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O P T I C S

Reconfigurable non-Hermitian soliton combs using 
dissipative couplings and topological windings
Seyed Danial Hashemi1,2 and Sunil Mittal1,2*

The emergence of dissipative Kerr solitons in nonlinear resonators has revolutionized the generation of on-chip 
coherent optical frequency combs. The formation of dissipative Kerr solitons in conventional single resonators 
hinges on balancing the resonator dissipation against the parametric gain and balancing the resonator dispersion 
against the resonance frequency shifts introduced by the Kerr nonlinearity. Here, we theoretically introduce a 
previously unidentified class of non-Hermitian soliton combs that are enabled by engineering the dissipation and 
dispersion of a coupled resonator array with nonreciprocal couplings. We show that these non-Hermitian soliton 
combs allow unprecedented postfabrication agile reconfigurability of the soliton comb spectrum, where the 
number of comb lines, as well as their frequency spacing, can be markedly tuned by simply tuning the hopping 
phases between resonators. Such reconfigurable non-Hermitian combs generated using coupled resonator arrays 
could enable new functionalities for a multitude of comb applications.

INTRODUCTION
Dissipative Kerr solitons are pulses of light that preserve their shape 
when propagating in a dispersive and dissipative medium with Kerr 
nonlinearity. Dissipative Kerr solitons emerge naturally while gen-
erating coherent optical frequency combs in nonlinear resonators 
when the dissipation of the resonator is compensated for by the 
nonlinear gain and the dispersion of the resonator is compensated 
for by the dispersion induced by nonlinearity (1–5). Although engi-
neering the resonator waveguide geometry is the most commonly 
used approach (3, 6), recently techniques such as embedding pho-
tonic crystals or inverse-designed reflectors in ring resonators (7–
10) and coupled resonator systems in the form of photonic molecules 
(11–18) have been explored to engineer the resonator dispersion 
and, therefore, the spatiotemporal behavior of Kerr soliton combs. 
More recently, large arrays of coupled resonators hosting topologi-
cal edge states with linear dispersion have been shown to generate 
nested solitons and nested frequency combs that are not achievable 
using single resonators (19–22). Nevertheless, analogous advances 
in engineering the dissipation of the resonators to control the for-
mation of soliton combs have remained largely elusive.

In parallel, recent advances in the field of non-Hermitian physics 
of open quantum systems have led to the development of a powerful 
paradigm that uses dissipation to engineer system behavior (23–34). 
In particular, non-Hermitian model systems, such as the Hatano-
Nelson model with nonreciprocal couplings and open boundary 
conditions, exhibit the skin effect where all modes are exponentially 
localized at the boundary of the lattice (23–25, 32, 35–37). In sys-
tems with periodic boundaries, this non-Hermitian topology mani-
fests itself as topologically nontrivial windings in the two-dimensional 
(2D) complex energy plane spanned by the real and imaginary ei-
genvalues (32, 37–39). These windings reveal the intertwined nature 
of the dispersion (real eigenvalues) and dissipation (imaginary ei-
genvalues) of the non-Hermitian system where some of the modes 
experience higher dissipation than others.

Here, we theoretically introduce the paradigm of non-Hermitian 
optical frequency combs where we use engineered dissipation in a 
nonlinear system to enable the formation of Kerr solitons. Specifically, 
we consider an array of nonlinear ring resonators that are coupled 
using non-Hermitian dissipative couplings and nonzero hopping 
phases (a synthetic magnetic flux). By engineering the coupling 
strengths and hopping phases, we engineer the topological windings 
and, equivalently, the dispersion and dissipation of the supermodes of 
this array. We show that this simultaneous dissipation-dispersion en-
gineering allows the formation of nested Kerr solitons and nested op-
tical frequency combs (19–21) in the ring resonator array. These 
nested combs feature a comb-in-a-comb structure with comb lines 
repeating at two very different frequency scales. In the absence of such 
non-Hermitian engineering, this array will not support the formation 
of stable solitons because of undesired nonlinearity-induced mixing 
between the supermodes. Even more so, we show that non-Hermitian 
engineering allows the unprecedented postfabrication reconfigurabil-
ity of the generated nested combs, where both the comb line spacing 
and the number of comb lines can be dynamically reconfigured by 
tuning the hopping phases (for example, using thermal heaters). Such 
extreme postfabrication reconfigurability is not achievable using con-
ventional single-resonator Kerr combs, where the comb line spacing 
is set by the free spectral range (FSR) of the resonator.

Our results could lead to transformative changes in the applica-
tions of combs that span radio frequency signal synthesis and 
processing, frequency and time metrology, spectroscopy, and light 
detection and ranging and enable, for example, a reconfigurable plat-
form for optical comb–based radio frequency signal synthesis and 
processing (4, 40). On a more fundamental level, our results add the 
rich physics of frequency combs and temporal soliton formation to 
the growing field of nonlinear non-Hermitian systems, which have 
recently led to the demonstration of, for example, non-Hermitian 
spatial solitons (41), nonlinearity-controlled topological edge states 
and phase transitions (31, 42–44), and non-Hermitian lasers (45, 46).

Our system consists of a 1D array of site ring resonators arranged 
as a super-ring with periodic boundary conditions (Fig. 1A). The 
site rings are coupled to their nearest and next-nearest neighbors 
using another set of rings called the link rings (47, 48). The reso-
nance frequencies of the link rings are shifted from those of the site 
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rings by one-half FSR, for example, by decreasing their length. The 
use of an additional waveguide coupled to the link rings allows us to 
introduce non-Hermitian dissipative couplings such that the photons 
experience a direction-dependent loss when hopping between neigh-
boring site rings (Fig. 1A). In this configuration, the effective coupling 
rate for photons hopping toward the right neighboring site rings 
(

JN, JNN
)

 differs from those hopping toward the left 
(

JN e−δN , JNN e−δNN
)

. 
The nonreciprocal part of the couplings e−δN , e−δNN is dictated by 
the transmission coefficients tNH

N
 and tNH

NN
 of the dissipative coupling 

regions of the link rings (Fig. 1A). Therefore, this system is non-
Hermitian when δN > 0 and/or δNN > 0 or, equivalently, when tNH

N
< 1 

and/or tNH
NN

< 1. We note that the effective coupling strength in either 
direction can be decreased by appropriately choosing the position 
(up or down) of the coupling waveguide that introduces direction-
dependent loss. Appropriately shifting the link rings also allows us to 
introduce a direction-dependent phase 

(

±ϕN, ±ϕNN

)

 when the pho-
tons hop between neighboring site rings (47, 48). The simultaneous 
presence of direction-dependent hopping phases and hopping loss 

effectively creates both real and imaginary synthetic magnetic fields 
for photons. The array is coupled to an input-output waveguide at one 
of the site rings, which allows injection of a pump laser and out-
coupling of the generated frequency comb.

We use the transfer-matrix formalism to calculate the frequency 
(energy) eigenvalues of this periodic, linear system as a function of 
the Bloch momentum k. The eigenvalues are calculated near a given 
longitudinal mode of single-ring resonators such that ω0,μ is the reso-
nance frequency of the longitudinal mode labeled μ, and we set 
ω0,0 = 0. The eigenvalues are presented in Fig. 1 for different choices 
of hopping strengths and hopping phases. In general, we note that 
the eigenvalues are complex. The real part of these eigenvalues repre-
sents the resonance frequencies and, therefore, the dispersion of the 
supermodes. Their imaginary part, which is always ≤ 0, represents 
the effective dissipation of the supermodes. We find that some of the 
supermodes experience much higher dissipation compared to others.

To reveal the interplay between the dispersion and dissipation of 
this non-Hermitian periodic system, we plot the real and imaginary 
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Fig. 1. Reconfigurable non-Hermitian soliton combs. (A) Schematic of the non-Hermitian array with site rings (shaded red and numbered as shown), dissipatively cou-
pled to the nearest and next-nearest neighbors via link rings (shaded orange). The zoom-in shows an external waveguide coupled to the link ring that creates the dissipative 
couplings. The array is coupled to an input-output waveguide to inject pump light and out-couple generated comb. (B and C) Real and imaginary part of energy (frequency) 
eigenvalues, for a system with only nearest-neighbor couplings, as a function of Bloch momentum kΛ in the array. Here, JN = 1, JNN = 0, tNH

N
= 0.95, andϕN = ϕNN = 0. 

(D) Real and imaginary parts of eigenvalues plotted on a 2D complex plane show topological windings, here in the form of a circle. (E) Simulated absorption (1-transmission) 
spectrum of the linear array near a single FSR of the site rings. (F) Absorption spectrum over multiple FSRs. The spectrum in (E) is a zoom-in near one FSR of the site rings. 
(G) Schematic of the generated nested comb spectrum with nine supermodes oscillating at each FSR (labeled by μ). (H to M) Corresponding results for a lattice with both 
nearest-neighbor and next-nearest-neighbor couplings, with JN = JNN = 1, tNH

N
= 0.95, tNH

NN
= 0.9,ϕN = 0, andϕNN = 0.50625(2π). We now observe a double winding in the 

2D complex energy plane and an engineered absorption spectrum, resulting in a nested comb with only five supermodes oscillating in each FSR. (N to S) Corresponding 
results for a lattice with a different hopping phase such that JN = JNN = 1, tNH

N
= 0.95, tNH

NN
= 0.9,ϕN = 0, andϕNN = 0.41667(2π). In this case, the generated comb spectrum 

shows the oscillation of only a single supermode in each FSR μ.
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eigenvalues on a 2D complex plane, as shown in Fig. 1 (D, J, and P). 
In particular, we observe the emergence of topologically nontrivial 
closed-loop windings that govern the symmetries of the system with 
respect to the dispersion and dissipation of its supermodes (32, 37–
39). For example, for a system with only nearest-neighbor couplings 
(

JNN=0
)

 and no hopping phases 
(

ϕN=ϕNN=0
)

, the topological 
winding is in the form of a circle such that the resonance frequencies 
(real eigenvalues) of the supermodes are located symmetrically 
around the ring resonance frequency ω0,0 (which we set to zero). 
Furthermore, the supermodes are twofold degenerate in their real 
part. The presence of dissipative couplings breaks this degeneracy in 
their imaginary part such that the supermode with momentum −k 
experiences higher dissipation compared to the one with momen-
tum +k (Fig. 1C). By introducing next-nearest-neighbor couplings 
and hopping phases, we can introduce higher-order topological 
windings that can break these symmetries.

This eigenvalue structure is also manifested in the absorption 
(1-transmission) spectrum of the array, where we consider injecting 
light at the input and measuring the transmission at the output of 
the input-output waveguide. In particular, the frequencies at which 
we observe peaks in the absorption spectrum correspond to the real 
part of the eigenvalues. Similarly, we observe higher absorption in 
the array, through the input-output waveguide, for supermodes that 
have lower loss (or lower absolute imaginary eigenvalues). Evident-
ly, by tuning hopping strengths, hopping phases, and the dissipation 
in the link rings, we can engineer the windings or, equivalently, both 
the dispersion and dissipation of the supermodes and their absorp-
tion spectra.

To generate frequency combs in the lattice, we consider a 
continuous-wave pump coupled to the lattice via the input-output 
waveguide. The pump generates the frequency comb via the nonlin-
ear four-wave mixing (FWM) process. The number of supermodes 
participating in the generated comb spectra is controlled by both 
their real and imaginary eigenvalues. In particular, the real part of 
the eigenvalues dictates the supermode dispersion or energy con-
servation in the FWM process. The imaginary part of the eigenval-
ues dictates the balance between the loss introduced by dissipative 
couplings and the gain introduced by the FWM process. Therefore, 
only the supermodes that exhibit low loss (higher absorption) and 
are located approximately symmetrically around the pumped super-
mode contribute to the formation of coherent soliton combs. In the 
following, we will show that non-Hermitian engineering using dis-
sipative couplings enables the formation of reconfigurable Kerr soli-
tons and coherent optical frequency combs by selectively dissipating 
a set of supermodes and thereby suppressing undesired nonlinear 
mixing between the supermodes.

To simulate the generation of frequency combs, we use Ikeda 
map formalism as detailed in the Supplementary Materials (49–51). 
We emphasize that the commonly used Lugiato-Lefever formalism, 
which relies on the single-mode approximation and the effective 
Hamiltonian formalism, is not well suited for these simulations (51–
53). This is because of the spurious gain terms introduced by the 
non-Hermitian couplings when using the single-mode approxima-
tion (see the Supplementary Materials). For our Ikeda map simula-
tions, we use dimensionless normalized parameters such that the 
group velocity vg, the length of the site rings LR, and their FSR 
Ω

R
∕(2π) (in frequency units) are normalized to one. The coupling 

strength J = 0.01ΩR, and the loss rate of individual rings κin = 0.01J. 

We assume an anomalous dispersion for the ring resonators, repre-
sented by the parameter D2 = 5 × 10−6ΩR. We do not make any assump-
tions regarding the dispersion or dissipation of the supermodes.

RESULTS
Comb in lattices with only nearest-neighbor couplings
To demonstrate the use of non-Hermitian dissipative couplings to 
control the formation of soliton combs, in Fig. 2, we first present 
results for the super-ring with N = 20 site rings, with only the 
nearest-neighbor couplings JN = J, and all hopping phases set to 
zero (ϕN = ϕNN = 0). As discussed earlier, without dissipative cou-
plings, such a system exhibits a twofold degeneracy in its eigenval-
ues (Figs. 1B and 2A). One supermode of this pair circulates the 
super-ring in the clockwise (CW) direction and the other in the 
counterclockwise (CCW) direction. This degeneracy is also evident 
in the absorption spectrum of the array, where only ∼N ∕2 modes 
are visible as absorption peaks (Fig. 2B). For a Hermitian system, all 
the eigenvalues are real, and it has a trivial topology (a line). Pump-
ing the Hermitian super-ring at a single lattice site excites an equal 
superposition of both modes, and this competition hinders the for-
mation of coherent soliton combs in the Hermitian super-ring array.

Nevertheless, as evident from Fig. 2A, the introduction of dissi-
pative couplings with tNH

N
= 0.95 introduces nontrivial topological 

winding in the form of a circle. Although the supermodes stay dou-
bly degenerate in their real eigenvalues, dissipative couplings break 
their degeneracy in the imaginary eigenvalues and suppress mixing 
between the CW and CCW propagating supermodes. For our choice 
of circulation direction in the site rings and the dissipative wave-
guide coupling in the link rings (Fig. 1A), supermodes with mo-
mentum −k, traveling in the CW direction around the super-ring, 
have higher loss than those traveling along the positive k (CCW) 
direction. The absorption spectrum of the non-Hermitian lattice is 
shown in Fig. 2B, where we observe an increase in the linewidth of 
the supermodes because of dissipative couplings. We have also in-
cluded intraresonator dissipation, with rate κin = 0.01J, in both the 
site and the link rings.

To generate coherent soliton combs, we pump the supermode at 
the center of the absorption spectrum shown in Fig. 2B and analyze 
the spatiotemporal and spectral response of the array. When we 
tune the amplitude of the normalized pump field Ein = 0.021 and the 
pump frequency detuning δωp = ωp − ω0,0 = −0.10005J, in the spa-
tiotemporal domain (Fig. 2D), we observe the formation of coherent 
nested solitons in the lattice, similar to those observed in 2D topo-
logical ring resonator arrays (20, 21, 54). In this state, the super-ring 
hosts a single supersoliton—a set of a few consecutive site rings, 
each of which also hosts a single soliton. The solitons within the site 
rings self-organize such that their position within the single rings is 
always the same, that is, they are phase locked. As time evolves, this 
nested soliton structure circulates the lattice in the CCW direction 
but without losing its coherence (also see movie S1). We do not ob-
serve any propagation in the CW direction. This indicates that none 
of the CW propagating modes participate in the comb formation 
because the nonlinear FWM gain is not sufficient to overcome their 
higher loss introduced by dissipative couplings.

This formation of a nested soliton in the lattice is manifested at 
the output of the lattice as the generation of nested pulses or bursts 
of light pulses (inset of Fig. 2E). The bursts are separated in time by 
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the round-trip time τSR ∼ 168τR of the super-ring resonator. Within 
each burst, the pulses are separated by the round-trip time τR of the 
single rings. The temporal output of the lattice, presented in Fig. 2E 
as a function of the fast time τ =

(

0, τR
)

 and the slow time (number 
of round trips or iterations), shows that pulses always appear at the 
same fast time τ. This highlights the phase-locked nature of the soli-
tons within individual rings (Fig. 2D).

The generated frequency comb spectrum for this array is shown 
in Fig. 2F. The intensity profile across the comb lines is smooth, 
which indicates the formation of a coherent soliton comb. In Fig. 
2G, we plot the comb spectrum zoomed in on two FSRs (μ=50, 51). 
We clearly observe the formation of a nested comb (Fig. 2, F to H) 
where predominantly a set of nine supermodes oscillates at each 
FSR μ. The different sets of oscillating supermodes are spaced by 
the FSR ΩR of the single rings. The frequency spacing between 
consecutive supermodes within a single set is much smaller such 
that Ω

SR
= 1∕τ

SR
≃ 0.59J = 0.0059Ω

R
. We note that the number of 

oscillating modes (here, nine) is dictated by the dispersion and 
dissipation of the array as depicted by its topological winding, 

where we find a set of nine modes that have a lower loss (indicated 
by dashed lines in Fig. 1D) and are located symmetrically around 
the pumped mode.

To further highlight the soliton nature of this comb, in Fig. 2H, 
we plot the comb spectrum as a function of the longitudinal mode 
index μ of the single rings (which we refer to as the fast frequency) 
and the pump-normalized slow frequency δω − δωp =

(

ω−ω0,μ

)

− 
(

ωp−ω0,0

)

, which reveals the oscillating supermodes within each 
FSR. Here, ω0,μ is the resonance frequency of μth FSR (of single 
rings), and ω0,0 with μ = 0 is that for the pumped FSR. ω corresponds 
to the frequency of an oscillating supermode. We find that the nested 
comb lines do not show any curvature, which clearly indicates the 
cancellation of linear and nonlinear dispersion and the formation 
of coherent solitons. This spatiotemporal response and frequency 
comb spectrum of nested soliton combs can be contrasted with that 
of chaotic combs (see fig. S5), where we clearly observe the absence 
of a smooth comb spectrum, the underlying linear dispersion of the 
cavity manifested as the curvature of the generated comb lines, and 
the absence of stable spatial or temporal pattern formation.
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Combs in lattices with nearest-neighbor and 
next-nearest-neighbor couplings
Next, we demonstrate the use of higher-order non-Hermitian 
topological windings to engineer the comb spectrum. Specifically, 
we introduce next-nearest-neighbor couplings JNN and set their 
strength such that JNN = JN = J. We chose nonreciprocal couplings 
for both nearest and next-nearest neighbors such that tNH

N
= 0.95 

and tNH
NN

= 0.9. We also introduce next-nearest-neighbor hopping 
phases ϕNN = 0.50625(2π). As shown in Fig. 3A, this system exhibits 
a non-Hermitian topology with double winding. The absorption 
spectrum for this system is shown in Fig. 3B and is compared to that 
of a Hermitian system. We note that because of next-nearest-
neighbor couplings, the range of real eigenvalues ∼(−2.5J , 4J) is 
much larger compared to the super-ring with only nearest-neighbor 
couplings, where this range was ∼(−2J , 2J). The presence of the 
hopping phase ϕNN lifts the degeneracy in the real eigenvalues, and 
the Hermitian spectrum exhibits N = 20 peaks. However, the eigen-
values are nonuniformly distributed across the frequency spectrum. 
This nonuniformity can also be observed in the asymmetric location 
of the smaller winding loop in Fig. 3A. This skewed dispersion and 
undesired couplings between closely spaced counterpropagating 
supermodes make it challenging to achieve soliton combs in the 

Hermitian lattice. By introducing dissipative couplings, we engineer 
the absorption spectrum such that only five supermodes, nearly 
equally spaced in frequency, exhibit lower dissipation and, conse-
quently, higher absorption (highlighted by dashed lines in Fig. 1J 
and blue shaded dots in Fig. 3A).

To generate nested combs, we pump the supermode in the center 
of the spectrum with the highest absorption. When we tune the 
pump frequency δωp = 0.11J  and set the normalized pump field 
Ein = 0.11, we observe the formation of a coherent comb charac-
terized by a smooth intensity profile (Fig. 3F). Within each FSR 
(Fig. 3G), we now observe the oscillation of predominantly five 
supermodes that correspond to the low-loss supermodes of the 
absorption spectrum. This contrasts the super-ring with only near-
est-neighbor couplings, where we observed the oscillation of nine 
supermodes. Furthermore, the spacing between the oscillating su-
permodes ΩSR ≃ 1.32J, which is much larger compared to that in 
Fig. 2 (G and H), where it was only about 0.59J . As before, we 
observe the complete cancellation of linear supermode dispersion 
against that of nonlinear dispersion, indicating the formation of 
coherent soliton combs (Fig. 3H).

In the super-ring, we again observe the self-formation of phase-
locked nested solitons, propagating around the lattice in the CCW 
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(A) Schematic of the array and the resultant double winding. The blue-shaded dots on the winding curve indicate the low-dissipation supermodes that contribute to the 
nested comb formation. (B) Linear absorption spectrum of the array for Hermitian and non-Hermitian lattices. The supermodes with low dissipation manifest as promi-
nent peaks in the spectrum. (C) Comb power as a function of pump frequency. The pump frequency where we observe nested solitons is indicated by the dashed line. 
(D) Soliton intensity distribution in the array. As before, the soliton position within each ring hosting the supersoliton is the same. With time, the nested soliton structure 
circulates the array in the CCW direction. (E) Temporal output showing bursts of pulses, with each burst separated by τSR ≃ 76τR. (F to H) Generated comb spectrum show-
ing the oscillation of five supermodes at each FSR, with FSR ΩSR = 1.32J.
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direction (Fig. 3D and movie S2). These are qualitatively similar to 
those observed in the super-ring with only nearest-neighbor cou-
plings (Fig. 2D). The temporal output for this soliton comb also con-
sists of bursts of pulses (Fig. 3E), but the periodicity of the bursts 
τSR = 76τR is much smaller compared to that in Fig. 2, where it was 
168τR. This decrease is consistent with the increase in the comb line 
spacing for next-nearest-neighbor combs. Nevertheless, we also ob-
serve secondary bursts in the temporal output that have exactly the 
same periodicity as that of the primary bursts. This is because of the 
oscillation of a fewer number of supermodes that increases the spa-
tiotemporal width of nested solitons, that is, they occupy more site 
rings and, therefore, generate broader temporal pulses.

Tunability of the comb spectrum
While postfabrication tuning of the coupling rates between rings is 
challenging (55), the hopping phase can be tuned much more easily 
by, for example, incorporating thermal heaters on the link ring 
waveguides (56). To show that tuning the hopping phase can lead to 
the remarkable reconfigurability of the comb spectrum and the 
soliton state, in Fig. 4, we show results for a super-ring with the 
same coupling parameters as in Fig. 3, but we tune the hopping 
phase such that ϕNN = 0.41667(2π). In this case, the non-Hermitian 

topological winding number stays the same, but the position of 
the inner winding loop rotates in the 2D complex energy plane 
(Fig. 4A). The resulting absorption spectrum is shown in Fig. 4B. 
Although the spectrum exhibits multiple peaks with low loss, our 
deliberate choice of ϕNN ensures that the frequency spacing between 
the consecutive peaks is very different.

When we pump the highlighted supermode, at δωp = 0.72J and 
set pump field Ein = 0.11, we now observe the oscillation of only a 
single supermode in the comb spectrum (Fig. 4, F to H). This is in 
stark contrast with our previous demonstrations, where we ob-
served nine and five supermodes in Figs. 2 and 3, respectively. This 
marked reduction in the number of oscillating supermodes is due to 
our choice of supermode dispersion: No three supermode resonanc-
es are equally spaced in frequency to satisfy energy conservation for 
the FWM process.

In the super-ring, we observe the formation of a soliton molecule 
state where each site ring exhibits a single soliton (Fig. 4D). As be-
fore, the solitons across different rings are phase locked. This soliton-
molecule state is stationary and does not show any evolution/
circulation with time (movie S3). This observation of a uniform spa-
tial intensity distribution in the super-ring is consistent with the os-
cillation of a single supermode in the comb spectrum. The temporal 
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output of this super-ring shows periodic pulses with a repetition rate 
of τR (Fig. 4E). There are no bursts of pulses as were observed with 
nested solitons. We note that this output temporal and frequency 
spectrum of this lattice is exactly the same as that of a single-ring 
resonator: comb lines separated by ΩR and temporal pulses sepa-
rated by τR =

1

ΩR

. However, this spectrum is generated by a set of 20 
self-synchronized ring resonators.

DISCUSSION
To summarize, we have demonstrated the use of dissipative cou-
plings to engineer the generation of soliton combs in 1D resonator 
arrays with periodic boundary conditions. Although we have ex-
plored only a very small subset of parameter choices, this system 
offers many degrees of freedom in the form of relative strength of 
nearest and next-nearest couplings JN ∕ JNN, relative phase ϕNN and 
ϕN, and even the strength of dissipation δN and δNN. The system 
could be designed using another choice of fixed parameters 
(

JN, JNN, δN, δNN
)

 such that tuning hopping phases could lead to 
even more marked agile reconfigurability of the comb spectrum. 
This operating regime could also be set to suit a particular comb ap-
plication. As examples, in the Supplementary Materials, we show 
results for other parameter choices where we observe the formation 
of a nested comb with three and seven oscillating supermodes 
in each FSR.

Our approach is very general and can be easily extended to gener-
ate previously unobserved soliton comb states in 2D coupled ring 
resonator arrays where, for example, first-order or higher-order non-
Hermitian physics could lead to topologically nontrivial states of 
light (47, 48, 57–63). Although we have focused on Kerr combs, non-
Hermitian engineering can also be applied to engineer, for example, 
electro-optic or optomechanical combs (64–67). Therefore, our re-
sults pave the way to explore the rich synergy between nonlinear dy-
namics and the formation of frequency combs, synthetic dimensions, 
and the physics of driven dissipative non-Hermitian systems.

METHODS
Ikeda map formalism
The formation of dissipative Kerr solitons and coherent optical fre-
quency combs in single and weakly coupled resonators can be effi-
ciently simulated using the Lugiato-Lefever equations. However, 
this formalism relies on the single-mode approximation and the ef-
fective Hamiltonian approach, which leads to spurious gain for 
some of the supermodes of the non-Hermitian array, even when the 
linear system is completely passive with no gain (see the Supple-
mentary Materials). The transmission and the winding spectrum of 
the array calculated using a transfer matrix–based approach show 
that all the supermodes experience loss because of the dissipative 
couplings. Nevertheless, depending on the coupling strengths, the 
hopping phases, and the dissipation strength in link rings, different 
supermodes experience very different effective losses. Therefore, to 
simulate the generation of soliton combs in our non-Hermitian ar-
ray, we use Ikeda map formalism, which is inherently based on the 
transfer-matrix approach (22, 49–51).

In Ikeda map formalism, the electric field Em
r
(z, τ) for a ring 

number r, where r = (1,N), at a location z along the ring waveguide 
and at time τ =

(

0, τR
)

 is given as

Here, m is the round-trip number such that any time 
t = τ + (m−1)τR. The Fourier transform of the field Em

r
(z, τ) with 

respect to the fast time τ yields Em
r
(z, μ), which is the field in the fast 

frequency domain indicated by the longitudinal mode index μ. 
γ = 2ϵ0n0n2ω0 is the strength of Kerr nonlinearity (68), and 
α = κin∕vg is the propagation loss in the ring waveguides. For a lattice 
with both nearest and next-nearest couplings, we index the rings 
such that r = 1,4,7,…  refer to the site rings, r = 2,5,8,…  refer to the 
link rings connecting neighboring site rings, and r = 3,6,9,…  refer 
to the link rings connecting next-nearest neighbor site rings. There-
fore, for a lattice with N = 20 site rings, the array consists of a total 
of 60 rings when both the nearest and next-nearest couplings are 
present. We also account for the slightly different length of the link 
rings compared to those of the site rings.

We assume the individual ring resonators to have an anomalous 
dispersion such that they generate a bright comb. This dispersion is 
included in the ring resonance frequencies as

where ω0
= ω

0,0 is the resonance frequency of the pumped mode 
(μ=0), ΩR = 2π

vg

LR
 is the FSR (in angular frequency units), LR is the 

length of the ring resonator, and D2 is the second-order anomalous 
dispersion, which we assume to be 5 × 10−6ΩR.

To further simplify the simulation framework, we use dimension-
less parameters and normalize coordinates such that z → z

LR
= {0, 1}, 

fast-time τ→ τ

τR
= {0, 1}, FSR ΩR = 2π, and the group velocity vg = 1. 

Furthermore, the dimensionless fields Em
r
(z, τ)→

√

γLEm
r
(z, τ) such 

that γ = 1 effectively. The nonlinear propagation is then written using 
the dimensionless parameters as

Both the nearest-neighbor and next-nearest-neighbor couplings 
between the site rings are mediated by link rings. Each such cou-
pling region between the site and the link rings is described as

Here, t = tN, tNN, and κ = κN, κNN are the transmission and cou-
pling coefficients for nearest-neighbor and next-nearest-neighbor 
couplings between rings indexed r and r′, respectively.

The dissipative coupling region of the link rings is modeled as

dE
m

r
(z, μ)

dz
= i

2π

LRΩR

(

ωp +ΩRμ − ω0,μ

)

Em

r
(z, μ) − αEm

r
(z, μ)

+ iγ
1

τR

τR

∫
0

dτ ∣Em

r
(z, τ) ∣2 Em

r
(z, τ)eiωμτ

(1)

ω0,μ = ω0 + ΩRμ +
D2

2
μ2 (2)

dE
m

r
(z, μ)

dz
= i

(

ωp−ω0−
D2

2
μ2
)

Em

r
(z, μ)−αEm

r
(z, μ)

+ i

1

∫
0

dτ ∣Em

r
(z, τ)∣2 Em

r
(z, τ)eiωμτ

(3)

[

Em

r

(

zc , τ
)

Em

r�

(

zc , τ
)

]

=

(

t iκ

iκ t

)[

Em

r

(

zc , τ
)

Em

r�

(

zc , τ
)

]

(4)

Em

r

(

zNH, τ
)

= tNHEm
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)
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where tNH = tNH
N

, tNH
NN

 dictates the transmission/loss in the link ring 
section for nearest-neighbor and next-neighbor couplings, respec-
tively. zNH refers to the location of the link rings where we introduce 
the non-Hermitian coupling waveguide.

The coupling of the input-output waveguide to the lattice at 
location r = 1 is similarly described using coupling coefficient κIO 
such that

Here, Ein(τ) is the input pump field, and Em
out
(τ) is the output field. 

This field Em
out
(τ) yields the temporal output of the generated frequen-

cy comb at any time t = (m−1)τR + τ, and its Fourier transform 
yields the frequency spectrum Eout(ω). The coupling coefficient κIO is 
related to the input-output coupling strength κex =

κ2
IO

2

vg

LR
, where vg 

is the group velocity. For our simulations, we chose κex = 0.1J . 
Our choice of normalized device parameters, for example, an 
FSR ΩR∕(2π) = 250GHz, J∕(2π) = 2.5GHz, κin∕(2π) = 25MHz, and 
D2∕(2π) = 1.250MHz can be achieved using low-loss silicon-nitride 
resonators (69). For these parameters, the required pump power 
Pin =

c

n2ω0LR
Aeff ∣Ein∣

2 ≃ 0.8W to generate soliton combs in the 
nearest-neighbor coupled device and Pin = ∼ 20W for the next-
nearest-neighbor coupled devices. Nevertheless, the required pump 
power could be substantially reduced by reducing the inter-resonator 
coupling strength J, that is, increasing the loaded quality factor of the 
rings and also by optimizing the input-output coupling strength κex.

Supplementary Materials
The PDF file includes:
Supplementary Text
Figs. S1 to S5
Legends for movies S1 to S3

Other Supplementary Material for this manuscript includes the following:
Movies S1 to S3
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