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heterogeneous transmission. Mathematical analysis shows that the local and global dy-
namics are completely determined by the basic reproductive number .#,. If #9<1,
disease-free equilibrium is globally asymptotically stable. If &2 > 1, it shows that disease-
free equilibrium is unstable and the unique endemic equilibrium is globally asymptotically
stable. The proofs of global stability utilize Lyapunov functions. Besides, the numerical

Keywords: . . . . e .
Age-infection-structured simulations are illustrated t.o support these theoretical results and s'en51t1v1ty analy51§ of
Basic reproductive number each parameter for %, is performed by the method of partial rank correlation
Global stability coefficient(PRCC).

Lyapunov function © 2024 The Authors. Publishing services by Elsevier B.V. on behalf of KeAi
Sensitivity analysis Communications Co. Ltd. This is an open access article under the CC BY-NC-ND license

(http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

Acquired Immunodeficiency Syndrome (AIDS) is a malignant infectious disease caused by HIV with high mortality rate.
AIDS has become a serious public health problem worldwide and sexual transmission is the main transmission mode. 39
million people in the world were living with HIV in 2022, this seriously affect healthy development of society, with stronger
challenges to health care issues (World health organization). Therefore, it is necessary to further study AIDS transmission
from mathematical theory to provide theoretical guidance for medical and health decision-making. Epidemiological and
behavioral factors are crucial to the dynamics of HIV model. In recent years, many scholars have been keen to use mathe-
matical methods to establish and analyze HIV models. The truth is many of the issues have been extensively studied based on
classical texts and documentation. Nowak and May (Nowak & May 2000), Perelson and Nelson (Perelson & Nelson, 1999) gave
a basic model of infection that included a variety of mathematical expressions (Wang et al., 2015).

In (Frioui et al., 2020), the aim was to investigate a general infection model of age, in which infectivity was age-dependent
from the time of infection, and where some quarantined individuals could be returned to the infectious class after some time.
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The HIV model taking into account the dependence of HIV/AIDS progression on infection age and chronological age was
developed. The results of numerical simulations were used to demonstrate the impact of an impulsive treatment strategy on
HIV/AIDS dynamics in (Liu et al., 2008). In (Huang et al., 2012), it investigated the basic population age structure model of HIV
infection process and determined the dynamic properties without (or with) medical treatment by using the direct Lyapunov
method and the corresponding Lyapunov functions. Using integrated semigroup and Lyapunov functions was used to show
that the unique endemic equilibrium was globally stable in (Magal et al., 2010). In (Wu & Zhao, 2020), a multidimensional
model was developed to study HIV prevalence in various high-risk groups, including men who have sex with men, foreign
residents, female sex workers and injecting drug users. In (Thomas et al., 2015), an alternative method that deconstructed the
larger system into smaller subsystems and captured the interactions between the smaller systems as external forces using an
approximate model was presented. In (Chen et al., 2018), a generalized model of SIS-type diseases including age-dependent
infections; birth and death in a heterogeneous network was to analyze the transmission mechanism and dynamic behaviour
of infectious diseases in a realistic way. The proposal of a new age and spatially structured model which includes both ages of
infection, spatial transmission and highly active treatment aimed to analyze the global dynamics of HIV/AIDS and study the
prevalence of transmission among men who have sex with men as a group in (Wu & Zhao, 2021). In (Chekroun & Kuniya,
2020), the global asymptotic behavior of the SIR epidemic model with age-structured infection and diffusion in a general
n-dimensional restricted spatial domain with a homogeneous Dirichlet boundary condition was concerned. The basic
reproduction number was derived in an epidemic model in which infected individuals were initially asymptomatic and
structured according to time since infection in (Barril et al., 2021).

In (Sun, 2010), using ordinary differential equation systems was to study multi-group SIR models with nonlinear inci-
dence. But many diseases show differential infectivity concerning the age of infection as the disease progresses. Differential
infectivity was important for studying different infectious pathologies during disease transmission (Chen et al., 2018).
Analyzing linear systems at equilibria and checking the eigenvalues of characteristic equations, local stability of age structure
models usually part of formulated as first-order partial differential equations could be demonstrated. However, the analysis of
global stability becomes a complicated mathematical problem due to the complexity of the models. To obtain global stability,
a common approach has been to construct a Lyapunov function (Wang et al., 2015).

Age structure models are usually a system of partial differential equations and their mathematical analysis is particularly
complex. Although the dynamical analysis is hard, by constructing Lyapunov functions (Kuniya et al., 2016; Magal et al., 2010;
Shen & Xiao, 2016; Zhang & Xu, 2016), global stability was investigated for several types of age structure models (Zhang &
Guo, 2018). In (Shen & Xiao, 2016), the epidemiological system of SVEIR in different groups according to age at vaccina-
tion and age at infection was investigated using a graph-theoretic approach with Lyapunov functional.

To our knowledge, some researchers such as Martcheva (Martcheva, 1999; Martcheva & Milner, 1999; Wang et al., 2020)
and Inaba (Inaba, 1993, 2000) had studied some properties of models with age-structured two-sex populations. Some re-
searchers studied global dynamics of infection-age-structured HIV model (Shen et al., 2015, 2019; Wang et al., 2016). Some
researchers had studied HIV transmission by building models of infectious disease compartments, most of the work focused
on the traditional trend of HIV prevalence in high-risk populations. However, there were few conclusions corresponding to
global characteristics of HIV model with age-infection-structured describing complex processes of interconnected infection
ages with heterogeneous transmission. In this paper, a goal is to illustrate the disease dynamics relying on an age-dependent
factor. Furthermore, the dynamic behaviour entirely depends on the basic reproduction number.

This paper is structured as follows. In Section 2, the age-infection-structured HIV model with heterogeneous transmission
is introduced. In Section 3, we analyze the existence of equilibria and obtain the basic reproductive number. In Section 4, local
stabilities of disease-free equilibrium and endemic equilibrium are showed. In Section 5, we present the global stabilities of
disease-free equilibrium and endemic equilibrium using Lyapunov functions, respectively. In Section 6, numerical simulations
and sensitivity analysis are showed. In Section 7, a summary is stated to conclude this work.

2. Model formulation

In HIV model, considering the different impacts for each gender, the total population can be divided into four compart-
ments: susceptible female, infectious female, susceptible male and infectious male. Let S (t), Ir (t), Siy(t) and Ip(t) denote the
total numbers of susceptible female, infectious female, susceptible male and infectious male population at time t, respectively.
And let N(t) denote the total numbers of all compartments.

Because the infection rate of infected people varies with the time of infection (Martcheva, 2015), the infectious
compartment is further classified according to the age of infection. Let a denote time-since-infection of female individuals,
and 7 denote time-since-infection of male individuals. Let if (0, t) and i(0, t) respectively denote the numbers of female and
male population who become infected at time t. And if (a, t) and i,(7, t) respectively denote the density of female population
with infection-age a and male population with infection-age  at time t. The total infected female population in the infectious
compartment is

I (t) = /0oo ir(a, t)da,

and the whole infected male population is
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In(t) = /Ooo im(7,t)dr.

Assuming the lifespan of all the individuals is exponentially distributed (Martcheva, 2015), so each individual leaves the
system due to a constant u as natural death rate. Moreover, individuals can leave infected population with the disease-death
rate « and the transition rate v from infection class to AIDS class. Thus, equation for the number of individuals leaving in-
fectious female compartment in time At is

ir(a+At, t+At)Aa —ig(a, t)Aa = —(u + a+v)Ati(a, t)Aa. (2.1)

If the partial derivatives of ifexists and continuous, we can divide both sides of equation (2.1) by AaAt and take the limit as
At — 0. Then we could obtain equation for infectious female individuals

o o O o
L@n+3a 0 = —uratifa),

defined on domain {(a, t): a > 0, t > 0}.
Similarly, equation for infectious male individuals is

W (T7 t) + ? (T7 t) - 7(# +a+ ’Y)lm(Tv t),

defined on domain {(r, t): 7 > 0, t > 0}.

Next, to derive equations for newly infected population, we let s (a) denote the incidence of infection susceptible men
infected by women of infection-age a and () denote incidence of infection susceptible women infected by men of
infection-age 7. Thus, all newly infected female individuals are

0.0 =S;(®) [~ B(rim(r. ).

and all newly infected male individuals are

im(0,£) = Spn(t) /0oo Br(a)i(a, t)da.

Assuming recruitment rate Asinto female population and recruitment rate A, into male population is to derive formulas
giving the transmission process of susceptible population. So equations of susceptible female and male individuals become

$(6) = Ap — Sy(t) /0 " B (7)im (7. D) — Sy (D),

Sn(t) = Am— Sn(t) | Br()iy(a.t)da— uSn(®)

respectively. The flow chart is displayed in Fig. 1.
Equations for the susceptible female, infectious female, susceptible male and infectious male population define a system,
which we shall consider
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A,
‘l’ 8,012 B0, (r.0dT
5,0 i7(a.t)

lﬂsf(t)"“--\

l(u+a+:f>z;f(a.t>

" - =

S, 00 B, @i (a)da |

lﬂsm(t) (u+a+ )i, (7.9

Fig. 1. Flow chart of age-infection-structured HIV model.

$(6) = Ay — Sy(t) /O " B (T)im (7. D) — Sy (0),

% (a,t) + Z—lg (a,t) = —(u+a+7)i(a,t),
Sm(t) = Am — Sm(t) /o " Br(a)i(a,t)da — uSm(t),
dim dim . (22)
ST + S (1) =~ &+ im0,
i(0,) = S;(£) /O " B ()i (7, )T,
im(0,£) = S(t) /0 " Br(@)ir(a, tyda,
with initial conditions
12.0) =it 23
Sn(0) = Smo, :

im(7,0) = imno(7).

For convenience, welet 6 = u + o + 7, Z—Z + ‘3,—’{ = ifg + gy, "a’—;“ + "(;—'t" = imr + im¢ and for each nonnegative and integrable initial
conditions (2.3), we could know that system (2.2) has a unique nonnegative solution by Theorem 2.2 in (Soufiane & Touaoula,
2016).

Lemma 2.1. The solutions of system (2.2) with the initial conditions (2.3) are bounded.

Proof Integrating with respects to a and 7 the partial differential equations in system (2.2), respectively. And assuming
limg, i (a, t) = 0 and lim; _, ,in(7, t) = 0, we can obtain

I5(0) = 1(0.6) = 3y(©) = Sy(6) | B (Fim(r, 1T — d10)
0 (2.4)
() = im(0.6) = lm() = Sn(t) | By(@iy(a. O)da — Gl 0)
0
Adding equation (2.4) to equations for Sf(t) and Sy, (t) from system (2.2), we have

N(t) = Sp(6) +I¢(t) + Sm(6) + Im(t) < Ap + A — uN(2).

Thus, the numbers of total population N(t) satisfies

440



J. Zhang, L. Wang and Z. Jin Infectious Disease Modelling 9 (2024) 437—457

Ar+ A
N(t) < max (NO~%> 3

where Ng = Spo + [ iro(@)da+ Spo + Jg imo(7)dT.
A pivotal quantity assoc1ated with the survival of infectious female individuals is 7(a) and that associated with the survival

of infectious male individuals is «(7). Then, if If female individuals become infected at a given time, after a time units, the
number still infectious is var(a) The number changes for a short period of time Aa after infection by those left the system

Irm(a+ Aa) — [pm(a) = —6lpm(a)Aa
and 7(a) satisfies
w(a) = —om(a),
whose solution with assuming that 7(0) = 1 is
m(a)=e
similarly, w(7) satisfies

w(r) =e "

3. Equilibria and basic reproduction number

We now look for time-independent solutions (S, if (a), Sm, im(7)) as equilibria of system (2.2). We have

Ar =5 /Ow Bin(T)im(T)dT — uSe =0,
ifa(a) = fﬁif(a),
Am —Sm /°° m(aﬂf(d)dd — uSm =0,

lmf T) 761m( )

Sf/ 6m lm
~ Sm /0 8(a)ij(a)da

System (3.1) consists of two first-order ordinary differential equations with solutions dependent initial conditions and two
algebraic equations. It is clear that solution &0 = (Af 0, A"' ,0) is 2 always existent disease-free equilibrium in which the age
distribution after infection is zero. Then, a nontr1v1al solutlon z* = (Sf lf( ), S iy (7)) Will give an endemic equilibrium. We
first solve differential equations in system (3.1) whose solutions are

(3.1)

These are not explicit solutions, since i;(O) depends on i;(a) and i,,(0) depends on i;(r).
And the female and male total infectious population are

§=i50) [ r@da, 1 =in0) [

respectively.
Then we let i;(O) = ifn(O) and we can get equations of endemic equilibrium for susceptible population

/6m /ﬂf

We use the first and third equations in system (3.1), which become

441



J. Zhang, L. Wang and Z. Jin Infectious Disease Modelling 9 (2024) 437—457

Ap —if(0) — uS; =0, Am —ip(0) — Sy, = 0.

Next, we can obtain

* 1 * 1
0) f( !%,Of) w0 = am(1- )

In addition, we have

o Am(l—‘—%}m)
o)== ,
Sm/o 6f(a)1r(a)da Sm/o ﬁf(a)w(a)da
Ar[1--L
* f %
* Ar - S < 0f>
in(0) = — L= ,
S A B (T)7(T)dT Sf/o B (T)w(T)dT
where
Ar _ 4Af / *
Rof = — = — T)w(T)dT,
of s uoﬁm()()
Am Am o0
R —=— a)w(a)da
L r(a)m(a)

Thus, we define .%, as

Ry = max(e%of,%o,n) = max(% /Om ﬁm(r)w(r)dr,%/om Bf(a)w(a)da).

We can claim that the disease dies out if %3 < 1 and the unique endemic equilibrium exists when .%#g > 1 in system (2.2).
4. Local stabilities of equilibria
Linearizing system (2.2) is to analyze the local stabilities of equilibria. We let S¢(t) = Sy + x¢(£), ir(a, t) = ir(a) + yr(a, t),

Sm(t) = Sm + Xm(t) and ip(7, ) = im(7) + ym(7, t), where x¢ (£), yr (a, £), Xm(t) and yy(7, t) are the perturbations, and (Sy, if (a), Sm,
im(7)) denotes a generic equilibrium. Then we can obtain

(Sp+x¢(t)) = Ay — (Sp + X¢(t)) /Ow B (T)(im(7) +Ym (7, £))d7 — (S5 + ¢ (1)),
(ir(a) +yr(a,t))q + (i(a) + yr(a, 1), = —0(if(a) + ys(a, 1)),
(Sm +xm(6)" = Am — (Sm + Xm(t)) /Om Br(a)(ir(a) + yr(a,t))da — uw(Sm + Xm(t)),
(im(7) +Ym(7,0); + (im(7) + Ym (7, 1)) = —0(im(7) + Ym(7, 1)),
if(0) +yr(0,t) = (Sf +x¢(t)) /0oc Bm (7)(im (7) + ym (7, 1))dr,

im(0) + Ym(0, ) = (Sm + Xm(£)) /0 " Br(@)(ip(a) + yp(a.t))da.

Using these formulas, we get
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x}(t) =Ar =5 /Ooo B (T)im(7)dT — S¢ /Ooo Bin(T)ym(7, £)dT — X¢(t) /:) B (T)im(7)dT

X4(0) [ Bm(rym(r. O - Sy — s (0,
if2(a) + Ypa(a, t) + yp(a, t) = —0if(a) — dys(a,t),
Xn(®) = An=Sn [~ By(@ig(@)da—Sn [~ By(@pya.0da—xn) [~ by(@is(a)da

“xn(®) [ By(@yy(a.0)da — S~ ),
imr(T) + Ymr (7, 8) + Yme (7, £) = —0im(7) — 0ym(7,t),
i£(0) +yp(0.6) = S; /0 B(T)im(T)dT + S /0 B (T)ym(r, )7

434(0) [ Bn(@in(r)dr + 0 [ Bn(rym(r. )
i (0) + Y (0,6) = S /0 " by(@is(@da-+ S /0 " By(@yy(a, t)da

#xn(®) [ By@i(@da+xnlt) [ Brlaya.tida

Using two techniques is to further simplify system (4.2). First, this approach simplifies equations for equilibria in system
31)to

%0 = =S¢ [~ Bnmym(r.dr =x(0) [ Bu(r)in(r)dr

(o) [ " Bn(ym(r, Odr — (),
.Vfa(av t) +yft(a7 t) = _5yf(av t),
Xn(0) = =S |~ Brlaly(a.da—xn(t) | B @ir(a)da

() /0 " Br(ay(a.tda — pxm(t),
ymf(T, t) +ymt(T7 t) = _6ym(T7 t)7
Yr(0,6) = 5 /O Bn()yim (7, )T + % (1) /O B (7)im ()T

+4(0) [ Bu(rym(r.)dr.
ym(0,t) = Spy /000 Br(@)yf(a, t)da + xm(t) /Ooo Br(@)if(a)da

() /O " Br(@yy(a, tyda.

Note that after this transformation, nonlinear system (4.3) contains only perturbation terms. Assuming that the pertur-
bations are small, another technique for simplifying system (4.3) is to neglect much smaller quadratic terms. The linear
system in terms of perturbations is
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(0= =7 | Bm(Tym(r. 07 = 0) | Bm(rlim(r)d — s (0,
Yi(a,t) +yp(a,t) = —0ys(a, t),
Xn(®) = ~Sm [~ By(@yp(a.)da ~xn(t) [ @iy(a)da — (),
Ymr(7,8) + Yme (7, 1) = —0ym(7, 1),
3500 =55 [~ Burym(r. s +35(0) [~ Bn(r)im (7).

Ym(0,£) = S /0 " B (@)yy(a, O)da+ xm(t) | /0 " Br(@)ij(a)da.

Linear system (4.4) for x¢ (t), yr (a, t), xm(t) and yi,(7, t) has exponential solutions like linear ordinary differential equations.
Thus, it is possible to look for solutions x(t) = x re*, yp(a,t)_= y p(a)e’t, xm(t) = x me’* and yu(7,t) =y n(r)e’t, where x f,
Y 5(@), X m, ¥ ;n(7) and A have to be determined that x ¢, y f(a), X m and y ,,,(7) are not all zero. System for x 7, y (@), X m, ¥ (7)
and A (the bars have been omitted) is

Mf =5 '/O.oo B (T)ym(7)dr — Xf /Ooo B (T)im(T)dT — UXp,
V(@) + Ayy(a) = —dyf(a),
= =S [~ By(@ys@)da —xm [~ By(a)iy(ada - s,
Ymr(7) + WYym(T) = —0Ym(7),
51O =S; [ Bu(rym(ridr 35 [ b(rin(ridr.

Ym(0) = Sy /00o ﬁf(a)yf(a)da + Xm /Ooo ﬁf(a)if(a)da.

(4.5)

To obtain an equation for A, we will eliminate xg, yr (a), xm and ym(7) by considering disease-free equilibrium and endemic
equilibrium.

4.1. Local stability of disease-free equilibrium

Theorem 4.1. If %<1, disease-free equilibrium #° is locally asymptotically stable. If #¢ > 1, disease-free equilibrium &° is
unstable.

Proof System (4.5) simplifies to the following system in disease-free equilibrium &°

2= [ Bnlrym(ridr -
Yra(@) + Ayp(a) = —oyy(a),

_ o [T _
= =Shy [ Brlay(@da -,
Yme(T) + Wm(T) = —0ym(7),
5(© = [~ bn(riym(rar

ym(©0) = b, [~ 8y(@ys(a)da

(4.6)

It is easy to see that the equations for yr(a) and y;(7) are independent of X; and x;,, respectively. Solving the differential
equations in system (4.6), we have

yi(@) = y;(0)em(a), ym(r) = ym(0)e "m(r). (4.7)

Substituting solutions (4.7) into boundary conditions of system (4.6), we obtain
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-5 /0 " 8. (T)ym(0)e " m()dr, (48)

n(0) =S5 /0 " Br(@y(0)e n(a)da. (4.9)

By (4.7) and yr(a, t) :yf(a)eh, we could know that yf(0) # 0. Similarly, y;;(0) # 0. Multiplying by equations (4.8) and (4.9),
then canceling yf (0)ym(0), we get characteristic equation

Sose, /O " B (Te T r(r)dr /0 " Br(@e"n(a)da = 1. (4.10)

Equation (4.10) is a transcendental formula that can have many solutions. To prove that all solutions 4 of equation (4.10)
have negative real parts, the stability of disease-free equilibrium can be showed. Next, we define

o /0 8. (et n(r)dr /0 " Br(@e"r(a)da.

If %0 <1, then for all A = ¢ + bi with ¢ > 0, we have
5] < SPS% [ Buirle ¥ a(ridr [ By(ae " r(a)da
J0 J0

< SPSh, / ” B (T)e~Tm(T)dr / h Bp(a)e“m(a)da < #o<1.
0 0

We conclude that when A is a non-negative real part, it fails to satisfy Z(1) = 1. So disease-free equilibrium is locally
asymptotically stable with .%( < 1. If, alternatively, % > 1, endemic equilibrium &" exists, system (2.2) could go to &".
Consequently, disease-free equilibrium is unstable in this case.

4.2. Local stability of endemic equilibrium

Now we turn to consider system (4.5) with endemic equilibrium to obtain its stability.
Theorem 4.2. If %, > 1, endemic equilibrium & is locally asymptotically stable.

Proof From system (4.5) and equation (4.7), we obtain
2y = =Sym(0) /0 " Bm(re T (r)dr - Xf / B (T)iy (T)dT — iy,
o = =Sy 0) [ By@e " ma)da ~xn [ By(@ir @)da — o,
V5(0) = S}y (0) /O Bm(T)e T (1)dr + X; /0 Brn(7)iny(7)dlr,
Yim(0) = iy (0) /0 ® b (@er(@)da+ xm /0 ® ()i (@da

(4.11)

We notice that [§° By (7)i m(T)dT and [3° 6¢(a) ( )da are positive numbers and we denote

Bf,/ 8.0 (7%, (r)dr, Bmf/ 8(a)if (a)da

Requiring that the determinant be zero to solve system (4.11) to find a nontrivial solution
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A+ u+ B 0 0
~By 1 0
0 S / Br(a)e"m(a)yda A+ p+Bm
JO
o s / B(@er(a)da B
0

Then we obtain

0 -s, / ” Bp(a)e"*m(a)da  —Bpm
JO

Expanding the determinant, we have

(+ )2 (1 —sis, /O " B (e a(r)dr /0 " ﬂf(a)e*)‘“ﬂ(a)da) (4 1) (By +Bm) + BB = 0.

Au 1 0 0
—Bf 1 0 75;/0 Bun(
0 0 At

S / ” B (T)e M m(T)dr
0
-s; /0 " 8. (e~ n(r)dr

1

0

T)E_Mﬂ'(T)dT
1

Infectious Disease Modelling 9 (2024) 437—457

We shall know that the characteristic equation of endemic equilibrium is

By +Bm . ByBm

1+ -
A+ w)?

SFSm ' /0 ” B (T)e M (T)dr /0 B Bf(a)e~*r(a)da.

(4.12)

We now show that equation (4.12) cannot have solutions A with positive real part. Let A = ¢ + bqi with ¢c; > 0, we get

Bf + Bm Bme
At (At w?

'1+ >1.

On the other hand, for c; > 0 we have

* ok ® i © _a
S [ Bnme " w(nyr [~ gy@en(a)da

<75 [ Bnrre xndr [ (@ In(a)da

<SS /0 " 8. (m(r)dr /0 " Br(@ym(@)da = 1.

It indicates that the left-hand side is still strictly greater than 1, while the right-hand side is less than 1 for non-negative
real part A. Therefore, such 4 does not satisfy the characteristic equation (4.12). We come to this conclusion: endemic equi-

librium is locally asymptotically stable.

5. Global stabilities of equilibria

In this section, we use Lyapunov functions to demonstrate global stabilities of equilibria. First, solving the second equation

along the characteristic curve t — a = constant in system (2.2), we can get

, iro(a — t)e ™ot a>t,
lf(aa )= {fO( ) _da
ir(0,t —a)e™™, a<t.

Similarly, we can get
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. imo (T — t)e ™%t T>t
im(r,t) = § tmo( : 2t 5.2
m(™0) {im(O,t— ne T, r<t. (52)

Then we know the function h(z) =z — 1 — Inz, z € R, has the global minimum at z =1 and h(1) = 0.

5.1. Global stability of disease-free equilibrium

Theorem 5.1. If %, <1, disease-free equilibrium &° is globally asymptotically stable.

Proof First, we define positive functions as
g !
oo 0 7/ odo oo 0 7/ odo
G@= [ St Ja T db Enn) = [ Spnibe S dl
a T

And we can know that
-0

© - | ddo
50 = [ Shp0)e J d0 = Fo.
1
© - [ ddo
Em(0) = /O SPBm(l)e /o di = ey

The derivatives of £r(a) and &p,(7) satisfy

Ep(a) = —S9Br(a), () = —SPBm(7).

Then we define a function V(t)

V(t) = Vi () + VA(L) + Vins(£) + Vini(8),

let
e el SO e
V() = 51(0) = $f = SPIn L, Vi) - / 5 (@)ip(a, t)da,
7 0
Vms(t):sm(t)—som—S%InSZ—(g) and V(t) /0 ¥ (P)im(r, )dr.

We could know that function V(t) is nonnegatively defined for disease-free equilibrium £°, which has a global minimum.
By (5.1), we have

t [eo)
Vi(t) :/0 Ef(f—T)if(O»r)e"s“’”err/0 Ep(t+1)ip(r)e~tdr.
And by (5.2), we obtain

t (o]
R A

Calculating the time derivatives of Vf(t), Va(t), Vins(t) and Vini(t) along with system (2.2), respectively. We have
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L ulsye) - Y’

V5(t) = Zomir (0, 1) — Sp, /0 ” B(a)if(a, t)da,

lSm() = S%*

—if(0,) + ¢ /0 h B (T)im(T, t)dr,

V() = HEmE 2 0.0 4.5 /0 " Br(@)is(a. tyda,

and

Vini(t) = Fogin(0,£) — 52 /0 * 8. (T)im(, t)dr.

Thus, the time derivative of V(t) is

s - sp’

V() = —— 1+ (%#om — 1)if(0,1) —

S¢(6)

w(Sm(t) — S8’

Sm(t)

+ (Fop — 1)im(0,£).

Infectious Disease Modelling 9 (2024) 437—457

o <1 ensures that Zp <1 and Zopm < 1 hold. Then V(t) < 0 for all S¢(t), if (0, t), Sm(t) and ir,(0, t) > 0 with V(t) = 0 only at
S(t) = S7, Sm(t) = Sp, and if (0, t) = im(0, t) = 0. Hence, it follows from the LaSalle invariance principle (Salle, 1976) that
disease-free equilibrium #? is globally asymptotically stable.

5.2. Global stability of endemic equilibrium

Theorem 5.2. If %, > 1, endemic equilibrium &~ is globally asymptotically stable.

Proof First, we define positive functions as

Y .l
0@ = [ Subye / " . () ["siouite / ids

And we can know that

The derivatives of ¢y (a) and ¢m(7) satisfy

op(a) = —SpBr(@), om(T) = —SfBm (7).

Then we define a function L(t) as L(t) = Lg(t) + La(t) + Lins(t) + Lmi(t),

let
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s S
Le(t) = S(0) S — 1 o
l¢o=/www%wmnmemm§2?>u
me—%m—$—$1%97
and
o ) . im(T )
i) = [ ¢mu»(mur,m ()i )d

We could know that function L(t) is nonnegatively defined for endemic equilibrium &, which has a global minimum. By
(5.1), we obtain

t . —S(f— 3 S l (O’ r)e*é(tfr)
_ _ ot—r) _ —r)— — Ak
L(t) /0 of(t—T1) <1f(0, re if(t—r1)—if(t—1)n if*(tfr) >dr

o . . - ifo(r)e ot
+ t+1) ipg(re® — it + 1) — ir(t + PIn I dr.
| o )(mu jeen =i
And by (5.2), we get
t N . ; —0(t—r)
Lni®) = [ om(e =) {in(©.0)e 20— i =)~ i (e - T g
Jo i (t—T1)

71',"*0 (r)eim) dr.

oo . 761’ _ el _ ok
+/0 om(t+T1) (lmo(r)e ip(t+1)—ip(t+1)in Eeen)

Calculating the time derivatives of Lg(t), Li(t), Lins(t) and Liyi(t) along with system (2.2), respectively. We have

5

% 2 *
MYGER S5 . i i
_ RO — 5 i L i7(0.6) +i7(0) ~ ir(0. 1),

LO=-"55 570"
Lu(t) =ir(0,£) — if (0) - if (0)In i(EO, t /gc Smbs(a) <if(a, t) —if(a) — i (@)l if,,Em 0) da,
ir(0) Jo i(a)

% 2 * *
Lms(t) = f“(s’"é,?(?fm) *s,i'?r)";(o) +%?t)i'“(o’ 0+ () ~in(@.0)
and
(0,8 [ e )
Limi(£) = im(0, £) — 3 (0) lm(O)ln—i; O /0 Sfﬁm(”(’m(f’t) in(7) =i (7)1 i,’;(r))dT'

Thus, the time derivative of L(t) is

% 2 . . * .
i = *%ig@ﬁL+A $%vﬁm%}+mﬁ“”sfm”mﬁ)m

im(r)  SfO ()
£ 2 . £ .
_1(Sm(t) — Sm) ® » if(a,t) S,  im(0,0)
Sm(0) +/0 Smﬂf(a)lf(a)<1 +1In i;(a) Sm(D In ) >da

By

© S;(t)im(7,0)if(0)
/0 S Bm(T)in(7) (1 - W) dr =0,
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/OSmﬂf(a)lf(a)<1 S (@i (0.0 )daO,

we have
i) = - u(sf(stf)(t—) sy M(Sméf,f([) 5 2
it (e n S G )
PTG R e Ca

We can know that L(t) has nonpositive derivative. Furthermore, the equality L(t) = 0 holds if and only ifSe(t) = Sf*, ir(at) =
if(a), if(0,t) = ir(0), Sm(t) = Sy, im(7,t) = ipy(7) and im(0,t) = iy, (0). Hence, it follows from the LaSalle invariance principle
(Salle, 1976) that &” is globally asymptotically stable.

6. Numerical simulations and sensitivity analysis of parameters for .7

In this section, we illustrate the disease dynamics of age-infection-structured HIV model with heterogeneous transmission
in system (2.2) by performing numerical simulations. In the numerical simulation process, time and infection age are taken as
units of years. Following (Mukandavire et al., 2009), we fix the coefficients: u = 0.013 and « = 0.01. To further evaluate the
impact of each parameter(y, u, o, Ap Am, Bf(a) and 8i(7)) on %, sensitivity analysis of parameters is performed by the
method of partial rank correlation coefficient. Next, we take four special cases of the basic reproduction number to study how
o affect the density and number of infectious female and male individuals.

Case 1. Z7gr<1and Zoy<1.

The infection rate function $(a) is

0.0275%107>08, a<15,
2

Br(a) = {4 0.0275%107>08 1 0.0489(a — 15)e~098@30"%10=508 15 < g <45,

0.0489%107>08 a > 45.
and B(7) is
0.03*107>08, T<15,
2

Bm(T) = { 0.03¥107>%8 1. 0.05(7 — 15)e 09=307%10-508 15 < 7<45,

0.05*107>08, T > 45.

The infection rate functions chart is displayed in Fig. 2.

Fig. 3(a) and (f) show the three-dimensional diagrams with respect to infection-age and time of infectious female and
infectious male, respectively. From Fig. 3(b) and (c)(3(g) and 3(h)), we can see that the density and number of infectious
female(male) are all gradually falling to zero. From Fig. 3(d) and (e)(3(i) and 3(j)), we can see that the density and number of
infectious female(male) are quickly rising to the peak first and then slowly falling to zero.

Fig. 4 shows that Ay, A, Bf(a) and Bm(7) are positive influence, and u, o, ¥ are negative influence on .%y. Among these
parameters, v, 4 and « are more negative impacts on .. Thus, reducing A, and §;(7) to more effectively control AIDS spread.

Case2. 7gr<1and Zop>1.
The infection rate function s (a) is

0.23%107>, a<15,
Br(a) = ¢ 0.23¥1075 + 0.348(a — 15)e 09830105 15 < q<45,
0.348*107>, a > 45.

and Bn(7) is
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Fig.3. 2 = 0.9014 and Zgp, = 0.9104, where y = 0.125, Ar= 6000, A, = 6600, S (0) = 12675, Sy(0) = 13314, ir(a, 0) = 43(a + 3)e *2**3), iy(7,0) = 47(7 + 3)
e~927+3) (a) if (a, t) changes with a and t. (b) if (a, t) changes with a. (c) Iy (t) changes with . (d) if (g, t) changes with . (e) I (a) changes with a. (f) i,,(7, t) changes
with 7 and t. (g) im(7, t) changes with 7. (h) I;y(t) changes with t. (i) im(7, t) changes with t. (j) I,(7) changes with 7.

8 8 5

0 80 100

-1 -0.5 0 0.5 1

Fig. 4. Tornado plot of PRCCs in regard to .%.
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0.015%10>,
Bm(T) = < 0.015%107° + 0.029(1
0.029*107>,

Infectious Disease Modelling 9 (2024) 437—457

T<15,

~15)e709-30"%10-5 15 < 7 <45,

T >45.

The infection rate functions chart is displayed in Fig. 5.

Fig. 6(a) and (f) show the three-dimensional diagrams with respect to infection-age and time of infectious female and
infectious male, respectively. From Fig. 6(b) and (c), we can see that the density and number of infectious female are firstly
decreasing, quickly rising to the peak and then slowly falling to steady state. From 6(g) and 6(h), we can see that the density
and number of infectious male are slowly rising to the peak and then gradually falling to steady state. From Fig. 6(d) and
(e)(6(i) and 6(j)), we can see that the density and number of infectious female(male) are gradually decreasing.

Fig. 7 shows that Ay, A, Bf(a) and Bm(7) are positive influence, and u, o, ¥ are negative influence on .%,. Among these
parameters, v, 4 and « are more negative impacts on .%. Thus, reducing A, and 5 (a) to more effectively control AIDS spread.

Case3. .7¢r>1and %oy <1.

3000
2500
2000
1500
1000

500

7000
6000
5000
w00 e
a000
2000

1000

Fig. 6. 7Zo; — 0.9814 and g, — 15.8968, where y = 0.0601, Ay = 4920, A, = 5600, S(0) =

—pBf

A— .

20

40 60 80 100

Fig. 5. The infection rate functions.

"
5 10 3500

3000

2500

[ 50 100 150 200 250 50 100 150 200 250

(c) (d)

6
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2000
2
0
E 5 %

50 100 150 200 250

(h) (i)

df

1000

0

12675, Sm(0) = 13314, ir(a, 0) = 345(a + 3)e 043, j (7,

0) = 360(r + 3)e %273, (a) i¢(a, t) changes with a and t. (b) if (a, t) changes with a. (c) I (t) changes with t. (d) if (q, t) changes with t. (e) If (a) changes with a. (f)

im(7, t) changes with 7 and t. (g) im(7, t) changes with 7. (h)
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-1 -0.5 0 0.5 1

Fig. 7. Tornado plot of PRCCs in regard to .#.

The infection rate function $(a) is

0.03*10>32, a<15,
2

Br(a) = { 0.03*107>32 4+ 0.048(a — 15)e 098301 %10-532 15 < g <45,

0.048%107°32, a>45.
and Bn(7) is
0.25%107>, 7<15,
2

Bm(1) = 0.25%107° + 0.49(7 — 15)e 29730105 15 < 7 <45,

0.49%107>, T > 45.

The infection rate functions chart is displayed in Fig. 8.

Fig. 9(a) and (f) show the three-dimensional diagrams with respect to infection-age and time of infectious female and
infectious male, respectively. From Fig. 9(b) and (c), we can see that the density and number of infectious female are slowly
rising to the peak and then gradually falling to steady state. From 9(g) and 9(h), we can see that the density and number of
infectious male are firstly decreasing, quickly rising to the peak and then slowly falling to steady state. From Fig. 9(d) and
(e)(9(i) and 9(j)), we can see that the density and number of infectious female(male) are gradually decreasing.

B

1F ) .
0 : — N ; i i :
0 10 20 30 40 a0 =] 70 80 90 100

Fig. 8. The infection rate functions.
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Fig. 9. #q; = 13.6832 and #g, = 0.9990, where v = 0.0715, Ay = 4920, A, = 6600, S;(0) = 7675, S,(0) = 8314, if(a, 0) = 245(a + 3)e 023, (7,
0) = 260(7 + 3)e %2+3) (a) i (a, t) changes with a and . (b) if (a, t) changes with a. (c) Ir (t) changes with . (d) if (a, t) changes with t. (e) Is (a) changes with a. (f)
im(7, t) changes with 7 and t. (g) im(7, t) changes with 7. (h) I5(t) changes with t. (i) im(7, t) changes with t. (j) I,(7) changes with 7.

Fig. 10 shows that Ay, A, 6 (a) and B,(7) are positive influence, and u, «, y are negative influence on .%,. Among these
parameters, v, 4 and « are more negative impacts on .%. Thus, reducing Af, Ay, and B(7) to more effectively control AIDS
spread.

Cased. #or>1and Zom>1.

The infection rate function (a) is

0.26%107>, a<15,
2
Br(@) =< 0.26*107° + 0.68(a — 15)e~098(@-30)°x10-5 15 < g<45,
f
0.68*107, a > 45.

and Bn(7) is

-1 -0.5 0 0.5 1

Fig. 10. Tornado plot of PRCCs in regard to .%,.
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0.35%107°, 7<15,
Bm(T) = { 0.35¥1075 +0.79(1 — 15)e"09—30°+10-5 15 < 7 <45,
0.79*1072, T > 45.

The infection rate functions chart is displayed in Fig. 11.

Fig. 12(a) and (f) show the three-dimensional diagrams with respect to infection-age and time of infectious female and
infectious male, respectively. From Fig. 12(b) and (c)(9(g) and 9(h)), we can see that the density and number of infectious
female(male) are firstly decreasing, quickly rising to the peak and then slowly falling to steady state. From Fig. 12(d) and
(e)(12(i) and 12(j)), we can see that the density and number of infectious female(male) are gradually decreasing.

Fig. 13 shows that A, Ay, Br(a) and B,(7) are positive influence, and u, o, v are negative influence on .%#y. Among these
parameters, v, i and « are more negative impacts on .%,. Thus, reducing Asand A, to more effectively control AIDS spread.

12210 . . :

—pBf

0.2t 1

L

00 20 40 60 80 100

Fig. 11. The infection rate functions.
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Fig. 12. 7q = 10.6332 and %oy = 10.7094, where y = 0125, Ay = 4920, Ay = 6600, Sr(0) = 7675, Sp(0) = 8314, ir(a, 0) = 245(a + 3)e X3, i (7,
0) = 260(7 + 3)e %273, (a) i¢ (a, t) changes with a and t. (b) if (a, t) changes with a. (c) I (t) changes with t. (d) if (q, t) changes with t. (e) If (a) changes with a. (f)
im(7, t) changes with 7 and t. (g) im(7, t) changes with 7. (h) I,(t) changes with t. (i) in(7, t) changes with t. (j) I,(7) changes with 7.
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-1 -0.5 0 0.5 1

Fig. 13. Tornado plot of PRCCs in regard to .%.

7. Conclusions and discussion

In this paper, we mainly focus on the derivation and analysis of an age-infection-structured HIV model with heteroge-
neous transmission. Under our assumptions, based on the characteristics of system (2.2), we obtain it is bounded. And the
local and global dynamics are shown to be completely determined by the basic reproduction number. The disease dies out if
% is less than one, otherwise the disease exists. Local stabilities of disease-free equilibrium and endemic equilibrium can be
proved by linearizing systems at their equilibria. Meanwhile, we construct two Lyapunov functions to show that the global
stabilities of equilibria. Finally, we take four special cases of the basic reproduction number to study how % affect the density
and number of infectious female and male individuals to support theoretical results and sensitivity analysis is performed by
the method of partial rank correlation coefficient to observe the significance of each parameter for .%;. By sensitivity analysis
of parameters, we could know that v, u and « are more negative impacts on .%#g and we could reduce recruitment rate into
population and infection incidence to more effectively control AIDS spread.

The establishment of HIV dynamic model by considering age-infection and heterogeneous transmission is helpful to
understand HIV transmission process. It improves the application value of HIV model in practice and provides clearer
guidance for taking preventive measures. However, this paper does not consider HIV other transmission modes such as
bisexual and vertical transmission. System (2.2) also applies only to sexually transmitted diseases and it is not universal.
Furthermore, we will consider other influencing factors such as the different mortalities between female and male in-
dividuals, chronological age and bisexuals transmission which help to more accurately analyze HIV transmission dynamics
and apply to other sexually transmitted diseases.

Funding

This work is partly supported by the National Sciences Foundation of China (Nos. 11971278, 61873154). The 1331 Engi-
neering Project of Shanxi Province, China. Health Commission of Shanxi Province (2020XM18).

CRediT authorship contribution statement
Juping Zhang: Funding acquisition, Investigation, Methodology, Project administration, Writing — original draft, Writing

— review & editing. Linlin Wang: Methodology, Software, Writing — original draft, Writing — review & editing. Zhen Jin:
Investigation, Methodology, Project administration, Writing — review & editing.

Declaration of competing interest

The authors have declared no conflict of interest.

References

Barril, C,, Calsina, A., Cuadrado, S., & Ripoll, J. (2021). Reproduction number for an age of infection structured model. Mathematical Modelling of Natural
Phenomena, 16, 42. https://doi.org/10.1051/mmnp/2021033

Chekroun, A., & Kuniya, T. (2020). Global threshold dynamics of an infection age-structured SIR epidemic model with diffusion under the Dirichlet boundary
condition. Journal of Differential Equations, 269(8), 117—148. https://doi.org/10.1016/j.jde.2020.04.046

456


https://doi.org/10.1051/mmnp/2021033
https://doi.org/10.1016/j.jde.2020.04.046

J. Zhang, L. Wang and Z. Jin Infectious Disease Modelling 9 (2024) 437—457

Chen, S., Small, M,, Tao, Y., & Fu, X. (2018). Transmission dynamics of an SIS model with age structure on heterogeneous networks. Bulletin of Mathematical
Biology, 80(8), 2049—2087. https://doi.org/10.1007/s11538-018-0445-z

Frioui, M. N., Touaoula, T. M., & Ainseba, B. (2020). Global dynamics of an age-structured model with relapse. Discrete & Continuous Dynamical Systems-B,
25(6), 2245. https://doi.org/10.3934/dcdsb.2019226

Huang, G., Liu, X., & Takeuchi, Y. (2012). Lyapunov functions and global stability for age-structured HIV infection model. SIAM Journal on Applied Mathe-
matics, 72(1), 25—38. https://doi.org/10.1137/110826588

Inaba, H. (1993). An age-structured two-sex model for human population reproduction by first marriage. Number 15. Institute of Population Problems, Ministry
of Health and Welfare.

Inaba, H. (2000). Persistent age distributions for an age-structured two-sex population model. Mathematical Population Studies, 7(4), 365—398. https://doi.
org/10.1080/08898480009525467

Kuniya, T., Wang, ]., & Inaba, H. (2016). A multi-group SIR epidemic model with age structure. Discrete & Continuous Dynamical Systems-B, 21(10), 3515.
https://doi.org/10.1080/08898489509525393

Liu, H., Yu, J., & Zhu, G. (2008). Global behaviour of an age-infection-structured HIV model with impulsive drug-treatment strategy. Journal of Theoretical
Biology, 253(4), 749—754. https://doi.org/10.1016/.jthi.2008.04.021

Magal, P., McCluskey, C. C., & Webb, G. F. (2010). Lyapunov functional and global asymptotic stability for an infection-age model. Applicable Analysis, 89(7),
1109—1140. https://doi.org/10.1080/00036810903208122

Martcheva, M. (1999). Exponential growth in age-structured two-sex populations. Mathematical Biosciences, 157(1—2), 1-22. https://doi.org/10.1016/S0025-
5564(98)10074-3

Martcheva, M. (2015). An introduction to mathematical epidemiology. Springer.

Martcheva, M., & Milner, F. A. (1999). A two-sex age-structured population model: Well posedness. Mathematical Population Studies, 7(2), 111—129. https://
doi.org/10.1080/08898489909525450

Mukandavire, Z., Chiyaka, C., Magombedze, G., Godfrey, M., & Malunguza, N. ]. (2009). Assessing the effects of homosexuals and bisexuals on the intrinsic
dynamics of HIV/AIDS in heterosexual settings. Mathematical and Computer Modelling, 49(9—10), 1869—1882. https://doi.org/10.1016/j.mcm.2008.12.012

Nowak, M., & May, R. M. (2000). Virus dynamics: Mathematical principles of immunology and virology: Mathematical principles of immunology and virology.
UK: Oxford University Press.

Perelson, A. S., & Nelson, P. W. (1999). Mathematical analysis of HIV-1 dynamics in vivo. SIAM Review, 41(1), 3—44. https://doi.org/10.1137/
S003614459833510777

Salle, J. P La (1976). The stability of dynamical systems. In Regional conference series in applied mathematics. SIAM.

Shen, M., & Xiao, Y. (2016). Global stability of a multi-group SVEIR epidemiological model with the vaccination age and infection age. Acta Applicandae
Mathematica, 144(1), 137—157. https://doi.org/10.1007/s10440-016-0044-7

Shen, M,, Xiao, Y., & Rong, L. (2015). Global stability of an infection-age structured HIV-1 model linking within-host and between-host dynamics. Math-
ematical Biosciences, 263, 37—50. https://doi.org/10.1016/j.mbs.2015.02.003

Shen, M,, Xiao, Y., Rong, L., & Zhuang, G. (2019). Global dynamics and cost-effectiveness analysis of HIV pre-exposure prophylaxis and structured treatment
interruptions based on a multi-scale model. Applied Mathematical Modelling, 75, 162—200. https://doi.org/10.1016/j.apm.2019.05.024

Soufiane, B., & Touaoula, T. M. (2016). Global analysis of an infection age model with a class of nonlinear incidence rates. Journal of Mathematical Analysis and
Applications, 434(2), 1211—-1239. https://doi.org/10.1016/j.jmaa.2015.09.066

Sun, R. (2010). Global stability of the endemic equilibrium of multigroup SIR models with nonlinear incidence. Computers & Mathematics with Applications,
60(8), 2286—2291. https://doi.org/10.1016/j.camwa.2010.08.020

Thomas, E. K., Gurski, K. F, & Hoffman, K. A. (2015). Analysis of SI models with multiple interacting populations using subpopulations. Mathematical
Biosciences and Engineering, 12(1), 135. https://doi.org/10.3934/mbe.2015.12.135

Wang, X., Chen, Y., Martcheva, M., & Rong, L. (2020). Asymptotic analysis of a vector-borne disease model with the age of infection. Journal of Biological
Dynamics, 14(1), 332—367. https://doi.org/10.1080/17513758.2020.1745912

Wang, L, Liu, Z,, & Zhang, X. (2016). Global dynamics for an age-structured epidemic model with media impact and incomplete vaccination. Nonlinear
Analysis: Real World Applications, 32, 136—158. https://doi.org/10.1016/j.nonrwa.2016.04.009

Wang, J., Zhang, R., & Kuniya, T. (2015). Global dynamics for a class of age-infection HIV models with nonlinear infection rate. Journal of Mathematical
Analysis and Applications, 432(1), 289—313. https://doi.org/10.1016/j.jmaa.2015.06.040

World health organization. https://www.who.int/.

Wu, P, & Zhao, H. (2020). Modeling and dynamics of HIV transmission among high-risk groups in Guangzhou city, China. Journal of Applied Analysis &
Computation, 10(4), 1561—1587. https://doi.org/10.11948/20190252

Wu, P, & Zhao, H. (2021). Mathematical analysis of an age-structured HIV/AIDS epidemic model with HAART and spatial diffusion. Nonlinear Analysis: Real
World Applications, 60, Article 103289. https://doi.org/10.1016/j.nonrwa.2021.103289

Zhang, S., & Guo, H. (2018). Global analysis of age-structured multi-stage epidemic models for infectious diseases. Applied Mathematics and Computation,
337, 214—233. https://doi.org/10.1016/j.amc.2018.05.020

Zhang, S., & Xu, X. (2016). A mathematical model for hepatitis B with infection-age structure. Discrete & Continuous Dynamical Systems-B, 21(4), 1329.
https://doi.org/10.1007/s10440-016-0044-7

457


https://doi.org/10.1007/s11538-018-0445-z
https://doi.org/10.3934/dcdsb.2019226
https://doi.org/10.1137/110826588
http://refhub.elsevier.com/S2468-0427(24)00008-3/sref6
http://refhub.elsevier.com/S2468-0427(24)00008-3/sref6
https://doi.org/10.1080/08898480009525467
https://doi.org/10.1080/08898480009525467
https://doi.org/10.1080/08898489509525393
https://doi.org/10.1016/j.jtbi.2008.04.021
https://doi.org/10.1080/00036810903208122
https://doi.org/10.1016/S0025-5564(98)10074-3
https://doi.org/10.1016/S0025-5564(98)10074-3
http://refhub.elsevier.com/S2468-0427(24)00008-3/sref12
https://doi.org/10.1080/08898489909525450
https://doi.org/10.1080/08898489909525450
https://doi.org/10.1016/j.mcm.2008.12.012
http://refhub.elsevier.com/S2468-0427(24)00008-3/sref15
http://refhub.elsevier.com/S2468-0427(24)00008-3/sref15
https://doi.org/10.1137/S003614459833510777
https://doi.org/10.1137/S003614459833510777
http://refhub.elsevier.com/S2468-0427(24)00008-3/sref17
https://doi.org/10.1007/s10440-016-0044-7
https://doi.org/10.1016/j.mbs.2015.02.003
https://doi.org/10.1016/j.apm.2019.05.024
https://doi.org/10.1016/j.jmaa.2015.09.066
https://doi.org/10.1016/j.camwa.2010.08.020
https://doi.org/10.3934/mbe.2015.12.135
https://doi.org/10.1080/17513758.2020.1745912
https://doi.org/10.1016/j.nonrwa.2016.04.009
https://doi.org/10.1016/j.jmaa.2015.06.040
https://www.who.int/
https://doi.org/10.11948/20190252
https://doi.org/10.1016/j.nonrwa.2021.103289
https://doi.org/10.1016/j.amc.2018.05.020
https://doi.org/10.1007/s10440-016-0044-7

	Global stability for age-infection-structured human immunodeficiency virus model with heterogeneous transmission
	1. Introduction
	2. Model formulation
	3. Equilibria and basic reproduction number
	4. Local stabilities of equilibria
	4.1. Local stability of disease-free equilibrium
	4.2. Local stability of endemic equilibrium

	5. Global stabilities of equilibria
	5.1. Global stability of disease-free equilibrium
	5.2. Global stability of endemic equilibrium

	6. Numerical simulations and sensitivity analysis of parameters for R0
	7. Conclusions and discussion
	Funding
	CRediT authorship contribution statement
	Declaration of competing interest
	References


