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Abstract
Disordered hyperuniform materials are increasingly drawing attention due to their unique physical properties, associated with global 
isotropy and locally broken orientational symmetry, that set them apart from traditional crystalline materials. Using a dynamic 
space-partitioning process, we generate disordered hyperuniform cellular structures where distinct patterns of pentagonal and 
heptagonal topological defects emerge within hexagonal domains. The microscopic defect dynamics are guided by local topological 
transitions, commonly observed in viscoelastic systems. This leads to a reduction in the system’s structural entropy as 
hyperuniformity is attained, marked by the rise and fall of certain locally favored motifs. Further, we introduce an elastic 
hyperuniform material that exhibits evolving topological mechanical states in the continuum. Through vibration experiments and 
numerical analysis, we show energy localization around these defects, which is tied to the topological band gaps inherent to our 
geometry-driven material. We suggest that this robust dynamic mechanism influences a broad spectrum of disordered systems, from 
synthetic materials to biological structures guided by stigmergic interactions.
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Introduction
Initially introduced as a new state of matter two decades ago, hy

peruniformity has been observed in wide-ranging fields of physics 

and life sciences (1–6). Characterized by a suppression of density 

fluctuations at large length scales, hyperuniformity accounts for 

a hidden order in packing and tiling problems (7, 8) serving as a de

scriptor for nonequilibrium states or phase transitions in general 

(9, 10). Well-known examples include maximally random jammed 

packings of hard spheres (11, 12), the arrangement of avian photo- 

receptor cells (13) as well as the galactic distribution of the early 

universe (1). The interest in hyperuniformity has only been amp

lified and extended to engineering fields by the discovery of 2D dis

ordered hyperuniform silica (14) and synthesized amorphous 

graphene (15) as shown in Fig. 1D.  Hyperuniform materials are 
known not only to produce large, complete photonic band gaps 
(16–19) but also to contribute to enhanced vortex pinning in super
conductors (20).

Given a point pattern, it is diagnosed as hyperuniform if it does 
not possess infinite-wavelength fluctuations, leading to a vanish
ing structure factor in the small wavenumber limit (see Fig. S1B) 
indicative for that specific crystallographic planes do not diffract 
incident radiation (2).

In mathematical terms, denoting by N(R) the number of points 
contained in a d-dimensional spherical observation window of ra
dius R, the local number variance σ2

N is defined as follows:

σ2
N(R) = 〈N(R)2

〉 − 〈N(R)〉2. (1) 
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If σ2
N(R) of the system grows slower than the window volume in the 

large-R limit, i.e. slower than Rd, the system is hyperuniform (2, 24). 
Hence, any perfect crystalline lattice is hyperuniform with an 

asymptotic growth of σ2
N(R) ∼ Rd−1 i.e. the variance grows as the 

surface area, and this property is shared with many types of 
quasi-crystals (25).

Among a broad class of hyperuniform systems with a varied de
gree of disorder, we are particularly interested in those systems 
generated by many-body interactions based on the geometric re
lations between near-neighbors. Earlier, Klatt et al. (8) proposed 
a geometric centroidal process, called Lloyd’s centroidal Voronoi 
algorithm (Lloyd’s algorithm, hereafter), as a simple and fast 
method to obtain disordered hyperuniform point configurations 
in both two and three dimensions. The Lloyd’s algorithm runs it
eratively to homogenize a spatial distribution of points by moving 
every point to the centroid of the corresponding Voronoi cell at 
each iteration step and has been applied to various engineering 
domains (26–29).

The algorithm demonstrates a purely geometric diffusive pro
cess, where nearest-neighbor interactions lead to a collective re
arrangement of points, reminiscent of entropic systems (30–33). 
The resulting hyperuniform configurations consist of a small frac
tion of 5-fold or 7-fold point defects, known as topological defects, 
embedded in hexagonal domains (34).

Near perfect hexagonal patterns with defects are commonly 
encountered in nature. Figure 1 presents the Voronoi landscape 

of a disordered hyperuniform configuration generated by the 
Lloyd’s algorithm along with examples of real-world systems 
bearing similar defective hexagonal patterns, including insect- 
built structures and materials. Motifs at the surface of arthropo
dic integuments (e.g. exoskeleton of Collembola) comprise a 
variety of periodic, hierarchical structures (35). Intrigued by these 
structures, the field of bio-informed (as opposed to bio-inspired) 
material science (36) emerged and the general question arose, 
whether the underlying formation rules of hyperuniformity and 
related defects could be mathematically recovered or controlled 
in engineering applications (37, 38).

We use Lloyd’s algorithm to generate disordered hyperuniforma

(DHU) configurations by deploying various randomly disordered 
initial conditions as input. We find that the dynamics of the 
Lloyd process is facilitated by plastic events, namely T1 transi
tions (39), which have been frequently observed in aqueous foams 
and cellular tissues (40). Using an entropic argument, we demon
strate the hierarchy of locally favored motifs in disordered hyper
uniform configurations. Hyperuniformity indicates the existence 
of a particular symmetry (or atomic arrangement) that causes de
structive interference in certain planes which influences the elec
tronic band structure and opens band gaps. Band gaps are typical 
properties of optical but also vibro-acoustic materials. By using 
the finite element (FE) method, we therefore test numerically 
whether these defects induce topological interface modes and 
if these modes are efficient to alter vibro-acoustic material 

Fig. 1. Defective hexagonal patterns. A) The Voronoi landscape of a 2D disordered hyperuniform configuration generated by the Lloyd’s algorithm. 
Pentagonal and heptagonal cells (topological defects) are highlighted by blue and red, respectively, while the remaining cells in cyan are hexagons. 
B) A close-up shot of a nest of the Australian paper wasp nest (Polistes wattii) (21). C) An optical micrograph of the exoskeleton of the glorious beetle 
(Chrysina gloriosa) (22). D) Stone–Wales (SW) defect, a common type of topological defect, found in a perturbed graphene layer, adapted with permission 
from Ref. (23). (Copyright 2008 American Chemical Society.) Overlaid outline consists of pentagons (green), heptagons (red), and hexagons (blue).
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properties of a larger 3D printed structure (details in Materials and 
methods). We then aim to verify our findings under an experimen
tal scheme of vibro-acoustic testing to visualize energy localization 
on a planar hyperuniform material. We demonstrate the existence 
of topological interface states for the first time using a geometry- 
driven 2D elastic hyperuniform system, which may catalyze the de
sign of materials with bespoke vibro-acoustic properties.

Results
As a statistical ensemble for input data to the Lloyd process, we 
prepare twenty realizations (point patterns) of each type of 
the following stochastic point processes: Poisson point process 
(Poisson-PP), random sequential addition particle packing 
(RSA-PP), and Thomas point process (Thomas-PP) (41). Each point 
pattern contains N-many points, ranging from N = 102 to N = 104. 
In the process of Lloyd’s algorithm, periodic boundary conditions 
are applied to evolve the system (see Materials and methods for 
more details). The Voronoi landscape of an initial random point 
pattern comprises various types of polygonal cells (Fig. S1A). 
At its termination, the majority of these cells settle into the hex
agonal shapes, while the remaining cells take on either pentagon
al or heptagonal shapes connected to each other to create 
string-like patterns up to a certain size.

Defect formation and annihilation mechanism
By repeating the process of fragmentation and aggregation 
throughout the ordering transition, defect components prevent 
the system from directing towards its global minimum energy 
landscape (see Eq. 6), a defect-free hexagonal lattice. Behind the 
scene of defect formation and annihilation, the sole mechanism 
for local reconfiguration is found to be a T1 transition, which 
refers to a topological rearrangement of four-cell aggregates 
(T1-quadruples): an edge shared by two cells of the quadruple flips 
to disconnect them and connect the other two by a new edge 
through neighbor exchange as depicted in Fig. 2A. Since the sys
tem is closed, there are no changes in the total number of points 
in each evolving system throughout the Lloyd process, and period
ic boundary conditions are applied to eliminate boundary effects, 
therefore T1 transitions are the only mechanism responsible for 
defect generation and annihilation. T1 transitions are known to 
be fundamental to the plastic yielding of 2D liquid foams (39, 42) 
as well as to dynamics of cellular tissues (43–46).

Figure 2B displays a significant drop of the frequency of T1 tran
sitions at an early stage of the evolution through the Lloyd pro
cess. The highly suppressed T1 activities after approximately 
t = 100 suggests the onset of a rigidity transition of evolving 2D 
systems through the Lloyd process. Combined with the plateau re
gime from around t = 100 in the mean square displacement (MSD) 
analysis shown in Fig. S1B, this finding aligns with recent studies 
suggesting that T1 transitions can serve as a geometrical criterion 
for dynamical arrest (47, 48). To thoroughly characterize this phe
nomenon, we conducted a range of analyses, including the static 
structure factor, MSD, and four-point susceptibility (see Fig. S1 in 
“Dynamical arrest along the Lloyd iterations” section). Our com
prehensive analyses reveal spatiotemporal dynamic heterogen
eity akin to glassy dynamics in our system.

Further, we have conducted a comprehensive simulation vary
ing the initial conditions and system sizes (i.e. number of points). 
The results are shown in Fig. 2C, which demonstrates the consist
ency and reliability of T1 frequency behavior across varying 
system sizes and initial conditions. A graphical presentation of 

Fig. 2. T1 transitions governing cell dynamics. A) A T1 transition takes 
place for a four-cell aggregate ABCD (“T1-quadruple”) at step t = t∗. Cell A 
and C at step t = t∗ are disconnected by a flipping edge through a T1 
transition that connects cell B and D at t = t∗ + 1. B) The T1 frequency 
averaged over twenty realizations of Poisson point process of N = 103 points 
rapidly drops as systems evolve into hyperuniform states along the Lloyd 
process. Relative error percentage highlights the fast convergence. Inset 
shows the major four types of T1 transitions that involve T1-quadruples 
consisting of polygonal cells with five (blue), six (white), and seven (red) 
edges. C) T1 frequency as a function of Lloyd iteration steps (Step t) for 
different system sizes (N = 100, N = 1,000, N = 10,000) and point processes 
(Poisson-PP, RSA-PP, Thomas-PP) for initial conditions. The plot illustrates 
the decrease in T1 frequency with increasing steps, highlighting consistent 
behavior across different initial conditions and system sizes in the 
dynamical evolution of the system. D) The mean polygonal symmetry 〈Ψ〉
of T1-quadruples of an evolving Poisson-PP of N = 103 points within a step 
range t ∈ [0, 200) is plotted against t − t∗, where t∗ denotes the time step 
where each T1-quadruple undergoes a T1 transition. The averaged 
symmetry values over all T1-quadruples captured during the first 200 
iterations are represented by a bold black line, and the standard deviations 
along the steps are shown as gray error bars. The dashed curve on each side 
of t − t∗ ≤ 0 (orange) and t − t∗ ≥ 0 (magenta) is an exponential fit. The two 
curves meet to form a “T1-valley” at t − t∗ = 0. This valley represents a 
universal drop of 〈Ψ〉 of T1-quadruples right before the T1 transition, 
followed by a sharp increase in their mean symmetry values after T1 
transition. The displayed T1-valley at t = t∗ has 〈Ψ〉 = 0.44 ± 0.12.
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evolving systems starting from three initial configurations 
(Poisson-PP, RSA-PP, and Thomas-PP) for a system size of 
N = 1,000 is presented in “T1 transition and initial conditions”. 
This inclusion underscores the robustness of our findings and 
highlights the generality of the observed dynamical evolution. 
These results support the reliability of our findings and provide 
evidence for the consistent dynamical behavior observed across 
different system sizes and initial conditions.

In general, cellular dynamics resulting in collective migration 
of cells or complex structures in biological models is a result of 
mechanical activity or chemical signaling (49). However, since 
the Lloyd process is purely geometric, it is not obvious what cri
teria for local instability trigger T1 activities. It is hence critical 
to find a geometric concept analogous to a stress parameter to ac
count for cell mobility in our study. Based on the observation that 
there is a change in member cell types of a T1-quadruple before 
and after the T1 transition,b we therefore consider the k-atic order 
parameter ψk(x) for each cell generated by x, which is defined as 
follows:

ψk(x) =
1
k

􏽘

y
ekiθxy , (2) 

where the sum runs over the nearest neighbors y of x with θxy de
noting the angle between the vector xy→and its reference axis. Note 
that |ψ6| = 1 indicates a perfect, local hexagonal symmetry. To de
termine a T1 criterion, we measure the mean polygonal symmetry 
〈Ψ〉 of each T1-quadruple by taking the mean value of Eq. 2 of its 
four member cells. For the cell ABCD in Fig. 2A, we arrive therefore 
at 〈Ψ(ABCD)〉 = 1

4 (|ψ7(A)| + |ψ5(B)| + |ψ6(C)| + |ψ5(D)|)).
We look at the temporal evolution of the mean symmetry 〈Ψ〉 of 

T1-quadruples of an evolving system in Fig. 2D. The mean sym
metry curve for each T1-quadruple is translated by the corre
sponding pre-T1 step denoted by t∗ along the time axis, so that 
we can see collapsing curves for all those T1-quadruples captured 
within the iteration step range in consideration. We then average 
their mean symmetry values at t − t∗ for each Lloyd step at time t. 
Interestingly, there exists a singularity of the mean symmetry of 
T1-quadruples at t = t∗: 〈Ψ〉 values shape a minimum by decreas
ing until the T1-quadruples undergo T1 transitions, followed by 
a sharp increase in their symmetry right after the local topological 
rearrangement. Such a “T1-valley” in mean symmetry of the 
member four cells can be fitted by an exponential function on 
each side for t < t∗ (pre-T1 steps) and for t > t∗ (post-T1 steps) 
and is found to be universal regardless of number of the points 
in the system.

Locally favored motifs and entropic ordering
The Lloyd’s algorithm is inherently entropic and can produce in
finitely many distinct realizations in DHU states (8). Therefore, a 
key question in this context is how the delicate interplay of local 
dynamics and global entropy minimization can drive the system 
towards a defective DHU phase. To address this question, we con
sider the notion of structural entropy that counts the number 
of distinct topological microstates in a system, based on graph iso
morphism (50). To this end, we construct the Delaunay network 
(51) onto a point pattern (dual counterpart of the Voronoi land
scape), which is often used to find local structural motifs and to 
identify how they are clustered and form a network amongst 
themselves (50, 52). On top of the Delaunay network, we apply a 
grid of various sizes and move it along the system to extract local 
motifs (graphs) of size n (i.e. number of nodes) with every node 
having a degree ≥ 2 (Fig. 3A). The collected local motifs can then 

be classified into distinct classes of graph isomorphisms, based 
on the number of nodes and the connectivity through edgesc.

We put our focus on five of the most popular types of local mo
tifs associated to 5-fold and 7-fold point defects along with their 
first neighbors (insets in Fig. 3B). For instance, the motif built on 
a 5-fold defect and its neighboring points is denoted by type “5” 
(graph size n = 6), the one for a 7-fold defect with its neighbors 

Fig. 3. Locally favored motifs and structural entropy. A) Local motifs of 
size n = 11 are captured in a grid onto a point pattern. Isomorphic graphs 
are of the same color. B) The mean frequency of locally favored motifs, 
consisting of k-fold point defects and their first neighboring points (with 
their hexagonal Voronoi cells with cyan edges), at selected steps t = 
50, 10p (p = 2, 3, 4) of evolving systems, averaged over twenty realizations 
of Poisson-PP. Error bars indicate the standard deviations of the number 
of motifs. C) The temporal evolution of the normalized structural entropy 
S′str cumulative to extracted motifs of size up to n∗. The linear lines are 
guide to the eye.
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by type “7” (n = 8), and a double defect and its neighbors by type 
“5–7” (n = 10). Note that motifs representing quadruple defects 
have degeneracy of two with either type “5-7-5-7” (n = 16) or type 
“7-5-5-7” (n = 14). Figure 3B displays the temporal evolution of 
the mean frequency of such motifs at selected steps t = 50, 10p 

(p = 2, 3, 4) of evolving systems with N = 104 points. We observe 
a decreasing trend for both isolated defect motifs (types 5 and 7), 
whereas there exists a sharp increase in type 5-7-5-7 motifs and a 
similar increase yet with a slight decrease from t = 103 to t = 104 

for type 7-5-5-7 motifs. The motif of type 5-7 (i.e. double defect mo
tif) appears stable throughout the Lloyd process and stands out 
with the highest population as an all-time favorite.

After collecting local motifs of various sizes, we compute the 
structural entropy Sstr as follows (50):

Sstr(n) = −
􏽘

Cn

P(Cn) ln P(Cn), (3) 

where the summation runs through distinct isomorphism classes 
Cn of graphs of n nodes, and P(Cn) denotes the probability of finding 
graphs in Cn. By taking the maximum size n∗ of graphs into ac
count, we plot the normalized entropy in Fig. 3C by using the def
inition below:

S′str(n
∗) :=

1
n∗ − 2

􏽘

3≤n≤n∗
Sstr(n), (4) 

where we consider 5 ≤ n∗ ≤ 27 as the maximum range. Along with 
the growing number of points with 6-fold symmetry as well as the 
emergence of defect species of connected 5-fold and 7-fold point 
defects, we verify the decreasing global structural entropy as 
shown in Fig. 3C.

Topological states in elastic DHU systems
When two elastic systems with different topological invariants 
are edge-to-edge joint, the topological interface states can be pre
dicted to emerge according to the so-called surface impedance 
match condition (54). Using a Lloyd-generated DHU system 
(N = 100) consisting of double and quadruple defects in template 
of a wireframe structure (Fig. 4A), we demonstrate the numerical 
and experimental observation of topological interface states. 
In the example using a realization of Thomas point process 
(Thomas-PP)—see Materials and Methods, as input where quadru
ple defects of type 7-5-5-7 exists, the projected band structure in 
Fig. 4B is calculated based on the lattice constant of a = 172.48  
mm in a square Brillouin zone. A flat band of transverse mode 
at the frequency of ω/ω6 = 0.977 or 2, 859 Hz, where ω6 = 2,927  
Hz refers to first bending frequency of a hexagonal cell, between 
the optical bands is observed in the projected band structure 
along kx-direction.

To investigate whether the spectral patterns of such interface 
states are influenced by T1 transition and whether they can be 
identified through the dynamics of individual cells, we numerical
ly extracted the eigenfrequencies and mode shapes of hexagonal 
cells and local motifs of the DHU wireframe structures. The first 
two bending modes and shear modes are visualized as a function 
of normalized frequency and cell area, as shown in Fig. 4E. Two 
additional inputs with RSA-PP and Poisson-PP were considered 
for comparison (Figs. 4F and 4G). At the time step t = 5,000, the en
tropic state of each wireframe structure can be deduced through 
the hexatic order |ψ6| and the number and shape of local motifs 
that are frozen in the hexagonal domain (Figs. S4–S6). While hex
agonal cells in a lattice structure feature eigenmodes with identi
cal frequencies associated with 6-fold rotational symmetry (C6) 

(Figs. S7A and S7B), this symmetry is broken in DHU structures re
sulting in decoupled modes. We observe that DHU structure with 
Thomas-PP input retains a more uniform modal distribution at 
its converged state with closely spaced eigenvalues owing to high 
|ψ6|. At the frequency band associated with topological interface 
modes observed in the band structure (Fig. 4C) a similar modal pat
tern exists for the 7-5-5-7 motif (Fig. S7C) with its frequency also co
inciding with the first bending mode of the hexagonal cells.

As the distance between local motifs in a DHU pattern in
creases, as in the case of RSA-PP and Poisson-PP, the modal inter
action between them decreases, resulting in a weaker coupling 
between pairs of 5-7 motifs and a stronger coupling with the 
bulk modes of the hexagonal domain. In RSA-PP, we observe 
that this results in a narrower band where topological interface 
modes are present. Conversely, in Poisson-PP, by virtue of longer 
chain of motifs and larger in number, the modal activity between 
the individual motifs increases inducing a wider topological band.

We fabricate an elastic DHU metamaterial (details in Materials 
and methods) to experimentally validate the existence of topo
logical states (Fig. 5). The real-space distribution of the displace
ment field is excited with a transverse sinusoidal input applied 
along the interface in the defective region using an electrodynam
ic shaker, whose connection to the wireframe structure is shown 
in Fig. 5B. Scanning laser Doppler vibrometry is used to measure 
the velocity profile across the surface of the sample. We find 
that vibrations are located mainly at the interface between two 
pentagons in the defected region and attenuate dramatically 
into the bulk of the material, which coincides with the field distri
bution of the eigenmode of the flat topological band (Fig. 4C). The 
flat band renders thus the topological interface mode independ
ent from bulk modes as also shown in the transmissibility spectra 
(Fig. 5C). Vibration energy scatters into the right edge which is con
sistent with simulated results as presented in Fig. S4.

Conclusion and discussion
In this study, we have focused on the complexities of disordered 
hyperuniform geometries generated via Lloyd’s algorithm. Our 
findings indicate that as point patterns undergo Lloyd’s iterative 
refinements, the neighbor exchange among points corresponds 
to what is fundamentally known as a T1 topological transition. 
Importantly, this transition acts as the sole microscopic mech
anism responsible for both the formation and subsequent 
annihilation of defects during the Lloyd computational process. 
We introduce the notion of mean cell symmetry within 
T1-quadruples, positioning it as a pivotal geometric criterion 
that demarcates the tolerable limits of topological configura
tions cells can endure before undergoing a T1 transition. 
Remarkably, this phenomenon of symmetry tolerance finds par
allels in multiple systems: in biological confluent tissues, a 
mechanical energy functional barrier must be overcome for a T1 
flip to occur (44, 45). Similarly, in evolving aqueous foams, the 
T1 topological flip underpins the foam’s intricate viscoelastic rhe
ology (55–57). This complex behavior manifests as dynamical ar
rest in our mechanical, macroscopic wire mesh system (see 
Fig. S1). These connections offer a consolidated perspective for 
understanding the ubiquity of topological transitions in a diverse 
range of physical and biological systems, thereby enriching our 
comprehension of how cell-level activities universally dictate de
fect management across length and time scales and material 
types.

By adopting the concept of structural entropy, we have verified 
that the ordering transition through the Lloyd’s algorithm results 
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in the reduction of global entropy. Upon achieving disordered hy
peruniformity with decreasing global entropy, a system also in
creases local entropy through certain types of locally favored 
motifs, which is concordant with the observation of heteroge
neous network structures near the onset of rigidity transition 
(58). Such an entropic ordering is deemed crucial not only for 
our fundamental understanding of global ordering accompanied 
by microscopic disorder in the context of self-organization in a 
broad range of biological processes (59–61) and soft matter 
systems (30–32, 52, 62–70), but also for the design of novel 

materials with new optical, mechanical, or as exemplified here 
vibro-acoustic properties (16–19, 71–75).

The capacity to intentionally introduce disorder in materials 
hinges on our ability to assess their structural properties through 
quantifiable metrics. Within the framework of this study, we in
troduced two strategically placed double defects within a hex
agonal domain, effectively inducing a controlled degree of 
disorder. These induced defects are retained in a wireframe con
figuration, the geometric density distribution, i.e. ratio of nonvoid 
sections to total volume, of which aligns with a characteristic 

Fig. 4. Topological interface modes arising in DHU systems in the template of a wireframe structure. A) Hexatic order |ψ6| of a DHU system (N = 102, 
t = 5,000) obtained by using a realization of Thomas-PP as input and the resulting 7-5-5-7 local motif. B) Dispersion diagram of the DHU wireframe shown 
in A with a lattice constant of a = 172.48 mm. Eigenfrequencies are normalized by the first bending mode frequency of the hexagonal cell (|ψ6| = 1, 
f = 2, 928 Hz)—periodically arranged in the equivalent design space. In-plane polarized shear modes and out-of-plane bending modes are shown by red 
and blue circles, respectively. Topological interface modes, denoted by green markers, are exhibited within the band gap associated with the out-of-plane 
bending mode, which is shown by the gray shaded regions. C) demonstrates the Bloch mode at kx = −0.6, which is shown in B by a black square marker. 
D) Normalized kinetic energy density profile of the DHU structure is shown at kx = −0.6. Accumulation of the kinetic energy around the defect cells is 
visible by the darker colors between the pentagons. E) Modal density is plotted as a function of normalized eigenfrequency of isolated 5,7-gon cells and 
normalized cell area (A/A6), where A is the area of the 5,7-gon cells and A6 is the area of the hexagonal cell. Solid and hollow circles are the first and second 
bending/shear modes of a cell, respectively. Green shaded region corresponds to frequency intervals where interface modes are observed in the 
semi-periodic configurations—more details in SI. For comparison, modal density and resulting interface mode zones for DHU wireframe structures with F) 
RSA-PP and G) Poisson-PP as input are demonstrated, respectively. Eigenfrequencies of the local motifs strongly coupled with the hexagonal cells are denoted 
by cyan circles (5–7), yellow triangles (7-5-5-7 and 5-7-5-7) and brown squares—combination of the previous two motifs, as demonstrated in Fig. S7.
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density threshold of approximately 0.7, crucial for a shift in the sys
tem’s structural attributes rather than apparent density (76, 77).

Defective metamaterials represent a fascinating area of re
search at the intersection of materials science (submicron scale) 
and engineering (macroscopic effects). The intentional design of 
defects will then allow harnessing intriguing phenomena, such 
as elastic wave control, (78), Fano resonances caused by an asym
metrical space distribution (79) and band gaps (16, 17). Fano reso
nances arise for a mechanical waves passing through the 
material, and its interference with defect-induced local resonant 
modes leading to sharp and asymmetric peaks in the material’s 
response with very high Q factors, ideal for sensing applications 
(80, 81) and used in for the design of defected 1D phononic crystals 
for gas sensing (82). Meanwhile, band gaps are regions of fre
quency where vibrations or waves are effectively prohibited 
from propagating through the material, due to its carefully engi
neered structural imperfections (80, 82).

A deeper understanding of the underlying mechanism for a 
transition into a defective landscape can further catalyze develop
ment of novel materials or can lead to performance enhancement 
of existing materials in line with graphene or other promising 2D 
materials (83–85). As an extension of this study, controlled re
gimes over Lloyd’s iterations can be considered; the control of de
fective landscapes in materials using self-organization would 
pioneer a direction in defect engineering. For instance, we may an
chor designated lattice points in a system and let other randomly 
located points evolve around these points. Our preliminary results 
show that the added constraints give rise to different types of de
fective motifs that have not been observed in the uncontrolled re
gime. On the other hand, a smaller number N of points in a system 
is expected to give us more control and a deeper insight into final 
landscapes. Imposing various conditions to increase the mean fre
quency of certain motifs can enable the DHU system to support 
topological states in broadband. In this aspect, it would also be 

interesting to apply machine learning techniques to classify all 
the possible converged states for small N and use them as super
cells for various analysis and to identify an arrangement of certain 
types of motifs for bespoke properties.

Materials and methods
Lloyd’s algorithm
Given a point pattern, the Lloyd’s algorithm iteratively updates 
the system by moving points to the centroids of the corresponding 
Voronoi cells. The converged disordered hyperuniform configura
tions via Lloyd’s algorithm are associated to deep local energy 
minima of the “quantizer problem” (8, 86): a partitioning of space 
with cells of similar sizes whose centroids are almost matching 
the generating points of the corresponding Voronoi cells.

This corresponds to the minimization problem for the quantizer 
energy functional of a given set of points {xj}

N
j=1:

Eq(Vx)= ∫Vx ‖x − z‖2 dz, (5) 

where Vx is the Voronoi cell associated to point x.
That is, the algorithm minimizes the cell-wise quantizer energy 

of a given configuration, the sum of which can be re-scaled to be 
the dimensionless total quantizer energy as follows:

E̅q =
N

2
d

d|Ω|1+2
d

􏽘N

j=1

Eq(Vxj
), (6) 

where N is the number of points xj (j = 1, . . . , N) in a d-dimensional 
simulation box Ω ∈ Rd. The quantizer energy minimization 
throughout the algorithm is done by using Papaya2 (87). As sys
tems evolve into disordered hyperuniform phases over the Lloyd 
iterations, their total quantizer energies E̅q converge approxi
mately to 0.0808, which lies between 0.0833 ( ≈ 1/12) of a 2D 
square lattice and 0.0802 of a hexagonal lattice.

Fig. 5. Experimental validation of source localization. A) Instrumentation of the test sample constructed with 2-by-2 array of the DHU unit cell under 
sinusoidal sweep excitation by a modal shaker. The test sample is suspended by elastic bands on a heavyweight wall construction to minimize boundary 
excitation. Test facility is a reverberation chamber at UTS Tech Lab, whose background noise level conforms to ISO 10140 (Fig. S8 for more detail). The 
white outline denotes the DHU unit cell. In colored overlay shows the velocity profile of the DHU system at f = 2,832 Hz, where the source localization 
around the 7-5-5-7 defect is shown by red color. The vibration attenuation at the band gap is visible away from the source. B) A close-up shows the 
connection of the modal shaker into the sample at the defect region by a stinger. C) Normalized transmissibility curve representing the energy 
propagation from the source to a receiver location is shown for experiment and FE analysis. At the band gap region (gray shaded), correlation of the 
response between source and receiver locations is minimized owing to bending wave attenuation.
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Initial random point patterns
We use stochastic spatial point processes to generate randomly disor
dered point patterns as input to the Lloyd’s algorithm (41). Among 
a variety of stochastic processes, the following three types of point 
processes are chosen to prepare 2D input point patterns in our 
study. 

1. Poisson point process (Poisson-PP) (41) is typically used to 
model a set of randomly scattered objects in space, such as 
an ideal gas ensemble, transmitters in a wireless network, 
particles colliding into a detector or trees in a forest. This pro
cess is characterized by the independence of number density 
restricted to disjoint sub-regions, representing lack of inter
action between points. It is named so because the number 
of points in a sub-region A of a space is a random variable fol
lowing a Poisson distribution with mean μ(A), where μ is a giv
en intensity measure of the process.

2. Random sequential addition particle packing (RSA-PP) 
models a random packing of hard particles (disks in 2D; 
spheres in 3D). For a certain exclusion distance r, disks of ra
dius r are sequentially inserted at random coordinates un
less they intersect with existing particles; if a new disk 
intersects with any existing ones, the corresponding inser
tion is rejected, and the addition process goes on until the 
system saturates, i.e. until no more disk can be inserted. 
A point pattern can be obtained by taking the centers of 
the disks.

3. Thomas point process (Thomas-PP) consists of “parent” 
points and “offspring” points. After generating parent points 
via Poisson point process in a simulation box, each parent 
point is replaced by a cluster of offspring points of which 
coordinates are random variables from a normal distribu
tion (independent of each other) and the number of which 
follows a Poisson distribution. Hence, it is likely to observe 
groups of points clumping together as a result of a 
Thomas-PP.

Each system in our study consists of N points in a square box of 
side length L =

���
N
√

(for the unit number density ρ = 1 with the 
unit of length ℓ = ��ρ√ ). The algorithm runs to evolve each system 
with the periodic boundary conditions applied.

Material and sample fabrication
A commercial acrylonitrile butadiene styrene (ABS) plastic 3D 
printing material is used to fabricate the experimental wireframe 
structure with material density of ρ = 1, 050 kg/m3. The sample 
whose outer dimensions are 36.5 cm by 36.5 cm is fabricated by 
AON M2+ 3D Printer at the University of Sydney Manufacturing 
Hub (SMH) Core Research Facilities with a uniform material thick
ness of 1.59 mm and tolerance of 0.01 mm. Isotropic material 
model with linear elastic properties is used to fit the transverse de
flection under dynamic excitation. Thus, we obtain the mechanic
al properties of the ABS plastic material as E = 1.9 GPa, Poisson’s 
ratio of ν = 0.3, and loss factor of η = 0.009.

Finite element simulation
We use the Solid Mechanics Module of the commercial software 
COMSOL Multiphysics (version 6.0) to predict the frequency do
main characteristics of the hyperuniform wireframe geometry 
at different Lloyd iterations. We model the geometry, as seen in 

Fig. 4A for N = 100 obtained at Lloyd time-step t = 5,000, using 
tetrahedral quadratic elements. The maximum element size is 
set to 0.9 mm after performing a mesh convergence study show
ing that the mesh is sufficiently refined to ensure little to no differ
ences in global deformation. The mechanical properties are 
extracted from a model updated fit using experiment data. The 
undeformed hyperuniform unit cell with periodic boundary con
ditions is used to calculate the band structure and eigenmodes, 
while 2-by-2 array of the unit cell with all free boundary condi
tions are used for material model updating, as detailed in Figs. 
S8 and S9. For calculating the transmissibility spectra, a nodal 
force in out-of-plane direction is implemented at broadband to re
present the sweep signal. Point displacement probes are imple
mented at various locations on the geometry to collect the 
transmitted signal. The kinetic energy density is calculated from 
the cycle average velocity response.

Testing and analysis
A transverse wave is generated by a permanent magnet shaker 
with an integrated amplifier (The Modal Shop, MiniSmart Shaker 
K2004E01) and vibration is transmitted through a stinger rod 
that is epoxy-glued to the sample. At four corners of the sample, 
elastic connection is used to freely suspend the sample in mid-air 
using soft bungee cords, with end connections joined to a heavy
weight concrete wall to eliminate boundary excitation (88). 
We measure the sample’s surface vibration using a scanning 
laser Doppler vibrometer (Polytec, PSV-500 Xtra) after surface- 
treatment using a nonaqueous reflective powder coating to 
increase reflectivity and reduce speckle noise. For laser measure
ment locations, a total of 7,900 nodes are defined corresponding 
to an average spatial resolution of 1.75 mm. A uniaxial IEPE accel
erometer (Brüel & Kjær, Type 4533-B) is attached to the corner of 
the wireframe structure to measure the acceleration at a refer
ence node to enable cross-power spectrum and operational de
flection shape (ODS) calculations. Synchronized measurements 
are conducted by a trigger force sweep signal of 244.14 mHz reso
lution and a sampling frequency of 12.5 kHz. The time signal is lin
ear averaged three times to minimize the noise and to increase 
coherence. All tests are conducted in an acoustic testing facility 
located at UTS Tech Lab, whose background noise level conforms 
to the ISO-10140 standards for sound insulation material testing 
(89). The transmissibility spectrum that is plotted in Fig. 5C is 
generated by taking the Fast Fourier Transform of the time signal 
and applying a Savitzky-Golay filter (90) in MATLAB using the 
sgolayfilt function. Then, the transmissibility is calculated by 
taking the ratio of output transfer function to input transfer func
tion, i.e. H = q2/q1, where q2 and q1 are the transfer functions at 
the output and input locations, respectively.

Notes
a The resulting configurations are classified as “effectively” hyperuni

form verified by the hyperuniformity index (see SI Eq. 6) (8). However, 
to emphasize the disordered nature of the converged systems with 
topological defects, we simply omit “effectively” and use the term 
disordered hyperuniformity (DHU) in this article.

b e.g. the four-cell aggregate ABCD in Fig. 2A has the form of a quad
ruple 7-5-6-5 at t = t∗ (pre-T1 step), which turns into a quadruple of 
6-6-5-6 at t = t∗ + 1 (post-T1 step).

c We used the software nauty (53).
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