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Abstract

This paper investigates the robustness properties of Pearson’s rank-variate correlation coefficient (PRVCC) in scenarios
where one channel is corrupted by impulsive noise and the other is impulsive noise-free. As shown in our previous work,
these scenarios that frequently encountered in radar and/or sonar, can be well emulated by a particular bivariate
contaminated Gaussian model (CGM). Under this CGM, we establish the asymptotic closed forms of the expectation and
variance of PRVCC by means of the well known Delta method. To gain a deeper understanding, we also compare PRVCC
with two other classical correlation coefficients, i.e., Spearman’s rho (SR) and Kendall’s tau (KT), in terms of the root mean
squared error (RMSE). Monte Carlo simulations not only verify our theoretical findings, but also reveal the advantage of
PRVCC by an example of estimating the time delay in the particular impulsive noise environment.
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Introduction

Correlation coefficients are indices that depict the strength of
statistical relationship between two random variables obeying a
joint probability distribution [1]. In general, correlation coeffi-
cients should be large and positive if there is a high probability that
large (small) values of one variable occur in conjunction with large
(small) values of another; and it should be large and negative if the
direction reverses [2]. Due to their theoretical and algorithmic
advantages, correlation coefficients have been widely used in many
sub-areas of signal processing [3—18]. Among many methods of
correlation analysis in practice, Pearson’s product moment
correlation coefficient (PPMCC), Kendall’s tau (K'T) and Spear-
man’s rho (SR) are perhaps the most prevalent ones [19].

There are many advantages and disadvantages to these three
classical coefficients. PPMCC is optimal under the bivariate
normal model (BNM), and is appropriate mainly for character-
izing linear correlations. However, it will output misleading results
if nonlinearity is involved in the data. On the other hand, the two
rank-based coefficients, SR and KT, are not as powerful as
PPMCC when the data follows bivariate normal distributions.
Nevertheless, they are invariant under increasing monotone
transformations, which makes them more suitable for many
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nonlinear cases in practice. Moreover, theoretical and empirical
results indicate that SR and KT surpass PPMCC when data are
corrupted by impulsive noise [12,20]. Besides these three classical
coeflicients, some methods such as Pearson’s rank-variate corre-
lation coefficient (PRVCC) [21], Gini correlation (GC) [22], and
order statistics correlation coeflicient (OSCC) [23-25] among
others [26-29], have also been proposed in the literature.

It was known long before that PPMCC is an optimal estimator
of the population correlation coefficient, in the sense of
unbiasedness and approaching the Cramer-Rao lower bound for
large samples under bivariate normal models [30]. Despite its
desired properties just mentioned, PPMCC might not be
applicable under the circumstances where the data are corrupted
by impulsive noise, that is, the distribution of data deviates from
the BNM. Consider the following scenario that frequently occurs
in radar, sonar or communication. We have a prescribed signal,
whether deterministic or stochastic, whose statistical property is
priorly known. Our purpose is to estimate the correlation between
this “clean” signal and the associated distorted version from the
receiver that might be corrupted by a tiny fraction of impulsive
noise (outliers with very large variance [31-33]). To deal with such
case, one might adopt the conventional strategy, that is, ranking
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the cardinal variable(s) and resorting afterwards to SR or KT [22],
which are robust against both nonlinearity and impulsive noise
[20]. However, using only ranks of the two variables, we
unavoidably lose useful information embedded in the variates of
the “clean” wvariable. A better strategy would be to rely on
coefficients, such as PRVCC [21], that accommodate both ordinal
and cardinal information contained in the samples. Our purpose
in this work is thus to investigate the properties of the historical
PRVCC by both theoretical and empirical means.

The contribution in this work is twofold. Firstly, we establish the
asymptotic closed forms of the expectation and variance of
PRVCC under a contaminated Gaussian model that emulates a
frequently encountered scenario in practice. Secondly, we
demonstrate the superiority of PRVCC over PPMCC, SR and
KT, in terms of the root mean squared error, by an example of
estimating the time delay in the particular impulsive noise
environment. These theoretical and empirical findings might be
helpful to rejuvenate the historical PRVCC, which has long been
forgotten in the literature due to insufficient understanding on its
theoretical properties.

For convenience of later discussion, we employ symbols E(-),
V(*), C(-,") and corr(:,) to denote the mean, variance, covariance
and correlation of (between) random variables, respectively.
Univariate and bivariate normal distributions are denoted by
N(u,6%) and N(ul,uz,a%,(f%,p), respectively. The sign ~ reads “is
approximately equal to”, whereas the sign A stands for is defined
as”. The notation u(f)=0O((¢)) denotes that u(¢)/v(1)—0 as
t— L(might be infinite) [34]. The symbol a"! stands for the

product n(n—1)---(n—m+1). Other notations will be defined
where it first enters the text.

Methods

This section presents the definitions of PRVCC as well as a
particular GGM model simulating the impulsive noise environ-
ment mentioned in the previous section. Moreover, some auxiliary
results are also established for further theoretical analysis.

1 Definitions of PRVCC

Let X and Y be two random variables following a continuous
bivariate distribution. Denote by Fy and Fy the marginal
distributions of X and Y, respectively. Then, according to a
historical paper of Pearson [21], one of the population versions of
PRVCC can be defined, in modern notation, by

C[Fy(X),Y]

A
(Y, X) = cort[Fy(X),Y]= V[Fy(XOV(Y) M

Exchanging the roles of X and Y in (1) yields the other version

C[Fy(Y),X]

. A T VIF,(VIV(X)
r(X,Y) = corr[Fy(Y),X]= V[Fy(MV(X)

Let {(X;,Y:)}i_, be n independent and identically distributed
(iid.) data pairs drawn from a continuous bivariate population.
After rearranging {X;}/_, in ascending order, we get a new
sequence X(j) < --- <X(,), which is termed the order statistics of
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X [35-37]. Suppose that Xj is at the kth position in the sorted
sequence. The integer k€[l,n] is named the rank of X; and is
denoted by Pje{B,-};lzl. Let & represent the arithmetic mean of n
data points {&;}7_,. Then, based on (1), the sample version with
respect to r%(Y,X) can be constructed as

S [Fx—Fxxo|(ri- 1)

(Y3, X;) = )

1
2

{Zj:l[Fx(Xi)*ﬁx(Xf)ré(Yi*Y)z}

where {F Y(X)}7_, is the empirical cdf of {X;}/_,. Substituting
the relationship Fy(X;)=P;/n into (2) along with some simplifi-
cations leads to

1
3n }i 1)

n+1 | o
—_— ,_7 2
L_lgm Y)

Exchanging the role of X and Y in (3) gives another sample
version ry (X, Y;) with respect to r5(X,Y). Note that in general
r(X,Y)#ry(Y,X). The choice between ry(X;,Y;) and
r#(Y:,X;) depends on different roles played by X and Y in the
scenario mentioned in the previous section. To avoid redundancy,
we will focus on the properties of r4(Y;,X;) which is abbreviated
as 1 in the sequel unless ambiguity occurs.

> er-1-nY,
i=1

(Y, Xi)= { T
)

2 Contaminated Gaussian Model

To simulate the specific circumstance remarked in Section
Introduction, throughout we utilize the following CGM
representing the joint probability density function (pdf) of two
random variables X and Y [20]

(=N (yst1y507,03:0) + N (W ot ,0'%.0'3.p') (4)

where 0 <e< 1, p,=p'x=p, =y, 6’y =0y, 6'x>0y and o'y >0,.
Under this specific CGM, it is obvious that the marginal
distribution of Y is A/ (,uy,(ri), whereas the marginal distribution

of X is (1—&)N(1,,62)+eN (iy,0’2). In other words, under
Model (4), Y stands for a “clean” normal variable while X stands
for a “dirty” variable corrupted by a tiny fraction of Gaussian
component with vary large variance (might tending to infinity). In
this model, the parameter p, which is considered of interest, is
what we aim at estimating as accurate as possible, while p’ and ¢
are interferences we seek to suppress. For the reason why Model
(4) can happen in practice, please see Appendix A in our previous

work [20].

3 Auxiliary Results

To establish our major results of Theorem 1 in the next
subsection, some auxiliary results summarized in Lemma 1 below
are mandatory.
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Table 2. Quantities for Evaluating 4= 377, ,  E{ H(X; — X;)H(X; — X)Y:Y;} in Eq. (37).
L Subsets og(121,m2) Wi /2] W3 Wy o2 o13 N 03 N 034
L isj#k=l nl? Xi— X Xj—Xi Y; Y; 1 p/V2 p/V2 p/V2 p/V2 1
2 I=i#j=k nl? Xi— X X=X Y; Y -1 p/V2 —p/V2  —p/V2 p/V2 0
3 i=jkAl P Xi—Xe  X-X Y; Y, 12 p/V2 p/V2 p/V2 p/V2 1
4 k=jritl Xi—X  X-X Y Y, 12 o/\3 V3 0 N 0
s =itk Xi—X.  X—X Y, Y, —1)2 o/V3 0 —o/V3E ;) 0
6 I=k#i#j 0 X—X  X—X Y Yy, 12 /3 0 0 /3 0
T igjrk#l Xi—X.  X—X Y, Y, 0 o/ V3 0 0 o/V32 0
8  i=j#kl nPny X, — X; Xi—-X; Y Y; o /N2 o/V2 o/V2 pa V7 po /N1
9 i#j=kl P, Xi— X X = X1 Y; Y; —0y/V2A p/V2 —p/vV2 O poy /i 0
10 isj#kl nln, X;— X Xi—=Xr Y Y; 0 p/V2 0 0 pox/Vi O
I i=j#LK P, Xi=X'w X=X Y Y; 0x/ V22 pax /NI po /NI p/V2 p/V2 1
12 i=l#jk nPny Xi—Xy  X-X Y: Y, o VI po/Vi 0 ;) o/V3 0
13 i#j#ELK nfln, Xi—X%  X—-X Y; Y; 0 pox/Vi 0 0 p/V2 0
14 j=k#L7 nPny XX X—X Y Y, o VI oo NI —po Vi O /3 0
15 j#k=Li nny X=X X-X e Y; ax /N2 pa'/VA O 0 p/\V2 0
16 jAk#L nllny Xi—X X-X Y Y, 0 po /NI 0 0 p/V2 0
17 i#k=1y 3n, Xi—X; X=X Y Yy o /V2R p/V2 0 0 oo /Vi 0
18 i=k#l) n[f]nz X — Xy Xy —X ] Y’y 05/ V2. p/V2 0 —po NG pa N0
19 itk#L) nn, M= Wo=2G W Y; 0 o/V32 0 0 oo /Vi 0
20 i=jk=l niny Xi—X'v X=X Y; Y; (o0 + 0o /7 po /N pa /N po /N7 1
0’0’ )/
21 =ik Al i Xi—Xv X—-X; Y Y, o)A GolE R el ey
22 i#jk =1 ngzlnz Xi— X'y Xi—X'y Yi Y; a'\a' [ ‘MX/\/Z 0 0 p(;'\_/\/j 0
23 ik £l Al Xi—X%  X—X) A Y, 0 pa/Vi O 0 poi/Vi O
24 Pkl W X=Xy Xi—X Y Y, 0 o V3 0 0 o/V3 0
25 i=lj=k mm Xi—X X—-X, Y, Y,  —(x0xt0x0)/A  pa A —poi/VE  —pd NI pox/VE O
26 i#lj=k mn? X=X  X—Xr Y, Y, o0/ P NE —pa VIO pox/Vi 0
21 i=ljrk Py, Xi—Xe X—Xp Yy Y, /i PV O —po VI po Vi O
28 i#lj#k 22 X=X  X—X, Y Y; 0 pa' VA0 0 ooV 0
"In the third column al" £ n,(n,—1)... (1, —m+1) for p=1,2.
?In the columns for g, / A al+aol.
doi:10.1371/journal.pone.0112215.t002
Lemma 1. Assume that the random vector [Wy Wy W5 W4]T
follows a quadrivariate normal distribution with E(W,)=0,
V(W,)=062, and cort(W,,W,)=g, for rs=1,....4. Write A
H()=1 for 1>0 and H(1)=0 for 1<0. Then J = Ez{gg”l)% WsWa} ©)
= (012034 + 013024 + 012023 — 012013014)
T A E{HW)H(W)W; Wi}
1 0304
= E? [013024 + 014023 — 012013014 + 023024)]
ViTon (5)
I sin”! K& ELHW) W)= 208, (7)
+ 0304034 2 + “on )
and
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Figure 1. The numerical verification of (21), the expectation of r;, in Theorem 1. The number of samples is chose as n=100. In the vertically
up direction, p’ is decreasing following {1,0,—1} respectively; whereas ¢ corresponds to a increasing trend in the horizontally right direction,
following {0.02,0.04,0.06,0.08} respectively. It shows a good agreement between the simulation result (circles) and the theoretical computation
(solid lines) in each subplot. As a reference, the contamination-free version (49) is also posted together (see dashed curves).

doi:10.1371/journal.pone.0112215.g001

02012

LA EHW)W,} = ‘ 8
{ ( 1) 2} \/2_7Z ( )

Proof. Write W, =W, /o, for r=1,2,3,4. Then
I=0304E{HW)HOWV)W3 W4}, )
J = 020364 E{ HW )W W3 W4}, (10)
/C=O’20’3[E{H(W1)W2W3}> (11)
£=O’2[E{H(W1)W2}. (12)

The results of (5) and (7) follow readily by substituting the results in
[39] into the right sides of (9) and (11), respectively. Next we show

that (6) and (8) also hold true. Let i 2 v —1. Then, according to
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[39], it follows that

E{HOV)Wo W3 Wy} =

o0

where

Blmnpqr =

(— 1)1+m+n+p+q+r GraminHisprgMmaprrHniger

gs:

and

0w oo o 0 0
Z Z Z Z Z Bimnpgr 9[12973 o4 912)3 04405

I=0m=0n=0p=0qg=

r=0

O =

k)
iv2m2k k!

Hy =

s

!'m!nlplqg!r!

for s=0
for s=24.,6,...

for s=2k+1,k=0,12,...

0 for s=0;
—i for s=1;.
0 for s>2.

(13)

(14)

(16)
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Figure 2. The numerical verification of (22), the variance of r;; in Theorem 1. The number of samples is chose as n=100. In the vertically up
direction, p’ is decreasing following {1,0,—1} respectively; whereas ¢ corresponds to a increasing trend in the horizontally right direction, following
{0.02,0.04,0.06,0.08} respectively. It shows a good agreement between the simulation result (circles) and the theoretical computation (solid lines) in
each subplot. As a reference, the contamination-free version (50) is also posted together (see dashed curves).

doi:10.1371/journal.pone.0112215.9g002

It is seen that /+p+¢, m+p~+r and n+q+r are all subscripts of
the H-terms in (14). Since, by (16), only H; is non-null, then (14)
and hence (13) are non-null only when the following conditions are
satisfied, i.e.,

I+p+g=1

m+p+r=1

n+q+r=1
l.mn,p,q,r=0.

(17)

It is easy to verify that there are only four solutions to (17), as

(18)

Substituting (18) into (13) and using (15) and (16) thereafter

produce

E{HOV)W W3 Wi} =(—=1Gi(—i) (01203 + 013024 + 014023)
+H(=1’Gi(—iy ennoizons (19)

1
= ——(012034 + 013024 + 014023 — 012013014
V2n )

which along with (10) leads to (6). By a similar argument, we have
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19t _ on

E{HW)W,r}=(—1) (20)

I! V2n
which together with (12) yields (8). This completes the proof of the
lemma. U

4 Asymptotic Mean and Variance of PRVCC Under CGM
(4)

By applying the delta method [38] with Lemma 1, we are ready

to establish the closed forms of the mean and variance of PRVCC
for samples generated by CGM (4).
Let {(X.Y)) ;-”:1 be ny ii.d. data pairs drawn
from a bivariate normal population N (0,0,0%,05,,;)) and
(e,
normal  population N (0,0,G’fc,a’i,p’). Assume that (X,)) and
(X)) are mutually independent. Write n=n; +ny and e=ny/n.
Denote by {(X;,Yn)};_, the union of {(X.V)}L, and
{(X’.,,y]/.,)};;l. Then, as n large, & small, o'y, =0,, ¢'«> o, and
o' > ay, the expectation and variance of PRVCC defined in (3)
are

Theorem 1.

be ny i.1.d. data pairs drawn from another bivariate
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d py are highlighted in bold font in a rowwise manner.

Pk an

0. In each of the eight blocks, the minima of RMSE with respect to pg,

In the upper panel are RMSEs for p’= — 1; whereas in the lower panel are RMSEs for p’

doi:10.1371/journal.pone.0112215.t004
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and

W(m)~1{1+ (2f “> 324]
- o (2v3-7) e 420 (22)

3V2epp’ > 5
" G

Proof. From (3), it is easy to verify that ry is shift invariant.
Therefore, we lose no generality by assuming that u,=p,=0
hereafter. For convenience, write

(n_ 5 Zl QP;— (23)

_IZ(Y Y). (24)

i=1

Then, by the well known delta method [38], it follows that

b [ 31 EO) 1 CUY) 3V s
(ra) = n+1\/[E(V){_§[E(U)[E(V) §[E2(V)} (25)
and
L3 BO) V) | 1V(Y)  CULY)
Vo= T ) [P(U) ZEZ(V)_[E(U)E(V)}' 29

Obviously, we only need to evaluate E(U), E(V), V(U), V(¥) and
C(U,V) in order to work out (25) and (26). From the theorem
assumption, both {y,} L, and {Y j}l | follow the same normal
distribution N (0,02), then (n— 1)V/O'y obeys a }5571 distribution,
which means that

EV)=0, (27)
_ 26}‘,
V(V) — (28)

Using Lemma 1 with some tedious algebra, we can obtain E(U),
V(U) and C(U, V).

We first derive E(U). From the definition (23) and the
relationships P; = Z;';I H(X;—X;)+1 [40],
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(a) transmit pulse y|i]

(b) the ideal echo y[i — 7¢] without noise

70

(c) echo plus noise z[i] = y[i — 0] + wli]

70

(d) scanning window y[i — 7]

(e) correlation function of time lag 7

70

Figure 3. Schematic illustration of estimating the time-delay 7, in Model (4). The time-shift 7, with respect to the maximum of the
correlation function in the bottom panel is considered as an estimate of the true time-delay 7.
doi:10.1371/journal.pone.0112215.g003

2 mom
[E(U)=— ZZZH(X X)Y,— (n—l)ZY . (29) E(U) :m;kilE{H(Xi_Xk)yi}
i#j=1 5 n oy
Expanding and recalling that E(Y)=0, it follows that + ﬁ;; [E{H (Xi = Xp)Y z}
2 n n 2 nzz "ll E{ ( , ) ,} (31)
+= H(X,— XY,
EU)= mZZ E{H(X:—X))Y;}. (30) n? £ £ i
i£j=1 y mm
+ = E{H(X,—X})Y,
Since, by definition, {(X;, Y;)};_, is a mixture of {(X; y,)}  and nl ;kz:: e R

{(X/ ,y/ )} 1> (30) can be expanded as
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Table 5. Performance comparison of ry, rx and rs for y[i] being a segment of sin wave.
SNR ™ rx rs
0 1000.0 +0.96 1000.0+1.01 1000.0+1.03
-1 1000.0+1.05 10000 +1.27 1000.0+1.12
-2 1000.0+1.13 1000.0+1.23 1000.0+1.23
-3 1000.0 +1.26 10000 +1.71 1000.0 +1.70
—4 1000.0+2.22 1000.0+2.08 1000.0+2.31
-5 1000.0+3.37 1000.0+3.57 1000.0+3.41
—6 1000.0+7.34 1000.1+7.21 1000.0+7.45
-7 1000.149.22 1000.1+9.29 1000.1+9.23
-8 999.9 +14.44 1000.2 +14.99 1000.1+15.30
-9 1000.24+19.75 1000.2 +20.82 1000.1+21.05
—10 999.7£29.72 999.7 +30.69 999.8 +30.66
doi:10.1371/journal.pone.0112215.t005

which becomes (32) after some straightforward algebra along with .

the assistance of (8) in Lemma 1. A= Z E{H(X;— X)H(X;—X)Y;Y;}. (37)

ikl

2]

g, 2 nip niny G0
EU)= %[5~ + ———=—
\/— 2l 2 2(0_2 2
\ 205 +07%)
AR (32)
nnyo xp i n P,

+ -
\/2(a2+0'%)

Next we evaluate V(U), which can be written as

2
V(U)=C(U.U)= 4A—2(n—12)B+(n2—1) Cc-D (33)
n*(n—1)
where
D=n*(n—1*E(U)EU) (34)
C= fj[E(Y,-Y,-)=na§. (35)
ij

B=Y E{HX;— XYY} + Y E{HX,—X)Y,Y;} (36)

ik il

and

PLOS ONE | www.plosone.org

The expression of D is easily obtained by substituting (31) into (34).

For convenience, denote by Bj and B, the two triple
summations of B in (36). Then it follows that B; is decomposable
into eight sub-triple summations which can be further partitioned
into 16 disjoint and exhaustive subsets that listed in Table 1. An
application of (7) to Table 1 leads directly to

02 2 2 , 02
B = n[l]7+n1n2 > +niny;— 3 +n[2] ER
Similarly we also have
o2 02 2 02
Bz—n[lz]7+n1n2 > +nny— > +n[22] >

Thus

B=B —l—Bzzn(n—l)O’i.

The quadruple summation in (37) can be decomposed as

13539393 (z+z)(z+z)

i=lj=lk=1I=1 i=1 =1 j=1 j=1 (38)
ny n ny
(Z+2)(2+2)
k=1 k'=1 =1 I'=1

Expanding (38) according to different suffixes of (ij k /) and
(@' j' k' I'), we obtain 16 sub-quadruple summations which can be
further partitioned into 56 disjoint and exhaustive subsets. In other
words, A is a summation of 56 integrals of the form
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E{H(W\)H(W,)W3 W4}, ie., the Z)-terms, weighted by corre-
sponding subset cardinality, i.e., the oy-terms. By substituting into
(5) the corresponding parameters tabulated in Table 2 as well as
exploiting the symmetry of (38), we obtain the expression of A.
Substituting the expressions of 4, B, C and D into (33) and tidying
up lead to the expression of V(U) in (39).

B 3 {n(n2 -1
C 2(n—1y 3

2 2
+ % [\/gn[f] —n[lz] (2n, —3)]

V(U)

(39)
2,2
+ 2 A 2/
—nz(n%—2n1n2+2n§+2n1 —5n2+3)}}.
Finally we deal with C(U, V). Write
UléizzH(Xi*Xj)Yi (40)
n(n—1) Py
and
_1 n
U,2—>" Y, (41)
ni
Then U= U+ U,. Now
CU,V)=C(U., V)= C(Up,V)
=0
(42)

=E(UV)—-EU)EV)
=E(U, V)~ E(U)E(V).

Since we have E(U) in (32) and E(¥) in (27), the second term in
(42) can be easily obtained, as

o2 n ninyo
_% e 120,
BUE(Y)= Lo [P 0L
2(0240"7)
nnaa'xp’ np )
n 1120 xp +n P}’
\/ 22 +0%) 2
whereas the first term, E(U; V'), can be written as
2K
U V)= —— 44
( 1 ) I’l(l’l*l)z ( )

where

n n n

K=E{> > > HXi—X)Yi(Yi—Y)(Y,—Y)}.(45)

i#j=1 1=1

It is evident that (X;—X;), Yi, (¥,—Y) and (¥Y;—Y) can be
regarded as W-terms in Lemma 1, ie.,

PLOS ONE | www.plosone.org
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(Xi—X)) Yi (Yi=Y) (,=D)|]" =W Wy W3 Wi
As mentioned above, X is a union of X and X’, and Y is a union
of Y and ), the triple summation in (45) can be split into eight

terms as

(46)

PR
M3
M3
M3

i #j=1 /'—1)

Using (6) in Lemma 1 along with the corresponding parameters

tabulated in Table 3, we can work out each sub-triple summation
in (46). A series of straightforward algebra leads readily to (47).

CU.V)= 2 {n[IZ](n_l)aip n+2 1
T -1 nyE > Tl 2=
R LR S W

nn 2 "n—1 2m-1)
mmy(n+1)a; p'a’ +a.p
V2n o2 12
o (47)

L o tow

van \/m(a{x2+a§)
2

% [H('d,—po) = (0202 +020%) |}
22 mmep | mmdd oy
ﬁn[z] 2 5

VAR +ad) 202+ 0)

Substituting (27),(28),(32),(39) and (47) into (25) and (26),
respectively, letting e=n,/n and ¢’,— 0, and omitting O(n~?2)
terms thereafter, we finally arrive at (21) and (22), respectively.
The theorem thus follows. O

Remark 1. Letting n—co in (21), E(ry) simplifies to a neater

form of

E(ry) = \/g[(l “2e)p+ \/Eep’]

which manifests how € and p’ affect the accuracy of the estimate of p
by PRVCC. Moreover, as e—0, (21) and (22) reduce respectively to

(48)

(49)
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and

3p?

T

%) + 3—7’;4} (50)

which are the contamination-free versions of PRVCC.

V(rs) ~ % {1 + (2\/5 -

Results and Discussion

In this section we verify the correctness of Theorem 1 by Monte
Carlo simulations. To gain a further insight about PRVCC, we
also compare it with the two classical correlation coefficients,i.e.,
SR and KT, in terms of RMSE. At last, we will provide an
examples of time-delay estimation under CGM (4). Since the
theoretical results in Theorem 1 only hold true for large sample
size n and small &, in this section we set the sample size #=100 and
0.02<e<0.1. All samples are generated by suitable functions in
the Matlab environment. For the sake of accuracy, the number of
Monte Carlo trials is set to be 10° unless otherwise stated.

1 Verification of Theorem 1

Figure 1. verifies the correctness of the mean of PRVCC under
CGM (4) for large samples and small &. Specifically, in Figure 1.
we plot the simulation results (circles) and the theoretical results of
(21) (solid lines), and the contamination-free version (49) (dashed
lines) under different combinations of p’e{—1,0,1} and
£6{0.02,0.04,0.06,0.08}. Good agreements are observed between
the simulation results and the theoretical counterparts. It can also
be observed that the larger the contamination fraction ¢ and
difference between p and p’, the bigger the bias between E(r3) and
the ideal dashed curve corresponding to ¢=0.

Figure 2. verifies the correctness of the variance of PRVCC, by
plotting the simulation results (circles) and the theoretical results of
(22) (solid lines) concerning V(ry) in the same scenarios as in
Figure 1. For the purpose of comparison, the contamination-free
version (50) (dashed lines) is also included in each subplot to
highlight the effects of p’ and &. Note that we have multiplied
V(ry) by n for a better visual effect. This figure shows good
agreements between the simulation results and the corresponding
theoretical ones. Moreover, it is seen that when p'=0, the curves
are symmetric and the magnitude of V(ry) increase with e,
especially for |p| large. On the other hand, when p’ #0, the curves
are no longer asymmetric. Specifically, for [p| large, V(ry)
increases if p and p’ have opposite signs; and it decreases if p
and p’ have the same signs. When ¢ is fixed, V(ry)|, <o is the
reversal of V(ry)], 0.

From these two figures, it follows that, although derived based
on the assumptions n—oo and &—0, our theoretical results
established in Theorem 1 are sufficiently accurate for 7 as small as
100 and ¢ as large as 0.08. This means that, PRVCC is applicable
to many situations in practice, such as radar and biomedical
engineering, where the sample size 7 is much larger than 100 and
the fraction of impulsive interference & is much lower than 0.08.

2 RMSE Comparison of PRVCC with SR amd KT

To deepen the understanding of PRVCC, in this subsection we
compare in terms of RMSE the performance of PRVCC with SR
and KT, which are also robust under the CGM (4) as shown in our
previous work [20].

For fairness of comparison, some calibrations are necessary.
From (21), it follows
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3
lim E(ry)=1/— 51
rlfé (rw) \/; p (51)
by which we can define an asymptotic unbiased estimator of the
population correlation p, as

5 AT
P =3

The other two asymptotic unbiased estimators based on K'T' and

SR are defined as [20]

D Asin(E )
Pk = 2}’1{

Ds 4 25in<%rg>.

Given definitions of the p above, we can then compare their
performance in terms of the popular RMSE defined by

RMSE 2 \/E(p—p)>.

The CGM based on (4) is set to be

(1—¢)N(0,0,3%,3%,p)+ &N (0,0,10%,3%,p"),

where £¢€{0.02,0.04,0.06,0.08}, p'’e{ —1,0} and p increases from
—1to 1 by astep of 0.1. The RMSEs are listed in Table 4, where
the minima with respect to py, pgx and pg are highlighted in bold
font in a rowwise manner within each of the eight blocks. It
appears that 1) all RMSEs are quite small, meaning that these
three estimators perform similarly well under CGM (4); 2) py
outperforms pg and pg in the cases that |p| takes values from 0 to
medium magnitudes; 3) pg outperforms py for p around +1; 4)
ps plays an intermediate role between py and pg. Note that the
RMSE values for p’=1 are not shown in Table 4 due to

symmetry.

3 Example of Time-Delay Estimation

As remarked in Section Introduction, it is often encountered
in radar, sonar or communication that we need to estimate the
correlation between a prescribed “clean” signal with a distorted
version corrupted by impulsive noise. Now we provide an example
of time-delay estimation which is similar to this situation. In this
example, the prescribed clean signal is a segment of sinusoidal
wave

107 x i
2sin| ——— 0<i<500
y[i]= fsm( 500 ) <i<

0 otherwise

s

whereas the corrupted signal is x[i]=y[i—1o]+wl[i] with w[i]
being a white contaminated Gaussian noise following the
distribution of

November 2014 | Volume 9 | Issue 11 | e112215



(1—e)N(0,6%) +eN(0,67) (52)

where £=0.05 and ¢'=10*>¢. The time-delay 7o is set
to be 1000 ms. Our purpose is to estimate Tp as
accurate as possible under various signal to noise ratio

SNR 2 20 log,, (1/6)=—20log;y 0. As illustrated in Figure 3,
the procedure of estimating 7o includes two steps. The first one is
to construct a correlation function that corresponds to t by each of
1, 'k and rg with respect to x[i] and y[i — 7]. The second one is to
locate time-shift 7p corresponding the maximum of the correlation
function. The value of 7 is considered to be an estimate of 79 and
restored for further analysis. Note that the number of Monte Carlo
trials in this study is set to be 10,

Table 5 summarizes the estimates of g from ry, rx and rs. It is
observed that all three methods produce acceptable estimates of
7o, for an SNR even as low as —10 dB. However, PRVCC is
slightly better than the other two, in the sense of giving smaller
biases and standard deviations in most cases.

Conclusions

This paper systematically investigates the statistical properties of
the historical PRVCC under a particular contaminated Gaussian
model. As shown in our previous work [20], this model simulates
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reasonably some frequently encountered scenarios where one
variable is clean and the other corrupted by a tiny fraction of
impulsive noise with very large variance. Under this model, we
establish the asymptotic closed forms of the expectation and
variance of PRVCC by means of the well known Delta method.
To gain a further insight on PRVCC, we also compare it with two
other classical correlation coefficients, i.e., SR and KT, in terms of
the popular RMSE. Monte Carlo simulations not only verify our
theoretical findings, but also reveal the strength and weakness of
PRVCC in various occasions. The theoretical and empirical
findings in this work are believed to add new knowledge to the
area of correlation analysis that prevails in many branches of
science and engineering.
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