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Structural origin of fractional 
Stokes-Einstein relation in  
glass-forming liquids
Shaopeng Pan1,*, Z. W. Wu1,*, W. H. Wang2, M. Z. Li3 & Limei Xu1,4

In many glass-forming liquids, fractional Stokes-Einstein relation (SER) is observed above the glass 
transition temperature. However, the origin of such phenomenon remains elusive. Using molecular 
dynamics simulations, we investigate the break- down of SER and the onset of fractional SER in a model 
of metallic glass-forming liquid. We find that SER breaks down when the size of the largest cluster 
consisting of trapped atoms starts to increase sharply at which the largest cluster spans half of the 
simulations box along one direction, and the fractional SER starts to follows when the largest cluster 
percolates the entire system and forms 3-dimentional network structures. Further analysis based on the 
percolation theory also confirms that percolation occurs at the onset of the fractional SER. Our results 
directly link the breakdown of the SER with structure inhomogeneity and onset of the fraction SER with 
percolation of largest clusters, thus provide a possible picture for the break- down of SER and onset 
of fractional SER in glass-forming liquids, which is is important for the understanding of the dynamic 
properties in glass-forming liquids.

The Stokes-Einstein relation (SER) describes the relation between diffusion constant D and structural relaxation 
time τ1,2, which follows D ∝​ (τ/T)−1 at high temperature T. As temperature T decreases, the liquids become more 
and more viscous, thus the increase in relaxation time overtakes the decrease in diffusion, leading to the failure of 
SER3–8. When the SER fails, it has been empirically found that a fractional SER, D ∝​ (τ/T)−ξ with ξ =​ 0.6 ~ 0.99–12, 
holds for a wide range of liquids, such as molecular liquids and atomic liquids13–17. The breakdown of SER has 
been considered to be one of the hallmarks of glassy dynamics in liquids. Despite many years of detailed study, 
the temperature dependence of transport coefficients and structural relaxation times still remains a hot topic of 
debate18–21. While some studies have shown that the breakdown of SER occurs in a dramatic fashion in the vicin-
ity of the glass transition temperature, there are other studies suggesting its occurrence at a temperature much 
higher than the mode-coupling temperature22,23 and at temperatures even higher than the melting temperature24. 
As of yet, there is no agreement on the nature and origin of the breakdown of the SER4,22–25.

A commonly proposed explanation for the breakdown of the SER is the presence of dynamic heterogeneity 
(DH)26,27, specifically the presence of particles having excessively high and low mobility relative to the aver-
age motion, which was observed experimentally4,28,29 and computationally30,31. There is much current research 
directed at quantifying the dynamic heterogeneity phenomenon and at understanding its physical origin. 
However, the association of heterogeneity with the breakdown of SER relation remains no consensus. For 
instance, Kumar et al. pointed that only the mobile particles violate the SER in a hard sphere fluid32, while Becker 
et al. found that both the mobile and immobile regions deviate from the SER in a network-forming liquid14. More 
recently, Xu et al.16 found a correlation between the SER breakdown and the onset of a local structure change in 
liquids with liquid-liquid phase transformations, however, whether the onset of the fractional SER has a structural 
origin remains inconclusive.

Using classical molecular dynamics (MD) simulations, we study the breakdown of SER and onset of fractional 
SER in a model of metallic glass-forming liquid, Cu64Zr36. We observe the breakdown of SER in the metallic liq-
uid, from normal SER with ξ =​ 1 at high temperatures to fractional SER with ξ =​ 0.67 at low temperatures. This 
breakdown is correlated with the change in the local structures characterized by the size of the largest cluster 
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consisting of trapped atoms (Fig. 1, see Methods). At high temperatures where SER obeys, the size of the largest 
cluster is small, indicating a rather homogeneous liquid state. When the size of the largest cluster starts to increase 
sharply and expand to about half of the simulation box, the SER breaks down. At lower temperatures where the 
fractional SER follows, the largest cluster percolates the entire system and forms a 3-dimensional network struc-
ture. Our results link the SER and fractional SER with structure heterogeneity, thus provide a possible picture for 
the breakdown of SER and onset of fractional SER in glass-forming liquids.

Results
Breakdown of SER and appearance of fractional SER.  We first investigate the dynamic properties 
of the liquid. The temperature dependence of the dynamic behavior between self-diffusion coefficient D and  
α-relaxation time τ is presented in Fig. 2(a). D is computed from the root-mean-square displacement of all atoms1 
and α-relaxation time τ is defined as the time when the self-intermediate scattering function decays to 1/e for 
the wave vector q =​ 27.3 nm−1 (corresponding to the first peak of the static structure factor)33. We find that the 
dynamics of the system follows the SER at high temperatures for T >​ TSE ~ 1360 K with ξ =​ 1, while it follows a 
fractional SER at low temperatures for T <​ TFSE ~ 1160 K with ξ =​ 0.67. We note that the breakdown temperature 
of SER (1360 K <​ T <​ 1160 K) is above the glass transition temperature34, thus the mechanism of this SER break-
down is different from the dynamic slowing down near the glass transition. It was previously reported23 that 
the breakdown temperature of the SE relation could be dependent on whether the viscosity (as SE is originally 

Figure 1.  Schematic of “quasi-nearest” and “trapped” atom in a 2-D system. Atoms C and D belong to 
“quasi-nearest” atoms since they are an adjacent pair of the nearest neighbors of atom A but not nearest 
neighbors of each other determined by the Voronoi Method. Similarly, atoms A and B also belong to one pair of 
“quasi-nearest” atoms. The dark solid line represents the nearest correlation while the red dot line corresponds 
to the “quasi-nearest” correlation. Atom I belongs to “trapped” atom because no pair of quasi-nearest neighbors 
exists among the nearest neighbors of atom I. See Method section.

Figure 2.  Breakdown of SER and onset of fractional SER. (a) Self-diffusion coefficient D as function of  
α-relaxation time τ and temperature T. D follows the SER above 1360 K and obeys fractional SER below 1160 K. 
(b) D as function of viscosity η and temperature T. The breakdown temperature is the same as (a).
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formulated) or relaxation time is chosen. Here, we also present the SER in terms of viscosity (Fig. 2(b)) and find 
that the SER breakdown temperature using viscosity is the same as using relaxation time.

SER breakdown and structural heterogeneity.  To understand the mechanism of such breakdown in 
the liquid state, we next study the correlation between local structure and mobility of trapped atoms. For each 
initial configuration, we classify all the atoms into two groups: trapped or non-trapped. We then calculate the 
self-intermediate scattering function for each group (trapped or non-trapped). The α-relaxation time τ* for each 
group is calculated as the time at which the corresponding self-intermediate scattering function decays to 1/e. We 
investigated 100 independent initial configurations to obtain the relaxation times for each group. As shown in 
Fig. 3, the distribution of τ* (statistics from 100 independent realizations), normalized by the relaxation time τ of 
the system at the corresponding temperature, is centered at longer time scale for initially trapped group compared 
to that for the initially non-trapped group. Thus, the non-trapped atoms which have quasi-nearest neighbors and 
more free space surrounded move faster compared to the “trapped” atoms which have less free space surrounded 
(Fig. 3). As temperature decreases, the gap between the relaxation time for the trapped group and non-trapped 
group becomes larger, leading to a larger difference in the mobility of trapped and non-trapped atoms. This indi-
cates that the local structure inhomogeneity is correlated with local dynamics of the liquid35–38.

To further understand the dynamic breakdown of SER with the structure heterogeneity, we investigate the 
behavior of clusters consisting of trapped atoms. For each calculation at a fixed temperature, we record the size 
of the largest cluster consisting of trapped atoms. The temperature dependence of the size of the largest cluster 
averaged over 100 independent realizations, 〈​Smax〉​, is shown in Fig. 4. At temperatures T >​ 1360 K, Smax is small 
and more or less constant, indicative of a homogeneous feature of the liquid. The size of the largest cluster, Smax, 
starts to deviate at T ~ 1360 K (roughly at the temperature where the SER breaks down), and increase sharply 
as temperature decreases. This sharp increase is further confirmed from the derivative of Smax with respect to 
temperature (Fig. 4, inset) with the maximal change in the size of the largest cluster occurring at T ~ 1180 K. We 

Figure 3.  The distributions of the α-relaxation time τ* for initially trapped or non-trapped atoms 
normalized by the α-relaxation time τ of the system at the corresponding temperatures, respectively. The 
data for all atoms without classification are also included for comparison.

Figure 4.  The size of the largest cluster (Smax) is more or less a constant at temperatures above 1360 K where 
the SER follows. The maximal change occurs at 1180 K (inset, derivative of Smax with respect to T) near the 
temperature where the fractional SER starts to follow. To see more clearly the dominance of the largest cluster, 
the size of the second largest cluster (S2smax) is also presented.
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note that at the temperature where the Smax has the largest change, the second largest cluster, S2max, is rather small 
(Fig. 4), indicative of the structure inhomogeneity characterized by the aggregation of small clusters to larger 
ones. The coincidence of this temperature (~1180 K) with the onset temperature (T ~ 1160 K) of the fractional SER 
is an evidence of the correlation between the structure heterogeneity and the behavior of fractional SER. On the 
other hand, the size of the S2max shows a maximum at around 1250 K which is close to the crossover temperature 
from SER to fractional SER (about 1200 K). At high temperatures, the system has many small but independent 
clusters. However, as temperature decreases, the largest cluster continues to grow and dominate in space, and 
other clusters (e.g., the second largest one) become spatially correlated with the largest one. Accordingly, the sec-
ond largest cluster grows when it is spatially independent of the largest one, but it gradually merges to the largest 
cluster after the two cluster become spatially correlated. This is why there is a maximum in the size of the second 
largest cluster at the temperature where the largest cluster starts to dominates, which is related to the crossover 
temperature from SER to fractional SER. (about 1200 K).

We note that the trapped atom, the fraction of which increases as temperature decrease (e.g., about 11% at 
1360 K and 20% at 1160 K, similar to previous studies on the dynamical heterogeneity, typically 5–15%39), changes 
its identity as time involves in the liquid state. Thus, the clusters, consisting of trapped atoms that are dynamically 
connected in space, is a dynamic feature of the system. Accordingly, the indexes of the atoms inside the clusters 
also vary with time, which is the consequence of the liquid state. However, in terms of the largest cluster, its size 
is more or less constant at a fixed temperature. It acts as a characteristic length scale that affects the behavior of 
the Stokes-Einstein. This is consistent with the picture proposed by Douglas and Hubbard, saying that when the 
fractional Stokes-Einstein relation obeys, the clusters in supercooled liquids can be the string or sheet-like rather 
than having a compact structure40,41. Therefore, the characterization of the structure in terms of the largest clus-
ters consisting of trapped atoms gives a valid statistical picture about the link between structure heterogeneity 
and Stokes-Einstein relation.

Fractional SER and percolation of clusters.  The next question we ask is what causes the fractional SER 
at low temperatures. By calculating the normalized projected length of the largest cluster along each dimension, 
we further investigate the structure heterogeneity characterized by the degree of percolation of the largest cluster 
consisting of trapped atoms. Let Lpi be the projection of the length of the largest cluster to the ith-direction and 
Li be the system size along ith-direction. The normalized projected length of the largest cluster in ith-direction, 
PDi, is defined as

= .PD L L/ (1)i pi i

If PDi =​ 1, the largest cluster percolates along the ith-direction. The temperature dependence of PDi along the 
ith-direction is shown in Fig. 5. Due to symmetry, PDi in three directions follows the same temperature depend-
ence. At high temperatures above 1360 K, PDi increases gradually, indicating that the size of the largest cluster 
slowly increases as temperature decreases. We note that in the high-temperature region, the system contains many 
small clusters, but they are not connected as shown in the inset of Fig. 5. At T ~ 1360 K, PDi =​ 1/2, the largest clus-
ter spans half of the simulation box. As temperature further decreases, the clusters start to get more connected 
and aggregate to larger ones. At ~1160 K, PDi ~ 1, the largest cluster percolates along three dimensions thus the 
entire system, and a network structure consisting of trapped atoms (inset of Fig. 5) is formed. The formation of 
the network structure occurs at the same temperature where the change in the size of the largest cluster is a maxi-
mum (Fig. 4) and the temperature below which the fractional SER obeys. We inspect size effect on PD for system 
size varying from N =​ 200 to 15000. We find that the percolation temperature and SER breakdown temperature 
for N >​ 5000 are size independent, thus our results for N =​ 10000 are reliable. Therefore, the breakdown of SER 
has a structure origin. That is, SER follows when the system is homogeneous (consisting of small clusters) at high 

Figure 5.  Structural changes in terms of the normalized percolation the length of the largest cluster 
consisting of trapped atoms along three dimensions. The SER follows when the system is homogeneous 
dominated by small clusters above 1360 K (inset, right panel), while the fractional SER start to follow below 
1160 K when the largest cluster percolate the entire system in 3 dimensions (inset, left panel).
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temperatures, while it breaks down when the structure heterogeneity accumulates in the system characterized by 
the onset of the sharp increase in the largest cluster. Fractional SER follows when the system forms a network of 
trapped atoms and the largest cluster percolates the 3-dimensional system, homogeneous in the sense that the 
majority of atoms are trapped atoms.

Further analysis of the distribution of cluster size, P(S), as the function of cluster size, S, also confirms the cor-
relation between the percolation of clusters and appearance of the fractional SER. As shown in Fig. 6, the scaled 
distribution of cluster sizes, P*(S) =​ P(S)/(T/Tc −​ 1)α, as function of the scaled cluster size, S* =​ S/(T/Tc −​ 1)−β, 
collapse to a master curve, where α and β are the scaling exponents, and Tc is the critical temperature which also 
coincides with the onset temperature of fraction SER (~1160 K). As S* →​ 0, the master curve obeys power-law 
behavior,

∼ ∼α β τ− −⁎ ⁎ ⁎P S S S( ) , (2)/

where α/β is the exponent τ in the percolation theory. Since at percolation threshold T =​ Tc, S* →​ 0, according to 
Eq. 2, this guarantees that the distribution of size of clusters in the entire range of S (from 0 to ∞​) follows power 
law behavior,

∼ ∗ − ∼ − ∗ −
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where τ is equal to 2.19. According to percolation theory42,43, at percolation threshold Tc, τ =​ d/df +​ 1, where d is 
the dimension of the system (=​3), and df is the dimension of the largest cluster. Using box-counting method, we 
obtain df  (~2.40) at Tc ~ 1160 K, which is close to the value of df (=​2.53) obtained from the scaling theory. This 

Figure 6.  The scaled distribution of the cluster size, P*(S*) as the function of scaled size of the cluster, S*. 
All the scaled distributions collapsed to a master curve. At percolation threshold, Tc =​ 1160 K, S* →​ 0, which 
guarantees the distribution of cluster size, P(S), follows power law behavior for the entire range of S, indicative 
of the correlation between cluster percolation with the onset of fractional SER at Tc ~ 1160 K.

Figure 7.  Diffusion coefficient as function of relaxation time and temperature for trapped and non-trapped 
atoms in CuZr glass-forming liquids. The dynamics of both subgroups follow similar behavior.
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indicates that the distribution of cluster sizes evolves toward a power-law behavior as the system approaches the 
percolation threshold, thus provides a theoretical evidence of the link between the appearance of fractional SER 
and the percolation of the trapped atoms in glass-forming liquids.

Discussion
According to previous studies14,32, there are two different views regarding the violation of SE relation based on the 
dynamic heterogeneity due to the existence of subgroup atoms, fast and slow atoms. One is that a “background” 
of largely immobile regions obeys the normal SE behavior, while mobile regions violate the SE relation and are 
conjectured to be the cause of SE relation breakdown32. The other is that both relatively fast and slow regions vio-
late the SE relation14. We investigate the behavior of D v.s. τ/T for trapped and non-trapped atoms, respectively. 
We find that both trapped and non-trapped atoms follow SE relation at the high-temperature region, but they all 
violate the SE relation at low temperatures (Fig. 7). Thus, our results are consistent with the latter14.

We also test our results in other systems, e.g., Lennard-Jones (LJ) mixture system33,44 consisting of a binary 
mixture of classical particles, 8000 type A and 2000 type B with the same mass m. Two particles interact with each 
other via Lennard-Jones potential, V(r) =​ 4ε((σ/r)12 −​ (σ/r)6), where parameters ε and σ chosen as follows: 
εAA =​ 1.0, σAA =​ 1.0, εAB =​ 1.5, σAB =​ 0.8, εBB =​ 0.5 and σBB =​ 0.88. In the following, we use σAA as the unit of 
length, σ εm( /48 )AA AA

2 1/2 as the unit of time, and εAA as the unit of energy. Constant volume and temperature 
(NVT-ensemble) is employed in the simulations for the number density 1.2. The dynamic properties (Fig. 8(a)), 
the temperature dependence of the size of the largest clusters (Fig. 8(b)), and the percolation dimension (Fig. 8(c)) 
are consistent with our results for metallic systems. That is, the SER breaks down when the size of the largest clus-
ter start to increase sharply and when the largest cluster expands to about half of the system. We note that we are 
unable to see the onset of the fractional SER as well as the percolation of the size of the largest cluster in this LJ 
system. This is because in this case the onset temperature of fractional SER at which the largest cluster consisting 
of trapped atoms percolate is very close to the glass transition temperature44 at which we are unable to equilibrium 
the systems within our simulation time.

Beside the deviation from SER at 1136 K for Cu64Zr36, we also observe an Arrhenius to non-Arrhenius 
dynamic crossover at much higher temperature, TA ≈​ 1500 K, as shown in Fig. 9(a). This dynamic crossover is 
also correlated with structural changes. For instance, the Arrhenius to non-Arrhenius crossover occurs at the 
temperature at which the number of cluster reaches a maximum shown in Fig. 9(b).

To summarize, using classical MD simulations we study the dynamic and structural properties of a metallic 
glass-forming liquid, Cu64Zr36. We find an occurrence of the SER breakdown, from normal SER at high temper-
atures to a fractional SER at low temperatures. By characterizing the structure of the liquid by the size of clusters 
consisting of trapped atoms with low mobility, we observe a correlation of the dynamic breakdown of SER with 
the structural change in the glass-forming liquid. That is, the onset of the breakdown of SER corresponding to the 
temperature where the size of the largest cluster consisting of trapped atoms starts to increase sharply. In addition, 
when the largest cluster forms a stable network and percolates the entire system, the dynamics starts to follow 
a fractional SER. Therefore, our study provides a structural origin of the breakdown of SER in a CuZr metallic 
glass-forming liquid.

Methods
Molecular dynamics.  Classical MD simulations are carried out on Cu64Zr36 metallic liquid using 
LAMMPS45. Our system consists of 6400 Cu atoms and 3600 Zr atoms. The atoms interact via embedded-atom 
method (EAM) potential function46. The system is simulated with periodic boundary conditions. Isothermal-
isobaric (NPT)-ensemble simulations using the Nose-Hoover thermostat and barostat are employed in our stud-
ies. The equations of motion are integrated with the velocity Verlet algorithm with a time step of 1 fs. Simulations 
are performed at zero external pressure up to 10 ns along each temperature ranging from 2000 K to 1050 K above 

Figure 8.  (a) Breakdown of SE relation occurs at T =​ 0.65 in a LJ mixture system. (b) The size of the largest 
cluster as a function of temperature in the LJ mixture systems. SER breaks down when the largest cluster starts 
to increase sharply at T =​ 0.65. (c) Structural changes in terms of the normalized percolation length of the 
largest cluster consisting of trapped atoms along three dimensions. At T =​ 0.65 where SER breaks down, the 
largest cluster expands to half of the system size.
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the glass transition temperature, more specifically, 1 ns above 1200 K and 10 ns below 1200 K. All our measure-
ment is taken as an average of 100 independent realizations of equilibrated liquid.

Definitions for trapped atoms and clusters.  The local structure of liquid in our study is characterized as 
follows. For each atom, we first determine its nearest neighbors using Voronoi tessellation method47. According 
to this method, each nearest neighbor of the center atom corresponds to one face of the Voronoi polyhedron. If 
two Voronoi faces share an edge, the two corresponding atoms among the nearest neighbors of the center atom 
are defined as an adjacent pair of this center atom48,49. Next, if the adjacent pair of atoms are not the nearest neigh-
bors of each other, we identify these two atoms as a pair of quasi-nearest atoms. For example, as shown in Fig. 1, 
atom C and atom D are a pair of “quasi-nearest” atoms satisfying the following conditions: (i) both are the nearest 
neighbors of atom A; (ii) they are adjacent to each other among the nearest neighbors of atom A; and (iii) atoms  
C and D are not the nearest neighbors of each other. An atom is called a “trapped” atom (e.g., atom I in Fig. 1) if no 
pair of “quasi-nearest” atoms among its nearest neighbors exist, while the other atoms are non-trapped atoms. A 
trapped atom has no quasi-nearest atom around while a non-trapped atom has one or more quasi-nearest atoms 
around. If two “trapped” atoms are the nearest neighbors of each other, they are connected and belong to the same 
cluster. The size of a cluster is the total number of “trapped” atoms within the cluster. We note that the determina-
tion of the nearest neighbors is independent of the choice of different cutoff distances.
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