Zhang and Shi SpringerPlus (2016)5:366 . H
DOI 10.1186/540064-016-2004-0 0 Sprlnger PlUS

RESEARCH Open Access

Permissible noninformative priors for the @
accelerated life test model with censored data

Fode Zhang and Yimin Shi"

*Correspondence:

Insz-zfd@163.com; ymshi@ Abstract
Bwpu-edum — In this paper, the Jeffreys priors for the step-stress partially accelerated life test with

t T . . . . . .
Mifﬁ;?aet?CS?NoﬁEv'veestern Type.—ll adapt!ve progressive hybrid censoring s.cheme qlgta are cor@dergd. leeh a
Polytechnical University, density function family satisfied certain regularity conditions, the Fisher information
Xi‘an 710072, Shaanx, matrix and Jeffreys priors are obtained. Taking the Weibull distribution as an example,

People’s Republic of China . . . . s .
ples Hepubt ‘ the Jeffreys priors, posterior analysis and its permissibility are discussed. The results,

which present that how the accelerated stress levels, censored size, hybrid censoring
time and stress change time etc. affect the Jeffreys priors, are obtained. In addition, a
theorem which shows there exists a relationship between single observation and multi
observations for permissible priors is proved. Finally, using Metroplis with in Gibbs sam-
pling algorithm, these factors are confirmed by computing the frequentist coverage
probabilities.

Keywords: Jeffreys priors, Permissible priors, Partially accelerated life test,
Progressive Type-Il censoring, Metroplis with in Gibbs sampling

Mathematical Subject Classification: 62N01, 62N05, 62C10, 62F15

Background
Noninformative priors, which make the Bayesian analysis is a distinct field in some
sense, have received a lot of attention in the past decades (see references Berger et al.
2009, 2014; Guan et al. 2013; Jeffreys 1946). Among important noninformative priors are
Jeffreys priors because of invariant and good frequentist properties.

Given a model {p(y|0),y € V,0 € ®} and a prior 7 (0), for any invertible transform
n = n(0), the prior 7 (0) is said to be satisfied Jeffreys’ rule if

7(0) = m(mlJ(ml, (1)

where |J (n)]is the Jacobian of the transformation from 7 to 6.
Jeftreys (1946) proposed the famous Jeffreys prior

7(0) = \/|1(0)] )

satisfies the Jeftreys’ rule (1), where |/(0)| denotes the determinant of the expected Fisher
information matrix I(6). The another important property of Jeffreys prior is its good fre-
quentist properties.
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For a prior 7 (6), given a set of observations y of size n. Let ;] («]y) denote the ath
quantile of the posterior distribution of 6, i.e.,

P(6 <6 (alyly) = a.

A prior 7 is said to be an ith order matching prior for 6 if
P(0 <67 @ly)l0) =+ O(n™3).

In the uniparametric case, for any smooth prior 7*(0) under regularity conditions,
Welch and Peers (1963) show that the frequentist coverage probability is

P(6 <67 (@ly)l0) =a + O(n~2).

That is 7*(0) is the first-order matching prior. However, using the Jeffreys prior 7 (9),
then

P(6 <67 (@ly)lf) = a+O0m™),

that is Jeftreys prior () is the second-order matching prior. Moreover, Welch and Peers
(1963) also show that Jeftreys prior is the unique second-order matching prior under
certain regularity conditions.

In the survival analysis, there are exist two most popularly methods to save the experi-
ment cost, one is accelerated life test, the another is censored data. As products become
highly reliable with substantially long life-spans, time-consuming and expensive tests are
often required to collect a sufficient amount of failure data for analysis. This problem
has been solved by use of accelerated life tests (ALT), in which the units are subjected to
higher than normal stress levels, like pressure, voltage, vibration and temperature, etc.,
to induce rapid failures. The test is said to be SSPALT (see references Dharmadhikari
and Rahman 2003; Han 2015; Ismail 2014; Wu et al. 2014; Abd-Elfattah et al. 2008), if a
test unit is first run at normal condition and, if it does not fail for a specified time, then it
is run at accelerated stress until failure occurs or the observation is censored.

In reliability experiments, the another way to to save time and reduce cost is censored
data (see references Voltermana et al. 2014; Wu et al. 2014; Balakrishnan and Kundu
2013; Park et al. 2015. If the experimental time is fixed, we called the scheme is Type-
I censoring scheme, in this case the number of observed failures is a random variable.
Otherwise, if the number of observed failures is fixed, we called the scheme is Type-II
censoring scheme, in this case the experimental time is a random variable.

In this paper, we investigate the Jeffreys priors for SSPALT with Type-II APHCS, this
censoring scheme will be illustrated in the next section. The main results of this paper
can be briefly described as follows.

+ Given a model {p(¥|0),y € V,0 € O} under certain regularity conditions, the likeli-
hood function for the SSPALT with Type-II APHCS data is unified, and is done in
“Likelihood function and special sub-likelihood functions” section.

+ The elements of Fisher information matrix are investigated under different censoring
schemes. The relationships among with the Jeffreys priors which obtained from cen-
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sored data and uncensored data are researched, and are done in “Jeffreys priors for
survival models” section.

Taking the Weibull distribution as an example, the Jeffreys priors m1;(0), ma;(0),
737 (0) and 14y (@) based on the SSPALT with Type-1I APHCS, Type-II APHCS, Type-
II CS and complete samples are discussed, respectively, and are done in “Jeffreys pri-
ors for the Weibull distribution” section.

The posterior analyses based on the Jeftreys priors are studied in “Posterior analysis”
section.

The permissibility of Jeffreys priors is analyzed, and a theorem which shows that
there exists a relationship between single observation and multi observations for per-
missible prior is proved, and are done in “Permissible Jeffreys priors” section.

Using the random way Metroplis with in Gibbs sampling techniques, simulation is
acquired in “Simulation studies and frequency analysis” section.

For convenience, we define the following notations:

ny: the number of observed items at normal condition.
Ny the number of observed items at accelerated condition.
cu times of censored items at normal condition.
c times of censored items at accelerated condition.
acceleration factor.
stress change time.
n: hybrid censoring time.
I4: indicator function on a set A.
R;: the number of units removed at the time of the ith failure.
v vector of (y1, ..., y,), specially y* = 0.
y¥: vector of (y;,...,y)forl <i <j<mn0fori>j,y;fori=j.
Vismnt ith observed failure times.
def

< B Bcanbe defined by A.

Progressive hybrid Type-ll censoring schemes

In order to overcome the drawbacks of Type-I and Type-II censoring schemes, the mix-

ture of Type-I and Type-II censoring schemes, which known as hybrid censoring scheme,

was originally introduced by Epstein (1954). If each of the failure times, there are some

surviving units are randomly removed from the experiment, and all the remaining sur-

viving units are removed from the experiment at the time when the conditions of the

terminate experiment are satisfied, we said this scheme is progressive censoring scheme

(see Balakrishnan and Aggarwala 2000; Balakrishnan and Kundu 2013). In this paper, we
consider the Type-II APHCS (see Ng et al. 2009) which can be defined as follows:

Suppose 7 items are placed on a life-test, the effective sample size m < n and time
n are fixed in advance.

At the time of the first failure denoted Y7.,,., R1 of the remaining # — 1 surviving
units are randomly removed from the experiment.

The experimental continues, at the time of the kth failure denoted Yj.,,.,., Ry of
the remaining n — k — Zf.:ll R; surviving units are randomly removed from the
experiment.

Page 3 of 24
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4a. If the mth failure time occurs before time 7 (i.e., Yy:m:n < 1), the experiment will
be terminated at time Y., and all remaining n — m — Zf’;l R; surviving units
are removed from the experiment.

4b. Otherwise, once the experimental time passes time 5, but the number of
observed failures has not yet reached m (i.e., Yjynn <01 < Yit1mn < Yomn)-
They do not withdraw any units at all except for the time of the mth failure where
all remaining n — m — Z’i:l R; surviving items are removed. From now on, we
use the censoring scheme 4 and the censoring scheme b denote the schemes
(1)—(2)— (3)— (4a) and (1)— (2)— (3)— (4b), respectively.

Likelihood function and special sub-likelihood functions
def

For simplicity, let Y = (Y1, Y2, ..., Yi) = Yiimns Y2umns - - - » Yowm:n) denotes a Type-I1
APHCS sample from a density function family {f (y|0),y € ),0 € ®} under Cramer—Rao

regularity conditions, with distribution function F(y) = F(y | 6) and survival function
def

SO =Su10).
Based on the transformation variable technique proposed by DeGroot and Goel
(1979):
y-IT fT=r,
T+ T -0k fT>1,

where T is the lifetime of the unit under normal use condition, 7 is the stress change
time and k > 1 is the acceleration factor. The density function and survival function of Y’
under SSPALT model can be given by, respectively,

0’ J/ S O:
O =90 =fOEry16), o0<y=<r,

fZ(Y)’ T<)

0, y <0,
SO =1 500 =Sm¥syle, o0<y<t,

S2(9), T <Y

where
def def

LO) =K (T +k(y—1)10), S200) = kS(r + k(y — 1) | 0).
We suppose, without loss of generality, that 7 < n except for particular pointed place.
In order to unify the likelihood function, we introduce the following indicator functions:
81i = Iy,<r, 81 =Ili<y,<v,, &5 = Iy, .1 <vi<YuYi=Y,,

Then, based on the Ismail (2014), the joint density function of SSPALT model with
Type-1I APHCS data is given by

L@:y") = [ 00 G 50 Sy " ), 3)

i=1
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where

c 5;?’ Y] <n< Yj+l <Yu
8y =

Slii Ym < 77,

Rmzn—m—Zélei, for Yj <n <Y1 <Y and Rmzn—m—Z?:llRi, for

Y < n. Obviously
m m m
28” =Ny = Cy, Z 81i = Hg, 2851 = Cq4.
=1 i=1 i=1

Assume D; and Cj are the sets of individuals for whom lifetimes are observed and
censored at normal conditions, respectively. Similarly, suppose D, and C, are the sets
of individuals for whom lifetimes are observed and censored at accelerated conditions,

respectively. Then the likelihood function (3) can be rewritten as

Le:y™ = [[foi10) [[ s8¢ 0i10), k=12 @

ieDy ieCy

Remark 1 Consider some special cases, we have the following results.

« IfR™71 =0,7 <y, then the Eq. (4) can be reduced to

L@:y") = [[ /i 108" 0m 16), k=12, )
ieDy
that is the likelihood function for a SSPALT model with Type-II censored data.
+ Let the stress change time t be big enough, i.e., T > y,;,. Then, the accelerated stress is
invalid in the life test, the Eq. (4) becomes
Le:y™ = [[A0i 10 [] T 010, ©
ieDy ieCy
that is the likelihood function for a life test model with Type-II APHCS data.
o Let the pre-specified time 1 and stress change time 7 are big enough such that
¥m < min{t, n}, then the Eq. (4) can be simplified to

LO:;y™ = [[A0: 1 )ST " (m 1 6), (7

i=1

that is the likelihood function for a life test model with Type-II censored data.

Jeffreys priors for survival models
In fact, much work has been done to study the Jeffreys priors for life test with censored
data. This goes to the early works of Santis et al. (2001) and Fu et al. (2012).

Let Y” be a set of data with size n, L(6;y"”) be a likelihood function for an unknown
parameter 6, then the Jeffreys prior for 0 is defined by

) =/110) 1,
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where | 1(0) | denotes the determinant of the expected Fisher information matrix 1(6),
whose {#, j} element is given by

2

3
=—Ep| ———logL(6;y") | 6],
Thj ?| 36,96, og L(¥;y") | @®)

where expectation Eg with respect to the random variable Y.

In the life test with Type-II APHCS, notice that the number of removed units at the ith
(i=1,2,...,m) failure R; is a random variable, then R is a random vector. We suppose
that Ry, Ry, ..., R, are ii.d., data, and

R; ~N((n—m)(j+1)_1,1), for y; < n < Y1 < Y )
R; ~ N((n —mym™ L, 1), for yu, <, (10)
where R;(i = 1,2,...,m) may be not an integer, it contradict with practical, we must

become it integer using proper methods in the sense of approximate in the simulation
studies.

For convenience, k = 1, 2, we introduce the following notations:

dif{ n—m)G+D7 Y <n <Y1 < Y
(n—mym1, Yy <

def 2

def 2
L) =logL@;y™), 0;.£(0) = log L(9; y'");
(0) =log L(6;y™), 9;,2(6) aahaejog( Yy
D, def D, def 2
L0 L log fui 10), L O)E S og i 6):
1,06
2
250 Elog S (i 10), .25 0)E log Si (v | 0):
36,,06;

m
O B[4 0) 1 6u=2-k6], E%O EE[9}.20) | 8u=2-ko];
i=1
def = def
E2O) 3 B [ROBZ10) 181 =1,6], £90) L B[R0} L50) | 81 =1,0];
i=1
f “ f
E20) Y B[RO} Z20) |85 = 1,6], 670) € B [Rioj£20) | 85 =1,6].
i=1

Theorem 1 Let Y” be a sample of independent life data, with likelihood function
L©; y™) given in (4), then we have the following results:

(@) Jij=—Ea[0}2©0)16] = —(Hp©h6) + Hc O ),

Page 6 of 24
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where
Hp(6),6)) = 6 O)P(1: = 11 6) + E2O)P(81:= 0| 6,
He (0 6)) = G O)P{81; = 1] 0} + &2 0)P{85, =1 0}

(b) Ifthe data are i.i.d., then

HpOp,6) = Y > EP@P{su=2~k|6},

k=12 i=1

Hc(6p,6) = 90) Y _Plu=1161+620) ) P{s5;,=1]6}.
i=1 i=1

Proof See “Appendix 1”. O

Theorem 2 Let Y” be a sample of independent life data, with likelihood function
L(©; y") given in (4), then

(@) Jij = Elm 101(620) + £2(0) — £2.0) — 62 ©)) = mE2©0) = mEL ©), i Yom < 1.

() Joy = Eln | 0(820) + E20) = 820) = 62©0)) = mEZ0) = (+ DEZ ), if
Yi<n<Yy <Y

Proof See “Appendix 2" O

Theorem 3 Let Y"” be a sample of i.i.d., life data, with likelihood function L(0; y™) given
in(4),andY; < n < Y1 <Yy, then

@ Jpj= — EPYO)E[ny | 0] — EP2(O)Eng | 0] — E1(O)Elcy | 0]
—E [Rma,fjgm(e) |85 = 1,9}1){55,” =116}, f <7 <Y
() Jnj= — EPYO)E[ny | 0] — EV(O)E[cy | 0], if Yo < .

Proof If the data are i.i.d., from the Theorem 1, the expectation does not depend on
index i, then

m m
S E [0 0) 101 = 1,6l =116} = £P1©) > Plou =110},
i=1 i=1

that is

Dl _ D]
52 @) = &71(0).

Similarly, we have
552(9) = &P29), é"g(@) = éoc"(Q) (k=1,2).

If n <t < Yy, then the censored data only valid at time Y},,. If Y},, < 7, then the acceler-
ated stress is invalid. The results can be shown via a standard computation. [J
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Based on the Theorem 3, we get the following results.

Corollary 1 Let Y" be a sample of i.i.d., life data, with likelihood function L(0;y™)
given in (4), Cx = 0 (k = 1,2), then

— EPYO)E[n, | 0] — EP2(0)E[na 10], if 1 <1 < Yo
— EPYO)E[n, | 6], if Yy <T.

(@) Jnj
D) Tnj

Corollary 2 LetY" be a sample of i.i.d., life data, with likelihood function L(0; y™) given
in (4), dim(0) = p and Cy = W (k = 1, 2), then the Jeffreys prior is

7 6) = 7 ) (Eln, | 0P,

where 7/ (9) is the Jeffreys prior for the uncensored case under normal conditions.

Jeffreys priors for the Weibull distribution

In this section, we investigate the Jeffreys priors for the Weibull distribution. Suppose
n independent units are placed on a life test, and Y” denotes a Type-II APHCS sample
from the Weibull distribution with shape and scale parameters as 8 and 6 respectively,
the probability density function (pdf) of Yis given by

fr@:6,B8) =By 107 F exp{—(y/6)F}, y>0,6>0, p>0. (11)

In the uncensored data and without accelerated stress setting, Sun (1997) proved that
the Jeffreys prior for the Weibull density function is

70, B) x 1/6. (12)

In order to obtain the exact results, in this section, we assume that the censoring
scheme is b. Based on the Balakrishnan and Kundu (2013), the likelihood function under
SSPALT with Type II APHCS can be provided as follows

ny j m
L, B:y" = [[A00sT o0 [[ A00SY 00 T £00DS3" Gm). (13)
i=1 i=ny,~+1 i=j+1

LetY, = t 4+ k(Y — 1), then the density function of Z, = (Y,/6)P can be obtained via

a standard computation, that is
11 - B—-1 - B
f(zq) x Ry (k‘l(ezf . T) + r) exp {—9_’3 (k_l(é)zf . T) + r) }

Observe that the density function of z, is complicated, for simplicity, we also introduce
the notations

EVY = B E@,p) [(Jg)ﬁv [ln (%)} W} =Epplznz)"], vw=012 (14

provided that the integral exists, where E g) means the expectation being with respect
to the random variable Z,.
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If the acceleration factor k = 1, thatisY =Y, Z = (¥ /(9)’3 is an exponential random
variable with mean 1. For z > 1, let

o
v= [ llog@e <az (s)
0
be the uth moment of log(Z), we have the following relationships between y and &

. £L0 — 1, &0l — Y
e EM =14y, P =p+2p,

where —y is Euler’s constant, y» — )/12 is the variance of log(Z). After a standard compu-
tation, some results can be obtained as follows.

Lemma 1 From the density function (11) and the likelihood function (13), we have
Jao =672 (mp — B(B + DM + 1) + (Meq + n) 610 ):
Joo = B72(—m = m(M + D2 +271) — (M + ) 62);

T =071 (= M+ D@ + 1) + (Meq + 1) (7 + 619)).

Proof See “Appendix 3" O

Therefore, the expected Fisher information matrix of (9, ) is
Z _ _<§20 Ju >’
11 Jo2
and the determinant of ¥ is
det () = 6 y1(B),
where
Vi) = (=mB™ + BB+ DOWM + 1) + (Mea + 1))
x (4 1M+ D +2) + Mg + 1081

2
- (m M D@2+ 1) — (Meg + na) (V! + 51’0)) .

The following result can be immediately obtained.

Theorem 4 Let Y" be the failure times observed from Weibull (0, B), then the Jeffreys
prior based on the SSPALT with Type-1I APHCS is given by

7170, 8) < 071/ 1y (B)],

where yr1(B) > 0 is a constraint which may not be satisfied in practice.
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A obvious fact is that the Jeffreys prior depends on the accelerated stress levels, the
number of observed units and the number of censored items. But how about without
accelerated stress? In this case, n, = ¢, = 0, n, = m, then

J20 = 0" 2(mp — B(B + ym(M + 1));
Jo2 = B72(=m — m(M + 1) (y2 + 21);
Ji1 =07 (—=m + mM +1)(2 + ).

Theorem 5 Let Y" be the failure times observed from Weibull (0, B), then the Jeffreys
prior with the Type-II APHCS is given by

(0, B) o« mO /|y (B)1,

where Y2(8) = (M+1+MBHA+M+1)(y24211) — (1 =M+ 1D (11 +2))* > 0.
If the experimenter dose not remove the sample at each failure time except the mth
failure, that is Type-II CS, then n,, = m, n, M = R, we have

Joo =672 (=mp? — RuB(B+1)):
Jo2 = B~ (=m — (m + Ry (y2 + 211));
Ji1 =07 m@A + 1) + Rn(2 + 11)).

The following results are obtained directly.

Theorem 6 Let Y” be the failure times observed from Weibull (0, B), then the Jeffreys
prior with the Type-1I CS is given by

737 (0, B) o0~/ 193(B),
where Y3(8) = (m + Ry + Ry p~1) (m 4 (m + Ry) (2 + 271)) — (m(1 + y1) + Ru(y1 +2))> > 0.
Considering the censored data does not presented in the life test, then m = n,R,,, = 0.

Corollary 3 Let Y" be the failure times observed from Weibull (0, B), then the Jeffreys
prior with complete sample is given by

7470, B) < nf ™/ |9a] o671,
where Y4 = yp — )/12 is the variance oflog(Z), Z ~ exp(1).
Posterior analysis

Suppose Y" is a sample from Weibull (¢, 8) under the SSPALT with Type-II APHCS. Let

def » j .
Zie[l:nu:j:m] (yi’yﬂi’Rl" ﬂ) é Z?:l(l + Ri)y? + Zli=n,,+1(1 + Ri)ygi + Z?;#l ygi + Rmyﬂﬂm’

def 1y, f—1 B-1.
[Ticpion,.m @isai B) =TT, 33 1 Vai
m1 S (M + 1) + (Meg + 1),
f
my 4+ (M + D3+ 201) + (Mg + 1) EV2

Notice that n, + 1, = m, it is clear that m; > m, /Y1 (B) < mimy + mo(m1 — m)B~L
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Let

7 — Y; ifi=1,...,ny
YT N Y ifi=n,+1,...,m

If there is Z; such that Z; < max{Z,,...,Z,,}, m > 2, and the observations are distinct.

Then from proposition 1 in Sun (1997), we have

/ - / - L(data; 0, B)m1; (6, B)dodp
0 0

. B
Catha m—1
<k F(VH)/O B <m2m1 + B max{Zj, .. -;Zm}) a6

< oQ.

my(my — M)> ( Zk

Similarly, we can check the following result.

Theorem 7 Ifm>2andY1,...,Yn,, Yu,+1,..., Ym are distinct, then the posterior dis-
tribution of (0, B) based on the Jeffreys priors w1y, oy, w3y, Way are proper, respectively.

Under this theorem conditions, the following results can be arrived via a standard
computation.

Theorem 8 Given the Jeffreys prior w1y based on the SSPALT with Type-Il APHCS, then
(a) the marginal posterior density of 0 is given by

1 gee m
y@idate = = [T ESE T Guyapress

i€[l:ny,:m]

{_ Zie[l:nu:i:me]éyi’yairRi: B) }dﬂ;

(b) the marginal posterior cumulative distribution function of 6 is given by

—m

1 [

Hy1(0\data) = — / e [ 0ova | D OoyanRis)
€1 Jo ie[Limy:m] i€ Lgjm]
x I <m Lieltmgom) mwi,RbS))ék;
95
(¢) the marginal posterior density of B is given by

—m

1
o (Bldata) = —F""1\/ Y1 ()T (m) I vrvad| D GorvaRiB|

i€[liny:m] i€[liny:j:m]

(d) the marginal posterior cumulative distribution function of B is given by

—m
1 B
H12(ﬂ|data)=al"(Vﬂ)/0 VO || Ui:}’air”( > (yi’yairRi’s)> ds.

i€[l:n,:m] ie[l:ny:j:m]
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where
—m
def ° m—1
a o [TV TT 0| X Gk | ds
0 i€(l:ny,:m] ie[lin,:j:m]
is the normalizing constant, Ir (m, y) def /; * sm=1 exp{—s}ds is the complementary incom-

y
plete Gamma function and I (-) is the Gamma function.

Permissible Jeffreys priors

Permissible priors, as pointed by Berger et al. (2014), can be viewed as some objective
priors to those that satisfy the expected logarithmic convergence condition. We first
recall the following definitions, for more details, we refer to Kullback and Leibler (1951),
and Berger et al. (2009).

Definition 1 (Kullback and Leibler 1951) The logarithmic divergence of a probability
density p(y) of the random vector y € Y from its true probability density p(y), denoted by

~ rQ)
Kip | p} = /yp(y) log {E(y) }dy
provided the integral (or the sum) is finite.

K{p | p} given a method that how to measure the distance between the distribution p
and p. It is clear that K{p | p} does not the normal in the meaning of functional analysis
because it may be K{p | p} # K{p | p}. Berger et al. (2014) suggested that K{p | p} is a
divergence, not a distance, a generalized divergence can be found in reference Bernardo
(2005) where the divergence is equipped with both primary advantages and normal
benefits.

Definition 2 (Berger et al. 2009) Consider a parametric model {p(y | ),y € ),0 € ®},
a strictly positive continuous function 7(0),6 € ®, and an approximating compact
sequence {©;}°, of parameter spaces. The corresponding sequence of posteriors
{m:(0 | 9)}2, is said to be expected logarithmically convergent to the formal posterior
(0 | y)if

il_i)n;o ; Kim (- 1 p) | m:(- | »)}pi(y)dy =0

where p;(y) = [o P(y | 6)7:(8)db.

Definition 3 (Berger et al. 2009) A strictly positive continuous function 7 (6) is a per-
missible prior for model {p(y | 8),y € V,0 € B} if

1. forall y € Y, m(01y) is proper, that is f(H)p()/|9)7T(9)d9 < 00
2. for some approximating compact sequence, the corresponding posterior sequence is
expected logarithmically convergent to 7 (0]y) « p(y|0)7 (0).

Observe that 0 is a scale parameter of Weibull(6, ), using the results of Corollary 2 in
Berger et al. (2009), we have
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lim [¢|1Teelf(e!) = ‘Jim |61 exp(t) B exp{t(B — 1)}60 P exp {— (etG_l)ﬁ} =0,

|t|—o00

where & > 0 is a constant number, then we have 7 (9) = 6! is a permissible prior func-
tion for the Weibull (9, 8) probability density function.

As suggested Berger et al. (2009), a prior might be permissible for a larger sample
size, even if it is not permissible for a minimal sample size. But if a prior permissible
for the minimal sample size, can we obtain it is permissible for the larger sample size?
The answer is positive. In fact, there exists a relationship between single observation and
multi observations concerning with the permissibility of a prior. This relationship first
illustrated by Berger et al. (2009), and based on which, we have the following theorem.

Theorem 9 Let {p(y"|6) = p(y* | y*T1,0)p(y* 1" | 0),k = 1,2,...,n,y; € Vi C V,6 € O}
be a likelihood function family. Consider a continuous improper prior 7w (9) satisfying

m(y~ |y = / PO | YY) (0)d6 < 00, k=1,2,...,n.
®

For any compact set ©g C O, mp(0) = jn(e)l(”)o then

o, 700’
/---/K{n(e 1 9") | 0@ | 9™ Yoy dy"
[T, Vi

< [ [rc{a @15 17005015 oy

n—1
i=1 Yi

= / = / K@, 55 | 54) | 06,5 50 bmo 0 | <41y

k
Hi:l X

< [K{x@.5 130 1 706,513 pmo 15",
A2}

where

i | gty = PO LY 0 )
mo(y*=1 | ykm)

mo Y 1 Y- ) :/O PO Y 0)do, k=1,2,...,n
90

o(8,y

Proof See “Appendix 4”. O
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Theorem 9 guarantees that the Jeffreys prior 7(8) = #~!is a permissible prior func-
tion for the multi observations. This theorem also reveals that the expected logarithmic
discrepancy is monotonically non-increasing in sample size, but how much they differ-
ence, the following corollary gives exact answer.

Corollary 4 Let Y be a sample space, {p(y" | 0) = p(y* | y*T1",0)p(y*+17" | ),
k=12,...,ny; € Vi CY,0 € O} be a likelihood function family. Consider a continu-
ous improper prior () satisfying

m(y~ |y = /O pOF | YTV 0 (0)do < oo.

_ 1®le,
= Jo, 7©)de’

/---/K{n(e,yk“’” | 95) | 70 (6, y* 1 ka)}mO(yk | Y dy
[T, i
—/---//C{n(é,y"'” | 97 | o0, 5+ ka‘l)}nm(y"‘l | y*")dy

Hf'(;ll y i

k+1,n
m o)
_ / log {W}mm .
Vi

mo (Y | yk“’")

For any compact set ©g C ©, mo(0) then

where 1 (G,yk’" | yk_l), mo(yk_1 | yk’”) are same as in Theorem 9.

Simulation studies and frequency analysis

Coverage probabilities are used to value a prior good or bad. The idea, as suggested by
Ye (1993), is that if prior m; has generally smaller difference between the posterior prob-
abilities of Bayesian credible sets and the frequentist probabilities of the corresponding
confidence sets than does 7y, then prior 7 is favorable.

Let Y ~ Weibull(0, B), given the Jeffreys prior m1; based on the SSPALT with Type-II
APHCS data, it is can be seen that the joint posterior density function is very compli-
cated. Samples of 6 and S cannot be generated analytically to well known distributions,
so sample directly by standard methods may be difficult. Now we resort to the hybrid
algorithm, which introduced by Tierney (1994), by combining Metropolis sampling with
the Gibbs sampling scheme using normal proposal distribution. Solimana et al. (2012)
referred to the algorithm as hybrid MCMC method.

Notice that the full posterior conditional distributions of 6 and B are given by,

respectively

(16)

1 Yie: Wit 0";)’ i» Ri, B)
m1(0|8,data) = g exp{— iellinyyml Vi Jai ,

gB

(B0, data) =

" Yiel:ny:j:m] Ois Yais Ris B)
B 9}23(5) H ()’i;yai:lg)exp{_ [L:ny3 ]9(;’ Y B },

i€[liny,:m]

a7)
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where >, ], ¥1 can be found in “Jeffreys priors for the Weibull distribution” section,
yi(i =1,...,m) are Type-II progressive censoring samples generated by using the algo-
rithm presented in Balakrishnan and Sandhu (1995) and Balakrishnan and Aggarwala
(2000).

Given the current value of 8U~1, to sample 6 from (16), a proposal value 6" can be
obtained from N (0Y—1, Ky Vj), then we renew the 69— by a probability, where Vj and
Kpy are variances-covariances matrix and scaling factor that adjust the rate of rejected or
accepted samples. Similarly, given the current value of 8Y~Y, to sample 8 from (17), a
proposal value 8 can be obtained from N(BY=Y, Kz Vp), then we renew the BV~ by a
probability. Robert et al. (1996) suggested that the reject rate in [0.15, 0.5] may be yields
a well result. Specifically, this algorithm can be described as follows:

1. Given the current values of 99~ and V=D,
2. Using Metropolis random walk algorithm, generate %) from 71 (8Y~1|80~1), data)
with normal proposal distribution N (9Y=1, Ky Vp).

2a. Simulate a candidate value @ from the proposal density N (0 U=D, Ky V).
718" |pY~D data)

71(0U-D|80-D data)’

2¢. Compute the acceptance probability p; = min{1,r;}.

2d. Sample a value Y such that §0) = 6 with probability p;, otherwise §9) = 9V—1,

2b. Compute the ratior; =

3. Employing Metropolis random  walk algorithm, generate A%  from
72(BY~119Y), data) with normal proposal distribution N (8Y~1), KgVp).

3a. Simulate a candidate value 8’ from the proposal density N (Y=Y, Kz V).
(8’199 data)

2 (BY—1|60) data)’

3¢. Compute the acceptance probability p; = min{1, rp}.

3d. Sample a value B9 such that g% = 6" with probability po, otherwise

Y = gu-b.

3b. Compute the ratio ry =

4. Repeat the steps N times.

Let sample size n = 30, censoring scheme R=(0,1,1,2,1,1,2,3,1,2,2,2), stress
change time is the 7th unit failure time, parameter true values (6, 8) = (1, 1). We run this
algorithm to generate a Markov chain with 50,000 observations. Discarding the first 500
values as burn-in period. Figures 1 and 2 are the outputs of the Markov chain under use
normal condition and accelerated condition, respectively. It is clear that the chains are
convergence well. The reject rates are about 0.19, 0.22 in Fig. 1 for 6, 8, and 0.37, 0.41 in
Fig. 2 for 6, B, respectively.

Let 67(x|data) be the posterior «-quantile of 6 given data. That is
F(0" («|data)|data) = o, here F(-|data) is the marginal posterior distribution of 6. The
frequentist coverage probability of this one side credible interval of  is given by

Q" (a; 0) = Pgp(0 < 6 < 67 (x|data)).
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Fig. 2 Markov chains'trace plots and histograms of § and B with accelerated factor k = 2

Similarly, Let 87 («|data) be the posterior ¢-quantile of 8 given data. The frequentist
coverage probability of this one side credible interval of § is given by

Q" (a; B) = Ppp(0 < B < p™ (a|data)).

To sum up, take Q” («; 0) for an example, the computation of frequentist coverage

probabilities are based on the following procedure.

1. Given the true value of 6 and B, Typle-II APHCS samples y” are generated from the
distribution Weibull (6, B).

2. For each generated sample y”, the posterior o quantile of 6, 07 («|y”), can be esti-
mated by the above hybrid MCMC method.
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3. Repeated N times for steps 1 and 2, the frequentist coverage probability Q” («; 8) can
be estimated by the relative frequency

1o < 07 (aly")}
N

)

where {0 < 67 (a]y")} denotes the number of 6 less than random variable 67 («|y").

Tables 1, 2 and 3 can be obtained according to the above algorithm. Some of the points
are quite clear from the numerical results.

« Asexpected, from Table 1, it is observed that the performances of all frequentist cov-
erage probabilities become better when the sample size increases and censored sam-
ple size decreases, and they are sensitive to the stress levels k.

« The results are reported in Table 2 show that as the proportion of censored observa-
tions increase, the frequentist coverage probabilities decrease.

« However, as Table 3 presents that the frequentist coverage probabilities do not much
sensitive to the parameter true values (6, B).

Concluding remarks
Jeffreys prior, as one of the most important noninformative priors, is discussed under the
SSPALT setting with Type-II adaptive progressive hybrid censored data. The likelihood

Table 1 Frequentist coverage probabilities for « = 0.95,0.05 with true parameters
0 =1, 8 = 1, and without considering the hybrid censoring time 5

Censoring scheme Qy, (0) Qx, (B)
n om Ri Ry -+« Rnyt =095 «=005 «=095 a=0.05
e -
10 6 <0 11 ) k=1 0.9756 0.0763 0.9233 0.0752
101
k=2 T=4 09137 0.0869 09149 0.0865
16 8 < 101 O) k=1 09314 0.0321 0.9318 0.0686
2121
T=>5 0.9221 0.0764 0.9768 0.0786
24 10 ( 10111 ) k=1 0.9378 0.0621 0.9629 0.0384
21 23
k=2 1=6 09705 0.0692 0.9304 0.0302
30 12 011211 k=1 0.9562 0.0552 0.9441 0.0445
231222
T=7 0.9348 0.0343 0.9659 0.0649
30 10 12121 = 0.9628 0.0626 0.9630 0.0372
32224
T=6 09712 0.0723 09272 0.0727
30 8 1212 k=1 0.9290 0.0708 09714 0.0274
4345
k=2 T=>5 0.9801 0.0791 0.9207 0.0796
30 6 <2 23 > k=1 0.9209 0.0203 0.9191 0.0797
656

k=2 t=4 09889 0.0896 0.9892 00112
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Table 2 Frequentist coverage probabilities for « = 0.95,0.05 with true parameters
0 = 1, 8 = 1and different hybrid censoring time

Censoring scheme Qy, (0) Q. (B)

n m Ri R» ---Ri; a = 0.95 o« = 0.05 a = 0.95 o = 0.05
Ri 0---0 Rp

30 12 211211 n=10 09412 0.0587 0.9583 0.0579
231004
211211 n=38 0.9625 0.0373 0.9627 0.0372
200006
211210 n=>6 0.9700 0.0297 0.9704 0.0708
0000009

Table 3 Frequentist coverage probabilities for « =0.95,0.05 with n =30,
R=(0,1,1,2,1,1,2,3,1, 2,2, 2)and different parameters true values

Parameter Qr,(9) Qx, (B)
[ B a = 0.95 o = 0.05 a =0.95 o = 0.05
1 0.5 0.9528 0.0424 0.9457 0.0594
1 0.9550 0.0591 0.9356 0.0577
15 0.9460 0.0536 0.9527 0.0581
0.5 1 0.9432 0.0478 0.9539 0.0539
15 0.9458 0.0524 0.9578 0.0474

function, which contains two cases of the adaptive progressive hybrid censoring data,
is unified. Let f(y|0) € {f(y]0),y € ), 6 € ©}, the Jeffreys priors for the survival models
are obtained.

Taking Weibull distribution as an example, the Jeffreys priors based on the SSPALT
with Type-II APHCS data are discussed, the other special cases also obtained. Besides,
the posterior analyses based on these priors are studied. Employing Kullback—Leibler
divergence as a measurement for the distance between two distributions, the permis-
sibility of the priors is presented.

For one thing, given a prior, we can predict a future observation based on the obser-
vations by using the Bayesian predictive density function. However, there are few refer-
ences study the prediction based on the noninformative priors. Work in these directions
are currently under progress and we hope to report these findings in our future work.
For another, note that an alternative generalisation of Kullback—Leibler divergence is «
-divergence suggested by Amari (1985), it will be of great interest to establish the per-
missibility for a prior based on the a-divergence, more work may be needed along these
directions.
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Appendix 1: Proof of Theorem 1

Proof From Eq. (4), we have

Z0) = logfiyi|0)+ > logSi(y; | 0)
ieDy ieCy
m m m m
=Y LPOBu+ Y LPOB+ Yy L ORS+ Y LORSS;
=1 i=1 i=1 =1
Then

m m m m
L O) =Y L O+ L @8+ Y L RS+ Y 0L OIRiSS;

i=1 i=1 i=1 i=1
Notice that
m m
Ey| > oyt (9)81,«] = Ei[0327 @00
i=1 i=1
m
= ZEO [35,05/’1’)1(9) |61 =1, 9]1’{511' =1]0}= 551 O)P{é1; =106}
i=1
Similarly,
m
Ey |3 0320081 | = 62©0)Pl51 =0 0},
i=1
m
Ey |y 5L O)Ridi | = ELOP =1]6),
i=1
m
E | a,fj.,zﬂfz O)R;8S, | = é"g ©)P{s5, =106}
i=1

Above equations we used the linearity of the mathematical expectation. Then, we get

Jhj

— 2 O)P(81; =116} — &R O)P31; =0 | 6}
— ELOPE =110} — E2OIP{85, =16}
— (Hp Oy, 6)) + Hc (01, 6))).

Page 19 of 24
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If the data are i.i.d., then the expectation does not depend on index i, we arrive at

Ey |y o7 (9)51,.] =Y B0 27 @]
i=1 i=1
=Y o[04 0) 181 = 16| Plor =116} = £710) Y Pléw =11 6},
i=1 i=1
Similarly,
Eo| D0y (9)61,-] =&P20)) Pl =016},
i=1 i=1
Ey Zazfjﬁféq(e)&au] =&90) ) Plu=1]0),
i=1 i=1
Ep|Y 0225 (G)Ri(Sgi] =£90)> P{s5=1]06}.
i=1 i=1

Appendix 2: Proof of Theorem 2

Proof Notice that n,, + n, = m, and

m m
> Pou=110y=E|)Y 86| =Eln,|6],
i=1 i=1
m m
D P1i=0[6)=E|Y 8116 =Elna| 6]
i=1 i=1

IfY,, < n, then,
Jij = = EXO)Elm | 0] = E2O)E(na | 6] — & O)Elew | 0] — £ (O)E[ca | 6]
= — & O)E[ny | 0] — EZO)E[na | 0] — 7 (O)Elny | 6] — E2(O)E[na | 6]
— E[ny | 6] (552 ) +E20) — 62 0) — 62 (9)) — mELO) — mEL ©).

IfYj<n<Yy < Ym,then(Sgi=8§?,and2f’i18§?:j—nu—1+1+1:j—nu+1,
we have

Thj

— EXO)E[m | 0] — EP2(0)Enq | ] — £ (O)E[ew | 6] — &7 (O)Elca | 6]
= — & O)Em | ] = E2(O)Elna | 6] — & (O)Elmy | 6]
- 552(9)15[;' —n, +116]

— E[ny | 0] (552(9) +E20) - E210) - 62 (e)) — mEZO) — (+ DEL®).

O
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Appendix 3: Proof of Lemma 1

Proof Letting y,; = T + k(y; — t) (i = 1,...,m). Substituting the density function (11)
into Eq. (13), then take logarithm on both sides of the equation, we get

log L(8, B; y"™)

= (ny + cy) logk + mlog B — mlog@—{—(ﬂ—l)Zlog() Z(l—i—R)(yl)

i=1

+B-1 Z log (%) - Z a+ry (2

i= nu+1 i=ny+1
-0 > wos ()= 3 ()" - ra()’
i=j+1 i=j+1

Taking the partial derivatives with respect to 0, B, respectively, yields

52 Q+R)BB+1) 1y
Lgo—aezlogL(9ﬁY = Z—<9)

_ }Z A+R)BB+TD) (J@)ﬁ_ Z BB+ 1) (yai)ﬁ_Rmﬂ(ﬂ+1) (yaim)ﬂ.

, 02 9 pA 62 9 02 9
i=ny,+1 i=j+1

Notice that the data are i.i.d.,, and E(R;) = M, combining (14) and (15) implies

82
J20 = E@,p) [@ log L(9, B; Y”’)} = E,p)[£L20]

A+ MBB+1) A+ MBE+D
Z— Y 6"

92
i=ny,+1
S BEED g MEEED
2 62
i=j+1
e 1 j m
Z%f_ 1y ( +/\;l;ﬁ(ﬂ+ )_ﬁ(ﬂg;l-l) { Z 1+ M)EY + Z 10 | pqet0
i=n,+1 i=j+1

w1+ M 1 1
=%f_n( + Q;ﬁ(ﬁ-i- )_ﬁ(ﬂe;l- )(Mca+nﬂ)é"1’0

=672 (mp — BB + DOn(M+ 1) + (Mea + 1) 6™)).

Similarly, we have

Joo = B2 (—m — 1y (M 4+ 1) (y2 + 2y1) — (Meg + na)éam);
=67 (—m + 1, (M + D2+ 1) + (Meq + 1) (M + 51’0)).
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Appendix 4: Proof of Theorem 9

Proof Observed that f(y | #) and 7 (0) are continuous on Y and ®, respectively, then

the integral can be changed order under using the Fubini Theorem. Now, we check the
first inequality.

/--~/IC{71(9 [y | 7o (O | y")}mo(yn)dyn
H? 1Yi

9 n
/ / / {”"( hi )} 706 | y"ymo(y")dody”
N 7@ |y")
rn(y”)ﬂo(e)} . »
) (0)dod
/ //o {nw) motyn) JPO 1O @)dbdy
:/ { } (9)d9+/ / { }m(y”)dy”
® mo(y")

z lyl
& o+ 1, (18)
where
7o (0)
Iy = I 0)do.
0 /Oo og{ (9)}7T()
/ / { } o(y")dy"
Hz 1 l
m(y"! | y)m(y,) } el p
= [ .../ ; )d
4 / Og{mo(y”_l | yn)mo (V) oty | yu)o(yu)dy
[N
O’n / / { m(yn ! |y") } n—1 n—1
= lo ) n 1 ) d
/,1 {mo(yn }mo(y ay °8 mo(y" 1 | y,) moly™ Ly
I=l yl
d—effn + Is. (19)
where
I = / 10g{:lq()(();))}mo(yn)dym (20)
m(y" 1 | Yn) } n—1 n—1
= [ [0 {mo(Y” Tly § o0 Lymdy™ @1

n—1
i=1 Vi

Above equalities we used [ -+ [ mo(y" ™! | y,)dy" ! =

n—1
i=1 Vi
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Notice that
Ip+ I1p
n—1
_ / log {no(é’)} (9)d9+/ / {m(Yn 1|J’n) }mo(yn_l | y)dy"L
o ()] mo(y | y1)
Y
m(y" 1 |yn)770(9)} 1 n—1
= | 1, ) (0))d0d
/ //OO Og{nw)mo(y"—l Ly JPO [ OO @d0dy
?711311‘
9 . n—1
/ YR {”0( 700 n 1y ) 1)}19()'”1 | 0)(0))dOdy"!
o 70,90 1Y)
L 1 yl
= /---//C{ﬂ(Q,yn Y"1 | 70(0, yn Iy”_l)}mo(yn_1 | y)dy™ L.
J Ry

Using the concavity of log(¢) on RT, we obtain

L1 = / log { Zo(g')) }mo(yn)dy,, < log{ , ;Z)%j')) mo(y,,)dy,,} =0.

Therefore, (18)—(21) imply that

/...//c{n(e 1Y) | 700 | y") Ymo(y™)dy”

1= i
= [ [e{r @ 1y 100 1y bnoyr |y
JEBWY

< /--'/K{n(e,ynw“) | 70,3 | YD) praoy" ™! | ydy™ ™,
|JESWY

that is the first inequality.
Similarly, for k = 2,3, ...,n, we get

/.. . /K{N(G,yk-l-l,n |Yk) | no(e,yk-l-l,n |yk)}m0(yk |yk+1,n)dyk

[JEERY
= [ [re{r @yt 1y L@y 1y oy gyt
Hﬁ':f yi

m | k+1,n)
+ / log{(”" mo(k | Y dyi
Vi

mo(y | yk+bm)

< / . / KL @, y5 1) 106, y5 1) bmo 1 1 yFmay
Hl 1 y’
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