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We present a formal mathematical modeling framework for a multi-agent sequential decision problem
during an epidemic. The problem is formulated as a collaboration between a vaccination agent and learn-
ing agent to allocate stockpiles of vaccines and tests to a set of zones under various types of uncertainty.
The model is able to capture passive information processes and maintain beliefs over the uncertain state
of the world. We designed a parameterized direct lookahead approximation which is robust and scalable
under different scenarios, resource scarcity, and beliefs about the environment. We design a test allo-
cation policy designed to capture the value of information and demonstrate that it outperforms other
learning policies when there is an extreme shortage of resources (information is scarce). We simulate the
model with two scenarios including a resource allocation problem to each state in the United States and
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Keywords:

Decision processes
Uncertainty modeling
Reinforcement learning

the nursing home example demonstrates the robustness under extreme resource shortages.
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1. Introduction

During the early months of 2020, it became evident that the
SARS-CoV-2 virus was spreading through the global population at
an alarming rate. The mitigation strategies in place were not suffi-
cient to handle a crisis at this scale, devastating global economies
and supply chains. After the tragic losses to life and economic
damage suffered, it is imperative to reflect on the nature of the
problem which was faced and how to act differently in the future.

The greatest challenge decision-makers face at the onset of an
epidemic is the huge set of unknowns. There is uncertainty about
the features of the disease, such as transmission rates, recovery
rates, and death rates. There is uncertainty about the dynamics of
the disease, such as exposure time to infection, reinfection rates,
or asymptotic spreading. Once personal protective equipment is
available, there is uncertainty about the effectiveness and public
use. Once testing kits are available, there is uncertainty about test-
ing accuracy and infectivity measurements in the population. Once
vaccines are available, there is uncertainty about efficacy rates and
public confidence. As the resources available to fight the disease
are manufactured, there is uncertainty about the production rates.
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Number FA9550-19-1-0203).
* Corresponding author.
E-mail address: lathul@princeton.edu (L. Thul).
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In the face of all the unknowns, decision-makers must act swiftly
and strategically to mitigate the spread of the disease in a crucial
period of time.

The epidemic problem setting has enumerable complexities as-
sociated with it. In this paper, we will focus on a subset of the
problems faced by decision-makers. Specifically, we will focus on
the problem of allocating vaccines throughout a region when the
state of the epidemic is not known perfectly to the decision-maker.
We assume that the sequential decision problem begins at the on-
set of vaccine production, so there will be extreme shortages of
vaccines which will rollout as they are manufactured. Additionally,
a limited stockpile of testing kits are also produced which implies
there are a limited number of observations available to the vaccine
distributors. Hence, the decision-maker must capture how valuable
the observations are with respect to learning the true state of the
epidemic in local zones. Fig. 1 illustrates the problem of allocating
stockpiles of vaccines and testing kits to zones.

During the SARS-CoV-2 epidemic, the initial vaccine distribu-
tion strategy was to allocate vaccines proportional to the number
of adults in each state as soon as they became available (Simunaci,
2020). In this paper, we design a policy using a parameterized
rolling horizon stochastic optimization technique and compare it
to other classes of policies. The formulation of a proper model to
design allocation policies which can adapt to the non-stationary
stream of data allows for more robust management of resources.
In reality, there are different goals for allocating testing kits and
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Fig. 1. Illustration for the vaccine and testing kit allocation problem to multiple zones. An allocation of vaccines and testing Kits is distributed from stockpiles and sent to a
given zone. Each zone also demonstrations positive observations of an underlying dynamic disease process.

vaccines, but when these problems are considered jointly the lim-
ited resources can be used more effectively. It is uncommon in
the broad literature to find a multi-agent problem where there are
agents which can change the state of the environment and agents
which learn about the environment considered jointly.

There are many modeling and algorithmic challenges presented
in this application setting. The region is partitioned into a set of
zones and each zone will get individual allocations of vaccines and
testing kits. This leads to the set of possible decisions becoming
very high dimensional. Each zone also has sets of individuals in
different states related to the epidemic. For example, a percent-
age of the population is infected with the disease, a percentage is
susceptible to the disease, and a percentage is vaccinated or im-
mune to the disease. From the decision-makers perspective, the
true state of the infection within the population is not known per-
fectly, so probability distributions must be maintained as informa-
tion is processed over time. This leads to state spaces over param-
eters of probability distributions, which grow very large and diffi-
cult to handle. The set of possible observations from each zone is a
function of the number of tests allocated to it, so the observation
spaces become very high dimensional as the number of zones in-
crease. The high dimensionality of multiple aspects of the problem
will lead to a limited set of approaches we can consider from the
existing literature.

There are many different agents allocating resources during a
pandemic at all levels (federal, state, local) of government or orga-
nizations. The framework in this paper will develop a model with
hyperparameters that can be adjusted to simulate the scenario for
the decision-maker. This paper will consider two scenarios to high-
light the robustness and scalability of the framework. We simulate
the federal allocations of vaccines and tests as separate agents in
the federal government to each state. The scenario demonstrates
the model and policies designed can scale to populations of hun-
dreds of millions of people and millions of resources available. The
second scenario models state-level agents allocating tests and vac-
cines to nursing homes in the state of Nevada. The scenario is
designed to highlight the robustness of the framework to handle
extreme resource shortages. Some local areas will not receive as
many resources due to budgets at higher levels in the supply chain
or worse outbreaks in other areas in the country. Therefore, it is
imperative to ensure the framework is robust when the availability
of resources is scarce. Hence, this scenario demonstrates the model
is able to capture the value of information collected and the vac-
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cine allocation policies can effectively adapt as new information
streams in.
This paper makes the following contributions:

o We present the first formal multi-agent modeling extension to
the unified framework for an epidemic application. We formu-
late a mathematical model for a multi-agent stochastic resource
management problem that combines resource allocation (for
the vaccines) with active learning (through testing). This model
is able to capture passive information processes and perform
active learning to improve the belief states by querying valu-
able observations.

We propose a vaccine allocation policy which solves a parame-
terized direct lookahead model. The parameterization must be
tuned using policy search. Furthermore, we demonstrate the
necessary, but rare in the literature, search over policies across
multiple communities of stochastic optimization. In our search,
we tested all four classes of policies, but omitted policies with
the worst performance due to space.

We propose a test kit allocation policy by formulating a surro-
gate function and drawing from one-step lookahead acquisition
functions from the Bayesian optimization literature. We demon-
strate the utility of active learning through the test kit alloca-
tion policy when resources are extremely scarce.

We demonstrate that under extreme resource shortages the
proposed vaccination allocation and learning policies work best
in conjunction compared to all other combinations of policies.
The nursing home simulation highlights the power of using ac-
tive learning to guide an implementation decision under re-
source scarcity.

The paper is organized as follows. Section 2 summarizes the
literature about vaccine distribution strategies, stochastic optimiza-
tion, and similar areas of research to this paper. Section 3 describes
the multi-agent mathematical model using the unified framework.
Section 3 is broken down into the environment agent model and
controlling agent models. The controlling agent section presents
the learning model, and vaccination model. Section 4 describes
the formulation of policies for the vaccination agent and learning
agent. Section 5 discusses the results of implementing the model
on simulators designed for two different scenarios of the environ-
ment agent. Section 6 concludes and summarizes the results and
contributions of the research.
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2. Literature review

There have been various computational and mathematical
strategies for simulation, forecasting, and control of epidemics. One
of the most common ways to model a pandemic is to use com-
partmental models. Kermack & McKendrick (1927) creates the SIR
model which is the most basic compartmental model consisting
of three groups within a population: those susceptible (S) to the
disease, those infected (I) with the disease, and those removed
(R) from the population (from death, recovery, or immunity). Tang
et al. (2020) reviews the literature about compartmental mod-
els and provides various extensions of the SIR model such as
susceptible-exposed-infected-recovered (SEIR), spatial SIR models,
spatiotemporal SIR models, and other possible multi-compartment
extensions. Greenwood & Gordillo (2009) provides a review of the
SIR model with stochastic transmission rates.

The literature regarding decision-making strategies to combat
an epidemic is large and spans many disciplines. There are strate-
gies regarding control via public policy, pharmaceutical or vaccine
intervention. Kohler et al. (2020) and Morato, Pataro, da Costa, &
Normey-Rico (2020) use public policy controls (e.g. social distanc-
ing/lockdowns) to mitigate the spread of infection when a vac-
cine is unavailable. Buhat, Duero, Felix, Rabajante, & Mamplata
(2021) develops equitable testing kit allocation strategies to med-
ical centers in the Philippines. Lin, Zhao, & Lev (2020) models
a problem to decide whether a distributor will transport vac-
cines through a cold chain or a non-cold chain to ensure that
they are still viable at administration. Ekici, Keskinocak, & Swann
(2008) uses a complex spatial SEIR model in conjunction with an
age-based component to decide who to feed during a flu pan-
demic in Georgia by setting up food distribution centers. Dai, Cho,
& Zhang (2016) models an influenza supply chain in the U.S. con-
sisting of healthcare providers, manufacturers, and distributors to
ensure on-time delivery to each provider.

The allocation of vaccination and other pharmaceutical re-
sources is the most effective method for fighting an epidemic.
Duijzer, van Jaarsveld, & Dekker (2018) specifies a hybrid vac-
cine strategy for early intervention with low efficacy vaccines and
later intervention with high efficacy vaccines. Some pharmaceuti-
cal and vaccine intervention strategies optimize the one-time al-
location of resources at the beginning of an epidemic. Martin,
Allen, Stamp, Jones, & Carpio (1993) applies rule-based vaccination
strategies to mitigate the spread of measles on a college campus.
Brandeau, Zaric, & Richter (2003) develops optimal vaccine alloca-
tion strategies across independent populations. Becker & Starczak
(1997) solves a linear programming problem for allocating vaccines
across a community of households. Allocation strategies for prob-
lems with small state spaces have been solved with optimal con-
trol strategies via the Hamilton-Jacobi-Bellman equations (Asano,
Gross, Lenhart, & Real, 2008; Ding, Gross, Langston, Lenhart, &
Real, 2007; Neilan & Lenhart, 2011; Zakary, Rachik, & Elmouki,
2017).

Bisset, Feng, Marathe, & Yardi (2009) and Porco et al. (2004) use
stochastic network models to overcome the homogenous mixing
issues with compartmental models. The former considers the vac-
cination decision at the onset of the epidemic and the latter im-
plements a ring-vaccination policy to fight a small-pox epidemic.
Zhang & Prakash (2014) formulates a graphical model to fight
a pandemic with uncertainty in the transmission rates reflected
through the edges in the graph. They propose and compare al-
gorithms to allocate a limited number of vaccines by removing
nodes in a network. Sélley, Besenyei, Kiss, & Simon (2015) and
Watkins, Nowzari, & Pappas (2019) implements nonlinear model
predictive control algorithms for optimizing compartmental epi-
demics in continuous time.
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Intervention strategies for multi-stage optimization of vac-
cine allocation have been studied. Bytahtakn, des Bordes, & Kb
(2018) creates a multi-stage formulation for solving a mixed inte-
ger program. Dasaklis, Rachaniotis, & Pappis (2017) proposes a lin-
ear programming model for optimizing vaccine demand in a sup-
ply chain model to control a smallpox outbreak of multiple time
periods of a campaign. Nguyen & Carlson (2016) formulates a spa-
tial SIR model for allocating vaccines among a small set of loca-
tions.

Stochastic resource allocation problems for epidemics have
been studied throughout the literature. Yarmand, Ivy, Denton,
& Lloyd (2014), Tanner, Sattenspiel, & Ntaimo (2008), Tanner &
Ntaimo (2010) use two-stage stochastic programming formulations
to allocate vaccines with uncertain parameters such as transmis-
sion rates, cost of vaccines, and mobility between regions. Cosgun
& Esra Byktahtakn (2018) develops an approximate dynamic pro-
gramming model using state aggregation for the dynamic alloca-
tion of resources during an AIDS epidemic. Dimitrov, Goll, Hu-
pert, Pourbohloul, & Meyers (2011) develops an upper confidence
bounding for trees algorithm for allocating antiviral drugs into
a spatially distributed region with an aggregated action space.
Probert et al. (2018) develops real-time forecasting models and an-
alytic intervention strategies to mitigate the spread of a disease.
Du, Sai, & Kong (2021) develops a rolling horizon scenario-based
stochastic programming solution which can make decisions under
uncertainty during a cholera outbreak. Han, Preciado, Nowzari, &
Pappas (2015) designs an optimal resource allocation solution us-
ing geometric programming and robust optimization.

The value of learning through testing is also important if there
are a limited number of testing kits to allocate. Shea, Tildesley,
Runge, Fonnesbeck, & Ferrari (2014) captures the value of learn-
ing in an epidemic with the expected value of perfect information
metric. Aside from epidemics, there are other problems which cap-
ture the value of learning through Bayesian optimization frame-
works. We seek to perform active learning through the Bayesian
optimization frameworks discussed in Frazier (2018) and Shahriari,
Swersky, Wang, Adams, & De Freitas (2015). Active learning has
been used for optimizing nonlinear belief models (Han & Powell,
2020). It has also been used for materials science (e.g. Packwood,
2017), engineering design (e.g. Imani & Ghoreishi, 2020), medical
decision making (e.g. Wang & Powell, 2016), and drug discovery
(e.g. Reyes & Powell, 2020).

There are various other stochastic optimization approaches for
resource allocation problems throughout the literature. Giilpinar,
Canakoglu, & Branke (2018) proposes an approximate dynamic pro-
gramming algorithm for assigning a limited number of resources
to as many tasks as possible. Creemers (2019) solves a preemp-
tive stochastic resource constrained scheduling problem by restruc-
turing the state space to efficiently solve a stochastic dynamic
program via lookup tables. Chalabi, Epstein, McKenna, & Claxton
(2008) solves a stochastic resource allocation problem with two
stage stochastic programming in the healthcare setting. They calcu-
late the expected value of perfect information to guide a learning
problem for collecting more information. Li & Womer (2015) solves
a stochastic resource-constrained project scheduling problem with
approximate dynamic programming. They blend a rollout looka-
head policy with a lookup table policy to achieve an efficient
closed loop solution to their problem. Osorio, Brailsford, & Smith
(2018) solves the problem of assigning donors to collection meth-
ods in a blood supply chain. They devise a stochastic integer lin-
ear programming model which couples the sample average ap-
proximation method with the epsilon-constraint algorithm. Powell
(2019) designs a unified framework for stochastic optimization
which ties together the strategies from over 15 different commu-
nities into four different classes of policies. Each of the stochastic
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optimization strategies listed in Powell (2019) can be aggregated
into the four classes of policies. The four classes provide a basis
for searching over all classes of policies; which is extremely rare
in the literature.

Decision-making with a partially observable state of the world
can be modeled as a partially observable Markov decision process
(POMDP) (e.g. Cassandra, Kaelbling, & Littman, 1994). This model-
ing approach is widely used for problems with unobservable pa-
rameters or quantities, but it suffers from severe computational
limitations (it probably cannot be applied to a problem in this
paper with more than 3 or 4 zones). The ability to and the ex-
act optimal solution is almost never possible for real world prob-
lems; in fact, the finite horizon POMDP is PSPACE-complete (e.g.
Pineau et al. (2006)). Often overlooked, however, are subtle mod-
eling assumptions that would not apply for our epidemic setting.
In particular, the policy derived from the belief MDP uses the one-
step transition matrix which, aside from being computationally in-
tractable, implicitly assumes that the transition function is known
to the controller. This means that the controller actually knows the
dynamics of how the disease is communicated, which is not the
case with COVID-19.

Pineau et al. (2006) gives a set of solutions using a point-
based value iteration approach and compares it to other POMDP
solvers. Ross et al. (2008) derives online planning algorithms for
the POMDP problem. Hoey and Poupart (2005) formulates strate-
gies for solving POMDPs with continuous and multi-dimensional
observations spaces. Roy et al. (2005) attempts to circumvent the
curse of dimensionality by finding a low dimensional belief space
embedded in the high dimensional belief state to project into.
There have been many algorithms developed for solving POMDPs
to make the solutions tractable, but the computational complex-
ities suggest that they would still only work for problems with
small state, action, and observation spaces compared to the size
of the problem discussed in this paper.

This paper captures uncertainty in the state of the epidemic
while managing a limited vaccination resource (which can directly
impact the environment) and a limited learning resource (which
can only measure the environment through limited testing). Du
et al. (2021) is the most recent and relevant research to our vacci-
nation agent’s strategy. They perform a rolling horizon policy with
uncertainty around the parameters of their model. Our research
differs in three major ways. Firstly, the multi-agent modeling we
develop with the unified framework is different from their model-
ing strategy because we capture learning and vaccination through
different agents. The learning agent must learn through observa-
tions with a limited number of resources. Our learning agent also
learns about the probability over the compartments of the state
space, instead of just the parameters of the model. Second, our
controller is robust to changes to the environment model. In fact,
any increasingly complex epidemic which can be tested for infec-
tions and responds to a vaccine decision could plug and play with
our controller models and adaptively mitigate the spread of a virus
because the environment is a black box. We demonstrate the ver-
satility of our framework by implementing the model on scenar-
ios with very large populations with moderate resource availabil-
ity, as well as smaller populations under extreme resource short-
ages. Third, they present a scenario-based rolling horizon model,
whereas, we present a parameterized multi-stage lookahead ap-
proximation which can be tuned to work best under different sce-
narios.

3. Multi-agent modeling framework
This section presents a mathematical framework extending the

unified framework presented in Powell (2019) to a multi-agent set-
ting with an epidemic application under partial observability. The
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Fig. 2. Flowchart of interactions within the multi-agent model. The learning agent
makes test kit allocation decisions, xI™ and receives a random number of positive
samples in return, f,,;, from the environment. The vaccination agent receives the
belief state, By, from the learning agent model and uses the new information to
make a vaccine allocation decision, x}*°. The dynamics of the environment are di-
rectly changed by the vaccination agent.

standard unified framework is designed with the philosophy to
model first, then solve the problem. The model consists of five
components: the state variable, decision variables, exogenous in-
formation, transition function, and objective function. After the
model is constructed, the problem is solved by designing policies
by searching over the four classes of policies which encompass any
stochastic optimization solution strategy.

Then, we extend the standard unified framework modeling pro-
cess to a multi-agent formulation for partially observable systems.
In this paper, we have an environment agent and two controlling
agents. The environment agent represents the epidemic system and
does not make decisions, but it can be observed through tests and
impacted by vaccines. There are also two controlling agents which
collaborate together to complete a joint goal of minimizing the cu-
mulative number of new infections. There is a vaccination agent
responsible for allocating a dynamic stockpile of vaccines, n}* to a
set of zones and a learning agent responsible for allocating a dy-
namic stockpile of testing kits, nf® to the same set of zones.

Each agent has its own model from the five components of the
unified framework and its own policy function for making deci-
sions. They can characterize their own perspectives with individ-
ual models and make decisions according to its own individual
objectives using separate policies. We will demonstrate the multi-
agent collaboration between a learning agent and an vaccination
agent. The agents have unique abilities because they have different
resources. The learning agent is responsible for constructing and
maintaining a belief model describing the probability distributions
over the uncertain state of the environment: the belief state, B.
The learning agent communicates the belief state to the vaccina-
tion agent and it can utilize the new information to make the most
impactful vaccine allocation decisions.

Each agent has its own model, but the actual dynamics of the
environment will be represented as general functions. The learning
agent will make test allocation decisions, x!™, to receive samples of
infected individuals, I}H. Then, update the belief model, which it
will communicate to the vaccination agent to inform the vaccine
allocation decisions, x}. The flow of information between each
agent is displayed in Figure 2.

At each discrete time step there is a sequence of events that
occur. For example at time t, the samples from the previous test
allocation from time t — 1 are realized, which leads to a new be-
lief state, B;. Then, the belief state is transferred to the vaccina-
tion agent to make a vaccine allocation decision x}. The learning
agent uses the knowledge from the vaccine allocation to strategi-
cally allocate the tests at time t to be distributed to collect the new
samples for time t + 1.
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The following sections will present the mathematical model-
ing frameworks for each model. Section 3.1 presents the general
model for the environment agent. Section 3.2 presents the learn-
ing agent model which is prefaced by the belief model in section
3.2.1. Section 3.3 presents the vaccination agent model.

3.1. Environment agent

The region in this problem is partitioned into a set of zones
z € Z. Each zone within the region has a population of individuals,
N,. There is a disease present within the population which evolves
according to some fixed dynamics. Throughout the time horizon T,
there will be an exogenous process which will produce a stockpile
of vaccines, n¥®, and testing kits, ni®‘, at the beginning of each
time step.

The environment model is a passive agent, so it evolves through
time without making decisions. However, it has its own dynamics
and can be impacted by controller decisions. A passive agent only
has three of the five components of the unified framework because
it does not make decisions or have an objective. It has a state vari-
able, exogenous information, and transition functions. The ground
truth components of this model may be a complex simulator or
the real world. For the purposes of this paper, we limit the envi-
ronment state variable to be the states of the SIR model; however,
other compartmental extensions are easily appended to the model.
The general set of true parameters at time t are packaged into V.

Environment State Variable The environment state variable, Sf",
represents the information the environment would need to tran-
sition to the next state from time t onward. It has the following
form:

Stenv = (Stz, Il’Zs Rth \Ijt)zezy

where,

(1)

Si; = true number of individuals susceptible to the disease
in zonezat timet,

I;; = true number of individuals infected with the disease
in zonezat timet,

R, = true number of individuals removed (immune/vaccinated)
from susceptibility the disease in zonezat timet,

W, = true parameters of the SIR model at timet,

The assumed environment state at time O is separated from the
dynamic state because it includes latent variables which are fixed
over time, given by,

SS = (SOZv IOz, R027 \IJOZ’ Nz)ze&

where,

(2)

N, = the population of each zone.

Environment Exogenous Information The environment has dynami-
cally changing parameters. For example, the transmission rates, re-
covery rates, and vaccine efficacy are all streaming over time, but
the distributions are unknown. Additionally, from the environment
agent’s perspective the vaccine allocations are an exogenous infor-
mation process:
env
)

t+1 = (‘ijl’x?ac 3)

Environment Transition Function The true transition functions are
not known by the controllers and can be increasingly complex. We
denote the black-box transition function as fe"(Sg™, WEY).
Observation Function
The final component of the environment model is the observa-
tion function which draws samples from testing centers. Assume
the random variable it+l.z has a binomial distribution with param-

eters (n, p) = (X", ptet). The probability, pte, is the probability of
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randomly selecting an infected individual out of the population of
individuals who received a test at time t in zone z. This proba-
bility is affected by factors such as the likelihood of going to get
a test while showing symptoms, the likelihood of showing symp-
toms while positive and the probability of false positives and false
negatives. The exact impact those factors will have on p is not
known to the controller.

The real world will almost always be more complex than any
simulator of the environment, and a controlling agent would have
to approximate the real world to the best of its ability. The simu-
lator designed for this paper was made as complex and realistic as
possible by including more stochasticity and complexity than the
controlling agent model, and biasing the sampling to approximate
dynamic human behavior and asymptomatic spread. The true sim-
ulator models used to test this model is given by Appendix 8.2.

3.2. Learning agent

This section proposes a model for the learning agent using the
five components of the unified framework. The controller does not
have access to the environment agent’s state variable, Sf", or the
transition functions describing how they evolve, fe(Sg", WETY).
The distributions over the dynamic components of the environ-

ment state variable are maintained by the following belief model.

3.2.1. Belief model

In a sequential decision problem with imperfectly known states
and state transitions, the controller must maintain a belief model.
This belief model contains three major components:

1) the environment model assumptions,
2) the belief state,
3) the updating equations for the belief state.

Environment Model Assumptions The states of the environment
are random variables from the perspectives of the controlling
agents. Eq. (1) defines the general form for the environment state
variable. We assume the true parameters of the SIR model are

Qpi1 = (Bz Vz, é)zgzv
where,

B, = true transmission rate at timetin zonez,
y, = true recovery rate in zonez,
& = vaccine efficacy.

We assume the transmission rate is a dynamically changing
stochastic process in each zone, the recovery rate is fixed in each
zone, and the vaccine efficacy is the same for the entire region and
fixed over time. We argue these are reasonable assumptions be-
cause the transmission rates reflect human behavior within a zone
over time and can be time dependent and random. The recovery
rate reflects the latency between being infected and either natu-
rally recovering or dying from the illness so it is generally fixed
within each zone. It is heterogeneous between zones because the
healthcare and access to hospitals may be different. We assume
the vaccine technology over the time horizon is fixed so the vac-
cine efficacy does not change.

The assumed transition functions for the subpopulations in
the environment model follow a modified version of the classic
SIR compartmental model in epidemiology. The equations describe
how each subpopulation within each zone interacts and evolve
through the time horizon. The equations are given by,
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Stz = Stz — min(Sez, §X7°), (4)
S A )
z
_ :3t+l z
Iz= 0=yl + 123, (6)
Rit1z = Rez + Veliz + min(Sez, Ex:}ac) (7)

where S}, is the post-decision state of the susceptible group. The
post-decision state represents the state of the susceptible subpop-
ulation after the vaccination decision has been made, but before
the system transitions to t + 1. The post-decision state reflects the
individuals effectively vaccinated between time t and t + 1 and re-
moved from the susceptible population. The susceptible compart-
ment is reduced by the number of post-vaccination susceptible in-
teracting with infected people at each step. The infected compart-
ment gains those individuals, but individuals are removed at a rate
¥, into the removed compartment. The vaccinated individuals are
moved into the removed compartment.

The transmission rates are assumed to be random perturbations
in the interval (0,1) around an average B and have the following
form,

Brs1z = ,3-2 +é&P,

where, ¢f ~ Unif(-8#, +8P).

Belief State Since the learning agent cannot observe the envi-
ronment perfectly at time t it must maintain a probability distri-
bution over the entire state space: the belief state. The SIR model
assumes that the total population remains constant. Therefore, the
belief about the true percentage of each subpopulation in a zone
has the following property,

(8)

Stz + Itz + th = Nz- (9)

Let p7,, pl, and pR, denote estimates of the percentage of each pop-
ulation in each subpopulation of zone z at time t. The estimates
have the same property as the true parameters in Eq. (9). Hence,
the most natural distribution to reflect this structure is a multino-
mial distribution for each zone with parameters (N, pg,. pl,. pR).
Specifically given by,

(S[z, I, R[z) ~ MUIt(Nz’ ﬁfz’ ﬁiz’ ﬁfz)

Furthermore, this implies the dynamic belief state for the control-
ling agent models is given by,

Bt = (ﬁfp f)izﬂ f’fz)leZ“ (10)

Belief State Update The belief state updating equations take the ob-
servations, IAH],Z, queried from the testing centers and use them to
estimate the new belief state at t + 1. Each of the three estimates
le 2 pt+1 ,» and f)t 1 o in each zone z will need an updating equa-
tion. We will update the belief state through a Bayesian procedure
outlined in Fig. 3.

The first step to updating the model is to formulate priors
through the forecasting model. To forecast, the conditional expec-
tation of each subpopulation at t + 1 is estimated with the dynam-
ics we assumed in Egs. (4-7). The closed form expectation does not
exist, so we approximate it with normal distributions.

We denote variables in the forecast model with f and super-
scripted with the variable being forecasted from the current time t
and one for the future time t + 1 (e.g. f’[+1 , forecasts I). We state
the equations in Lemma 3.1, but leave the details to the Appendix.

Lemma 3.1. The predictions at t + 1 describe the conditional expecta-
tion of the subpopulations for each of the belief state variables passed
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through the transition function in Eqs. (4-7). As the size of the popu-
lation gets large, the multinomial distributions will converge into nor-
mal distributions in the limit. This property allows us to approximate
the conditional expectation of Eqs. (4-7) with respect to the belief
state. Let X = P ”2“ and Y_ItZ(SfZ x“ac), which are independent

random variables. Let E¢[-] = E[-|Bt, x{9]. The equations are given as

follows,
S “ B
=E S| Lz 0, tz 1, 11
onld]-we(d)n(H) o
Iy XY
beatz = Ef[ [1:}1‘2] = far MXY@(Z?Y) 7 ¢< -xy>’ (12)
z tz O,
It+1 V4 = IaXY
flevz= Et[ N, ] (1= )bt + i <D<6§(ZZY
+Utz d)('XY) (13)
O,
R Rii1z =R = =S S,x
firi1z = Et[ N, ] = Pz + V2P + P — friz» (14)
where,
7S _ (7S g vac
Ay, = (P, — 7X[ ),
- pr,(1 - py,)
Utsz — tz Nz tz ,
A = B[ X]E[Y],
6 = /Var[XY],

and @ is the standard normal cdf and ¢ is the standard normal pdf.
For explicit expressions and vaccination details for the moments of the
random variables X and Y, see the Appendix.

Proof. See Appendix. O

The sample of infected individuals from each zone are drawn
from a binomial distributions with x* samples from each zone de-
termined by the learning policy and unknown probability param-
eters. The conjugate prior for the binomial distribution is a beta
distribution which effectively puts a prior distribution over the un-
known parameters. The updating equation for the infected popula-
tion can be seen in Lemma 3.2.

Lemma 3.2. Let IAHM be a sample drawn from a binomial distribu-
tion with xg” trials. Let (o, ktz) be parameters of a beta distribution
encoding the prior information known about I, ,. The compound dis-
tribution produced by Bayes’ Theorem is a beta-binomial distribution.
The estimator for the probability of an infection, 15{ 41 IS given by,

It+1 z+ 0tz
xm AN,
A € (0,1) is a tunable weighting factor based on how much we trust

the observations versus the model. Hence, the beta distribution pa-
rameter is given by,

|
Otz = )\szpr] 2z

pt+1 z= (15)
(16)

Kez = AN; —

where, ﬁ{ 41 is computed using Eq. (13).

Oz, (17)

Proof. See Appendix. O

After the tests have been administered into the population, it is
possible to get an estimate of the number of infected individuals;
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Fig. 3. Flowchart displaying the updating procedure for the belief state.

however, there are two other groups in the population: suscepti-
ble and removed. Since we only have observations of the number
of infected individuals at time t + 1, then to estimate the suscepti-
ble and removed subpopulations we will use the predictions from
Lemma 3.1 and the posterior from Lemma 3.2.

Definition 3.1. Let IT,, be the projection operator for the set de-
fined by,

Apaz= {05 P e[0.1P: PP+ PR =1- i},

If the terms are not in the set A; in definition 3.1, then they
must be projected back to the nearest point. This projection op-
eration for the susceptible and removed subspopulations is then
given by,

(ﬁfﬂ,zv ﬁf—f—l,z) = HAz[(fts,Hl,z’ f5t+1,z)]' (18)

In summary, the controlling agent updates the parameters in the
belief state through the following process:

1) Make observations il'+1,z forall ze z,

2) Compute the belief state predictions using Lemma 3.1,

3) Compute the Bayesian update using Eq. (15) in Lemma 3.2,
4) Use Eq. (18) to update p7,, , and pf , .

3.2.2. Learning agent model

The learning agent is responsible for the allocation of testing
kits. The testing kits are used to collect information about the state
of the infection in each zone. The following subsection presents the
five components of the unified framework for the learning agent
model.

State Variable The state variable for the learning agent model
contains all information needed to update the learning agent tran-
sition functions, compute the policy, and evaluate the objective
function. The learning agent state variable is given by,

1 test
Strn (Bt, ntes , n;/ac)’

where,

B: = the belief state from timet,
n{“ = the number of vaccines available at timet,
nt®t = the number of tests available at timet.
The learning agent state variable is very similar to the vaccination
agent; however, it also needs the vaccine stockpile because it must
be able to compute the vaccination policy to evaluate the value
of collecting information. The initial state variable for the learning
agent is given by,
S(t)eSt = (307 nBESt, ngac, £, V2, Bz Nz)zez)-

Decision Variable The decision to allocate testing kits to each zone
follows the same structure as the vaccine allocation decision. The
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test kit decision is given by the vector x{®t, and constrained by the
total number of testing kits available, n{®.

Irn Irn Z| . Irn test
XM = {xi™ e NIZL Y " xt < niesty,
zeZ

(19)

The testing kit allocation also must remain in the set of natural
numbers because partial kits cannot be allocated.

Exogenous Information The exogenous information process con-
tains all information which streams into the learning agent. The
learning agent receives the random samples queried by the testing
kit allocation at time t. The learning agent also receives the vac-
cination decision from the vaccination policy. The learning agent
will receive the vaccination decision before it makes the testing kit
allocation at time t, and then receive all exogenous random infor-
mation between t and t + 1. The set of all exogenous information
is given by,

Vthm _ (ntest

+1 = (55 ez Vt+1,z)zez)~

We omit the vaccination decision from the process to reiterate that
it arrives earlier than t + 1.

Transition Function The transition function for the learning agent
describes the set of equations for updating each of the state vari-
ables. The test kit stockpile is evolving exogenously. The updating
procedure for the belief model is given in section 3.2.1.3, and the
explicit procedure for the components of the belief state are given
by Eqgs. (15) and (18).

Objective Function The joint goal of the agents is to minimize
the cumulative number of new infections. Hence, the one-step cost
is given by,

COSE™ XX = Yt —

zeZ

(20)

The true one-step cost is not possible to evaluate online, so the
expectation must be taken over the belief state. Therefore, the op-
timization problem for this problem becomes,

T-1
Lmin B33 COS™ XXM |S" 1 @1
t=0

where TT'™ is the set of all admissible testing kit allocation poli-
cies.

3.3. Vaccination agent

The vaccination agent is responsible for making vaccine alloca-
tion decisions. The remainder of this section lays out the five com-
ponents of the mathematical model for the vaccination agent: the
state variable, decision variable, exogenous information, transition
function, and objective function.
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3.3.1. Vaccination agent model
State Variables The state variables include the information which

is needed to compute the transition functions, objective function,
and policy at time t. Any information which is not changing dy-
namically remains a latent variable defined in the initial state. The
state variable for the vaccination agent’s base model is defined
as,
Stuac — (Bt» n;/ac)
where,

B:
n?uc

The initial state contains the initial dynamic variables and static
parameters of the model, given by,

S(])/ac = (BOa ﬂgac, &, 8ﬁ7 vz, BZNZ)ZEZ)A

Decision Variables The decision to allocate vaccines to each zone is
given by a vector, x/“¢, which is constrained by the total number
of vaccines available, n}?. Hence, the vaccine decision set is given
by,

vac vac Z| . vac vac
P = {xp e NIZL Y " < ey,
zeZ

(22)

= the belief state communicated from the learning agent,
= the number of vaccines available at timet.

(23)

Note, this set must be constrained to the natural numbers because
there cannot be partial vaccines distributed.

Exogenous Information The exogenous information, WY, repre-
sents all information that arrives between time t and t + 1. It is
given by,

25 = (Bera. nf). (24)

The vaccination agent is completely dependent on the information
arriving from the learning agent.

Transition Function The entire state variable arrives exogenously,
hence S/ = W¥.

Objective Function The one-step contribution for the joint goal is
given by Eq. (20). Hence, the optimization problem for this prob-

lem becomes,

min E
nvacenvac

T-1
Z C(Stem/, xl[}ac’ Xirn Sgac i (25)
t=0

where IT"% is the set of all admissible vaccination policies.
4. Designing policies

The policy is a mapping from the state space to the decision
space. At time t there are vaccination decisions (the number of
vaccines to allocate to each zone) and learning decisions (the num-
ber of testing kits to allocate to each zone). In section 4.1, we il-
lustrate two types of vaccination policies: one from the PFA class
and one is a parameterized DLA policy. In section 4.2, we present
a one-step lookahead learning policy for deciding which zones to
allocate testing kits to.

The policy, m, is a function used to map states into decisions
which we designate, X7 (-). There are two general strategies for
designing policies for stochastic optimization: policy search and
lookahead approximations. Policy search looks within a class of
functions for a policy that will work best with respect to some
metric. The lookahead approximation strategy approximates the
value a current decision will have on the future. The two solution
strategies can be organized into the four classes of policies refer-
enced in Powell (2019). The four classes of policies are defined as:

» Policy Function Approximations (PFA) are analytical functions
which map states to decisions. These are policy search strate-
gies because the parameters must be tuned to perform best.
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Some examples of PFAs are linear parametric functions, non-
parametric functions, and look-up tables

Cost Function Approximations (CFA) are policies that solve a
parameterized optimization model, where the parameters are
designed to account for uncertainty. Some examples of CFAs are
upper confidence bounding or introducing buffer stock when
optimizing a supply chain.

Value Function Approximations (VFA) are lookahead approx-
imation strategies which seek to solve Bellman’s optimality
equation with an approximation to the optimal value function.
The fields of approximate dynamic programming (Powell, 2011),
reinforcement learning (Sutton & Barto, 2018), and SDDP (Birge
& Louveaux, 2011).

Direct Lookahead Approximations (DLA) are lookahead strate-
gies which optimize approximate models that look directly into
the future. Some examples of DLAs are model predictive con-
trol (Agachi, Cristea, Csavdari, & Szilagyi, 2016) and Monte Carlo
tree search (Browne et al., 2012).

It is also possible to form hybrids between the four classes, such
as parameterizing a DLA which would be a hybrid between the CFA
and DLA classes. The next sections will present the best performing
policies for each agent from our simulation studies in section 5.

4.1. Vaccination policies

The vaccination decision in this problem chooses how many
vaccines to send to each zone, x{2. The decision space for the next
set of policies is given by Eq. (23). The state space for the vacci-
nation agent has 4|Z| + 1 dimensions; hence, as | Z| grows finding
the optimal policy becomes quickly intractable due to the curse of
dimensionality. Therefore, the approximation to the optimal policy
must be designed by searching through the four classes of policies
to find which one works best.

The following subsections will present policies from the PFA
class and the DLA class. The policy from the PFA class allocates
vaccines using an analytic function of the population of each zone.
The PFA policy is designed to resemble a myopic policy which
would be used by decision-makers in the real world. The DLA pol-
icy is a lookahead policy which solves a parameterized lookahead
model which models the future but adds parameters to be tuned
in order to adjust to the simulator (or real world online).

4.1.1. PFA: population-based allocations

The proportional PFA we present was the policy used for the
COVID-19 pandemic. It simply takes the proportion of the popula-
tion of each zone with respect to the total population, and creates
a weighting. Then, the weight is used to allocate the proportion of
the vaccines available. Hence,

vac

4.1.2. DLA: parameterized two-step lookahead approximation

The parameterized DLA creates an approximate model of the
future to make decisions at t by looking at the impact of deci-
sions in the future. The lookahead model consists of the five com-
ponents of the unified framework; however, parts of the model
have been simplified to make the problem more tractable. There
are several approximations that can simplify a lookahead model
such as, reducing the horizon length, discretizing states and/or de-
cisions, sampling using Monte Carlo methods, or creating a simple
policy within the lookahead model to simulate the future.

We perform multiple approximation methods for solving the
base model with the lookahead model. Firstly, we truncate the
horizon length to look two steps into the future. The model is still

XPFA(S;IGC) — \‘ (26)
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not solvable because the belief states are continuous and multidi-
mensional. We add a set of tunable parameters, P14 € (0,1) x R%,
to the lookahead model to perform various functions. The set of
parameters are given by 6P = (6y,6;,6,,605,0,). The first ele-
ment, 6y € (0,1) is used to parameterize the state space to select
a tunable percentile of the distribution over susceptible individu-
als in each zone. The second through fifth elements are used to
directly parameterize multiple elements of the nonlinear quadratic
program in lemma 4.1. The parameterization allows the simulator
to tune the policy to find a parameterization of the multi-stage
deterministic program which performs best over multiple Monte
Carlo evaluations of the simulation.

The following paragraphs will sketch the lookahead model. Any
variables superscripted by 6 are functions of the parameterization.
Lookahead State Variable The lookahead state variable includes the
approximate state variable which will be used to model the future.
The lookahead state variable chooses the 6, percentile of the sus-
ceptible population of each zone.

The lookahead state variable, 5;’35, is denoted with a tilde and
two time subscripts. The first time subscript describes the time t in
the base model and the second time subscript describes the time
t’ approximation in the future. The lookahead state variable is not
the same as the base model state variable at time t because the
approximations to the belief state must be realized. The lookahead
state variable at time t is given by,

& DA 550 =160 RO
St (07 = (pttz’ Ptiz> Piiz )zaz’

where,
s
~ _ o,
Biiz = P — @71 (00) -
'z
Bty = Plz.
~R.0 1 op
Dy, = PR+ @ (Qo)ﬁ
'z

Lookahead Decisions The state variable induces a tunable chance
constraint on the decision set to reduce the risk of allocating more
vaccines than susceptible individuals. Hence, the decision set is
given by,

vac 12| . svac vac svac
{R{EC e NIZL: Y RS < nf and Ry <
zeZ

Ay = sz" ZVZ e Z}.
Lookahead Exogenous Information The fBy, = B, for all time peri-
ods to approximate the future. Aiy7¢ = ny7¢ for all time periods to
approximate the future.

Lookahead Transition Functions The lookahead transition func-
tions are much simpler than the forecasting equations in the base
model because there is no longer an expectation. The decision set
restricts the number of vaccines allocated to be less than the num-
ber of susceptible individuals in the lookahead state variable. Also,
there is no conditional expectation over the belief state because
the approximations remove the uncertainty. The forecasting equa-
tions from Lemma 3.1 simplify to,

Bl = (1 At (- 0 ) @)
A (1 e Bt~ S o8)
~ = & .

Pivn: = Puin + Vebio, + Rt (29)

N,

Lookahead Objective Function The joint objective function from Eq.
(20) can be approximated with the lookahead model with the fol-
lowing equations,

333

European Journal of Operational Research 304 (2023) 325-338

CSLEe %) = Y NaBry,y ,(RHS) — Ny,
zeZ
- ZNZ( vt BBl - & ﬂziﬁ“i)ﬁ{[‘f (30)
zeZ

The optimization problem for a two-step lookahead approximation
is given by,

XIDLAQ = arg min C(Swnt Xit) _’_C(s[o[ni]’

Ree Ke o1

Xetr1), (31)
which is now the summation of multiple one-step costs in the fu-
ture. This formulation is much more manageable than trying to op-
timize the multi-period objective in the base model. The policy de-
rived from this optimization problem is given by,

ii/a(
Lemma 4.1. Let X; = | it

Xt
tion decision vector. Then, the policy can be rewritten as a non-convex

quadratic program given by,

] be the two stage lookahead vaccina-

XPH(Spc|P) = argmax X[ Q" + (0”)"xe, (32)
subject to  Kix; < h{, (33)
szt < hz. (34)

Explicit expressions for the objective function in Eq. (32) and the con-
straints (33) and (34) can be found in the Appendix. The matrix Q°
is deconstructed into block matrices and each block is parameterized
by 6, and 6. The vector q? is split into its first |Z| components and
second |Z| components and parameterized by 65 and 0,4 respectively.
QY has both positive and negative eigenvalues, in general; hence it is
not always positive semidefinite.

Proof. See Appendix. O

The optimization problem in Eq. (31) reduces to a problem
with a nonconvex quadratic objective function with linear con-
straints. This approximation can be solved in practice with a bi-
linear quadratic solver when | Z| is not too large (< 100). Addition-
ally, OPLA = (0, 6, 60,,05,64) € (0,1) x R, * which requires offline
parameter tuning to find the best value. The parameterizations will
effect performance and could change whether the program is con-
vex or not.

4.2. Learning policies

The second type of decision is to allocate tests to each zone
to learn about the state of the pandemic. At time t, the learning
agent must decide which zones to send the n{® kits after the vac-
cination policy has already been made. The learning decision will
impact the distribution of the random samples drawn from the en-
vironment and impact the vaccine allocation decisions in the fu-
ture. The large action space will limit the feasible acquisition func-
tions available from the literature. Many of the policies are chal-
lenging to optimize in high dimensional spaces due to the compu-
tational complexity. The restricted options will narrow down the
search over learning policies. In this section, we present a learning
policy designed to capture the value of information.

One-step Variance Maximization The surrogate objective is de-
signed to optimize the estimator from Eq. (15) because the other
random variables are functions of 15{ 41+ The surrogate function is
given by,

It+1 + ¢z

Irny _
four (xtrn) _ le . )

D NP, (™ =D N

zeZ zeZ

(35)
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where we assume I 1, ~ Bin(xI™, f! ., ).

Lemma 4.2. Let the mean and variance of the surrogate function be
given by,

H(Xirn) = ZNZf[l<t+1,zs (36)
zeZ
Uz(xf_r”) — Z Xgnatz’(tz()»NZ + Xg“ -

AN +1)

zeZ

where oy, and k¢, are parameters of the beta distribution prior given
by Egs. (16) and (17). Note, the mean function is a constant function
with respect to the test kit decision.

Proof. See Appendix. O

Lemma 4.2 reveals the mean and variance of the surrogate
function. The mean function is constant; hence, we will reduce
the uncertainty in the surrogate function by optimizing the sum
of variances. This leads to the policy in Lemma 4.3.

Lemma 4.3. Let Eq. (37) be the optimization problem used to pro-
duce the learning decisions via the acquisition function. The optimiza-
tion problem reduces to a non-convex quadratic program with linear
constraints given by,

max (x{™)"Dx;" + d"x", (38)
xtm
subject to  17xI™ < nlest
x'l:rn c N\Zl
where,
AizKez

)

b= dm([xz(mm
AezKzN;

d= [7] .
AAN +1) Jpez
Proof. See Appendix. O

The one-step variance maximization policy is designed to min-
imize the variance in the estimator at t + 1 by choosing to allocate
tests which will minimize the sum of forecasted variances. There-
fore, this policy creates a surrogate function designed to capture
the amount of useful information gained through testing by mini-
mizing the forecasted uncertainty in the next time step.

4.3. Fairness in allocation

Considering this problem makes decisions allocating resources
into a set of zones in a heterogeneous population, then it is im-
portant to address the problem of fairness in both testing kit al-
location and vaccine allocation. In this paradigm, we modeled the
problem to minimize the overall sum of infected cases, but this
could lead to a spike in one area to hoard all resources because
it reduces the overall cases through the horizon. While the allo-
cation may achieve the best outcome with respect to the defined
cost function, it could also create inequities with respect to access
to resources during the pandemic. The real world could have un-
intended consequences which were not considered in the original
model.

Therefore, we propose a fairness trade-off policy for each type
of decision to guarantee each zone gets resources available for a
percentage of the population at each time step. Then, the rest of
the resources are allocated according to the policy designed to op-
timize the model. Let X°P' represent a general allocation policy
used to optimize the model for minimizing the overall number
of cases using n; resources. Let p € [0, 1] be a tunable parameter
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representing the percentage of the population we guarantee will
have access to the respective resources in each zone. The propor-
tional population-based allocation is given by Eq. (26) which could
be implemented for the vaccination allocations, testing kit alloca-
tions, or both. Then, the allocation policy designed to optimize the
models are applied with (1 — p)n; resources. Hence, the general
fairness policies are given by,

XTAr (.| p) = XL (| p) + XPOP(-| p). (39)

We can tune the model to trade-off between fairness and optimiz-
ing the model.

5. Scenario simulations

In this section, we study two scenarios to demonstrate the ver-
satility and robustness of our multi-agent modeling framework.
The first scenario models each zone as the 50 states plus Wash-
ington D.C. (51 zones) over a 22 week period starting at the onset
of vaccine production. In this scenario, we use real-data from the
COVID-19 pandemic for the availability of vaccines stockpiles and
test capacity starting from December 14, 2020 to May 11, 2021.
The second scenario models a state-level vaccination agent and
test administrator working together to allocate resources to nurs-
ing homes in the state of Nevada. The state of Nevada has the
highest COVID cases per 1000 nursing home residents and due to
the smaller population of the state they are unlikely to receive as
many resources in a proportional allocation strategy (which was
actually implemented in practice). Therefore, in the nursing home
scenario we demonstrate that the multi-agent modeling strategy is
robust under extreme shortages. The results in this section demon-
strate that the resource allocation model can scale when resources
are abundant and allocated to extremely large populations and can
operate under extreme testing shortages (which leads to high risk
of incorrect allocations).

In the simulation studies we conducted, we simulated vaccina-
tion allocation policies across three of the four classes of policies.
We test a proportional allocation PFA, a risk adjusted CFA, an un-
parameterized 2-step lookahead policy, and a parameterized looka-
head policy. The proportional PFA can be found in section 4.1.1. The
CFA is a tunable integer program which directly optimizes the one-
step contribution function at each time step. The parameterized
DLA performs a rolling horizon optimization with lemma 4.1, and
the parameters were tuned via policy search to the optimal values.
The standard two-step risk-neutral deterministic lookahead solves
the lookahead model without a parameterization. This is equiva-
lent to solving the parameterized lookahead model with parame-
terization OP4 = (0.5,1.0,1.0, 1.0, 1.0).

We also tested each of the four vaccination policies in con-
junction with three different learning policies. The learning poli-
cies are an even allocation PFA, a one-step variance maximiza-
tion policy, and a fairness policy. The even allocation PFA allocated
the testing kits evenly across each zone. The variance maximiza-
tion policy solves the one-step lookahead optimization problem in
lemma 4.3 to optimize the value of information. The fairness allo-
cation policy guarantees 30% of the kits will be allocated weighted
by population size, and the rest are allocated via the variance
maximization policy. All static parameters for each scenario were
left to the appendix if a reader is interested for implementation
details.

5.1. United States COVID-19 simulation

In the US simulation, the federal government has two agents
corresponding with each other to administer a stockpile of vac-
cines and a stockpile of testing kits to each state (zones). The vac-
cination agent receives a stockpile of vaccines each week to dis-
tribute based on the results from the previous week test results.
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Policy Performance by Percent Improvement
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Fig. 4. Policy Performance using the percent improvement over the average number
of infections with no intervention for the USA scenario. The groups of bars show
each testing policy performance for each of the different vaccination policies. Each
evaluation is a Monte Carlo average over 100 simulations.

The learning agent sends tests to be administered within each state
to understand the state of the virus within each state. We used
data from the CDC to simulate the results on a realistic availability
of resources (Centers for Disease Control & Prevention, 2021) and
data from the census bureau to simulate population density and
sizes (US Census Bureau, 2020). The specific values of each param-
eter value in our model can be found in section 8.2. The trans-
mission rates are assumed to have a constant mean generated by
population densities (e.g. Martins-Filho, 2021). We assume they are
constant because the public policies are generally constant over the
time horizon, but there is noise added to each transmission rate
process to account for dynamic and unpredictable human behavior.
We assume the recovery rates have a similar structure as the trans-
mission rates, but the constant mean values are determined based
on hospital/care center density in each state (e.g. Bloom, Foroutan-
jazi, & Chatterjee, 2020). The vaccine efficacy is reported from CDC
data based on the average over multiple clinical trials.

Fig. 4 shows the percent improvement for each combination
of policies for each agent with respect to the performance of no
allocation decisions. We display the performance of each vacci-
nation policy for multiple different types of testing policies. The
best policy combination for the two agents in the US scenario is
to provide the vaccine administrator with the parameterized DLA
policy and the test administrator with an even allocation policy.
The parameterized DLA provides over a one percent improvement
over the next best vaccine allocation policy under the same testing
conditions, which would correspond to over half a million cases
prevented. We tuned the values of each of the parameters in the
lookahead model to #PLA+ = (0.25,5.0,0.2,2.75,0.75).

Fig. 5 shows the average allocations per state and the average
new cases per state. The vaccination policy is the main contribu-
tor to performance for the US scenario. The next section will pro-
vide more insights into why there is not much difference in per-
formance across each test allocation policy. In fact, we show em-
pirically there is a critical threshold where each zone should be
tested evenly versus trying to strategically allocate kits via value of
information approximations.

5.2. Nursing home scenario

The alternative to the US scenario is a case where there are ex-
treme shortages. During the height of a pandemic, there are likely

335

European Journal of Operational Research 304 (2023) 325-338

100k

e S S Qx|
S G e S By -

Week 1 Week 4

Infection Differences
PFA vs DLA-PARAM

PFA
Allocations

DLA-PARAM
Allocations

Week 7 Week 10 Week 16

Fig. 5. Time Lapse of the differences between the Proportional PFA and the param-
eterized DLA policy. The top row displays the mean instantaneous difference be-
tween the infection levels for each policy simulation. The bottom two rows display
the number of vaccine allocated to each zone for each of the policies.
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Fig. 6. Policy Performance using the percent improvement over the average number
of infections with no intervention for the nursing home scenario. The groups of bars
show each testing policy performance for each of the different vaccination policies.
Each evaluation is a Monte Carlo average over 100 simulations.
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Fig. 7. We present learning policy comparisons for the even test allocation policy
vs the maximum variance learning policy with the parameterized DLA vaccine al-
location. (a) We vary the testing capacity versus a fixed vaccine stochastic process.
(b) We vary the number of vaccines available (as a percent of the population) with
a fixed testing capacity.

to be extreme resource shortages in local areas which may not be
favored for allocations at the federal level. Even if the local area
is given a supply of resources, the tests are usually prioritized for
symptomatic individuals and hospitals. Hence, there are scenarios
where difficult decisions must be made by administrators. Consider
a scenario where the state of Nevada has vaccines available for less
than one percent of the nursing home residents and there is not
enough testing capacity to test each of the 53 nursing homes in
the state. We developed a simulation model where the infection
levels in each of the nursing homes proceed independently, but
there are stochastic spikes entering the nursing home which could
be introduced by staff or visitors. It is imperative to try to mini-
mize the uncertainty in the breakouts, but the testing capacity is
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Fig. 9. Level sets for each combination of hyperparameter dimensions near the optimal values for the nursing home scenario.

under extreme shortages. We want to minimize the risk of severe
outbreaks by monitoring the state of the pandemic in each nurs-
ing home, and we have to be strategic about how to allocate the
testing kits.

Fig. 6 shows the infection curves for each of the different poli-
cies under severe shortages. The following plot demonstrates the

Fig. 7 demonstrates the risk of allocating evenly under a crit-
ical point of test capacity. There is a risk of severe outbreaks if
every zone is not taking enough tests, whereas, there is a value
to only allocating to certain zones with high variance. After the
critical point it is no longer valuable to follow the maximum vari-
ance policy because there are a sufficient number of tests to collect
enough valuable information from each zone.

5.3. Policy evaluation and tuning

The most critical aspect to achieving good performance for a
parameterized DLA is tuning the hyperparameters of the policy.
We optimized the parameters using a stochastic gradient descent
method, and we present the level sets of the hyperparameter space
near the optimum to show the differences. The optimal parame-
ters for the USA problem were P4+ = (0.25,5.0,0.2,2.75,0.75).
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Figure 8 shows the level sets for each of the hyperparameters in
the parameterized DLA for the USA problem.

The optimal parameters for the nursing home scenario were
@PLAx = (0.05,6.0,0.0,0.5,0.7). Figure 9 shows the level sets for
each of the hyperparameters in the parameterized DLA nursing
home scenario.

Decision-makers must consider the runtime complexity when
considering a decision-making strategy. Solving a nonlinear opti-
mization problem takes more time because the complexity of the
nonlinear solver is much larger than the complexity of an analytic
function. The runtime statistics for each of the policy combinations
is given in Fig. 10 below for both of the scenarios.

The unparameterized DLA takes significantly more time than
the parameterized DLA. This phenomenon presents another advan-
tage of the parameterized DLA for these specific scenarios. How-
ever, the runtimes are on the order of seconds which is negligible
compared to the week long time steps for each allocation decision.

6. Conclusion
This paper contributes a multi-agent modeling extension to the

unified framework for an epidemic application. We presented a for-
mal multi-agent model for managing vaccines and tests during a
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Nursing Home Simulation Run-time Statistics

Vaccine allocation policies

Test policies Proportional PFA

CFA

DLA Parameterized DLA

Even Allocation 0.077 + 0.00693

0.14 £+ 0.0089

3.674 + 4.442 0.1516 + 0.0079

Maximum Variance |1.212 + 0.0176 1.257 + 0.03655 17.30 + 8.0586 1.286 + 0.019
Fairness Tradeoff 0.0709 + 0.0061 0.147 + 0.005 13.38 +9.30 0.144 + 0.0023
USA Simulation Run-time Statistics
Vaccine allocation policies
Test policies Proportional PFA CFA DLA Parameterized DLA
Even Allocation 0.0642 + 0.00336 0.111 4+ 0.00415 23.46 +7.38 0.13 + 0.0022

Maximum Variance |0.15 + 0.00184

Fairness Tradeoff 0.173 £+ 0.048

0.201 + 0.00536

0.222 + 0.12

23.484 + 5.957 0.222 + 0.0056

23.246 + 7.887 0.222 + 0.0036

Fig. 10. The table shows the runtimes for each combination of policies for both of the scenarios. The runtimes are presented in seconds.

pandemic. Our work extends the unified framework for sequential
decisions to the multi-agent setting for the first time. The multi-
agent modeling strategy allows each agent to work with its own
knowledge and adapt its policies based on the scenarios. Addition-
ally, the unknown environment agent can easily be changed and
the models for each agent do not need to be changed.

We demonstrate the robustness and scalability of the model-
ing strategy through two scenarios. The first scenario presents a
model of COVID-19 in the USA. We collected vaccine and testing
data from the CDC and used population data to construct a sim-
ulation for the agents to interact with. Then, we demonstrate the
capabilities of our modeling framework to interact with the envi-
ronment when there are millions of vaccines and tests to allocate
to populations on the scale of hundreds of millions. The second
scenario presents the state-level resource allocations to the nursing
homes in the state of Nevada. The nursing home scenario shows
the robustness of the model to perform under extreme resource
shortages. The parameterized direct lookahead approximation can
outperform policies from multiple other classes of policies, includ-
ing the proportional PFA which was used to allocate vaccines dur-
ing the COVID-19 pandemic.

Supplementary material

Supplementary material associated with this article can be
found, in the online version, at doi:10.1016/j.ejor.2021.11.007
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