SCIENTIFIC REPLIRTS

geometric phase gate in a multi-
cavity system

Received: 24June 2015 Tgng Lju, Xiao-Zhi Cao, Qi-Ping Su, Shao-Jie Xiong & Chui-Ping Yang

Accepted: 25 January 2016

Published: 22 February 2016 CaVI'fy-based Iar_ge scaI.e quantum lnforn:Iatlon processing (O.IP) n_‘iayllnvolvc.e mt.JItlpIe cawt_ne.s and
require performing various quantum logic operations on qubits distributed in different cavities.
Geometric-phase-based quantum computing has drawn much attention recently, which offers
advantages against inaccuracies and local fluctuations. In addition, multiqubit gates are particularly
appealing and play important roles in QIP. We here present a simple and efficient scheme for realizing a
multi-target-qubit unconventional geometric phase gate in a multi-cavity system. This multiqubit phase
gate has a common control qubit but different target qubits distributed in different cavities, which can
be achieved using a single-step operation. The gate operation time is independent of the number of
qubits and only two levels for each qubit are needed. This multiqubit gate is generic, e.g., by performing
single-qubit operations, it can be converted into two types of significant multi-target-qubit phase gates
useful in QIP. The proposal is quite general, which can be used to accomplish the same task for a general
type of qubits such as atoms, NV centers, quantum dots, and superconducting qubits.

Multiqubit gates are particularly appealing and have been considered as an attractive building block for quantum
information processing (QIP). In parallel to Shor algorithm!, Grover/Long algorithm??, quantum simulations,
such as analogue quantum simulation* and digital quantum simulation®, are also important QIP tasks where con-
trolled quantum gates play important roles. There exist two kinds of significant multiqubit gates, i.e., multiqubit
gates with multiple control qubits acting on a single target qubit®-'4, and multiqubit gates with a single qubit
simultaneously controlling multiple target qubits'*>~”. These two kinds of multiqubit gates have many applications
in QIP such as quantum algorithms"#-%, quantum Fourier transform', error correction?'-%*, quantum cloning?,
and entanglement preparation®.

A multiqubit gate can in principle be constructed by using single-qubit and two-qubit basic gates. However,
when using the conventional gate-decomposition protocols to construct a multiqubit gate?¢-2%, the number of
basic gates increases and the procedure usually becomes complicated as the number of qubits increases. Hence,
building a multiqubit gate may become very difficult since each basic gate requires turning on and off a given
Hamiltonian for a certain period of time, and each additional basic gate adds experimental complications
and the possibility of more errors. Thus, the study of reducing the operation time and the number of switch-
ing Hamiltonians is crucial in multiqubit gates?*=*!. Proposals have been presented for directly realizing both
multi-control-qubit gates®!* and multi-target-qubit gates'>” in various physical systems. However, note that
the gate implementation using these previous proposals®~!” was based on non-geometric dynamical evolution.

During the past years, there is much interest in fault-tolerant geometric quantum computing based on Abelian
geometric phases®>~* and Holonomic quantum computing based on non-Abelian holonomies®. The construc-
tion of conventional geometric phase gates usually requires to remove the dynamical phase by choosing the adia-
batic cyclic evolution®” or employing multi-loop schemes (the evolution is driven by a Hamiltonian along several
closed loops)*®**. In recent years, attention has been shifted to unconventional geometric phases introduced in,
which can be used as an alternative resource for geometric quantum computation without the need to remove
the dynamic phase. According to*, an unconventional geometric phase gate is characterized by a unitary oper-
ator U({}}), where + is the total phase, which consists of a geometric phase and a dynamic phase (see®’). Thus,
additional operations are not needed to cancel the dynamical phase, because the total phase is dependent only
on global geometric features and independent of initial states of the system. In this paper, we mainly focus on the
construction of multiqubit gates based on unconventional geometric phases.
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A number of proposals have been presented for realizing both conventional and unconventional geomet-
ric phase gates®~>!. Some approaches also combine the geometric computation with other theories in order to
improve the robustness (e.g., combined with decoherence free subspace or dynamical decoupling)***!. Moreover,
high-fidelity geometric phase gates have been experimentally demonstrated in several physical systems®?*".
For instances, Jones et al.* experimentally demonstrated a conditional Berry phase shift gate using NMR, and
Leibfried et al.> realized a two-qubit geometric phase gate in a trapped ion system. On the other hand, much
progress has been achieved in Holonomic quantum computing. Experimentally, Abdumalikov Jr ef al.>* real-
ized single-qubit Holonomic gates in a superconducting transmon, Feng et al.>® implemented one-qubit and
two-qubit Holonomic gates in a liquid-state NMR quantum information processor, and two groups®*> demon-
strated single-qubit or two-qubit Holonomic gates using the NV centers at room temperature, respectively.
However, we note that previous works mainly focus on constructing single- or two-qubit geometric phase gates/
Holonomic gates®”~>’, or implementing a multi-control-qubit gate®!'* and a multi-target-qubit gate'>'” based on
non-geometric dynamical evolution.

In this work, we consider how to implement a multi-target-qubit unconventional geometric phase gate, which
is described by the following transformation:
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where subscript A represents a control qubit, subscripts (1, 2, ..., n) represent n target qubits (1, 2, ..., n), and
Tl (with i;€ {+, —}) is the n-target-qubit computational basis state. For n target qubits, there are a total
number of 2" computational basis states, which form a set of complete orthogonal bases in a 2"-dimensional
Hilbert space of the n qubits. Equation (1) shows that when the control qubit A is in the state|+) (] —) ), a phase
shift e’/ happens to the state |+) (]—)) but nothing happens to the state |—) (|+)) of the target qubit j (j
=1,2,...,n). For instance, under the transformation (1), one has: (i) the state transformation described by follow-
ing Eq. (18) for a two-qubit phase gate on control qubit A and target qubit j, and (ii) the state transformation
described by Eq. (21) below for a three-qubit phase gate on control qubit A and two target qubits (1, 2). Note that
the multiqubit phase gate described by Eq. (1) is equivalent to such #n two-qubit phase gates, i.e., each of them has
a common control qubit A but a different target qubit 1, 2, ..., or #, and the two-qubit phase gate acting on the
control qubit A and the target qubit j (j=1, 2, ..., n) is described by Eq. (18).
The multiqubit gate described by Eq. (1) is generic. For example, by performing a single-qubit operation such
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which implies that when and only when the control qubit A is in the state| —), a phase shift ¢?’i happens to the

state| —) of the target qubit j but nothing otherwise (see Fig. 1). For 0;= /2, the state transformation (2) corre-
sponds to a multi-target-qubit phase gate, i.e., if and only if the control qubit A is in the state| — ), a phase flip from
the sign + to — occurs to the state| —) of each target qubit. Note that a CNOT gate of one qubit simultaneously
controlling n qubits, (see Fig. 1(b) in'®), can also be achieved using this multiqubit phase gate combined with two
Hadamard gates on the control qubit'®. Such a multiqubit phase or CNOT gate is useful in QIP. For instance, this
multiqubit gate is an essential ingredient for implementation of quantum algorithm (e.g., the discrete cosine
transform?®°), the gate plays a key role in quantum cloning? and error correction?, and it can be used to generate
multiqubit entangled states such as Greenberger-Horne-Zeilinger states?. This multiqubit gate can be combined
with a set of universal single- or two-qubit quantum gates to construct quantum circuits for implementing quan-
tum information processing tasks****=, In addition, for §;= 7/2/, the state transformation (2) corresponds to a
multi-target-qubit phase gate, i.e., if and only if the control qubit A is in the state | —), a phase shift 6, = 7/2/ hap-
pens to the state| —) of each target qubit. It is noted that this multi-target-qubit gate is equivalent to a multiqubit
gate with different control qubits acting on the same target qubit (see Fig. 2), which is a key element in quantum
Fourier transform®?.

In what follows, our goal is propose a simple method for implementing a generic unconventional geometric
(UG) multi-target-qubit gate described by Eq. (1), with one qubit (qubit A) simultaneously controlling # target
qubits (1,2,...,n) distributed in # cavities (1,2,...,n). We believe that this work is also of interest from the follow-
ing point of view. Large-scale QIP usually involves a number of qubits. Placing many qubits in a single cavity
may cause some fundamental problems such as introducing the unwanted qubit-qubit interaction, increasing the
cavity decay, and decreasing the qubit-cavity coupling strength. In this sense, large-scale QIP may need to place
qubits in multiple cavities and thus require performing various quantum logic operations on qubits distributed in
different cavities. Hence, it is important and imperative to explore how to realize multiqubit gates performed on
qubits that are spatially-separated and distributed in different cavities.

As shown below, this proposal has the following features and advantages: (i) The gate operation time is inde-
pendent of the number of qubits; (ii) The proposed multi-target-qubit UG phase gate can be implemented using a
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Figure 1. (a) Schematic circuit of a phase gate with qubit A (a black dot) simultaneously controlling # target
qubits (squares). (b) This multiqubit phase gate illustrated in (a) consists of n two-qubit phase gates, each having
a shared control qubit (qubit A) but a different target qubit (qubit 1,2, ---,or n). Here, the element 20, represents a
phase shift exp(i26,), which happens to the state| — ) of target qubit j (j= 1,2, ...,n) when and only when the
control qubit A is in the state | —) but nothing happens otherwise. For 20, = T, this gate corresponds to a multi-
target-qubit phase gate (useful in QIP?>»-%), i.e., if and only if the control qubit A is in the state| — ), a phase flip
from the sign + to — occurs to the state| — ) of each target qubit.

n R S

Figure 2. Schematic circuit of the n successive two-qubit phase gates in quantum Fourier transform. Here,
each two-qubit phase gate has a shared target qubit (qubit A) but a different control qubit (qubit 1,2, -, or n).
The element 7/2/ represents a phase shift exp(im/2/), which happens to the state|—) of target qubit A if and only
if the control qubit j is in the state| — ) (j = 1,2, ..., ). For any two-qubit controlled phase gate described by the
transformation|+)  [+), — |+), [+).[+), =), = [=),[+)[=),[+);, = |=),|+),,and

[ =) l=) = el —) | — ) itis clear that theroles of the two qubits can be interchanged. Namely, the first
qubit can be either the control qubit or the target qubit, and the same applies to the second qubit. When the
second (first) qubit is a control qubit, while the first (second) qubit is a target, the phase of the state| —) of the
first (second) qubit is shifted by ¢’ when the second (first) qubit is in the state| — ), while nothing happens
otherwise. Thus, the quantum circuit here is equivalent to the circuit illustrated in Fig. 1 for 26;= 7/2/
(j=1,2,..,n).
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Figure 3. (a) Diagram of a coupler qubit A and n cavities each hosting a qubit. A blue square represents a cavity
while a green dot labels a qubit placed in each cavity, which can be an atom or a solid-state qubit. The coupler
qubit A can be an atom or a quantum dot, and can also be a superconducting qubit capacitively or inductively
coupled to each cavity. (b) Cavity j is dispersively coupled to qubit j (placed in cavity j) with coupling constant
g;and detuning é; < 0. (c) The coupler qubit A dispersively interacts with cavity j, with coupling constant g,; and
detuning 6,;< 0 (j=1,2,...,n). Here, §,;= 6, which holds for identical qubits A and j.

single-step operation; (iii) Only two levels are needed for each qubit, i.e., no auxiliary levels are used for the state
coherent manipulation; (iv) The proposal is quite general and can be applied to accomplish the same task with a
general types of qubits such as atoms, superconducting qubits, quantum dots, and NV centers. To the best of our
knowledge, this proposal is the first one to demonstrate that a multi-target-qubit UG phase gate described by (1)
can be achieved with one qubit simultaneously controlling n target qubits distributed in # cavities.

In this work we will also discuss possible experimental implementation of our proposal and numerically cal-
culate the operational fidelity for a three-qubit gate, by using a setup of two superconducting transmission line
resonators each hosting a transmon qubit and coupled to a coupler transmon qubit. Our numerical simulation
shows that highly-fidelity implementation of a three-qubit (i.e., two-target-qubit) UG phase gate by using this
proposal is feasible with rapid development of circuit QED technique.

Results

Model and Hamiltonian. Consider a system consisting of 7 cavities each hosting a qubit and coupled to a
common qubit A [Fig. 3(a)]. The coupling and decoupling of each qubit from its cavity can be achieved by prior
adjustment of the qubit level spacings. For instance, the level spacings of superconducting qubits can be rapidly
adjusted by varying external control parameters (e.g., magnetic flux applied to the superconducting loop of a
superconducting phase, transmon, Xmon or flux qubit; see, e.g.%3-%!); the level spacings of NV centers can be
readily adjusted by changing the external magnetic field applied along the crystalline axis of each NV center®2%%
and the level spacings of atoms/quantum dots can be adjusted by changing the voltage on the electrodes around
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each atom/quantum dot®. The two levels of coupler qubit A are denoted as| 8), and | e), while those of intracavity
qubit jas|g) and|e )] =1,2,,n). A classical pulse is applied to qubit A and each intracavity qubit j [Fig. 3(b,c)].

For identical qubits, we have w = w, ey = Weg; where w is the pulse frequency and w, ( ) is the|g) < |e)
transition frequency of qubit A (qublt 7). The system Hamiltonian in the interaction plcture reads (in units of
h=1)
n n )
Zgj 'ﬁj‘ajaj +h.c) + ZgA'(ef”sAJa o, + h.c.)
=1 =1’
n
+29(0" + 07) + Qo) + ),
j=1 (3)

where aj is the photon creation operator for the mode of cavity j, o, (a].*) = le), (gl (| ) (g]) and

oy (07) = lg), (el (\g) (¢[) are the raising and lowering operators for qubit A (qubit j), §; = w, eg, — e ~and

) 4T Weg, — W are detunmgs (with w, belng the frequency of cavity j), {2 is the Rabi frequency of the pulse
apphed to each qubit, g, (g is the coupling constant of qubit A (j) with cavity j. We choose
|:|:) (| ) j:\g) )/~2 and |i) (le), £lg),) )/~/2 as the rotated basis states of qubit j and qubit 4,

respectlvely
In a rotated basis {|+),, |-)}, one has o = (azlfﬁlﬁr“a'f)/z and 0 = (AO"ZI+&I+*AOT)/2, where
\+)1( | — |- ) (- =]+ ) (—|> and 7, = —)l( + | Here, I=1, 2, 3, ---n, A. Hence, the
Hamlltonlan (3) can be expressed as

n

H, = Z—g [e T(0 + a —&;) +hc]

+ Z—gA le atal (7, + 5L — 7, + hcl
j= 1

+ ZQ& + Q7
= (4)

In a new interaction picture under the Hamiltonian H; = 7100, + Q5 ,one obtains from Eq. (4)
- )

Z g [eﬂé]t T(O‘ + 6219t~;r 67219t~ ) + h. C]
Jj= 1

+ Z_g [e 16AJ ( + EZiQta"X 721Qt~ ) +h. C]
=12 (5)

In the strong driving regime 2Q) >> {gj, \6].| » 84 |64 [} onecan apply a rotating-wave approximation and elim-
j J

inate the terms that oscillate with high frequencfes. Thus, the Hamiltonian (5) becomes

n
1
Hi =Y ~g5, (¢ *a] + h.c) + Z 2847z, (¢ “afal 4 h.c.).
2 =12 (6)
For simplicity, we set

gAj:gjaéjzéAj' (7)

The first term of condition (7) can be achieved by adjusting the position of qubit j in cavity j, and second term can
be met for identical qubits. Thus, the Hamiltonian (6) changes to

n
Hy=>H
E =t (8)

with
— 1 —idjt T iot ~
Hejf,jfzg ( +e Ja)( +UZA)7 (9)

where H . is the effective Hamiltonian of a subsystem, which consists of qubit A, intracavity qubit j, and cavity j.
In the next section, we first show how to use the Hamiltonian (9) to construct a two-qubit UG phase gate with
qubit A controlling the target qubit j. We then discuss how to use the effective Hamiltonian (8) to construct a
multi-qubit UG phase gate with qubit A simultaneously controlling # target qubits distributed in # cavities.
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Implementing multiqubit UG phase gates. Consider a system consisting of the coupler qubit A and an

intracavity qubit j, for which | i)j (|£),) are eigenstates of the operator 7, (&, ) with eigenvalues £ 1. In the
J

rotated basis {| +) | + ) , |-|-) | — )}, |- )A | +)j, |- )A |— )j }, the Hamiltonian (9) can be rewritten as

ot 0t

Hy, = g,(a] & e%a) x (1), + ), (+ ]+ =10, =), =101, (10)

and thus the time evolution operator U,(t) corresponding to the Hamiltonian H o, CAN be expressed as
'
Uy(t) = Uy (O] ), [+ ), (] (L) =) (L
1) U 0120, =), (-1 an

whereU | (f)andU___(t)are given by
’]

’J

A t
Upp,]-(t) = Tjexp[—ifo HPP7_(7')d7']

= Tj exp[—igjsppf (e~ '§JTa + ea; j)drl

N
1 o —ié;T, T i,
= Nh—lgonl_[l exp[—ig e (e ") + €"ia;) Ar]
= lim D

i 110,05

= D[fcdapp,j]e 2,

(12)
with

—ié

pp,} (P| (P| eff ,j

where pp€ {++, — -}, pef{+, -} e, =—e =1, Dis the displacement operator (for details, see Methods
below), T is the time ordermg operator and AT— t/Nis the time interval. From Eq. (12) and Eq. (31) below, one

obtains da —ig gppeﬂ iTdr and0 =Im <fc PPJ b ) Thus, one has

]
o jPPJ —ibit
Xppj = fdaPPJ — (e 1),
J

g 1,
Oppj = _K\](; (I — cos 4;t)dt,
j

p)A|p)] :gjgpp( Jta + e Ja]) (13)

(14)

where T} is the evolution time required to complete a closed path.
Ift= T is equal to 2m;m/|¢;| with a positive integer m;, we have [ .,,;= 0 according to Eq. (14), which shows
that when cavity j is 1n1t1ally in the vacuum state, then cav1ty j returns to its initial vacuum state after the time

evolution completing a closed path. Thus, it follows from Eq. (12) that we have
Upp,j(Tj) = D(0)e'mi = ¢mi. (15)

Here 0,,;is the total phase given by Eq. (14), which is acquired during the time evolution from =0 to t= T;. Note
that 0,,; consists of a geometric phase and a dynamical phase.
It follows from Eqs (11) and (15) that the cyclic evolution is described by

Un(T)) = e, 140, (L, |+ ) L (-
=) = L (L™=, =), (= (16)

J

Eq. (14) shows that §,,; is independent of index pp. Thus, we have 0, . ;= 0__ ;= 0,. Further, according to Eq. (14),

after an integration for T;= 2m,m/|,| (set above), we have

_ gj2 _ 2mj7rgj2
Oj==—5Ti=—g—
j j (17)

which can be adjusted by varying the coupling strength g; and detuning &;. Note that a negative detuning 6;,< 0
[see Fig. 3(b,c)] has applied to the last equality of Eq. (17). The unitary operator (16) describes a two-qubit UG
phase gate operation. For ¢, # 2nm with an integer n, the phase gate is nontrivial. After returning to the original
interaction picture by performing a unitary transformation U = exp{—i (Q&Zj +Q5, )T} we obtain the follow-
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ingstteranstormation ), ), = e ¥ ), ), 1), 1), = [,y [0, = )1+,

and | —) | —) /5?7 i|=),| =), which can be further written as
Al

), = ), ),
+),0-),

= =)0+

A j

+ o+

+

Al

)+, =
=), =
),
), =

where we have set QT;= km (k is a positive integer). For T;= 2m,n/|5}|, we have 202 = k|&;|/m,. The result (18)
shows that a two-qubit UG phase gate was achieved after a single-step operation described above.

Now we expand the above procedure to a multiqubit case. Consider qubit A and » qubits (1, 2, ---, ) distrib-
uted in n cavities [Fig. 3(a)]. From Eqs (8) and (9), one can see that: (i) each term of H,sacts on a different
intra-cavity qubit but the same coupler qubit A, and (ii) any two terms of H,y; corresponding to different j, com-
mute with each other: [H off Hy ] =0 (j=k=12,"n) Thus, it is straightforward to show that the cyclic
evolution of the cavity- qublt system is described by the followmg unitary operator

= LUy,
j=1

; el - dal=)s (18)

4l

(19)
where U,(T)) is the unitary operator given in Eq. (16), which characterizes the cyclic evolution of a two-qubit
subsystem (i.e., qubit A and intracavity qubit j) in the rotated basis H—)A | +)j, |-|-)A [—) \—)AH—)j7 and

=1, :

By changing the detunings ; (e.g., via prior design of cavity j with an appropriate frequency), one can have

my/oy=my/6, =, =m,/5, (20)
whichleadsto T,=T,=, --,= T, = T, i.e., the evolution time for each of qub1t palrs (A, 1), (A, 2),-,and (A, n) to
complete a cyclic evolution is identical. For the setting here, we have 0, = T resulting from Eq. (17). Hence,

one can easily find from Eqs (18) and (19) that after a common evolutlon tlme T the n two-qubit UG phase gates
characterized by a jointed unitary operator U(T) of Eq. (19), which have a common control qubit A but different
target qubits (1,2, ..., n), are simultaneously implemented. As discussed in the introduction, the n two-qubit UG
phase gates here are equivalent to a multiqubit UG phase gate described by Eq. (1). Hence, after the above opera-
tion, the proposed multiqubit UG phase gate is realized with coupler qubit A (control qubit) simultaneously
controlling n target qubits (1, 2, ---, n) distributed in # cavities.

To see the above more clearly, consider implementing a three-qubit (two-target-qubit) UG phase gate. For
three qubits, there are a total number of eight computational basis states, denoted by
{| +)A|+)I\+)2, H—)A | -1—)1\—)27 e —)A | —)1\—)2}. According to Eqs (18) and (19), one can obtain a
three-qubit UG phase gate, which is described by

[0l hl+) = @O ) ) [=alhl+) = [=)al bl

[0l 0l =) = €M )al 0] =Das [=Dal 0l =)o = €% =)al )] = ).

[ )al =0l = @Al =Wl +)e [=)al =Nl )2 = € =)al =)l +)a

[0l =01 =) = [F)al=hl=Das | = dal=hl =)o = €O =) [ =) | =)s (21)

As discussed in the introduction, by applying single-qubit operations, this three-qubit UG phase gate described
by Eq. (21) can be converted into a three-qubit phase gate which is illustrated in the above-mentioned Fig. 1 or
Fig. 2 for n= 2. In the next section, as an example, we will give a discussion on the experimental implementation
of this three-qubit UG phase gate for the case of 6’1 =0,= /2. Based on Eq. (17) and for T, = T, (see above), one
can see that the 0, = 6, corresponds to g 2/5 = % ? /6, which can be met by adjusting g; (e.g., varying the position
of qubit j in cavity j) or detuning ¢; (e.g., prior adjustment of the frequency of cavity j) (j= 1,2).

Possible experimental implementation. Superconducting qubits are important in QIP due to their
ready fabrication, controllability, and potential scalability®®¢>-%°. Circuit QED is analogue of cavity QED with
solid-state devices coupled to a microwave cavity on a chip and is considered as one of the most promising candi-
dates for QIP®>-72. In above, a general type of qubit, for both of the intracavity qubits and the coupler qubit, is
considered. As an example of experimental implementation, let us now consider each qubit as a superconducting
transmon qubit and each cavity as a one-dimensional transmission line resonator (TLR). We consider a setup in
Fig. 4 for achieving a three-qubit UG phase gate. To be more realistic, we consider a third higher level | f) of each
transmon qubit during the entire operation because this level | f) may be excited due to the |e) « |f) transition
induced by the cavity mode(s), which will affect the operation fidelity. From now on, each qubit is renamed
“qutrit” since the three levels are considered.

When the intercavity crosstalk coupling and the unwanted |e) < |f) transition of each qutrit are considered,
the Hamiltonian (3) is modified as follows
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Cl : C2
Figure 4. Setup of two cavities (1,2) connected by a superconducting transmon qubit A. Here, each cavity
represents a one-dimensional coplanar waveguide transmission line resonator, qubit A is capacitively coupled
to cavity j via a capacitance C; (j= 1,2). The two green dots indicate the two transmon qubits (1, 2) embedded
in the two cavities, respectively. The interaction of qubits (1, 2) with their cavities is illustrated in Fig. 5(a,b),

respectively. The interaction of qubit A with the two cavities is shown in Fig. 5(c). Due to three levels for each
qubit considered in our analysis, each qubit is renamed as a qutrit in Fig. 5.

]
1

h;=H;+ Oy, (22)

where H; is the needed interaction Hamiltonian in Eq. (3) for n= 2, while O; is the unwanted interaction
Hamiltonian, given by

[

0, = Zg (e’éfta afe +hoc)+ Y% (eigAftajaﬁA + h.c.) + 5;12(8"Ata1az+ + h.c.)
=1

g
£

2 . o
+ >0 [el(“)feffw)tcrﬁj +h.c]+Q [e’(“’fef“’)tcrﬁA + h.c.],

j=1 (23)

where gﬁj =|f )j {e]and afe = |f), (¢|. The first term describes the unwanted off-resonant coupling between

cavity j and the |e) < |f) transition of qutrit j, with coupling constant g. and detuning 6 =wp, — W,
[Fig. 5(a,b)], while the second term is the unwanted off-resonant coupling between cavity j and the|e ) | f$
transition of qutrit A, with coupling constant g 4] and detuning §, = Whe, — W, [Fig. 5(c)]. The third term of Eq.
(23) describes the intercavity crosstalk between the two cavities, where A = w. — w, = ¢, — &, is the detuning
between the two-cavity frequencies and g, is the intercavity coupling strength between the two cavities. The last
two terms of Eq. (23) describe unwanted off-resonant couplings between the pulse and the|e) < |f) transition of
each qutrit, where Qis the pulse Rabi frequency. Note that the Hamiltonian (23) does not involves|g) « |f) tran-
sition of each qutrit, since this transition is negligible because of w_ , w <« w fep Wre, (i=1,2) (Fig. 5).

When the dissipation and dephasing are included, the dynanilcs of the lossy system is determined by the
following master equation

d ) 2
P = iy, p) + YnLla]
dt :
+ 2 DLloy ] + Ty Llog,) + Ty Llog, ]}
1=12,A
+ 2 Wigplogppog —oppp/2 = poss/2)}
I=12,A
+ Z {Fl,goe(o-eelpo-zel - oeelp/z - paeel/z)}7
I=12,A (24)

where 1, = (&M e, = lei (el o= 1) (f1; and L[A] = ApA" — A"Ap/2 — pA"A /2, with A = a4, 0] 5 Oy Of.
Here, x;is the photon decay rate of cavity j (j= 1, 2). In addition, I'; is the energy relaxation rate of the level|e) of
qutrit LT, (T, é’:) is the energy relaxation rate of the level|f) of qutrit ! for the decay path|f) — |e)(|g)),and ;.

(T';,p is the dephasing rate of the level |e) (| f) ) of qutrit [ (I=1, 2, A).
The fidelity of the operation is given by

F = J(Vialpltia) (25)

where |f(/1i d) is the output state of an ideal system (i.e., without dissipation, dephasing, and crosstalk considered),
while p is the final density operator of the system when the operation is performed in a realistic physical system.
As an example, we consider that qutrit / is initially in a superposition state1/~2 (\ +),+1- )l) (I=1,2,A) and
cavity 1 (2) is initially in the vacuum state. In this case, we have|1),;) = |p,;) ® 0),,10) ,» where

) = (/) (=), ) ), il ), [ [ =), il =), ), 1), = ) =),
H ), ), =) [ =), il =), =) ), =1 =), 0= ) 0), ), (26)

which is obtained based on Eq. (21) and for 0, = 6, = /2.
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Figure 5. Schematic diagram of qutrit-cavity interaction. (a) Cavity 1 is coupled to the|g) < |e) transition
with coupling strength g, and detuning 6,, but far-off resonant with the|e) < |f) transition of qutrit 1 with
coupling strength ¢ and detuning 5, (b) Cavity 2 is coupled to the|g) « |e) transition with coupling strength g,
and detuning 6,, but far-off resonant with the|e) < [f) transition of qutrit 2 with coupling strength g, and
detuning 6 (c) Cavity 1 (2) is coupled to the|g) « |e) transition of qutrit A with coupling strength ¢ 4 (g 4 )
and detuning §, (¢, ); but far-off resonant with the e) « |f) transition of qutrit A with coupling strength g,
(gAz)anddetuningéAl(éAz).Here,(Sj:weg‘— e 0. = Whe, — Wep 5A]_ Wy, — and(SA =Wp,, — W
(j=1,2), where Weg (Wye )8 the|g) < |e) ((e) < |f) ) transition frequency of qutr1t], e, (Wre A) is the

. j 8a
lg) < le)(Je) <~ [f)}) transition frequency of qutrit A, and w, is the frequency of cavity j.

J

We now numerically calculate the fidelity of the gate operation. Without loss of generality, consider identical
transmon qutrits and cavities. Setting m, = 1 and m, =2, we have §, =26, because of Eq. (20), which corresponds
tog,/g, = 1/~/2 for 6= 6,. In order to satisty the relation 22> |6,| and 20 = k|6,|/2, we set k= 18. In addition,
we have § g~ 2 g gA ND) gA (j=1,2),and Q) ~ 29 for the transmon qutrits”®. For a transmon qutrit, the

anharmomc1ty a/27r /720 MHZ between the g) < |e) transition frequency and the |e) < |f) transition fre-
quency is readily achieved in experiments”. Thus, we set (5 = 6; — 720 MHzand 5 4= = 6; — 720MHz (i=12).
For transmon qutrits, the typical transition frequency between two neighbor levels i is between 4 and 10 GHz">7®.
Therefore, we choose w, ¢, /27, w,q /2 ~ 6.5 GHz. Other parameters used in the numerical calculation are as
follows: T} , = 60 15, T, = 30 s, Tyl =45us, Ty = 22.5p1s, r;;l =100 us (I=1,2, A), and k" = 30 s
(j=1, 2). It is noted that for a transmon qutrit, the|g) — \ 1) dipole matrix element is much smaller than that of
the|g) < |e)and|e) < |f) transitions. Thus, Ff; > I Ffe

To test how the inter-cavity crosstalk affects the gate ﬁdehty, we plot Fig. 6 for g,=0, 0.01g,, 0.1g;, which
shows the fidelity versus 6,/27. For simplicity, the dissipation and dephasing of the system are not considered in
Fig. 6. As depicted in Fig. 6, the effect of the inter-cavity coupling is negligible as long as g,, < 0.01g;.

Figure 7 shows the fidelity versus 6,/2m, which is plotted by setting g,, = 0.01g; and now taking the system-
atic dissipation and dephasing into account. From Fig. 7, one can see that for §,/2m~ —1.8 MHz, a high fidelity
~99.1% is achievable for a three-qubit UG phase gate. For 6,/2m~ —1.8 MHz, we have T=T, = T,=0. 556 1S,
£/27=0.9MHz, and g,/27 = 1.273 MHz. The values of g, and g, here are readily available in experiments’’.

The condition g;, = 0.01g, is easy to satisfy with the cavity-qutrit capacitive coupling shown in Fig. 4. When
the cavities are physically well separated, the inter-cavity crosstalk strengthis g~ ~ ¢ 4,Ca /Cs, g 2,C1 /Cy» where
Cy= C,+ C,+ C, (C, is the qutrit’s self-capacitance)’®”. For C,, C,~ 1fF and Cy~ 100 F (typical values in exper-
iments), one has g12 ~ 0 01g,. Thus, the condition g,, = 0.01g, is readily achievable in experiments.

Energy relaxation time T, and dephasing time T, of the level|e) can be made to be on the order of 55-60 ys for
state-of-the-art transom devices coupled to a one-dimensional TLR*® and the order of 20-80 us for a transom
coupled to a three-dimensional microwave resonator®82. For transmon qutrits, we have the energy relaxation
timeT] ~ T,/2and dephasingtimeT, ~ T, of the level|f), which are comparable to T, and T, respectively. With

Weg | /2, Weg, /27 ~ 6.5GHz chosen above, we have w,,/2m ~6.5018 GHz and w,,/27 ~ 6.5009 GHz. For the cavity
frequencies here and the values of #, 'and k, ' used in the numerical calculation, the required quality factors for

the two cavities are Q; ~ 1.2249 x 10° and Q, ~ 1.2247 x 10°. Note that superconducting coplanar waveguide res-
onators with a loaded quality factor Q ~ 10° were experimentally demonstrated®*# and planar superconducting
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Figure 6. Fidelity versus §,/27, plotted for different intercavity coupling strengths but without considering
the systematic dissipation and dephasing for simplicity.
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Figure 7. Fidelity versus §,/27, plotted for g,, =0.01g, and by taking the systematic dissipation and
dephasing into account. The parameters used in the numerical simulation for Figs 6 and 7 are referred to the
text.

resonators with internal quality factors above one million (Q > 107) have also been reported®. We have numeri-
cally simulated a three-qubit circuit QED system, which shows that the high-fidelity implementation of a
three-qubit UG phase gate is feasible with rapid development of circuit QED technique.

Discussion

A simple method has been presented to realize a generic unconventional geometric phase gate of one qubit simul-
taneously controlling # spatially-separated target qubits in circuit QED. As shown above, the gate operation time
is independent of the number # of qubits. In addition, only a single step of operation is needed and it is unnec-
essary to employ three-level or four-level qubits and not required to eliminate the dynamical phase, therefore
the operation is greatly simplified and the experimental difficulty is significantly reduced. Our numerical simu-
lation shows that highly-fidelity implementation of a two-target-qubit unconventional geometric phase gate by
using this proposal is feasible with rapid development of circuit QED technique. The proposed multiqubit gate is
generic, which, for example, can be converted into two types of important multi-target-qubit phase gates useful
in QIP. This proposal is quite general and can be applied to accomplish the same task with various types of qubits
such as atoms, quantum dots, superconducting qubits, and NV centers.

Methods
Geometric phase. Geometric phase is induced due to a displacement operator along an arbitrary path in
phase space®®®”. The displacement operator is expressed as

D(a) = e® ", (27)

where a' and a are the creation and annihilation operators of an harmonic oscillator, respectively. The displace-
ment operators satisfy
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D(ay)D(az) = D(ay + ag)e™ %) (28)
For a path consisting of N short straight sections A, the total operator is

D,

D(AaN)---D(Aaj)

N N j-1
D ZAaj exp|ilm ZAaJ-ZAak"
i=1 =2 k=1 (29)

An arbitrary path ¢ can be approached in the limit N — eo. Therefore, Eq. (29) can be rewritten as

b= of Lo (0

with

0= Im[fc a*da]. (31)
For a closed path, we have
D, = D(0)e® = ¢, (32)

where O is the total phase which consists of a geometric phase and a dynamical phase®. In above, equations
(27-32) have been adopted for realizing an UG phase gate of one qubit simultaneously controlling » target qubits.
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