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A B S T R A C T

The behavior of magnetic nanoparticles in a time-varying magnetic field has several practical 
applications. One of these is hyperthermia used in the treatment of cancer. The nanoparticles 
injected in the tumor cells release the energy absorbed from the time dependent external mag
netic field in the form of heat to its environment in a well-localized way. The aim of the research 
in this area is to maximize the amount of the dissipated energy. Using a combination of an 
oscillating and static magnetic field, this dissipated energy can be more focused in space. In this 
article, we investigated whether this spatial focusing is also present using a rotating and static 
field together. Furthermore, we investigated the effects of anisotropy and interaction between 
nanoparticles on this spatial focusing effect using the jump-diffusion model for Néel relaxation in 
both cases. This kinetic Monte Carlo (MC) method was validated and compared with the sto
chastic Landau-Lifshitz-Gilbert (SLLG) equation based model. We have shown that the spatial 
focusing effect is also present for these non-idealized experimentally realizable cases. Also, the 
effect of rotating magnetic field on magnetic nanoparticles was not investigated in kinetic Monte 
Carlo simulations before.

1. Introduction

Hyperthermia is a complementary procedure to other conventional tumor treatment methods. By placing ferromagnetic nano
particles in an alternating external field, their magnetization vector changes and the nanoparticle will relax through a frictional 
process. As a result of the dissipation, the temperature of tumor cells containing nanoparticles increases and they die. Therefore, the 
method is suitable for the treatment of cancer [1–9].

Hyperthermic research focuses on maximizing heat loss. Hyperthermic treatments have several advantages over traditional tumor 
treatment methods. The magnetic nanoparticles can be well positioned with the external magnetic field, so they actually exert their 
effect only where they are needed, unlike with other procedures, where the surrounding tissues can also be severely damaged. The 
resulting side effects are negligible, compared to chemotherapy, where, due to the non-selective burden on the body, “poisoning 
symptoms”, e.g. vomiting, headache, and fever may also occur. Hyperthermia is also suitable for treating types of tumors that are 
difficult to access surgically, such as brain tumors [10]. In this case, the blood-brain barrier prevents the delivery of drug molecules to 
tumor cells. However, cancer cells in the brain are sensitive to heat treatment.
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Two types of approximations are used for the temporal change of the magnetization vector. One is the “rigid dipole” and the other is 
the “fixed nanoparticle” [11,12]. In the former case, the magnetization vector is rigidly attached to the crystal and the nanoparticle can 
rotate. In the other case, the nanoparticle cannot move, only the internal change of the magnetization vector is possible. So, the 
changing process of magnetization vector can take place by mechanical rotation and/or by internal friction. The former is the Brown 
relaxation, the latter is called the Néel relaxation. From the point of view of tumor therapy, the latter is more important, since the 
nanoparticles cannot mechanically move once they are injected into the tumor cells. Therefore, it is not necessary to consider the 
mechanical rotation during the simulations. On the other hand, the anisotropy of the material and the strength of the dipole-dipole 
interaction are of greater importance for the loss.

Utilizing the rise in body temperature for medical purposes has a long-standing historical background. Nonetheless, employing 
whole-body hyperthermia presents challenges due to the arduous task of raising the core temperature, which can result in significant 
disadvantages. Therefore, focusing on localized heating becomes crucial. The more targeted the hyperthermia treatment, the greater 
its effectiveness. Several studies prove that the practical application of local hyperthermia is of great importance [13–17]. The 
amplitude and frequency of the excitation field cannot be arbitrary. As a result of a time-varying magnetic field, eddy currents can be 
generated in the human body. This results in an unwanted heating effect, which can even damage healthy tissues. An upper limit was 
defined for the product of the two quantities (Hergt-Dutz limit): Hf ≤ 5*108 A/(ms) [18]. The frequency and field strength range used 
during the procedure is 0.05–1.2 MHz and 0–15 kA/m, respectively [19–21]. The most commonly used magnetic nanoparticle (MNP) 
materials are the iron oxide nanoparticles [22–24].

There are several models for describing the temporal change of the magnetization vector. Among these, the stochastic Landau- 
Lifshitz-Gilbert equation is the most frequently used. We use another frequently used model in this work, which is based on the ki
netic Monte Carlo method. This treats the reversal of the magnetization vector between two stable states as a diffusion jump [25]. The 
advantage of this model over the model based on the SLLG equation is that the same process can be run with much less CPU time. In this 
way, more complex systems (taking into account dipole-dipole interaction between MNPs) can also be simulated. Furthermore, the 
damping parameter used in the SLLG model is an arbitrarily defined parameter. Little research deals with the experimental deter
mination of this quantity for different materials. In contrast, kinetic Monte Carlo model results have often been compared with 
experimental results in relatively good matches in the literature. In addition, it is always useful to investigate interesting effects with 
more than one model to increase the confidence in new theoretical results like the spatial focusing effect mentioned below [50,58].

Several researches are currently investigating the effect of the dipole-dipole interaction on energy loss. Typically, the presence of 
dipole-dipole interaction reduces the energy loss [26–32]. But in the literature [33] found that if the clusters of densely-packed 
nanoparticles are small enough (it contains few nanoparticles), then the heating efficiency is higher, than at the non-interacting 
particles. The reason for this is the shape anisotropy of these small clusters. If the size of these clusters are increasing, then the 
shape of the clusters become more isotropic and therefore the dissipated energy is decreasing.

Besides that, in these and most hyperthermic investigations as well an oscillating magnetic field is examined. Relatively few articles 
deal with magnetic nanoparticles placed in a rotating field and with the energy loss resulting from the process, but the number of these 
articles are increasing [34,35]. It was found that rotating magnetic field could be useful at the local heat generation of the malignant 
cells. Other medical uses of the rotating magnetic field are also mentioned in the literature. For example, rotating magnetic field can be 
used for protein detection [36]. It has been reported in the literature that using rotating magnetic field and static magnetic field 
perpendicular to the plane of rotation can be used to more easily deliver magnetic nanoparticles through porous materials (enhanced 
diffusion) than using static fields alone [37].

In the literature, both theoretical and experimental investigations have been carried out for the case where an oscillating magnetic 
field was applied with a static magnetic field parallel or perpendicular to the oscillation [38–46]. The results obtained show that in 
both cases, the energy loss decreases with increasing the static field. In practice, if a gradient magnetic field is applied with an 
oscillating magnetic field, the method may be suitable for a more accurate spatial focusing of the energy loss. However, the combi
nation of a rotating magnetic field and a static magnetic field parallel or perpendicular to the plane of rotation has rarely been 
addressed in the literature. In a previous article, we examined the effect of the application of an extra static field on the energy loss of 
non-interacting, isotropic magnetic nanoparticles in an oscillating and rotating magnetic field. In the case of rotating field there is a 
maximum if the magnitude of static field is equal to the amplitude and the static field placed in the plane of the rotating field. In the 
case of oscillating and perpendicular static field the maxima appeared at zero static field [58].

In the literature, the difference between interacting and noninteracting systems has been investigated for oscillating and static 
magnetic field parallel to the oscillation [46]. It was obtained that the interaction reduces the energy loss at the peak value. However, 
in our previous paper we have shown that a static magnetic field perpendicular to the oscillation can achieve better spatial focusing 
than a parallel magnetic field. It is an open question how this spatial focusing effect is affected (for the rotating case and the oscillating 
case with the same parameters) by the fact that the nanoparticles have anisotropy, and how the interaction between MNPs affects the 
energy loss. In this article, we show how the anisotropy will affect the width and location of the peaks, and how much the interaction 
changes the localization and magnitude of loss.

2. Theoretical method

We used the kinetic Monte Carlo model to describe the time evolution of the magnetization of magnetic nanoparticles. These 
calculations are based on kinetic Monte Carlo simulations.

In a many-particle interacting system, assuming energy minimums, the magnetization of a nanoparticle can have two equilibrium 
states: “up” and “down”. The magnetization of the nanoparticle is a 3 dimensional vector and the “up” and “down” states for a given 
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nanoparticle are relative to the anisotropy axis. More precisely, the projection of the magnetization vector on the uniaxial anisotropy 
axis can be interpreted as the “up” or “down” states, but the magnetization vector can be in any direction. The energy of a nanoparticle 
can be obtained as follows: 

E(θ,ϕ)=KV sin2 θ − mμ0Htot cos(θ − ϕ) (1) 

where θ is the angle between the magnetization vector and the anisotropy axis, ϕ is the angle between the Htot total magnetic field and 
the anisotropy axis (Fig. 1.), K is the anisotropy energy density, V is the particle volume, m is the particle magnetic moment, μ0 is the 
vacuum permeability. The total magnetic field consists of the applied external magnetic field (Hext) and the dipole field (Hdip) 
generated by the particles. The dipole field acting on a given particle and generated by other particles can be defined as follows: 

Hdip =
MsV
4π

∑

i∕=j

3
(
mjeij

)
eij − mj

r3
ij

(2) 

where mj is the unit vector in the direction of the magnetization of the jth particle and eij is the unit vector connecting the ith particle to 
the jth particle. Here we used the open boundary condition.

The time evolution of magnetization is given as follows. The time of a magnetization cycle has been divided into several time steps 
(tstep), where the magnetic field step intervals are approximately constant. This was 2000 step intervals when the program was run. The 
length of a time step is derived from the periodic time of the oscillating or rotating field, the 2000th part of it. For the time step 
validation (Fig. 16.), we examined how fine the time step intervals should be to achieve a certain fixed value of energy loss. In one 
simulation, the program calculated the time variation of the magnetization of 1000 particles. The particles were placed on a 10x10x10 
cube lattice. The lattice points are characterized by 3-dimensional vectors with Cartesian coordinates. The lattice constant (the dis
tance between the centers of the particles) was set to a multiple of the particle diameter. After that, we made a small random deviation 
in the position of the nanoparticles. This sample preparation process happens before the simulation. When we turn on the external 
magnetic field, the positions of the particles are already fixed. We used this configuration to avoid the clustering effects while we can 
change the dipole-dipole interaction with a single parameter. The main algorithm is similar to Refs. [48,49]:

1) First, the 3-dimensional spatial location of the nanoparticles, their magnetization, and the direction of their anisotropy axis were 
given. In most simulations, the nanoparticles were randomly oriented.

2) For each particle, the total magnetic field has been calculated based on the magnitude and direction of the external field and the 
dipole field generated by the other particles.

3) For each particle, the function E(θ) is recorded at the given time step over a range of 360◦. In most cases, there will be two minima 
and one maximum of the function (in some cases there is one minimum). These will be the previously mentioned “up” and “down” 
magnetization states. The angles and energy values corresponding to the minima and maxima are (θ1,E1), (θ2,E2) and (θ3,E3).

4) The nanoparticle will be in one of the two minimum states. The energy difference between the maximum and the minimum will 
greatly affect the probability of the jump. The jumping frequency between θ1→θ2 states can be defined as follows:

ν12 = ν0 exp
(

−
E3 − E1

kBT

)

(3) 

where ν0 = 2*1010 Hz [51–55], T is the temperature, kB is the Boltzmann constant. Similarly, the jumping frequency between θ2→ θ1 
states can be obtained as follows: 

ν21 = ν0 exp
(

−
E3 − E2

kBT

)

(4) 

Fig. 1. The angles between the anisotropy axis and the magnetization of a magnetic nanoparticle or the magnetic field.
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5) If the magnetization of the nanoparticle was at the minimum θ2 at a given moment, then the probability that it will be in the state 
corresponding to the minimum θ1 one time step later is given by the following expression:

P21
(
tstep

)
=

ν21

ν12 + ν21

(
1 − exp

(
− (ν12 + ν21)tstep

))
(5) 

and the probability corresponding to the transition θ1→θ2 is: 

P12
(
tstep

)
=

ν12

ν12 + ν21

(
1 − exp

(
− (ν12 + ν21)tstep

))
(6) 

Then, by generating a random number uniformly distributed between 0 and 1, and comparing the resulting value with the jump 
probability, it is decided whether a magnetization jumping occurs (The jump occurs in the plane spanned by the anisotropy axis of the 
given particle and the total magnetic field locally sensed by the particle). If not, the magnetization remains in the same state as in the 
previous step.

6) The magnetization values were obtained for each particle and finally average energy loss per particle was determined:

Eloss = μ0MsV
∫T

0

Hext
dm
dt

dt (7) 

7) The simulation was performed for 20 different initial configurations and these results were averaged.

Equation (7) gives the area of the hysteresis loop. The product of the energy loss per one cycle and the frequency of the excitation 
field is proportional to the specific loss power (SLP) or specific absorption rate (SAR): 

Elossf ∝ SAR = SLP =
ΔTc

t
(8) 

where ΔT is the temperature increment, c is the specific heat, and t is the time of the heating period. In order to compare the energy 
losses from experiments with different f and H values, it is more appropriate to use the reduced energy loss (ILP) [58,59]: 

ILP=
SAR
H2f

∝
Eloss

H2 (9) 

in this work, the dimensionless energy loss we use is proportional to the ILP for constant field amplitude H: 

Eloss

2πμ0MsVH
∝ILP (10) 

In the case of variable field strength, proportionality exists only if H2 is present on the left side. It is important to note that the 
magnitude of the energy loss (the area of the hysteresis loop) is proportional to the phase delay between the magnetization vector and 
the external field. The kinetic Monte Carlo model is based on this assumption, because the anisotropy can be viewed as a barrier, which 
the magnetization has to overcome to jump from one state to the other.

The effect of the total magnetic field on the energy barrier is presented in Appendix I. The kinetic Monte Carlo was validated and the 
optimal time step size was determined for noninteracting particles in Appendix II.

We wanted to extend the results of our calculations based on the previous SLLG model [50,58] by taking anisotropy into account. 
This model was idealized/simplified, because we assumed noninteracting, isotropic MNPs. If we had taken into account the 
dipole-dipole interaction between the MNPs, then the CPU time would have increased dramatically. Therefore, in this work we use the 
kinetic Monte Carlo simulation which is suitable to describe these processes and requires much less computational time. The stochastic 
Landau-Lifshitz-Gilbert equation based model and the kinetic Monte Carlo model results could be compared well, which further 
validates the kinetic Monte Carlo model.

Let us now consider nanoparticles with the same size and material composition. To a first approximation, there is no interaction 
between the particles. Uniaxial anisotropy is assumed and the orientations of the particles are random. Particles are not able to me
chanically rotate.

The magnitude of the external field/fields was compared to a reference field [56,57] in Refs. [50,58]. The magnitude of the 
reference field was H0 = 18 kA/m. The nanoparticle size and the saturation magnetization were dmnp = 20 nm and Ms = 640 kA/m. If 
temperature and frequency were not variable parameters, then their values were fixed at 300K and 2 MHz. In the case of magnetite, 
depending on the shape, the value of the anisotropy energy density K varies between K = 10–20 kJ/m3 [68]. In the kinetic Monte Carlo 
model, we first calculated with K = 10 kJ/m3. When examining the dependence of energy loss on various parameters (frequency, 
temperature, static field), the amplitude of the oscillating and rotating field was adjusted to be equal to the anisotropy field calculated 
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from the K value. For uniaxial anisotropy, the anisotropy field can be obtained as follows [47]: Hani = 2K
μ0Ms

. Using this formula with the 
given parameters at K = 10 kJ/m3, the anisotropy field is Hani,ref = 24.87 kA/m= 1.3816 H0 while the amplitude of the excitation field 
was adjusted to be the same H = 24.87 kA/m. Let us also define the dimensionless ratios h = H

Hani,ref 
(which in this case is h = 1) and 

hstat = Hstat
Hani,ref

. The anisotropy energy for these parameters is obtained to be KV = 4.2*10− 20 J. The excitation fields can be written as 
follows: 

Hosc =H(cos(ωt), 0,0) (11) 

Hrot =H(cos(ωt), sin(ωt),0) (12) 

Hstat =H(hstat ,0, 0) (13) 

where Hosc , Hrot and Hstat are the oscillating, rotating and static fields. In the latter case the direction of the static field was altered in the 
different simulations.

Fig. 2. (A) The energy loss per one cycle as a function of the static field (oscillating magnetic field with parallel and perpendicular static field, 
random orientation and x directional orientation) (B) The magnetization curves are shown below at different static fields.
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3. Results and discussions

3.1. Spatial focusing in noninteracting systems

First a parallel or perpendicular static field was used in addition to the external oscillating field and we investigated the spatial 
focusing effect in Ref. [58]. It can be clearly seen (Fig. 2A.), that similar to the referenced article, in the case of a static magnetic field 
parallel to the oscillation, a wider energy curve is obtained, while in the perpendicular case, a narrower width energy curve is observed 
yielding a better localization effect. However, in both cases the energy curves are wider than in the referenced article. This may be due 
to the fact that they used isotropic nanoparticles there.

In order to understand the shape of the curves and the magnitude of the energy losses, the simulations were performed for cases 
where all the anisotropy axes were aligned in a given direction.

If the orientations of the nanoparticles are parallel to the direction of oscillation, then in both parallel and perpendicular cases, 
completely similar results are obtained as in cases with random orientation, only the magnitude of the energy loss is smaller. The 
results are shown at the top of Fig. 2.

If the oscillating field, the static field and the anisotropy axes are in the same direction, the results are the following. The bottom 
image (Fig. 2B) shows magnetization curves at two different static field values. Here, the static field was shown as a parameter in the 
diagrams, it was not added to the magnitude of the oscillating field on the horizontal axis. It can be clearly seen that the hysteresis 
gradually moves out by increasing the static field. When hstat > 1, the static field is always larger than the oscillating one yielding a net 
external field that always points in the same direction. Thus, the magnetization vector also stays in this direction, see the purple line on 
the figure in case of hstat = 1.4, where M/Ms is a constant and has a value close to one. This explains why the energy loss decreases at a 
slow rate at first and then shows a sudden drop when the hysteresis curve starts to disappear.

In the lower panel of the figure, one can see that the 2-dimensional area of the hysteresis curve quickly decreases with the increase 
of the static field in the perpendicular case as well. The faster decrease in energy loss, i.e., the narrower width energy curves can be 
understood by observing the fact that most of the energy loss comes from the time interval when the oscillating field decreases to zero 
and changes its sign. When a perpendicular field is added, the net external field is never zero and does not change its direction as 
quickly, resulting in a much smaller energy loss.

In cases where the orientation of the particles was perpendicular to the direction of the oscillating field, we obtained a magneti
zation curve without hysteresis typical of the heavy direction (in practice, we obtained an energy curve with orders of magnitude 
smaller). In these cases, it didn’t matter which direction we set the static field, the energy loss was still zero.

We also investigated the effect of the rotating magnetic field and a static field parallel with or perpendicular to the plane of rotation. 
When applying a static field perpendicular to the plane of rotation, in the case of random orientation, we obtained a small and noisy 
energy function, which, like before, means practically zero losses. Adding a perpendicular static field does not show an increase in 
energy loss. This case is practically irrelevant for applications.

If the static field is in the plane of rotation, then two larger maxima are obtained (Fig. 3.). In Ref. [58], in the case of isotropic 
nanoparticles, two sharp maxima were observed when the magnitude of the static field and the amplitude of the rotating field were the 
same. In addition to the presence of anisotropy, we found that two peaks are also present (when the amplitude of the rotating field and 
the magnitude of the static field are the same), only wider than in the case of the isotropic nanoparticles in the referenced article.

Here, we also examined how much energy losses will be in the case of anisotropy axes set in a given direction. In the case of the 
combined application of a rotating magnetic field in the xy plane and a static field in the x direction, the following results were 

Fig. 3. The energy loss per one cycle as a function of the static field (rotating case). The peaks are present when the static field is in the plane 
of rotation.
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obtained for nanoparticles aligned in the x direction. There are also two peaks when the amplitude of the rotating field is the same as 
the magnitude of the static field, but the rise from the 0 static field is more gradual than the decline for larger static fields. It can also be 
observed that the peaks are 1 order of magnitude smaller than in the case with random orientation. Thus, it can be said that the 
approach in this direction does not worsen the effect, but it certainly reduces its magnitude. Applying a rotating magnetic field in the 
XY plane and a static field in the x direction on nanoparticles oriented in the y direction has the following results. Two broader peaks 
appear again. They will also have their maxima at a static field of the same magnitude as the amplitude of the oscillating field. The 
shape of the curve of the energy loss function is the most similar to the case with random orientation, only here the losses are higher. 
The results for these are shown in Fig. 3.

For all other orientations, we obtained orders of magnitude smaller and noisier losses than the previous ones. As before, this means 
zero losses. Orientations in these directions clearly reduce the energy loss.

Finally, for the rest of this section we compared the two most important cases from the practical point of view (Fig. 4.): oscillating 
magnetic field with perpendicular static field and rotating magnetic field with parallel static field and random orientation for the 
anisotropy axis. It can be clearly seen that in the case of isotropic nanoparticles in Ref. [58], they reached a similar result to ours. In the 
case of an oscillating field, the energy loss is about twice as large as in the case of a rotating magnetic field. This is again due to the fact 
that most of the energy loss occurs when the net external field decreases to zero and quickly changes its direction. Since this happens 
twice in a cycle for the oscillating case while only once for the rotating one, the energy losses reflect this difference. See a more detailed 

Fig. 4. Comparison of the energy loss as a function of the static field parameter for the oscillating and the rotating cases. The static field is 
perpendicular to the oscillation or parallel with the rotating plane.

Fig. 5. The energy loss is shown as a function of the anisotropy energy density. It can be clearly seen that in the range 10–20 kJ/m3 the loss is 
always larger in the oscillating field case. Above this, the loss increases in both cases, followed by a sharp decrease, only at different anisotropy 
energy densities.
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explanation in Ref. [58]. The difference compared to the isotropic case is the broadening of the peaks. Thus, although we cannot speak 
of such a good spatial focusing, anisotropic nanoparticles are still completely useable from a practical point of view.

Next, the anisotropy energy density dependence of energy loss was examined. The temperature was fixed at T = 300 K, the fre
quency at ω=2 MHz, and the saturation magnetization at Ms = 640,000 A/m. We did not change the amplitude of the oscillating and 
rotating field. Thus, we got an idea of the losses in the case of particles with an anisotropy field larger than the amplitude. It is 
important to note here that the losses were calculated at the peak values. However, as will be seen later, in the case of a rotating field, 
the peaks are shifted as the anisotropy increases. Thus, the anisotropy dependence of the energy loss in the rotating field was 
determined for each point at a different static field value, following the shift of the peaks. Fig. 5 shows the results. From a practical 
point of view, the range of 10–20 kJ/m3 applies to magnetite, as mentioned earlier. In this range, a linear increase is observed in both 
cases. However, with respect to the oscillating magnetic field, there is a steeper increase in the loss, and the relation between the 
oscillating and rotating field - namely that the peak of the energy loss for oscillating field is twice as large – still holds. The model 
assumes the presence of anisotropy by default. For this reason, the loss decreases as the barrier height approaches zero. And for very 
high anisotropy energy density, the energy loss also disappears. The latter phenomenon is confirmed in the literature for oscillating 
excitation fields [60–65]. For rotating magnetic fields, the loss starts to decrease at higher anisotropy energy densities and the peak 
value is also higher than for oscillating fields. This is an interesting result from a theoretical point of view, but for magnetite it is outside 
the range of the anisotropy energy density values observed in practice, as mentioned earlier.

After that, we looked at the static field dependence again, but with K = 10–20 kJ/m3. In both cases, the peaks widened 

Fig. 6. The energy loss per one cycle as a function of the static field at different anisotropy energy densities ((A): oscillating and perpendicular static 
fields, (B): rotating and parallel static field fields; noninteracting systems). The peaks became wider, but the ratio of the maxima of the two cases did 
not change.
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Fig. 7. The picture above (A) shows the l parameter dependence of the energy loss, and below (B) are the magnetization curves for some points.

Fig. 8. The energy loss per one cycle as a function of the static field (rotating and oscillating field, interacting and noninteracting systems). The 
anisotropy energy density was K = 10 kJ/m3.
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considerably. On the other hand, the ratio of the peak values remained, with a loss of approximately twice as much in the oscillating 
field (see in Fig. 6.). In conclusion, for the applications in magnetic hyperthermia these simulations suggest that it could be advan
tageous to use nanoparticles with a larger anisotropy in the applicable range for magnetites. The disadvantage of this procedure would 
be the necessity to use larger gradients for the static field to obtain the same localization.

3.2. Spatial focusing in interacting systems

As a next step, the dipole-dipole interaction between the particles (Eq. (2)) was also taken into account. We placed the nanoparticles 
on a 10x10x10 cube lattice. This lattice is fully occupied with 1000 particles. Then moved their positions slightly randomly, i.e., by a 
random displacement smaller than the lattice size (dmnp/100). Thus, overall, we got a randomized structure.

First of all, it is important to state that energy loss was always calculated for the second cycle, since the nanoparticles had not yet 
reached the “correct state” at the beginning of the first cycle. Thus, always only the energy loss of the second cycle was taken into 
account.

We first examined the effect of the interaction on the energy loss for nanoparticles at different distances in the oscillating field. The 
results are shown in Fig. 7. The lattice parameter l shown in the figure expresses the ratio between the distances between the centers of 
the nanoparticles and their diameter in case of a regular cubic lattice, i.e. the distance between the lattice points divided by the particle 
diameter. (during the simulations, a minimal random deviation was added to the position of the particles, so it is not regular). The 
lattice parameter was changed between l = 1.2 and l = 10, i.e. 24 nm and 200 nm. It can be clearly seen that the energy loss has a sharp 
decrease below a distance of approximately twice their diameter. For regions away from l > 2, a linear dependence can be observed, 

Fig. 9. At the top (A), the energy loss can be seen as a function of the static field parameter with the oscillating and perpendicular static field, and at 
the bottom (B) with the rotating and parallel static field. (K = 20 kJ/m3).
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while the energy loss tends to a constant in the large l limit recovering the non-interacting case. These l > 6 distance has also been 
given as a limit in the literature [65–67]. The strength of the interaction is often described by the following parameter, which is also 
shown in Fig. 7 [53,70].: 

λ= μ0M2
s V2 /4π

(
ldmnp

)3kBT (14) 

After that, we examined the dependence of the energy loss on the static field in the case of particle distance l = 3.0 (Fig. 8). The 
results were compared with noninteracting cases. It can be clearly seen that the interaction has a similar effect on the energy loss in 
both cases of oscillating and rotating fields. There is a stronger decrease in the peak values, while the peaks have broadened. The 
former is more powerful in the oscillating case, while the latter is stronger in the case of the rotating fields.

If we increase the anisotropy energy density, the difference between interacting and noninteracting cases will be smaller. This is 
clearly seen in Fig. 9.

3.3. Frequency and temperature dependence for interacting and noninteracting systems

We examined the frequency dependence of the energy loss per cycle at oscillating and rotating excitation fields. As the frequency 
increases, the energy loss increases like the low frequency part of a Lorenz curve (Fig. 10A). Also in both cases, the interaction (with l =

3.0) reduces the energy loss throughout. In the lower part of the figure (Fig. 10B), it can be seen that if the amplitude is reduced, the 
energy loss increases for some time by increasing the frequency, and then decreases with further increasing of the frequency. The 
reason for this is that in the decreasing range the magnetization curve no longer reaches saturation, but instead becomes smaller and 

Fig. 10. At the top (A) one can see the energy loss per one cycle as a function of the angular frequency of the external field (oscillating or rotating, 
interacting or noninteracting). In the lower image (B), the energy loss can be seen at different amplitudes as a function of the angular frequency in 
the case of oscillating field in a noninteracting system.
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Fig. 11. The magnetization curves at different frequencies in noninteracting system ((A) top: h = 1 , (B) bottom: h = 0.1).

Fig. 12. The energy loss per one cycle as a function of the temperature (oscillating case, random orientation and x directional orientation).
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more elliptical in shape as shown in Fig. 11B. The elliptic magnetization curves and the Lorenz curve-like shape of the energy loss- 
frequency function that appeared in the fields of smaller amplitude are similar to the literatures [69,70].

Fig. 11 shows the magnetization curves calculated at different frequencies ((A) at h = 1 and (B) h = 0.1) in noninteracting system. 
In the first case, by increasing the frequency, the area of the hysteresis loop becomes larger and the magnetization reaches saturation. 
In the second case, by increasing the frequency, the area of the hysteresis loop becomes larger up to a certain value and the 
magnetization reaches saturation. However, by further increasing the frequency, the shape of the curve changes (the previously 
mentioned ellipse shape), the area of the hysteresis curve becomes smaller and the magnetization does not saturate.

Reference [58] also investigated the frequency dependence of the energy loss when applying oscillating or rotating magnetic field. 
The frequency dependence was examined at the peak values. The SLLG model in that article calculated with isotropic nanoparticles. In 
our case, the difference between the energy loss of the two types of excitation field is greater. This is due to the presence of anisotropy, 
and in the mentioned article there are several different parameters compared to the diffusion jump model. However, in terms of 
tendency, the results are similar.

Then the temperature dependence was examined. In Ref. [47], the effect of changing the temperature on the magnetization curve in 
the case of an external oscillating field was also investigated using the kinetic Monte Carlo method. According to the orientation of the 
particles, we run the simulations in two types of subbases: with random orientation and with anisotropy axes parallel to the direction of 
oscillation (in both cases there is no interaction between the nanoparticles). Although we did not run the program with exactly the 
same parameters as in the referenced article, the trend was similar. In the case of particles with the anisotropy axes in one direction, 
increasing and more angular shaped hysteresis loops appeared as the temperature decreased (see in Fig. 13A). If we examine randomly 
oriented nanoparticles, the area of the hysteresis curve also increases when the temperature is lowered, but here the magnetization 
curve is not square shaped and does not reach saturation (see in Fig. 13B). The reason for the difference in shape is that in the case of 

Fig. 13. The magnetization curves at different temperatures (oscillating case, x directional orientation (A) and random orientation (B)).
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particles with an anisotropy parallel to the oscillating field, magnetization occurs in the easy direction. In the case of random 
orientation, there will be particles in the system whose direction of the anisotropy axis differs from the easy direction, they may even be 
in the hard direction. There is no hysteresis loop for particles in hard direction. Thus, the totality of these gives the hysteresis curve of 
different size and shape experienced in the random orientation case compared to the unidirectional case. Fig. 12 shows that as the 
temperature increases, the energy loss decreases at a faster rate at lower temperatures in the case of unidirectional orientation, while in 
the case of random orientation, the loss decreases gradually as the temperature increases.

When examining the temperature dependence, it can also be seen that the interaction worsens the energy loss in both cases 
(Fig. 14.). At lower temperatures, the difference between interacting and non-interacting systems is smaller. It can be clearly seen that 
the effect of the interaction is smaller for a magnetic field oscillating at a lower temperature than at a higher temperature. No such 
tendency can be observed in the case of a rotating field.

4. Conclusions

In this article, we investigated whether the spatial focusing effect experienced in the case of isotropic, non-interacting particles in 
the case of rotating magnetic field and static field in the plane of rotation and in the case of oscillating magnetic field and static field 
perpendicular to oscillation is present for particles with anisotropy, and if they also interact. In our simulations we found that the 
energy loss increases with the increase of the anisotropy energy density in the applicable range for magnetites and the peaks become 
wider in both cases. In the case of a rotating magnetic field, it can also be observed that the location of the peaks is also shifted. If the 
nanoparticles also interact, the peaks flatten and widen in both cases. Taking all of this into account, it can be said that the presence of 
anisotropy has a positive effect from the standpoint of increasing the loss, but it significantly worsens the localization of the effect. The 
interaction between particles is not beneficial in any way in terms of energy loss.

From a practical point of view, for spatial focusing, it can therefore be said that it is necessary to strive to create particles with 
relatively small anisotropy and that do not interact with each other. There is a large drop in the energy loss when the distance is 
reduced to only twice of the diameter of the particles (l = 2), which must be avoided. Fortunately, if this ratio is around l = 6, then the 
results are already closely approximating the non-interacting case. When 2 < l < 6 the energy loss is a bit reduced, but the spatial 
focusing effect still holds.

The time and frequency dependence of the energy loss was examined as well, recovering similar tendencies as in our previous 
article [58] validating both the applicability of the kinetic Monte-Carlo diffusion jump model, and the previous results obtained by the 
stochastic Landau-Lifshitz-Gilbert method. Based on the more realistic simulations performed in this work we can conclude that the 
spatial focusing effect and the frequency and temperature dependence of energy loss can be experimentally tested in real systems when 
the anisotropy and interaction between particles are present. Such experimental results are available for oscillating fields, but the 
enhancement of energy loss in the combined linear and rotating field was experimentally not studied.

Data availability statement

No data was used for the research described in the article.

Fig. 14. The energy loss per one cycle as a function of the temperature (oscillating case (top), rotating case (bottom); interacting and noninter
acting system).
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Fig. 15. The energy of single nanoparticle as a function of theta at different total magnetic field strengths. In the top image (A), the angle is 
0◦ between the total magnetic field and the anisotropy axis. The 90-degree case is shown in the middle image (B), and the 45-degree case is shown 
below (C).
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Fig. 16. The energy loss per one cycle as a function of the number of time steps. The energy loss is saturated above 1000 time steps.

Fig. 17. Comparison of simulations based on the kinetic Monte Carlo method and the Master equation. The nanoparticle size is 20 nm and the 
anisotropy energy density is 10 kJ/m3 and the angular frequency is 20 MHz. The results of the two models completely overlap.
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6.1. Appendix I. Energy states

Fig. 15 shows the energy states of a given particle in relation to the anisotropy axis according to different directions of magneti
zation. If the particle does not sense an external magnetic field and no dipole field from interactions is present, then two minima are 
observed, at 0 and 180◦. On the other hand, if the total magnetic field is not 0 and it is in the same direction as the anisotropy axis, then 
the minimum opposite to the direction of the field rises and the other decreases (see in Fig. 15A). The lower one, i.e. the minimum 
corresponding to the direction of field, will be the more stable state. If the magnitude of the total external magnetic field reaches the 
magnitude of the anisotropy field, there will be only one minimum. If the direction of the entire magnetic field is perpendicular to the 
anisotropy axis, then by increasing the field, it can be seen that there will always be 2 minima of the same depth until the external field 
strength corresponding to the size of the anisotropy field is reached (see in Fig. 15B). The location of these minima also changes. As the 
field increases, the direction of the magnetization vector deviates more and more from the anisotropy axis to the direction of the 
magnetic field. Below, the magnetic field and the anisotropy axis enclose 45◦ (see in Fig. 15C). It can be clearly seen that the locations 
of the minimums and their relative sizes also change with increasing magnetic field. Here, however, even in the case of the total 
magnetic field smaller than the anisotropy field, it is possible to achieve only one energy minimum.

6.2. Appendix II. Validation of the kinetic Monte Carlo method

First, the effect of the number of the time steps per cycle was investigated on the energy loss. The periodic time was determined 
from the frequency of the external magnetic field, and then such a time interval was divided into n time steps. The results are shown in 
Fig. 16. The simulations were running in noninteracting system and the anisotropy axes of the nanoparticles were parallel with the 
external magnetic field. The temperature was 300 K, the angular frequency of the external magnetic field was 2 MHz and the 
anisotropy energy density was 10 kJ/m3. An optimal value of the number of time steps was sought, where the energy loss does not 
change if the magnetization process was divided into even finer parts and the CPU time is not too high. It can be clearly seen that the 
energy loss is saturated above 1000 time steps. Therefore, we used later 2000 time steps, like in the literature [49].

The diffusion jump behavior of magnetization can also be modelled by another method. This other method is based on the Master 
equation. The differential equations for the state probabilities of the magnetization states will be as follows: 

dpi

dt
= − pi(ν12 + ν21) + νji (15) 

The axial projection of the magnetization anisotropy can be obtained as follows [47]: 

M=Ms(p1 cos(θ1)+ (1 − p1)cos(θ2)) (16) 

Using equations (7) and (15), the energy loss per one cycle can be obtained as follows: 

E=2μ0MsV
∫T

0

Hext(t)(p1ν12 − p2ν21) dt (17) 

So we compared the results of the Master equation with the results of the kinetic Monte Carlo simulation. In the former case, we ran 
the simulation for one particle for 10 cycles. In the latter case, we ran the simulation for 1000 particles over 2 cycles (here the particles 
had their anisotropy axis direction the same and aligned with the external magnetic field). In the kinetic Monte Carlo simulations, a 
cycle starts at the (positive) maximum of the external field, then reaches the (negative) minimum value and the excitation field in
creases in the same way backwards. At the beginning of the first cycle, there are nanoparticles that are not fully saturated, so the 
hysteresis loop at the beginning of the next cycle does not return to the value at the beginning of the first cycle. Therefore, the first cycle 
was not considered, only the second cycle was left (this is true for all simulations). The comparison is shown in Fig. 17. The two models 
produce sufficiently similar results.
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