each individual is assigned a strategy g. Following a given m-bit long price

change, the individual will follow the current prediction with probability g and reject the cur-

rent prediction with probability 1 − g.

The history-dependent strategy g is within the range of 0� g� 1. For a homogeneous pop-

ulation, they have similar strategies and the strategy distribution is narrow. For a heteroge-

neous population, they have different strategies and the strategy distribution is wide. The

evolution of g depends upon the score of the strategy. Similar to the work done in the Minority

Game [19, 51], the strategy score is related to the attainment of the individual using this strat-

egy. If the individual adopting this strategy gets more, his strategy score increases and he

would keep his strategy. If the individual adopting this strategy loses more, his strategy score

decreases and he would update his strategy. The strategy score can be got according to the fol-

lowing equation

Sg ¼ SDnðPsell � PbuyÞ; ð5Þ

in which Δn is the times that individual i uses strategy g. If Sg is less than a threshold Sth, a new

strategy g0 is randomly chosen within the range of g � ε
2
� g 0 � g þ ε

2
, in which ε is a pregiven

small constant, and Sg is reset to Sg = 0.

PLOS ONE Market impact shapes competitive advantage of investment strategies in financial markets

PLOS ONE | https://doi.org/10.1371/journal.pone.0260373 February 3, 2022 4 / 23

https://doi.org/10.1371/journal.pone.0260373


In real-life considerations, valuing a company is usually subjective. According to the pros-

pect theory, some kind of historical stock price might become an anchor for an individual to

value a company [27], such as the highest price in a period of time [30]. In order to modelling

the anchoring-and-conservative-adjustment estimation method [52], following the sugges-

tions proposed by professor Yi-Cheng Zhang [49], we introduce a new investment strategy,

called reference point strategy, into the present model.

The reference point strategy pref is established as an anchor for an individual to value a

stock. pref is within the range of pref� 0. For a homogeneous population, they have similar ref-

erence points and the distribution of reference points is narrow. For a heterogeneous popula-

tion, they have different reference points and the distribution of reference points is wide. The

evolution of pref depends upon the distance between an individual i’s reference point pref
i and

the average price �P in the latest m0 steps. On condition that pref
i < �Pe� aGi or pref

i > �PeaGi , indi-

vidual i updates his reference point.

Predictability of stock prices

The predictability of stock prices is often used to measure the characteristics of price changes

as some typical history occurs. Given the conditions that the history χ occurs with probability

ρ(χ) and the mean change of prices is hΔP|χi, the predictability H can be obtained [47]

H ¼
X

w

rðwÞhDPjwi2: ð6Þ

For example, facing the changes in the historical prices """, if there are more " than # or more #

than " following such a history, the price changes are predictable. The value of H should be large.

Each individual’s accumulated wealth

Similar to the wealth in ref. [47], in the present model, each individual’s wealth is accumulated

from his buying and selling actions. For an individual i, if his initial cash is Ci(t = 0) = 0, his

accumulated cash is

CiðTÞ ¼ ST
t¼0
ðPsell � PbuyÞ; ð7Þ

and the value of the stock in his hand is

Vstock
i ¼ kiPtr; ð8Þ

in which ki is the number of shares in his hand. Therefore, individual i’s accumulated wealth at

time T is

Wi ¼ CiðTÞ þ Vstock
i ¼ ST

t¼0
ðPsell � PbuyÞ þ kiPtr: ð9Þ

The average wealth of the population is

�W ¼
SN

i¼1
Wi

N
: ð10Þ

Simulation results and discussions

Reproduction of the stylized facts in real financial markets

Firstly, we examine whether the present model can reproduce the stylized facts found in real

financial markets [53–62].
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In real financial market, the distribution of absolute price returns shows a fat tail, which is

satisfied with an equation y = ax−b [63]. In the present model, by adjusting the ratio of the indi-

viduals with reference point strategies, we can reproduce the fat tail behavior, which means, by

adjusting ξ, the power-law exponent b can range from a quite large b* 9 to a small b* 3.

Fig 1(a) and 1(b) show the distributions of price returns and absolute price returns for dif-

ferent ratio of individuals with reference point strategies. For ξ = 0.5, which corresponds to the

situation where half of the individuals adopt history-dependent strategies and another half of

the individuals adopt reference point strategies, the distribution of price returns is similar to a

Normal distribution. For ξ = 0.59, which corresponds to the situation where more than half of

the individuals adopt reference point strategies, the distribution of price returns is similar to a

fat-tail distribution found in real financial market. As we make a fit line to the simulation data

in Fig 1(b), for ξ = 0.59, a power-law tail with exponent b* 3.9 is found, for which the confi-

dence interval is b 2 [3.41, 4.39].

Such results indicate that, by adjusting the ratio of individuals with reference point strate-

gies, the present model would effectively reproduce the stylized fact of a power-law distribu-

tion of price returns with exponent b* 3 similar to that in refs. [44, 56, 57, 64–67]. It suggests

that the fat-tail distribution of price returns in real financial markets might result from the

existence of individuals with reference point strategies.

The Hurst exponent is usually used to identify the long memory in the time-dependent

parameters [56, 68]. From the range of the exponent, we can identify whether the time-depen-

dent parameter is random or long-range correlation. If the exponent is near h* 0.5, the

parameter is random. If the exponent is less than 0.5, it is noise. If the exponent is greater than

0.5, it is long-range correlation. Some empirical studies show that the time-dependent stock

prices are long-range correlation [69, 70].

Fig 1. (a) The distributions of normalized price returns for the ratio of individuals with reference point strategies ξ =

0.5 (circles), 0.59 (squares); (b) the distributions of absolute normalized price returns for ξ = 0.5 (circles), 0.59

(squares); the inset in (b) is partial enlarged view within the range of jRj2[0.62, 0.92]. Other parameters are: the

population size N = 5001, the memory size m = 3 and m0 = 10, the market impact β = 1, the maximal risk tolerance of

reference point strategies Gmax = 1000, the updating threshold of history-dependent strategies Sth = 0, the maximum

drift of history-dependent strategies ε = 0.1, the liquidity l ¼ N
10

, the constant a ¼ 10

N , minimum and maximum shares

holding kmin = -1, kmax = 1. Final data are obtained by averaging over 50 runs and 104 times after 105 relaxation times

in each run. The initial conditions are: an individual’s risk tolerance Gi is uniformly distributed within the range of Gi

2 [0, Gmax], an individual’s initial reference point pref
i is uniformly distributed within the range of pref

i 2 ½�Pe� aGi ; �PeaGi �,

initial history-dependent strategy g is distributed uniformly within the range of g 2 [0, 1], starting price P(t = 0) is

randomly chosen within the range of P 2 [0, 20], each individual’s initial number of shares k = 0, each individual’s

initial wealth Wi(t = 0) = 0, each individual’s initial cash Ci(t = 0) = 0.

https://doi.org/10.1371/journal.pone.0260373.g001
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The detrended fluctuation analysis (DFA) method is usually used to measure the hurst

exponent [71–73]. Given the time-dependent stock prices, P(t), t = 1, 2, 3, . . ., T, we can get

the integrated series y(l) according to the equation yðlÞ ¼ Sl
i¼1
½PðiÞ � �P�, in which P(i) and �P

are the ith and the average values respectively. Given the box length S, we can divide the inte-

grated series into n boxes and get the detrended series y(l) − yS(l), in which yS(l) is the local

trend in each box. The root-mean-square of y(l) can be quantified according to the equation

FðSÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
SS

l¼1
½yðlÞ� ySðlÞ�

2

S

q

. The Hurst exponent h can be got, F(S) * S−h.

Fig 2(a) shows the hurst exponent of price returns for different maximal risk tolerance of

individuals with reference point strategies. For Gmax = 1000, which corresponds to the situa-

tion where the distribution of reference points is relatively narrow, the hurst exponent of price

returns is h* 0.4, for which the confidence interval is h 2 [0.23, 0.56]. For Gmax = 5000,

which corresponds to the situation where the distribution of reference points is relatively

broader, the hurst exponent of price returns is h* 0.47, for which the confidence interval is h
2 [0.36, 0.59].

In Fig 2(b) we further plot the hurst exponent of absolute price returns. As we make a fit

line to the simulation data, for Gmax = 1000, the hurst exponent is h* 0.61, for which the con-

fidence interval is h 2 [0.40, 0.82]. For Gmax = 5000, the hurst exponent is h* 0.67, for which

the confidence interval is h 2 [0.54, 0.80].

Such results indicate that, by adjusting the maximal risk tolerance of individuals with refer-

ence point strategies, the present model would effectively reproduce the stylized fact of the

hurst exponent of absolute price returns h* 0.7. It suggests that the long-range correlation of

price returns in real financial markets might result from the existence of the individuals with

reference point strategies.

Fig 2. (a) The hurst exponent of price returns for the maximal risk tolerance of reference point strategies Gmax = 1000

(circles), 5000 (squares); (b) the hurst exponent of absolute price returns for Gmax = 1000 (circles), 5000 (squares).

Other parameters are: the population size N = 5001, the memory size m = 3 and m0 = 10, the market impact β = 1, the

ratio of individuals with reference point strategies ξ = 0.55, the updating threshold of history-dependent strategies Sth =

0, the maximum drift of history-dependent strategies ε = 0.1, the liquidity l ¼ N
10

, the constant a ¼ 10

N , minimum and

maximum shares holding kmin = -1, kmax = 1. Final data are obtained by averaging over 50 runs and 104 times after 105

relaxation times in each run. The initial conditions are: an individual’s risk tolerance Gi is uniformly distributed within

the range of Gi 2 [0, Gmax], an individual’s initial reference point pref
i is uniformly distributed within the range of

pref
i 2 ½�Pe� aGi ; �PeaGi �, initial history-dependent strategy g is distributed uniformly within the range of g 2 [0, 1], starting

price P(t = 0) is randomly chosen within the range of P 2 [0, 20], each individual’s initial number of shares k = 0, each

individual’s initial wealth Wi(t = 0) = 0, each individual’s initial cash Ci(t = 0) = 0.

https://doi.org/10.1371/journal.pone.0260373.g002
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Coupled effects of market impact and coevolution of investment strategies

on price movement

Firstly, we examine how the market impact and the investment strategies affect the evolution

of stock prices. Fig 3 presents the dynamic stock prices for different combinations of market

impact and investment strategies.

Fig 3(a) and 3(b) show that, for high market impact β = 1, the fluctuation of stock prices is

determined by the maximal risk tolerance Gmax. As the maximal risk tolerance is relatively

small, Gmax = 100, there is a large price fluctuation. As the maximal risk tolerance is relatively

large, Gmax = 5000, there is a small price fluctuation.

Fig 3(c) and 3(d) show that, as the maximal risk tolerance of the individuals with reference

point strategies is large, Gmax = 5000, the price fluctuation is determined by the market impact.

As the market impact is small, β = 0, there is a large price fluctuation. As the market impact is

large, β = 1, there is a small price fluctuation.

Fig 3(e) and 3(f) show that, as both the market impact and the maximal risk tolerance of the

individuals with reference point strategies are small, i.e. β = 0 and Gmax = 100, the price

Fig 3. The dynamic stock prices P for different combinations of market impact β, maximal risk tolerance Gmax of

reference point strategies, ratio ξ of individuals with reference point strategies. (a) β = 1, ξ = 0.4 and Gmax = 100; (b) β = 1,

ξ = 0.4 and Gmax = 5000; (c) Gmax = 5000, ξ = 0.6 and β = 0; (d)Gmax = 5000, ξ = 0.6 and β = 1; (e) β = 0, Gmax = 100 and ξ =

0.4; (f) β = 0, Gmax = 100 and ξ = 0.6. Other parameters are: the population size N = 5001, the memory size m = 3 and m0 = 10,

the updating threshold of history-dependent strategies Sth = 0, the maximum drift of history-dependent strategies ε = 0.1, the

liquidity l ¼ N
10

, the constant a ¼ 10

N , minimum and maximum shares holding kmin = -1, kmax = 1. The initial conditions are:

an individual’s risk tolerance Gi is uniformly distributed within the range of Gi 2 [0, Gmax], an individual’s initial reference

point pref
i is uniformly distributed within the range of pref

i 2 ½�Pe� aGi ; �PeaGi �, initial history-dependent strategy g is distributed

uniformly within the range of g 2 [0, 1], starting price P(t = 0) is randomly chosen within the range of P 2 [0, 20], each

individual’s initial number of shares k = 0, each individual’s initial wealth Wi(t = 0) = 0, each individual’s initial cash Ci(t = 0)

= 0.

https://doi.org/10.1371/journal.pone.0260373.g003
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fluctuation is quite large. The change in the ratio of the individuals with history-dependent

strategies and reference point strategies only has little effect on the change of price fluctuation.

Such results indicate that the price fluctuation is determined by the coupling of different

investment strategies. Within the range where the price is relatively stable, β = 1 or Gmax =

5000, the existence of another investment strategy is quite possible to destroy such a stable

state. We can understand such results as follows. The change in stock prices is determined by

the difference in the numbers of individuals buying and selling the stocks. For β = 1 and Gmax

= 5000, the heterogeneous population lead to a small value of the difference in the numbers of

individuals buying and selling the stocks. Therefore, the price is somewhat stable. For β = 0

and Gmax = 100, the homogeneous population lead to a large value of the difference in the

numbers of individuals buying and selling the stocks. Therefore, the price fluctuation is quite

large.

In order to get a clear view on the relationship between the price fluctuations and the cou-

pling of market impact and investment strategies, in Fig 4(a) and 4(b) we plot the standard

deviation σP of normalized stock prices as a function of market impact β for different combina-

tions of maximal risk tolerance Gmax and the ratio ξ of individuals with reference point strate-

gies. The normalize σP is calculated from the normalized stock price, P0 ¼ P� Pmin
Pmax� Pmin

, in which

Pmax and Pmin are the maximal and minimal stock prices respectively within the time window.

From Fig 4(a) and 4(b) we find that the changing tendency of σP vs β is independent of

Gmax and ξ. There exists a transition point β = 0.5, within the range of 0� β< 0.5, σP keeps a

relatively high value. Within the range of 0.5 < β� 1, σP keeps a relatively low value. Such

results indicate that a higher level of market impact suppresses the price fluctuations.

Comparing the role of ξ in the price fluctuation in Fig 4(a) and 4(b), we find that an increase

in the ratio of individuals with reference point strategies has contradictory effects on the price

Fig 4. The standard deviation σP of normalized stock prices as a function of market impact β for different

combinations of maximal risk tolerance Gmax of reference point strategies and the ratio ξ of individuals with

reference point strategies. (a) Gmax = 100 and ξ = 0.2 (circles), 0.5 (squares), 0.8 (triangles); (b) Gmax = 5000 and ξ =

0.2 (circles), 0.5 (squares), 0.8 (triangles). Other parameters are: the population size N = 5001, the memory size m = 3

and m0 = 10, the updating threshold of history-dependent strategies Sth = 0, the maximum drift of history-dependent

strategies ε = 0.1, the liquidity l ¼ N
10

, the constant a ¼ 10

N , minimum and maximum shares holding kmin = -1, kmax = 1.

Final data are obtained by averaging over 200 runs and 104 times after 105 relaxation times in each run. The initial

conditions are: an individual’s risk tolerance Gi is uniformly distributed within the range of Gi 2 [0, Gmax], an

individual’s initial reference point pref
i is uniformly distributed within the range of pref

i 2 ½�Pe� aGi ; �PeaGi �, initial history-

dependent strategy g is distributed uniformly within the range of g 2 [0, 1], starting price P(t = 0) is randomly chosen

within the range of P 2 [0, 20], each individual’s initial number of shares k = 0, each individual’s initial wealth

Wi(t = 0) = 0, each individual’s initial cash Ci(t = 0) = 0.

https://doi.org/10.1371/journal.pone.0260373.g004
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fluctuations. As the maximal risk tolerance of reference point strategies is relatively low, Gmax

= 100, which corresponds to the situation where the distribution of reference points is rela-

tively narrow, an increase in ξ leads to an overall increase in σP. As the maximal risk tolerance

of reference point strategies is relatively high, Gmax = 5000, which corresponds to the situation

where the distribution of reference points is relatively wide, an increase in ξ leads to an overall

decrease in σP.

Such results indicate that a low level of risk tolerance promotes price fluctuations and a

high level of risk tolerance suppresses price fluctuations. We can understand such results as

follows. As most of the people have low risk tolerance, they are quite possible to make a trade

frequently. Therefore, the stock price fluctuates greatly. As most of the people have high risk

tolerance, they are quite possible to take a hold for a long time. Therefore, the stock price

changes little.

In order to examine how different investment strategies affect each other, in Fig 5 we plot

the distributions of history-dependent strategies and reference point strategies for different

combinations of market impact β, maximal risk tolerance Gmax of reference point strategies

and ratio ξ of individuals with reference point strategies.

Comparing the results in Fig 5(a) and 5(c) with the results in Fig 5(b) and 5(d), we find that

the existence of the reference point strategies with low risk tolerance can effectively affect the

distributions of history-dependent strategies while the existence of the reference point strate-

gies with high risk tolerance has little effect on the change of the distributions of history-

dependent strategies. Within the range where the market impact is low, for ξ = 0, which

Fig 5. The distributions of history-dependent strategies (a, b, c, d) and reference point strategies (e, f, g, h) for different

combinations of market impact β, maximal risk tolerance Gmax of reference point strategies and ratio ξ of individuals with

reference point strategies. (a) and (e) β = 0.2, Gmax = 100 and ξ = 0.4 (circles), 0.6 (squares); (b) and (f) β = 0.2, Gmax = 5000

and ξ = 0.4 (circles), 0.6 (squares); (c) and (g) β = 0.8, Gmax = 100 and ξ = 0.4 (circles), 0.6 (squares); (d) and (h) β = 0.8, Gmax
= 5000 and ξ = 0.4 (circles), 0.6 (squares). Other parameters are: the population size N = 5001, the memory size m = 3 and m0
= 10, the updating threshold of history-dependent strategies Sth = 0, the maximum drift of history-dependent strategies ε =

0.1, the liquidity l ¼ N
10

, the constant a ¼ 10

N , minimum and maximum shares holding kmin = -1, kmax = 1. The initial

conditions are: an individual’s risk tolerance Gi is uniformly distributed within the range of Gi 2 [0, Gmax], an individual’s

initial reference point pref
i is uniformly distributed within the range of pref

i 2 ½�Pe� aGi ; �PeaGi �, initial history-dependent strategy g
is distributed uniformly within the range of g 2 [0, 1], starting price P(t = 0) is randomly chosen within the range of P 2 [0,

20], each individual’s initial number of shares k = 0, each individual’s initial wealth Wi(t = 0) = 0, each individual’s initial cash

Ci(t = 0) = 0.

https://doi.org/10.1371/journal.pone.0260373.g005

PLOS ONE Market impact shapes competitive advantage of investment strategies in financial markets

PLOS ONE | https://doi.org/10.1371/journal.pone.0260373 February 3, 2022 10 / 23

https://doi.org/10.1371/journal.pone.0260373.g005
https://doi.org/10.1371/journal.pone.0260373


corresponds to the situation where all the individuals adopt history-dependent strategies, the

history-dependent strategies cluster around g< 0.5 or g> 0.5 (slash lines in Fig 5(a)). Because

of the existence of the reference point strategies with low risk tolerance, only the trend-follow-

ing strategies become dominant strategy. Within the range where the market impact is high,

for ξ = 0, the history-dependent strategies have a U-shape distribution clustering around g* 0

and g* 1 (slash lines in Fig 5(c)). Because of the existence of the reference point strategies

with low risk tolerance, only the trend-rejecting strategies become dominant strategy.

Such results can be understood as follows. As the market impact is low, the majority-win

effect would make the trend-following or trend-rejecting investment become dominant. The

existence of the individuals with reference point strategies is quite possible to lead to an

increase in the number of individuals with trend-following behavior, which would finally

make the trend-following investment become dominant behavior. As the market impact is

high, the minority-win effect would make the trend-following investment coupled with trend-

rejecting investment become dominant. The existence of the individuals with reference point

strategies is quite possible to lead to an increase in the number of individuals with trend-fol-

lowing behavior, which would finally make the trend-rejecting investment become dominant

behavior.

Comparing the results in Fig 5(e) and 5(g) with the results in Fig 5(f) and 5(h), we find that

whether or not the existence of history-dependent strategies can affect the distribution of refer-

ence point strategies is not related to the market impact but depends on the maximum risk tol-

erance Gmax of the individuals with reference point strategies. As the maximum risk tolerance

is low, for ξ = 1, which corresponds to the situation where all the individuals adopt reference

point strategies, the reference point strategies present a narrow distribution clustering around
pref

prefmax
� 0:65 (slash lines in Fig 5(e)). An increase in the number of individuals with history-

dependent strategies leads to an increase in the dominant strategy,
pref

prefmax
� 0:9. As the maximum

risk tolerance is high, for ξ = 1, the reference point strategies present a broad distribution clus-

tering around
pref

prefmax
� 0 (slash lines in Fig 5(f)). The existence of history-dependent strategies

has little effect on the change of the distribution of reference point strategies.

Such results can be understood as follows. As the risk tolerance is low, the change in the

stock prices is quite possible to make the individuals with reference point strategies update

their strategy frequently. The existence of the individuals with history-dependent strategies

make the stock prices change continuously, which would finally make the reference point

strategies cluster around the average value of stock prices. As the risk tolerance is high, i.e. Gi =

5000, because the initial strategies scatter within a broader range of pref
i 2 ½�Pe� 10; �Pe10�, only

the individuals far away from �P is possible to update their strategies. Therefore, after an initial

updating of individual strategies, the reference point strategies keep relatively stable and the

strategies near the average price become dominant.

In order to get a clear view on the exact conditions for the coevolution of history-dependent

strategies and reference point strategies, in Fig 6 we plot the standard deviation of investment

strategies as a function of market impact β for different maximal risk tolerance Gmax of refer-

ence point strategies and different ratio ξ of individuals with reference point strategies.

Fig 6(a) and 6(b) show that the history-dependent strategies are only affected by the refer-

ence point strategies with low risk tolerance. For high market impact, as the ratio of individuals

with reference point strategies is larger than the ratio of individuals with history-dependent

strategies, an increase in ξ leads to a decrease in σg.

Fig 6(c) and 6(d) show that the standard deviation spref of reference point strategies is

closely related to the ratio of the individuals with reference point strategies. As the ratio of
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individuals with reference point strategies increases, the standard deviation of reference point

strategies increases.

Comparing the results in Fig 6 with the results in Fig 4, we find that, for low risk tolerance,

an increase in spref is related to an increase in σP. Such a result indicates that an increase in spref

with low risk tolerance should result from the change of stock prices. For high risk tolerance,

an increase in spref is related to a decrease in σP. Such a result indicates that an increase in spref

with high risk tolerance should result from an increase in the ratio of individuals with refer-

ence point strategies.

The market efficiency is usually related to the predictability of the stock prices. In an effi-

cient market, the stock price is unpredictable. In an inefficient market, the stock market is pre-

dictable. In order to examine whether the coexistence of different investment strategies affects

the market efficiency or not, in Fig 7(a) and 7(b) we plot the predictability H of stock prices as

a function of market impact β for different combinations of maximal risk tolerance Gmax of

reference point strategies and ratio ξ of individuals with reference point strategies [45].

Comparing the results in Fig 7(a) with the results in Fig 7(b), we find that an increase in the

ratio ξ of individuals with reference point strategies has contradictory effects on the predict-

ability H of stock prices. As Gmax is relatively small, Gmax = 100, which corresponds to the situ-

ation where the distribution of reference points is narrow, an increase in ξ leads to an overall

Fig 6. The standard deviation of investment strategies as a function of market impact β for different

combinations of maximal risk tolerance Gmax of reference point strategies and the ratio ξ of individuals with

reference point strategies. (a) σg for Gmax = 100 and ξ = 0.2 (circles), 0.5 (squares), 0.8 (triangles); (b) σg for Gmax =

5000 and ξ = 0.2 (circles), 0.5 (squares), 0.8 (triangles); (c) spref for Gmax = 100 and ξ = 0.2 (circles), 0.5 (squares), 0.8

(triangles); (d) spref for Gmax = 5000 and ξ = 0.2 (circles), 0.5 (squares), 0.8 (triangles). Other parameters are: the

population size N = 5001, the memory size m = 3 and m0 = 10, the updating threshold of history-dependent strategies

Sth = 0, the maximum drift of history-dependent strategies ε = 0.1, the liquidity l ¼ N
10

, the constant a ¼ 10

N , minimum

and maximum shares holding kmin = -1, kmax = 1. The initial conditions are: an individual’s risk tolerance Gi is

uniformly distributed within the range of Gi 2 [0, Gmax], an individual’s initial reference point pref
i is uniformly

distributed within the range of pref
i 2 ½�Pe� aGi ; �PeaGi �, initial history-dependent strategy g is distributed uniformly within

the range of g 2 [0, 1], starting price P(t = 0) is randomly chosen within the range of P 2 [0, 20], each individual’s

initial number of shares k = 0, each individual’s initial wealth Wi(t = 0) = 0, each individual’s initial cash Ci(t = 0) = 0.

https://doi.org/10.1371/journal.pone.0260373.g006
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increase in H. As Gmax is relatively large, Gmax = 5000, which corresponds to the situation

where the distribution of reference points is wide, an increase in ξ leads to an overall decrease

in H.

Such results indicate that the existence of individuals with history-dependent strategies

leads to intermediate predictability of stock prices. The existence of individuals with homoge-

neous reference point strategies promotes the predictability of stock prices while the existence

of individuals with heterogeneous reference point strategies suppresses the predictability of

stock prices. The overall predictability of stock prices is determined by the characteristics of

majority population. We can understand the simulation results as follows. The predictability

of stock prices is related to the changing tendency of stock prices, which is determined by the

difference in the numbers of individuals buying and selling the stocks. As the market impact is

low or the risk tolerance is low, people’s frequently trading behavior leads to a large difference

in the numbers of individuals buying and selling the stocks, which would make the moving

tendency of stock prices become more predictable.

In order to find a competitive strategy in the investment, in Fig 8 we plot the average wealth

of the individuals with history-dependent strategies and reference point strategies as a function

of market impact β for different combinations of maximal risk tolerance Gmax of reference

point strategies and ratio ξ of individuals with reference point strategies.

Fig 8(a) and 8(c) show that, for Gmax = 100, within the range of 0� β< 0.5, an increase in

the ratio of the individuals with reference point strategies leads to an increase in the average

wealth of the individuals with history-dependent strategies and the average wealth of the indi-

viduals with reference point strategies. Within the range of 0.5< β� 1, an increase in the ratio

of the individuals with reference point strategies leads to an increase in the average wealth of

the individuals with history-dependent strategies and a decrease in the average wealth of the

individuals with reference point strategies.

Fig 7. The predictability H of stock prices as a function of market impact β for different combinations of maximal

risk tolerance Gmax of reference point strategies and the ratio ξ of individuals with reference point strategies. (a)

Gmax = 100 and ξ = 0.2 (circles), 0.5 (squares), 0.8 (triangles); (b) Gmax = 5000 and ξ = 0.2 (circles), 0.5 (squares), 0.8

(triangles). Other parameters are: the population size N = 5001, the memory size m = 3 and m0 = 10, the updating

threshold of history-dependent strategies Sth = 0, the maximum drift of history-dependent strategies ε = 0.1, the

liquidity l ¼ N
10

, the constant a ¼ 10

N , minimum and maximum shares holding kmin = -1, kmax = 1. The initial conditions

are: an individual’s risk tolerance Gi is uniformly distributed within the range of Gi 2 [0, Gmax], an individual’s initial

reference point pref
i is uniformly distributed within the range of pref

i 2 ½�Pe� aGi ; �PeaGi �, initial history-dependent strategy

g is distributed uniformly within the range of g 2 [0, 1], starting price P(t = 0) is randomly chosen within the range of P
2 [0, 20], each individual’s initial number of shares k = 0, each individual’s initial wealth Wi(t = 0) = 0, each

individual’s initial cash Ci(t = 0) = 0.

https://doi.org/10.1371/journal.pone.0260373.g007
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Comparing �Whis in Fig 8(a) with �Wref in Fig 8(c), we find that, for Gmax = 100, within the

range of 0� β< 0.5, �Wref is greater than �Whis. Within the range of 0.5< β� 1, �Whis is greater

than �Wref . Comparing the results in Fig 7(a) with the results in Fig 8(a), we observe that the

highest average wealth in Fig 8(a), i.e. �W � 108 for β = 0 and Gmax = 100, is related to the

predictability of transaction price Ptr and the fluctuation σP of stock prices. For β = 0, Ptr(t) =

(1 − β) P(t − 1) + βP(t) = P(t − 1). An individual would do a deal at the former price P(t − 1)

which has been known to all the individuals. Ptr(t) is predictable. Depending upon his accurate

prediction, an individual would buy low and sell high. Therefore, Wi = Ci + ki Ptr = S(Psell −
Pbuy) + ki Ptr> 0. For Gmax = 100, the price fluctuation is large, which would lead to a large

attainment at a buying-selling transaction. Therefore, Ci = S(Psell − Pbuy) would be quite large

and the average wealth �W ¼ SWi
N would reach its highest level.

Fig 8(b) and 8(d) show that, for Gmax = 5000, within the range of 0� β< 0.5, an increase in

the ratio of the individuals with reference point strategies leads to a decrease in the average

wealth of the individuals with history-dependent strategies and the average wealth of the indi-

viduals with reference point strategies. Within the range of 0.5< β� 1, an increase in the ratio

of the individuals with reference point strategies leads to an increase in the average wealth of

Fig 8. The average wealth �Whis of individuals with history-dependent strategies and the average wealth �Wref of

individuals with reference point strategies as a function of market impact β for different combinations of

maximal risk tolerance Gmax of reference point strategies and the ratio ξ of individuals with reference point

strategies. (a) �Whis for Gmax = 100 and ξ = 0.2 (circles), 0.5 (squares), 0.8 (triangles); (b) �Whis for Gmax = 5000 and ξ =

0.2 (circles), 0.5 (squares), 0.8 (triangles); (c) �Wref for Gmax = 100 and ξ = 0.2 (circles), 0.5 (squares), 0.8 (triangles); (d)

�Wref for Gmax = 5000 and ξ = 0.2 (circles), 0.5 (squares), 0.8 (triangles). Other parameters are: the population size

N = 5001, the memory size m = 3 and m0 = 10, the updating threshold of history-dependent strategies Sth = 0, the

maximum drift of history-dependent strategies ε = 0.1, the liquidity l ¼ N
10

, the constant a ¼ 10

N , minimum and

maximum shares holding kmin = -1, kmax = 1. The initial conditions are: an individual’s risk tolerance Gi is uniformly

distributed within the range of Gi 2 [0, Gmax], an individual’s initial reference point pref
i is uniformly distributed within

the range of pref
i 2 ½�Pe� aGi ; �PeaGi �, initial history-dependent strategy g is distributed uniformly within the range of g 2

[0, 1], starting price P(t = 0) is randomly chosen within the range of P 2 [0, 20], each individual’s initial number of

shares k = 0, each individual’s initial wealth Wi(t = 0) = 0, each individual’s initial cash Ci(t = 0) = 0.

https://doi.org/10.1371/journal.pone.0260373.g008
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the individuals with history-dependent strategies and a decrease in the average wealth of the

individuals with reference point strategies.

Comparing �Whis in Fig 8(b) with �Wref in Fig 8(d), we find that, for Gmax = 5000, within the

range of 0� β< 0.5, �Whis is greater than �Wref . Within the range of 0.5< β� 1, �Wref is greater

than �Whis.

Such results indicate that whether an investment strategy can become a competitive strategy

is determined by the coupling of market impact and the distributions of different investment

strategies. For low market impact, a narrower distribution is beneficial for attaining more. For

high market impact, a broader distribution is beneficial for attaining more. It is quite possible

that a competitive strategy in the market with low market impact becomes a failure strategy in

the market with high market impact, which can be seen as another explanation for the princi-

ple of risk-return equilibrium: high risk and high return, low risk and low return.

Theoretical analysis

Relationship between market impact and predictability of transaction

prices

In the present model, the evolutionary dynamics is greatly affected by the market impact β. In

the following, we give an analysis on how the market impact affects the predictability of trans-

action prices and then the evolutionary dynamics.

The transaction price at time t is related to the prices at time t-1 and time t,

PtrðtÞ ¼ ð1 � bÞPðt � 1Þ þ bPðtÞ: ð11Þ

For β = 0, the buyers and the sellers finish their transactions with the latest historical price

P(t − 1). For β = 1, the buyers and the sellers finish their transactions with the instant price

P(t).
An individual’s investment behavior is related to his attainment in the transaction, which

depends on whether he can accurately predict the price movement or not. If an individual

expects an increase in the stock price, he is quite possible to make a buying decision. If an

individual expects a decrease in the stock price, he is quite possible to make a selling decision.

If he could make a prediction accurately, he would buy low and sell high, which means Psell −
Pbuy> 0. Therefore, his accumulated wealth Wi(t),

WiðtÞ ¼ SðPsell � PbuyÞ þ kiPtr; ð12Þ

increases.

In the present model, before the transaction is finished, all the individuals know the histori-

cal price P(t − 1). For β = 0, Ptr = P(t − 1). The transaction price is predictable. The individual

who does a deal according to his prediction would earn more. Most of the people tend to

adopt the same strategy and the crowded effect occurs. Comparing the simulation results in

Fig 5(a) with the results in Fig 8(a), we observe that, for β = 0, as the individual strategies clus-

ter around g* 0.5− or g* 0.5+, the average wealth is quite high. Our theoretical analysis is in

accordance with the simulation results.

In the present model, before the transaction is finished, no one knows the instant price P(t).
For β = 1, Ptr = P(t). The transaction price is unpredictable. Both the individual who does a

deal according to his prediction and the individual who does a deal rejecting his prediction

could not earn more. Most of the people tend to adopt his unique strategy and the crowd-

anticrowded effect occurs. Comparing the simulation results in Fig 5(d) with the results in Fig

8(b), we observe that, for β = 1, as half of the individuals cluster around g* 0 and another half
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of the individuals cluster around g* 1, the average wealth is quite low. Our theoretical analy-

sis is in accordance with the simulation results.

Coevolution of history-dependent strategies and reference point strategies

Firstly, we give an analysis on how the history-dependent strategies and the reference point

strategies evolve independently [74–76].

The evolution of history-dependent strategies is closely related to the prediction of individ-

ual i. If he could predict the change of stock prices correctly, he would buy low and sell high.

The strategy he adopts would have a higher score and be kept continuously. If he could not

predict the change of stock prices correctly, he would buy high and sell low. The strategy he

adopts would have a lower score and be thrown away by most of the people. Whether an indi-

vidual can predict the change of price is closely related to the market impact β. For β<0.5, the

history-dependent strategies will finally evolve to the state where all the individuals adopt

g> 0.5 strategies or g< 0.5 strategies. Given an initial uniform distribution of g 2 [0, 1],

whether the g< 0.5 strategies or the g> 0.5 strategies will finally become a dominant strategy

is determined by the occasional advantage of g. For example, facing the latest change of prices

""", if the history-dependent prediction is # and most of the individuals adopt the g> 0.5

strategies, more sellers than buyers will lead to a decrease in price. The individuals with g> 0.5

strategies are quite possible to keep their strategies and the individuals with g< 0.5 strategies

are quite possible to update their strategies, which finally leads to the situation where all the

individuals adopt g> 0.5 strategies. Facing the latest change of prices """, if the history-depen-

dent prediction is # and most of the individuals adopt the g< 0.5 strategies, more buyers than

sellers will lead to an increase in price. The individuals with g< 0.5 strategies are quite possible

to keep their strategies and the individuals with g> 0.5 strategies are quite possible to update

their strategies, which finally leads to the situation where all the individuals adopt g< 0.5 strat-

egies. Therefore, given an initial uniform distribution of g 2 [0, 1], the majority game effect

will finally lead to the δ-like distribution of history-dependent strategies. In Fig 5(a), we

observe that, for ξ = 0, the distribution of history-dependent strategies is a δ-like distribution

clustering around g* 0.5− or g* 0.5+.

For β> 0.5, the history-dependent strategies will finally evolve to the state where half of the

individuals adopt g> 0.5 strategies and another half of the individuals adopt g< 0.5 strategies.

For example, facing the latest change of prices """, if the history-dependent prediction is #

and most of the individuals adopt the g> 0.5 strategies, more sellers than buyers will lead to a

decrease in price. The individuals with g> 0.5 strategies are quite possible to update their

strategies and the individuals with g< 0.5 strategies are quite possible to keep their strategies,

which finally leads to the situation where the individuals with g> 0.5 strategies decrease and

the individuals with g< 0.5 strategies increase. Facing the latest change of prices """, if the his-

tory-dependent prediction is # and most of the individuals adopt the g< 0.5 strategies, more

buyers than sellers will lead to an increase in price. The individuals with g< 0.5 strategies are

quite possible to update their strategies and the individuals with g> 0.5 strategies are quite

possible to keep their strategies, which finally leads to the situation where the individuals with

g< 0.5 strategies decrease and the individuals with g> 0.5 strategies increase. Therefore,

given an initial uniform distribution of g 2 [0, 1], the minority game effect will finally lead to

the U-shape distribution of history-dependent strategies. In Fig 5(c), we observe that, for ξ = 0,

the distribution of history-dependent strategies is a U-shape distribution clustering around

g* 0 and g* 1.

The evolution of reference point strategies is closely related to the maximal risk tolerance

Gmax. For a small Gmax, the reference point strategies finally evolve to the state where nearly all
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the individuals adopt the strategy pexp � �P. For example, for a quite small Gmax = 1 and a ¼ 1

100
,

facing the latest average price �P, Only the individuals with �Pe� 0:01 � pref � �Pe0:01 keeps their

strategies. The individuals with pref > �PeaGmax ¼ �Pe0:01 � 1:01�P or pref < �Pe� aGmax ¼ �Pe� 0:01 �

0:99�P strategies will update their strategies. The frequent change of pref finally makes the refer-

ence point strategies cluster around pexp � �P. Therefore, given a quite small Gmax, the reference

point strategies finally evolve to a narrow distribution clustering around pexp � �P. In Fig 5(e),

we observe that, for ξ = 1, the distribution of reference point strategies is a narrow distribution

clustering around Pref

Pref
max
� 0:65.

For a large Gmax, the reference point strategies will finally evolve to the state where nearly

all the individuals adopt heterogeneous strategies scattering between pref � �Pe� aGmax and

pref � �PeaGmax . For example, for a quite large Gmax = 1000 and a ¼ 1

100
, facing the latest average

price �P, the individuals with �Pe� 10 � pref � �Pe10 keeps their strategies. Only the individuals

with pref > �PeGmax ¼ �Pe10 � 104 �P or pref < �Pe� Gmax ¼ �Pe� 10 � 10� 4 �P strategies will update

their strategies. Therefore, given a quite large Gmax, the individuals with reference point strate-

gies not far away from the average price is quite possible to keep their initial strategies. In Fig 5

(f), we observe that, for ξ = 1, the distribution of reference point strategies is a broad distribu-

tion scattering between Pref

Pref
max
� 0 and Pref

Pref
max
� 1.

As a comparison, in Fig 9, we have plotted the ratio of the individuals updating their refer-

ence point strategies dynamically. We can observe that, as the maximal risk tolerance changes

from Gmax = 100 to Gmax = 5000, the ratio of the individuals updating their reference point

strategies dynamically reduces, which is in accordance with our theoretical analysis.

Secondly, we analyze how the existence of reference point strategies with a small Gmax

affects the evolution of history-dependent strategies.

For β<0.5, the majority-win effect dominates. The existence of individuals with reference

point strategies leads to the situation where the history-dependent strategies will finally evolve

to the state where all the individuals adopt g> 0.5 strategies. For example, facing the latest

change of prices """, if the history-dependent prediction is # and most of the individuals with

Fig 9. The ratio of individuals updating their reference point strategies dynamically for the maximal risk

tolerance (a) Gmax = 100; (b) Gmax = 1000; (c) Gmax = 5000. Other parameters are: the population size N = 5001, the

market impact β = 1, the ratio of individuals with reference point strategies ξ = 0.4, the memory size m = 3 and m0 = 10,

the updating threshold of history-dependent strategies Sth = 0, the maximum drift of history-dependent strategies ε =

0.1, the liquidity l ¼ N
10

, the constant a ¼ 10

N , minimum and maximum shares holding kmin = -1, kmax = 1. The initial

conditions are: an individual’s risk tolerance Gi is uniformly distributed within the range of Gi 2 [0, Gmax], an

individual’s initial reference point pref
i is uniformly distributed within the range of pref

i 2 ½�Pe� aGi ; �PeaGi �, initial history-

dependent strategy g is distributed uniformly within the range of g 2 [0, 1], starting price P(t = 0) is randomly chosen

within the range of P 2 [0, 20], each individual’s initial number of shares k = 0, each individual’s initial wealth

Wi(t = 0) = 0, each individual’s initial cash Ci(t = 0) = 0.

https://doi.org/10.1371/journal.pone.0260373.g009
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history-dependent strategies adopt the g> 0.5 strategies, DNhis
sell ¼ Nhis

sell � Nhis
buy > 0. At the

same time, for the individuals with reference point strategies, a continuous rise in the

prices, """, is quite possible to lead to more sellers than buyers, DNref
sell ¼ Nref

sell � Nref
buy > 0.

More seller than buyers, DNsell ¼ DNhis
sell þ DNref

sell > 0, will lead to a decrease in price. The

individuals with g> 0.5 strategies gain more and keep their strategies. Facing the latest

change of prices """, if the history-dependent prediction is # and most of the individuals

with history-dependent strategies adopt the g< 0.5 strategies, DNhis
sell ¼ Nhis

sell � Nhis
buy < 0. At

the same time, for the individuals with reference point strategies, a continuous rise in the

prices, """, is quite possible to lead to more sellers than buyers, DNref
sell ¼ Nref

sell � Nref
buy > 0. For a

large ξ, more seller than buyers, DNsell ¼ DNhis
sell þ DNref

sell > 0, leads to a decrease in price. The

individuals with g< 0.5 strategies lose more and update their strategies. Therefore, the existence

of individuals with reference point strategies leads to the situation where the history-dependent

strategies will finally evolve to the state where all the individuals adopt g> 0.5 strategies. Com-

paring the simulation results for ξ = 0 with the results for ξ> 0 in Fig 5(a), we observe that, an

increase in the ratio of the individuals with reference point strategies makes the distribution of

history-dependent strategies changes from a δ-like distribution clustering around g* 0.5− or

g* 0.5+ to a δ-like distribution clustering around g* 0.5+, which is in accordance with our

theoretical analysis.

For β>0.5, the minority-win effect dominates. The existence of individuals with reference

point strategies leads to the situation where the history-dependent strategies will finally evolve

to the state where all the individuals adopt g< 0.5 strategies. For example, facing the latest

change of prices """, if the history-dependent prediction is # and most of the individuals with

history-dependent strategies adopt the g> 0.5 strategies, DNhis
sell ¼ Nhis

sell � Nhis
buy > 0. At the same

time, for the individuals with reference point strategies, a continuous rise in the prices, """, is

quite possible to lead to more sellers than buyers, DNref
sell ¼ Nref

sell � Nref
buy > 0. For a large ξ, more

seller than buyers, DNsell ¼ DNhis
sell þ DNref

sell > 0, will lead to a decrease in price. The individuals

with g> 0.5 strategies lose more and update their strategies. Facing the latest change of prices

""", if the history-dependent prediction is # and most of the individuals with history-depen-

dent strategies adopt the g< 0.5 strategies, DNhis
sell ¼ Nhis

sell � Nhis
buy < 0. At the same time, for the

individuals with reference point strategies, a continuous rise in the prices, """, is quite possible

to lead to more sellers than buyers, DNref
sell ¼ Nref

sell � Nref
buy > 0. For a large ξ, more seller than

buyers, DNsell ¼ DNhis
sell þ DNref

sell > 0, will lead to a decrease in price. The individuals with

g< 0.5 strategies gain more and keep their strategies. Therefore, the existence of individuals

with reference point strategies leads to the situation where the history-dependent strategies

finally evolve to the state where all the individuals adopt g< 0.5 strategies. Comparing the sim-

ulation results for ξ = 0 with the results for ξ> 0 in Fig 5(c), we observe that, an increase in the

ratio of the individuals with reference point strategies makes the distribution of history-depen-

dent strategies changes from a U-like distribution clustering around g* 0 and g* 0 to a δ-

like distribution clustering around g* 0, which is in accordance with our theoretical analysis.

Fig 9 shows that, the existence of reference point strategies with a large Gmax leads to

DNref
buy � 0 or DNref

sell � 0. Therefore, the evolution of history-dependent strategies will not be

affected by the existence of reference point strategies.

The above analysis indicates that the distribution of history-dependent strategies would be

affected by the existence of the reference point strategies with a small Gmax and keep

unchanged in other cases, which is in accordance with the simulation results in Fig 5.
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Relationship between price fluctuations and strategy distributions

The price fluctuation is determined by the difference between the number of individuals buy-

ing and selling the stocks,

lnPðtÞ � lnPðt � 1Þ ¼
Nbuy � Nsell

l
: ð13Þ

Suppose ΔN = jNbuy − Nsellj, ΔN is closely related to the combination of the distributions of his-

tory-dependent strategies and reference point strategies. For a δ–like distribution of history-

dependent strategies coupled with a narrow distribution of reference point strategies, ΔN will

reach its maximum value. For a U–like distribution of history-dependent strategies coupled

with a broad distribution of reference point strategies, ΔN will reach its minimum value.

For a δ–like distribution of history-dependent strategies, the difference between the num-

bers of individuals buying and selling the stocks is satisfied with the condition jgth − 0.5jN�
ΔNhis� N, in which gth is the maximum value gmax for a δ–like distribution clustering around

g< 0.5 and the minimum value gmin for a δ–like distribution clustering around g> 0.5. Com-

paring the simulation results in Fig 5 with the results in Fig 4, we observe that, within the

range of β< 0.5 and Gmax = 100, the δ–like distribution of history-dependent strategies corre-

sponds to a large value of σP.

For a U–like distribution of history-dependent strategies, the difference between the num-

bers of individuals buying and selling the stocks is satisfied with the condition ΔNhis* 0.

Comparing the simulation results in Fig 5 with the results in Fig 4, we observe that, within the

range of β> 0.5 and Gmax = 5000, the U–like distribution of history-dependent strategies cor-

responds to a small value of σP.

For a narrow distribution of reference point strategies clustering around �P, the difference

between the numbers of individuals buying and selling the stocks is satisfied with the equation

DNref � N
R

f ð�P; spref ÞdP, in which f ð�P; spref Þ is the probability density function. Comparing

the simulation results in Fig 5 with the results in Fig 4, we observe that, within the range of β<
0.5 and Gmax = 100, a narrow distribution of reference point strategies corresponds to a large

value of σP.

For a broad distribution of reference point strategies around �P, the difference between the

numbers of individuals buying and selling the stocks is satisfied with the equation

DNref �
NDP

�PeaGmaxþ�Pe� aGmax . Comparing the simulation results in Fig 5 with the results in Fig 4, we

observe that, within the range of β> 0.5 and Gmax = 5000, a broad distribution of reference

point strategies corresponds to a small value of σP.

For a δ–like distribution of history-dependent strategies coupled with a narrow distribution

of reference point strategies, ΔN becomes j gth � 0:5 j Nð1 � cÞ þ cN
R

f ð�P; spref ÞdP �
DNhis þ DNref � Nð1 � cÞ þ cN

R
f ð�P; spref ÞdP. Comparing the simulation results in Fig 5

with the results in Fig 4, we observe that, within the range of β< 0.5 and Gmax = 100, a δ–like

distribution of history-dependent strategies coupled with a narrow distribution of reference

point strategies leads to an overall increase in σP.

For a U–shape distribution of history-dependent strategies coupled with a broad distribu-

tion of reference point strategies, ΔN becomes 0 � DNhis þ DNref �
cNDP

�PeaGmaxþ�Pe� aGmax . For a large

Gmax* N, we find that Nð1 � cÞ þ cN
R

f ð�P; spref ÞdP >>
cNDP

�PeaGmaxþ�Pe� aGmax . Comparing the

simulation results in Fig 5 with the results in Fig 4, we observe that, within the range of β> 0.5

and Gmax = 5000, a U–shape distribution of history-dependent strategies coupled with a broad

distribution of reference point strategies leads to an overall decrease in σP.
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The above analysis implies that a δ–like distribution of history-dependent strategies cou-

pled with a narrow distribution of reference point strategies should lead to the largest price

fluctuation and a U–shape distribution of history-dependent strategies coupled with a broad

distribution of reference point strategies should lead to the smallest price fluctuation. There-

fore, the theoretical analysis is in accordance with the simulation results in Figs 4 and 5.
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