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proposed. The key concept is to convert the system into a crisp polynomial system that is
equivalent and allows for the use of the innovative computational features of Grobner bases.
It is possible to calculate all of the system’s precise solutions at once after an appropriate Grobner
basis has been determined. Design is a condition for the presence of a solution in complex interval
linear systems. In addition, an algorithm is devised to retrieve all solutions using the eigenvalue
approach. In addition, a proportional case is solved using the provided approach to demonstrate
its efficiency and efficacy. The given approach can locate all solutions for linear systems with
complex intervals. Additionally, it determines the presence or absence of a solution for the
system. We use the aforementioned technique in the context of circuit analysis to demonstrate
the effectiveness of the findings obtained.

1. Introduction

Linear systems resulting from engineering challenges often include uncertain values. The practice of substituting acceptable
intervals for the unknown variables is one of the well-known strategies for overcoming this ambiguity. Uncertain quantities produce
complex values in key issues like electrical circuits [1,2], which causes complex variables and complex intervals to develop. In the
primary topic of this essay, we presume that the issue is described by a linear system of equations with complicated interval equations
that may be represented by a matrix of equations. Real interval arithmetic procedures may be used to determine the solutions when
the system’s coefficient matrix and the right-side vector are both inside the interval. An strategy for the outer interval solution of
a parametrized linear system, for instance, was provided by Kolev et al. [3]. In relation with structural mechanics, Skalna et al.
[4] have presented a few methods for handling interval parametric linear equations. In addition, Popova et al. [5] have proposed a
technique for solving a set of linear equations that are parameterized. Visualizing and calculating the solutions of an interval linear
system have been studied by Kraemer et al. [6]. Majumdar and Chakraverty [7] presented a novel method of solving an interval-form
system of linear equations.

The aforementioned scientific articles have addressed some challenges that emerge while computing the solutions of a system of
equations with interval coefficients. However, there are other concerns that have not been covered in these publications.

* Corresponding author.
E-mail address: farahani@cmu.ac.ir (H. Farahani).

https://doi.org/10.1016/j.heliyon.2024.e25786
Received 29 July 2023; Received in revised form 5 January 2024; Accepted 2 February 2024

Available online 7 February 2024
2405-8440/© 2024 The Author(s). Published by Elsevier Ltd.  This is an open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/).


http://www.ScienceDirect.com/
http://www.cell.com/heliyon
mailto:farahani@cmu.ac.ir
https://doi.org/10.1016/j.heliyon.2024.e25786
https://doi.org/10.1016/j.heliyon.2024.e25786
http://creativecommons.org/licenses/by-nc-nd/4.0/

M. Farahmand Nejad, H. Farahani and R. Nuraei Heliyon 10 (2024) e25786

. The methods need to require a select initial point while it is often challenging.

. Many approximate solutions for the system will be found.

. There is no criterion or validation to check whether the systems have a solution.

. The text does not provide any details on the quantity of solutions for a specific system.
. When a system has no solution, the selected approach can be misleading.

. Not all solutions of the systems can be simultaneously achieved.

U A WN R

This paper’s major concept is to use the eigenvalue approach [8] to solve the aforementioned difficult issues (for more details see
[9-15]). To do this, each interval coefficient is given a variable. The current system is transformed into a set of polynomial equations.
The system solutions are then created by computing a Grobner basis and creating a few so-called multiplication matrices using the
system’s eigenvalues.

Farahani et al. [16] employed the eigenvalue approach to effectively segregate the complex fuzzy linear system. This approach
involves finding ways to solve of a system in a manner that is not reliant on each other. This approach employs deterministic features
and transforms a matrix into a triangular matrix by straightforward row operations. Subsequently, Farahani et al. [17] endorsed Wu’s
method for resolving a Fuzzy Complex System of Linear Equations (FCSLE). The Wu’s method serves as the fundamental basis for this
technique for resolving FCSLE. Wu'’s technique may be used for resolving polynomial equation systems, including characteristic sets.
The above sets have a triangular shape, which facilitates the use of forward substitution to estimate their range. The ultimate FCSLE
solution is achieved by implementing the solutions that were previously mentioned. Farahmand Nejad et al. [18] recently employed
the Grobner basis approach to solve an FCSLE. This technique converts a complicated fuzzy linear system into a more straightforward
system, allowing the creation of new solution systems to address novel system issues. The Grobner base has a pronounced triangular
shape as a result of its lexicographic ordering. The solution to many polynomial systems that utilize Grébner theory is same. Since
the initial equation in Grébner’s foundation involves just a single variable, it may be readily solved. Therefore, a traditional approach
may be employed to compute the root of this variable polynomial. To get the solution to the second polynomial equation, one must
first determine the root of the first equation and then substitute it into the bivariate polynomial equation. The project will persist as a
substitute until all system alternatives are accessible. Solving an FCSLE results in the production of a system of univariate polynomial
equations that has a root that is easier to locate compared to the original system.

The eigenvalue technique computes the elements of a system’s solutions separately. As a result, the computation of the following
solutions is unaffected by the likely errors and approximations that occurred in the computation of the prior solutions. In this
strategy, let’s assume that [ is a zero-dimensional ideal in K[x,...,x,]. Consequently, the quotient ring is shown by Kl 4o
finite dimensional vector space on K. For each polynomial 4, the matrix that represents the linear transformation described below

C Kxp,..05x,] Klxq,...,x,]
h - -

1 1
g+l hg+1
Klxy,....x,

with relation to a basis of l'is denoted by M. The eigenvalues of M, are determined by evaluating the values of A at
the solutions of the polynomial system. Specifically, assessing the polynomials & = x;,i = 1,...,n, when we look at the set of all
solutions to the polynomial equation system, we can get the coordinates of those solutions. By using this method, the difficulty of
solving complex interval linear systems is reduced to the task of determining and computing a matrix’s eigenvalues. Consequently,
the matrix may be converted into a triangular matrix by the use of basic row operations, and the characteristics of the determinant
can serve as a valuable tool in the field of linear algebra. The proposed method addresses the previously described problems, and it
also addresses a system of » interval linear equations in n variables, where the right-hand sides and coefficients are both complex and
complex interval, respectively. The primary concept behind this strategy is to convert the system into a precise polynomial system,
leading to a system with 4n equations and 4n unknowns, from which an efficient scheme to solve systems may be used to determine
the solution set of the novel system. As a consequence, the complicated interval linear system may be resolved using the eigenvalue
approach. A need for the solutions’ existence is also provided.

Modeling and simulation is a well recognized scientific technique that may be used to examine a system or forecast its behavior
prior to its actual implementation [19-23]. In electrical circuits, changes in the value of a circuit component are caused by factors
such as the method of production, temperature fluctuations, and uncertain device characteristics. When implemented in a real-world
scenario, the input sources and circuit components inherently possess a certain level of uncertainty. Tolerance analysis is considered
an essential phase in the circuit design process due to the potential for considerable uncertainties to affect the performance of the
circuit. Interval analysis simplifies the solution of system equations by representing unknown parameters of a circuit as defined
ranges of values. In order to guarantee the accurate functioning of the circuit in specific applications, it is necessary to have complete
knowledge of the most unfavorable impact generated by unknown system parameters. The paper presents many techniques that use
interval analysis to analyze linear analog circuits [24-26]. In order to evaluate or solve a circuit, it is necessary to ascertain the
voltages and currents that are passing through each individual component. The methodology proposed in this research is suitable
and dependable for circuit analysis.

The paper is structured as follows. After an introduction, Sections 2 and 3 go into the topic of interval arithmetic and polynomial
rings, respectively, review fundamental definitions and findings. Section 3 explains how to resolve a polynomial problem using the
eigenvalue approach. The complex interval linear system is presented in Section 4. In Section 5, the primary method for solving
these sorts of systems is laid out and used to resolve a numerical example. We offer some discussions, in section 7. In Section 8, the
conclusion is briefly discussed.
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2. Interval arithmetic

In this part, we recall the arithmetical operations on real intervals [27]. Let o € {+,—,-,/} be one of the natural algebraic
operations, and let [x] = [x,X] and [y] = [y, y] be two real compact intervals. The corresponding operations due to the above intervals
are characterized by

[x]o[y] = {xoy|x € [x],y € [¥]}, [271(1)

where, in the case of division, O does not belong to [y].

Suppose IR be the set of all bounded and closed intervals on R. For [x],[y] € IR, we have [x] =[y] < x =y and x =Y. Itis easy
to prove that IR is closed under addition, subtraction, multiplication and division. More importantly, we know that [x]o[y] can be
represented by only applying the bounds of [x] and [y]. Moreover, the algebraic operations addition, subtraction and multiplication
are given as follows, respectively:

e+ IRXIR - IR, +([x],[yD) =[x]+ [y] = [§+X,§+§].
¢ = HIRXIR = IR, =([x], [yD) = [x] = y] =[x =y, X = y].
« IRXIR - IR, .([x],[y]) = [min{zz,zy,fz,x_y},max{zz,z},?z,x_y}].

Every real number x may be conceptualized as an interval number [x, x] with a width of zero. In other word, if x =X = x, [x] just
consists of the element x, i.e., x =[x, x].

Definition 2.1. ([28,29]) An interval [z] that is complex is defined as

[z]=[x+iy,x +iy]
={x+iyeClx<x<Xx,y<y<y}
Suppose IC denote the set of all complex intervals. A complicated interval is defined in terms of its rectangular shape in Def-
inition 2.1 It should be noted that two further types of complex intervals, polar form and circle form, are addressed in [30-32].

Moreover, in [33] besides visualization of complex arithmetic is presented.
Similar to [34], the equation may be expressed as [z] = [x] + i[y], where [x], [y] € IR. Moreover,

z=x+iy,z=X+1y.

As clarified in [34], the following definition exhibits how the properties of real intervals are expandable to the complex ones.

Definition 2.2. [35] Consider two complex intervals [z;] = [x]+i[y;] and [z,] = [x,]+i[y,], where [xj] = [xj,x_j] and [yj] = [yj,y_j],
for j =1,2. Let also ¢ = a + ib. Then, - -

[z1] + [z2] = ([x1] + ily, D + (Ixp] + ily2 )
= (Deg]+ Do) + iy ] + 2D
=[x; + x5, % + X ] +ily; + 2.3 + 72l
and
¢-[z]]=(a+ib)- ([x;]1+ily,])

= (alx;]1 - bly;1) +i(aly; ]+ blx;]).
Definition 2.3. [36] A complex interval vector is the vector [z] = ([z{],[z;], ..., [z,,])T, where [z;]1€1C, for j=1,2,...,n.

3. Polynomial ring and Grobner bases

This part aims to devote the essential definitions and statements on polynomial ring and Grobner bases. Assume that x,...,x,
are n algebraically independent variables and K is a field. For «y, ..., @, € Z,, a monomial is defined by the power product x* =
T‘ .- xy", where the sequence x, ...,x, is indicated by x and a = (e, ... ,a,). Monomial orderings, which are special types of total

orderings, may be used to arrange the whole set of monomials over K. In the next definition, a total ordering is defined.

Definition 3.1. On the set of monomials over X, a monomial ordering > is a total ordering that applies to each monomials x*, x/
and x” for which the following conditions are satisfied:

o X% > xP = x"x% > x7xP,
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+ > is well-ordering.

Among infinite monomial orderings so that there is one convenient for any special kind of problem, graded reverse lexicographic
ordering >, is notable. Let x* and x” be monomials in K[x]. Then X* >0, X? if Y7 a;> X B, orif X7 ;=X B,
and in the difference a — f € Z", the rightmost non-zero entry is negative.

A polynomial f in x, ..., x,, is a finite linear combination of monomials with coefficients in the field K. We will write a polynomial
f in the form f(xy,...,x,) =Y, X% c, € K where the sum is over a finite number of n-tuples a = (ay,...,a,). The set of all
polynomials in x, ..., x,, with coefficients in the field X has the structure of a ring under addition and multiplication for polynomials
is mentioned to be polynomial ring and is denoted K[x/,...,x,] or K[x]. Suppose K is a field and regard the polynomial ring £[x].
For any nonzero polynomial f(xi,...,x,) =Y, c,x%, the leading term of f (with respect to <) is the product c,x%, where x* is
the largest monomial appearing in f with respect to <. We will use the notation LT(f) for the leading term of f. Moreover, if
LT(f)=cx“, then LC(f) = c is the leading coefficient of f and LM (f)=x“ is the leading monomial of f. Thus, when F is the set
of polynomials, LM (F)={LM(f)|f € F} and for the ideal I, the ideal generated by LM (1), denoted in(I), is regarded to be the
initial ideal of I. In next paragraph, Grobner basis theory briefly discussed which gives a deep insight into the ideal.

Definition 3.2. For an ideal I C K[x], fix a monomial ordering. A finite set G = {gy,...,g,} C I is said to be a Grobner basis for I, if
every leading term of any element of [ is divisible by one of the LT'(g;).

We demonstrate that any polynomial ideal in K[x] other than 0 has a Grébner basis for each monomial ordering by using
the Hilbert basis theorem [37]. A Grobner basis may be computed from the generating set of any polynomial ideal using a method
introduced by Bruno Buchberger in his 1965 dissertation. He provided the first method for calculating Grobner bases. The Buchberger
approach, developed concurrently with the concept of Grébner basis, stands out as the most direct among all efficient algorithms,
for calculating Grobner bases. The Faugere Fy algorithm [38] and other signature-based algorithms like G2V [39] and GVW [40] are
the most effective algorithms currently in use. It should be noted that a polynomial ideal’s Grobner basis is not always exclusive. In
order to achieve unicity, the reduced Grobner basis notion is introduced. A noteworthy observation is that in the worst situation, the
complexity of the methods to calculate Grobner bases is double exponential. When the input polynomials are in linear form, this high
degree of complexity will, nevertheless, be reduced to a polynomial class [38]. The reduced Grébner basis for a polynomial ideal is
distinct up to each monomial ordering, it should be noted.

Definition 3.3. The Grobner basis G is said to be reduced if for every g € G,

« LC(g)=1 and,
* No monomial of g appears in LT(G — {g}).

The topic is then further discussed by using an example to remind the audience how the Grobner basis may be used to solve a
system of polynomial equations. Grobner bases have shown to be quite valuable in the field of discovering solutions to polynomial
problems. Consider

g1(xy,s e X)) 0

gs(X1, X)) 0

as a polynomial system. The set of all simultaneous solutions («;, ...,&,) € K" is said to be the affine variety defined by G = {g;, ..., g}
and is denoted by V(g;,....g,) (or simply V(G)). An affine variety is defined as a subset ¥ in K" that can be expressed as V =
V(gi,....8;) where g; are polynomials in K[x].

Assume that G is the ideal I’s Grobner basis with respect to a random monomial ordering. This is noteworthy because I = (G),
this signifies V(1) = V(G). A system of polynomial equations may have solutions found by employing this computational method.
One is provided as follows:

Example 3.4. Suppose that

x(2=xxx3+1 = 0
x3+x2-1 =0
X1%52 + x32 =0

The reduced Grébner basis of the ideal I = (x;? — x;x,x3 + 1, x,% + x5 — 1, x;x,2 + x32) in Q[x,,X,, x3] with respect to the lexico-
graphic ordering is as follows:

G= {81(X3),X1 - gz(x3),x2 - g3(x3)}

with respect to x3 <, X5 <j0x X1, Where
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g1(x3) = X531 =3x31 +5x312 = 3x310 — x37 — X8 +4x30 — 633 +4x,2 — 1,

8(x3) = 23" —9xyB + 11x312 4 2051 — 7310 = 3x3% + 23,8 — %37 + 4x,0+
+7x3% = 10x3* — 6x33 + 11x32 +2x5 — 4,

g3(x3) = x5 =3x312 + x4+ 22310+ 5% — x® - 2% 0+ 2x% — x3 - 3% + L

Utilizing special form of the Grébner basis for the original system, V(G) can be found by root-finding one-variable polynomial g; (x53)
then inserting the roots into the two last polynomials in G.

Theorem 3.5 ([11]). Let I be a polynomial ideal I and G be a reduced Grébner basis for I with regard to any monomial order. V (1) will
be empty set if G be a singleton set with a single element {1}.

Depending on the dimension of the ideal, univariate polynomials may or may not exist. We can explain what the term “dimension
of an ideal” means in the definition that follows.

Definition 3.6. Let I C K[x] be an ideal and also u is a set of variables, u is an independent set concerning, I, whenever I N KC[u] =
{0}. The cardinality of the largest independent set with respect to I is the dimension of I. In addition, I is referred to as a zero-
dimensional ideal if its dimension is zero and a positive dimensional ideal in all other cases.

Zero-dimensional ideals provide significant advantages that enhance computational processes. For example, if I be a zero-
dimensional ideal then the vector space K[x]/I will be finite-dimensional. Consequently, a basis for £C[x]/I can be found by reading
the leading monomials of a Grobnr basis for 1. Moreover, the set

A=M\ in(I)

constructs a basis for X[x]/I, where M is the set of all monomials in X[x]. More precisely, to compute A it is enough to compute
a Grobner basis G at first. Next, do the operation of factoring out the monomials that are not divisible by LM (g) for each g € G.
One of the key theorems proposed in this study, the following theorem, aims to characterize an important feature of a particular
zero-dimensional ideal. It is required to consider the definition provided below before that.

Definition 3.7. Suppose I be a zero-dimensional polynomial ideal and B be a basis for the polynomial ring K[x]/I. For every
polynomial 4 in K[x], the linear transformation ¢, may be described as follows.

 KiIx] _ KIx]
@n -7 T
g+I-hg+1

Furthermore, let M, be the matrix representation of ¢, concerning, for B. Then M/, is said to be the multiplication matrix of A
concerning, for I.

Theorem 3.8 ([37]). Using the previous notations, the eigenvalues of the multiplication matrix M, represent the values of h inside the set
v{).

The solutions of a zero-dimensional polynomial equations system can be determined by calculating the eigenvalues of M, for
each variable x;, as a direct result of Theorem 3.8. It should be noted that, the eigenvalues of M. x; are the i-th component of V(J).
The use of the eigenvalue method for locating zero-dimensional polynomial system solutions is shown in the following procedure.

Algorithm 1 Eigenvalue method.

Require: A= {f|,..., f;} be a finite set which belongs to X[x]
Ensure: V(F)
G .= a Grébner basis of the polynomial ideal generated by A with regard to an arbitrary monomial ordering;
B := a basis for £[x]/(A);
for j=1,...,mdo
E; := the eigenvalue set of ij;
end for
V:.=E X-XE,;
forveV do
if fi(v)#0forani=1,...,k then
Vi=V\{vk
end if
end for
Return (V);

It should be emphasized that the eigenvalue approach is a quick and easy way for determining a zero-dimensional polynomial
system’s solutions. The cartesian product of eigenvalues, which is another benefit of the solution set, makes it necessary, as stated in
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the procedure, such that we can determine if a tuple is a solution. For illustration, the eigenvalue technique must be used to examine
153 tuples to see whether they are part of the solution set in order to solve Example 3.4. This is why there are only 15 solutions to
this system. As a result, the strategy outlined is useful when there are few univariates relative to the total number of variables.

The following illustrates the eigenvalue approach used to determine the actual solutions of a given polynomial problem.

Example 3.9. [16] Consider the following polynomial systems:

X2 +x,2 +x32 =6,
x13 + x23 +x33 — X1 XpXx3 = —4,
X1Xy + X1 X3 + XpXx3 = =3.

Let I be the ideal generated by the polynomial in above system. In the first step, a Grobner basis is computed for I with reference
to the reverse graded lexicographic order and the basis of monomials

2 2 .3 2 .2 3
B={1,x3,Xp,X1,X37,XX3,X1X3,X2", X3, X X3, X9 " X3, X X3” }
is obtained using the command

NormalSet (G, tdeg ({x_{1}},{x {2}}.{x_{3}])).

Matrix representation of ¢, is obtained using the Grobner basis and B as follows.

[0 0 0 1 0 0 0 0O 0 0 0 0]
0o 0 0 0 o0 0 1 0 0 0 0 O
-3 0 0 0 0 -1 -1 0 0 0 0 0
6 0 0 0 -1 0 0 -1 0 0 0 O
3 9 9
2 R 0 0 0 0 0 -1 0 0
-2 -2 -5 -2 0 0 0 0 0 0 0 ©
M,=lo € 0 0 0 0 0 0 -1 0 -1 0
9 3 9
2 3 2 > (3 (9) (9) 0 0 0 -1 0
o 2 0 0 5 5 3 0 0 0 0 -l
0 -2 0 0 —% —g —% 0 0 0 0 O
% 0 -2 0 0 0 % —g 0 0 0 0
27 81 81 9
|9 - -3 -3 20 0 0 -3 0 0 0|

Furthermore, in Maple, we can compute this matrix applying the “MultiplicationMatrix” command. Using eigenvalue
routine “Eigenvalues”, two real eigenvalues {1,—2} are provided. Similarly, we are able to obtain the values of x, and x5. The
eigenvalues of M % and M x, are {1,—2} and {1, -2}, respectively. The following solutions are derived from it:

Vi) ={1,-2,1),1,1,-2),(=2,1,1)}.
4. Complex interval linear systems

A complex interval linear system can be described as a n X n system.

ciilzil +epplzol + oo+ ¢y, 2] = [wy ],

olzi]+ eplzal + . + e[ 2,] = [w5], [41] (2)

Chl [Zl] + Cﬂ2[22] +...+ C,,,,[Zn] = [wn],
where the matrix consisting of the coefficients i.e. C = (ckj)nxn, Cj = ag+ ibkj, is an n X n complex-valued matrix, [wj] = [uj] + i[vj],

1 < j < n are complex intervals, and [z j] =[x j] +ily j], 1 <j < n are complex interval unknowns [41]. System (2) can be represented
as

n

Y elzl=lwy]. k€ {1.2,...n}. [41] (3)
j=1

These equations can be represented as

n

D (ag; +ib)Ix;1+ily; 1) = [ ] +ilvg], [411 (4)
j=1

and consequently,
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n

D (ag;x;1 = by [y, 1)+ iag [y,1+ by [x,1) = [ ] +ilvg], [41] (5)
j=1

which shows that for each k € {1,2,...,n},

D @D 371 = by Ly T Y+ Y (g 1y 714 by [ 57D} = s i1+ l0 - [411 (6)
Jj=1 - - Jj=1 - -

In order to account for both positive and negative values of a;; and by, the given equation is expressed as follows:

{ Zaka() ay;lxj. %51+ Zbkj<0 —bij Ly, yi1+ Zak,<o ay; 1%, %1+ Ebka() —bkj[y_j’ﬁ]} +i

_ _ _ _ [411 (M)
{ D20 %j Ly 1+ by, 20 byjlxjo x;1+ Xy, <0 aly;. i1+ by, <0 bkj[xj’ﬁ]}
= [M_k,@] + i[U_k,U_k],
for k € {1,2,...,n}. Ultimately, System (2) may be expressed in the following manner
Uy = zakao ajXj+ Zbkj<() _bkj& + Zakj<0 ag;x; + Zbkao =by;¥;
Uk = D20 A1 X5+ Ly <0 =0iiVj + Ly <0 A X; + Ly 20 =iV
[41] (8)

O = Xy 204V + Ly 20 by %) + Ly <0 i Vj + Ly <0 0%

v = Zaka() a;y;+ Zbkao byjx; + Zakj<0 akjﬁ) + Zbkj<0 bkjﬁ~
The following definition elucidates the significance of an algebraic solution for the complex interval linear system (2).
Definition 4.1. A complex interval vector [z] = ([z{],[z;], ..., [z,,])T, where [z 1=z j,z_j], is said to be an algebraic solution for the

complex linear system (2) if

n
Z erilz;1=[we], k€ {1,2,...n}.
j=1
Theorem 4.2. The complex linear system (2) and the System (8) have the same solutions.
Proof. The proof is straightforward (see Definition 2.2).

5. The main idea

The primary concept of this study is described in this part. The system (2) may be converted into a polynomial system with 4n
equations and 4n variables in the polynomial ring, as detailed in Section 4.
R=R[x1, X[, X, X5, s Xp» X Y15 Y12 Y25 Y25 wv02 Vs Y-

Regarding the reverse graded lexical ordering, the system (8) generates an ideal, we calculate the reduced Grobner basis G in this
case. The system may then be resolved using the eigenvalue approach after that (2). A test for determining if System (2) has a
solution or not is given in the following theorem.

Theorem 5.1. System (2) has a solution if the computed Grébner basis does not contain 1.

Proof. The solutions of the complex linear system (2) and the system (8) are identical, as stated by Theorem 4.2. Therefore, regarding
Theorem 3.5, the sufficient and necessary condition for the absence of a solution is G = {1}.

The followings express the resolution processes of a complex interval linear system applying the Grobner basis with regards to
the algorithm below.
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Algorithm 2 Main algorithm.

Require:

The complex interval linear system (2)

Ensure: The set of solutions, i.e., .S for system (2)
[1] Convert System (2) into System (2)
[2] Calculate the Grobner basis for the ideal given by system (8) in the ring R using the reverse graded lexicographical ordering
[411fG={1)} then S :=f@ else go to 5
[51 S :=EIGENVALUE METHOD (G)
[7] End

6. Numerical examples and applications

The

above discussion is illuminated in the following example.

Example 6.1. Let us examine the above system, comprising of three complicated interval linear equations with three unknowns:

CH+Dlzi1+ Q2 =Dz + (=1 +D[z3]1=[-9,-1] +i[-5,3],
(=24+2)[z;]1+ (1 =3D)[z,] + B+ D)[z3] =[-1,11]1+i[-9,3],

I+ Dlz;1+ B =2D)[z,] + (1 +3D)[z3] =[-7,4] +i[-4,7].

Let [z;] = [x;] +ily;], where [x;]1= [xj,x_j] and y;1= [yj,y_j] for j = 1,2,3. Using suggested method that is the contribution of

this article, the original system can be written as the followag equivalent system:

@+ DX 1+l 71D + 2 = D(1x0, %31 + iy, 72D + (<1 + D(Ix3, 3531 + i3, 53D
=[-9,-11+i[-5,3],

(=2+ 20)(0xy, X1+ ilyy, 51D + (1 = 301, T3] + il 2D + G+ D13, 51 + iy, 551

1 =1=1,11] % i[-9,3],

(L4 D)(xy, % T+ iy 1D + B = 20)(Dxg, X2 + iy, y21) + (1 + 30)([x3, X31 + ily3, ¥31)
=[~7,4]+i[-4,7].

We can rewrite the equations of the above system in the following form:

The

(20771 2 1= 3. 75~ g T+ D T~ Dy 50 )

i\ 2l y11+ 20y, 72] - [y3,[y_3]+ﬁ,x_1]—[Q,x_z]+[X_3,x_3])=[—9,—1]+i[—5,3],

( 2[x1,x1] + [x2sx2] + 3[x3,x3] [yl,ﬂ] +3[&,y_2] - [Y_3’y_3])+

=20y, Y1l + [y2, 321+ 31y3, vl + 20x1, X1 1 = 3[Q,x_ﬂ+[X_3,x_3]> =[-1,11]+i[-9,3],

([ﬁ,x_l] +3[x2, X1 + [x3. X3 = [¥1, Y11 + 2032, 321 = 3[ﬁ,ﬁ]>+
i([ﬁ,y—l]u[&,y—m [y3, 731+ [x1, 571 = 2%, %3] +3[§,x_3]> =[-7,4]+i[-4,7].
system mentioned above may be reformulated in the following manner:

(2% +2x) = X3 = V1 + 12 — V3. 2% + 2% — X3 — y1 + 72—y 1+
i[2y_]+2)2—%+x_|—x_2+ﬁ,2ﬂ+2y_2—y_3+x_|—ﬁ+x_3]=[—9,—1]+i[—5,3],

[2x1+x2+3x3 2y1+3y2 V3 2x1+x2+3x3—2y1+3y2 ]+
i[— 2y1+y2+3y3+2x1—3x2+x3,—2y1+y2+3y3+2x|—3x2+x;]—[ 1,111+ i[-9,3],

[x1 + 3% + %3 = V1 + 2y = 3V3. X, + 3%, + X3 — y1 +2); = 3y3]+

ily) +3ys + 3+ X; — 2%, +3x3. 77 + 395 + V3 + X, — 2X, +3%3] = [~7.4] + i[-4,7].

As seen in Section 4, the precise polynomial system may be expressed as

8
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2x_1+22—x_3—ﬂ+&—£=—9,
2x_1+2x_2—ﬁ—ﬂ+y_2—&=—1,
2£+22—y_3+ﬁ—x_2+x_3=—5,
i+ 2 =y X — X+ x5 =3,
—2x_1+ﬁ+3§—2y_1+3&—£=—1,
=2x; +X; +3%3 -2y, + 3y, —y; = 11,
—2ﬂ+&+3&+2x_,—3x_2+ﬁ=—9,
=2y + 5, + 3y + 2% = 3x, + X3 =3,
X 3% +x3 =V +2y, = 3y3 =7,
x_1+3x_2+x_3—y_1+2y_2—3ﬁ=4,

Y1 +3y+y3+x; = 2%, +3x3=—4,

YV +3+y3+x —2x,+3x3="T.
Next, the Grobner basis for the ideal created by the polynomials in the previously given system, using the reverse graded lexico-
graphic order, is as follows:

G= {ﬂ+2,x_1+ l,x_z,x_z— 1,X_3— l,x_3—2,ﬂ,y_l— 1,&+ l,y_z,y_3,y_3— 1}.

The standard monomial basis B = {1} is provided. Applying the monomial basis B, the eigenvalues of the matrices of
the full multiplication operator m, , msg;, my,, My, my., mg, my, my, my,, my, m, and my- can be provided equal to
—-2,-1,0,1,1,2,0,1,—1,0,0 and 1 respectively. Ultimately, the equations associated with this basis may be resolved, yielding the
solution for the aforementioned system as follows:

xp2 T Mg iy Mixgs 11030

zy=[x]+i[y]

=[x, X1+ iy y1]

=[-2,-11+i[0,1]
and
zy =[x +i[y,]
=[x, X1 + ily2. 2]
=1[0,1]+i[-1,0]
and

z3 = [x3] +i[y;]
=[x3, %31 +ily3, 3]
=[1,2]+i[0,1].

The proposed technique is used in the following example.

Example 6.2. The circuit shown in Fig. 1 consists of two loops where the nominal values of the circuit components were shown. The
electric components include resistance, inductance and capacitance are considered fixed quantities. However, the source voltages are
assumed interval parameters with the nominal (center) values as V| = j10, V, =4 and V3 = 1.7+ j, where j = \/—_1 .

In the absence of source tolerance, it is possible to simply calculate loop currents using the loop analysis approach. Considering
the nominal values, the loop analysis approach yields the following system of polynomial equations:

J30I, +55(I, — ) + V4 = V; =0,
—j20I, = 55(I, = L)+ V3 = V5 =0



M. Farahmand Nejad, H. Farahani and R. Nuraei Heliyon 10 (2024) e25786

S, — = L
300D é 550 -ji200Q
“,l % "‘v: "’3 %

Fig. 1. RLC circuit with interval voltage sources.
where can be represented in matrix form as
55+ 30 =55 L\ _(1=V,\ _ [ —-4+j10
=55 55-j20 L) \V,-V3 ) \ 23—
Therefore, the loops currents are obtained as: I; = 3.0877+ 2.5329 and I, = —2.0219+ j1.2918. Thus, in real condition the value of a
voltage source varies within a tolerance interval where for the circuit depicted in Fig. 1 intervals can be assumed as: V; = j[9.9,10.1],

V, =4and V5 =[1.53,1.87]+ j[0.9, 1.1]. Corresponding the complex interval linear system for this circuit problem can be represented
as

(55 + j30)[I;] - 55[I,] = —4 + j[9.9,10.1],
—55[1,1+ (55 — j20)[I,] = [2.13,2.47] + j[~1.1,-0.9].

Let [1,] = [x,] + j[¥,], where [x,] =[x,.X,] and [y,] =[y,.¥,] for n =1,2. The aforementioned technique can be written as the
following equivalent system:

(55 + j30)(1x F71 + Iy, 77D = 55(x0, T3+ 1y, T3 = =4 + j19.9,10.1],
=55(Lxy, %11+ Ly, T + (55 = j20)([x, %31 + e, 72D = [2.13,2.47] + [~ 1.1,-09].

The aforementioned system may be rephrased in the following style:

(55[ﬂ,x_1] ~30[y,.77] —55[2,16_2]> +j(55[ﬂ,y_1] +300x,. %71 - 55[&@])
=—4+j[9.9,10.1],

(—55[@36_1] +55[x2. %21 + 20[&,72]> +j( = 55[y1.¥11+ 55[32. 3,1 - 20[@@])
=[2.13,2.47]+ j[-1.1,-0.9].

As shown in Section 4, the precise polynomial system may be expressed as
SSE — 30y, — 55x, = -4,

55%; — 30& - 552 =—4,

55& + 30x_1 —55y,=9.9,

55y, +30x; — 552 =10.1,

—55x1 + 552+ 20& =2.13,

—ssﬁ +55x, + 20y, =2.47,

—55%; + 55y, — 205, — 1.1,

—55y, + 557, — 20x, = —0.9.

10
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We use Maple to calculate a Grobner basis for the given system using the reverse graded lexicographic order. As a result, we get
a basis consisting of monomials. Using the monomial basis the eigenvalues of the matrices of the full multiplication operator m, ,

MxT, My, Mz, My, M=, My, , My can be provided. Finally, the solution of the mentioned system is as follows:

Iy =[x ]1+ily]
=[x, %1 +ily1, 3]
=[0.5732004776,0.5744253449] + i[0.4351451522,0.4295311769]

and

I, = [x;] +i[y,]
= [xp: %31 + i1y, 3]
=[0.4098007166,0.4116380171] + i[0.5592177288,0.5677999582].

7. Discussion and results

The general numerical algorithms which are designed for systems of linear and nonlinear equations work also for polynomial
systems. The disadvantages of these approaches are as follows:

—

. To follow the procedures, you must be aware that answers might be either positive or negative. The approaches will be useless
until this is addressed.

. Identifying an appropriate starting point for the procedures is challenging.

. These approaches only provide a subset of the approximate answers.

. Within the techniques, we lack specific criteria or definitive requirements to determine the presence of solutions for the systems.

. The approaches do not provide information on the quantity of solutions for the systems. Therefore, the techniques are laborious
and possess a significant computing burden.

6. If the systems are unsolvable, then the approaches may be deceptive.

a b~ wWwN

Through the implementation of the suggested methodology, it is possible to identify all precise solutions of intricate interval linear
systems without resorting to approximation techniques, requiring the selection of an appropriate starting point, or imposing value
restrictions. Consequently, we may efficiently solve the system and acquire all the solutions of the system of polynomial equations,
in a universal scenario. The suggested approach reliably merges to all solutions of the systems, assuming they exist. Moreover, a
condition that is both essential and enough is given for the existence and uniqueness of the solution of complex interval linear
systems. With this strategy, we are free from the aforementioned constraints.

8. Conclusion

Actual simulation of real world is the primary challenge in some engineering application fields. Simulation of actual current and
voltage is the primary challenge in circuit analysis and design. We attempted to offer a technique based on complex intervals for
simulating voltage and current sources, as well as complex interval current and voltage in circuit equations. Complex interval linear
systems were developed for this method. In this paper, complicated interval linear systems are examined, and a novel linear algebra-
based approach for locating all of their solutions is proposed. Design is a condition for the presence of a solution in complicated
interval linear systems. In addition, an algorithm is devised to retrieve all solutions using the eigenvalue approach. In addition, a
proportional case is solved using the provided approach to demonstrate its efficiency and efficacy. The given approach can locate
all solutions for linear systems with complex intervals. It also determines the existence of a solution for the system. The subject
for future investigation entails the development of learning algorithms for the polynomial systems that have more generality, fully
complex interval linear systems.
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