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ABSTRACT The light-dependent magnetic compass sense of night-migratory songbirds is thought to rely on magnetically sen-
sitive chemical reactions of radical pairs in cryptochrome proteins located in the birds’ eyes. Recently, an information theory
approach was developed that provides a strict lower bound on the precision with which a bird could estimate its head direction
using only geomagnetic cues and a cryptochrome-based radical pair sensor. By means of this lower bound, we show here how
the performance of the compass sense could be optimized by adjusting the orientation of cryptochrome molecules within photo-
receptor cells, the distribution of cells around the retina, and the effects of the geomagnetic field on the photochemistry of the
radical pair.
SIGNIFICANCE Although it has been known for 50 years that small night-migratory songbirds have a light-dependent
magnetic compass sense to help them navigate thousands of kilometers every year, the biophysical mechanism remains
largely unknown. The leading hypothesis is that the Earth’s magnetic field can alter the course of photochemical reactions
in the birds’ eyes even though the energies involved are a million times smaller than the thermal energy, kBT. Our results
indicate how the precision of this compass could be optimized to make the best use of the relatively small number of
photons available to these nocturnal migrants.
INTRODUCTION

Night-migratory songbirds have a light-dependent magnetic
compass sense that helps them navigate the thousands of
kilometers that separate their breeding and wintering
grounds (1–3). How this compass works is something of a
mystery (4). Currently, the leading hypothesis for the pri-
mary detection event involves the photochemical production
of transient radical pairs in cryptochrome proteins contained
in the birds’ retinas (5–7). The spin dynamics of these para-
magnetic reaction intermediates could provide a mechanism
by which the direction of the Earth’s magnetic field (�50
mT) is encoded in the quantum yield of a signaling state
of the protein.

Light is a crucial component of this hypothesis (8,9). Blue
light is required to excite the flavin chromophore and trigger
the intraprotein electron transfers that generate the radical
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pairs (5). A fundamental question, therefore, is whether
this mechanism is viable given the dim light conditions
experienced by nocturnal migrants. This issue has recently
been addressed by Hiscock et al. (10), who used an informa-
tion theory approach to obtain a strict lower bound on the
angular precision with which a bird could orient itself using
a cryptochrome-based radical pair sensor. The method has
the advantage that it avoids having to make guesses about
the nature and efficiency of signal transduction and postpro-
cessing in vivo, instead calculating the best-case precision.
It was concluded that the average photon flux on a cloudless
and moonless night (�3 � 10�4 lux (11)) might not be suf-
ficient for at least some of the currently considered radical
pair models.

In this work, we extend this analysis and attempt to
answer four main questions. 1) How does the angular preci-
sion of a radical pair compass depend on the total number of
photons absorbed per second by cryptochromes in the eye?
2) Can the precision of such a compass be improved by opti-
mizing the orientation of the proteins inside photoreceptor
cells in the retina? 3) Could the angular precision be
increased by concentrating the cells that contain
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magnetoreceptors in certain regions of the retina? 4) How
does the angular precision depend on the magnetic and ki-
netic properties of the radicals?
METHODS

Eye model

Following Hiscock et al. (10) and Lau et al. (12), we model the bird’s eye as

a sphere comprising a hemispherical retina and a pupil positioned diamet-

rically opposite its center (Fig. 1 a). Cylindrical receptor cells are distrib-

uted around the retina with their symmetry axes pointing toward the

center of the sphere. Their locations are specified by angles k (co-latitude)

and n (azimuth), with k ¼ 0 at the center of the retina and k ¼ 90� at its

periphery (Fig. 1 b). The optical axis of the eye is constrained to the hori-

zontal plane. The direction of the geomagnetic field inside a given cell is

therefore determined by k and n and by the direction of the optical axis,

referred to as the ‘‘head direction,’’ q (Fig. 1 b). Although a crude approx-

imation to reality, this geometry captures the essential physics.

There could be more than a million cells in the retina containing magne-

toreceptor molecules—far too many to model explicitly (10). To reduce the

computational burden, Hiscock et al. treated clusters of neighboring cells,

referred to as grouped receptor cells, each of which absorbs the total num-

ber of photons that would have been absorbed by the individual cells in the

cluster in a given time interval (10). The assumption here is that the cells

within a group are sufficiently close together that they have almost identical

orientations and therefore very similar responses to the geomagnetic field

(13). The number of these groups of cells is denoted r. Hiscock et al. gener-

ated a 180� 180 square grid of points on a plane tangent to the center of the

retina, which was then mapped onto the retina by means of a stereographic

projection using the pupil as the point of perspective (10). The result was an

array of 25,132 grouped cells covering the whole retina. As we shall see

below, accurate estimates of the head direction error can in fact be obtained

with far fewer grouped cells. To avoid the higher-than-average density of

cells near the edges of the retina resulting from the stereographic projection,

we distribute cells here using the SpherePoints function in Mathematica

(14), which places points on the surface of a sphere so that they are approx-

imately equally spaced. In practice, this changewas found to make little dif-

ference to the calculated head direction errors provided r > 100. Every

grouped cell is assumed to absorb the same number of photons per second

irrespective of both the head direction and the position of the cell in the

retina. Every photon absorbed is assumed to give rise to a radical pair.

All the cells and their contents are assumed to be identical. The signal

from each receptor cell is an average over the radical pairs within it.
a b c

FIGURE 1 (a) A representation of the model eye used to estimate the precisio

Cylindrical receptor cells (green) are distributed uniformly around the hemisphe

disk). (b) The positions of cells within the retina are specified by angles k (rotation

here�0.2p). q, the head direction, is the angle between the optical axis and the ho

cryptochromes within a cylindrical cell are shown. The arrows indicate the mag

shown with a ¼ 0.5, b ¼ 0.00127, and c ¼ 26�.
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Receptor molecules

The radical pair model of compass magnetoreception is based on the forma-

tion of light-induced radical pairs in aligned receptor molecules, generally

assumed to be cryptochrome proteins, contained in cells in the retina (6,12).

The response of a cell to the geomagnetic field is encoded in the yield of a

signaling state of the protein produced by chemical reactions of these

radical pairs (15). The amplitude of this signal, given the symbol FS, de-

pends on the direction of the magnetic field with respect to the proteins

which are assumed to have identical intracellular orientations. The direction

of the geomagnetic field with respect to the receptor molecules is therefore

completely determined by q (the head direction), by n and k (the position of

the cell in the eye), and by the orientation of the proteins within the cell.

We base the calculations here on a model of the [FAD�� TrpH�þ] radical
pair formed in cryptochrome by electron transfer along a triad or tetrad of

tryptophan (TrpH) residues to the photoexcited singlet state of the noncova-

lently bound flavin adenine dinucleotide (FAD) chromophore. Although

magnetic field effects have been reported for a few purified cryptochromes

and are generated by [FAD�� TrpH�þ] radical pairs (16,17), it has not yet
been possible to measure the dependence of the quantum yield of a potential

signaling state on the direction of an external magnetic field. Following His-

cock et al. (10), we therefore base these calculations on spin dynamics sim-

ulations of [FAD�� TrpH�þ]. Previous work has shown that FS is

dominated by the axial hyperfine interactions of two nitrogen nuclei in

FAD�� (18,19) such that FS has an approximately axial symmetry around

the normal to the plane of the isoalloxazine group of the flavin (denoted the

z axis). The anisotropy of FS is therefore determined by the angle, z, be-

tween the flavin z axis and the direction of the geomagnetic field experi-

enced by the radical pair. We assume perfect axial symmetry here. As a

result, only two angles are required to specify the orientation of the crypto-

chrome molecules within a cell: the co-latitude, b, and the azimuth, a.

When b ¼ 0, the magnetic symmetry axis of the flavin ring system in a

cryptochrome molecule is parallel to the symmetry axis of the cell that con-

tains it, and the cell axis points toward the center of the eye. Fig. 1 c shows

the three molecular orientations considered below: O1 (b ¼ p/2, a ¼ p/2),

O2 (b ¼ p/2, a ¼ 0), and O3 (b ¼ 0).

Following Hiscock et al. (10), we use a simple parameterized model of

the dependence of the yield of the signaling state on z:

FSðzÞ ¼ a� b exp

"
ðz� 90�Þ2

2c2

#
: (1)

This form of FS(z) is an inverted Gaussian, centered at z ¼ 90�, with
offset a, amplitude b, and half-width c and default values a ¼ 0.5, b ¼
d

n with which radical pair magnetoreceptors can provide a compass bearing.

rical retina (orange), whose center is diametrically opposite the pupil (blue

around the y axis, hereþ0.3p) and n (subsequent rotation around the z axis,

rizontal component of the geomagnetic field. (c) Orientations O1–O3 of the

netic symmetry (z) axis of the flavin. (d) The default model signal, Eq. 1, is
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0.00127, and c¼ 26� (Fig. 1 d). When z¼ 90�, the magnetic field is perpen-

dicular to the z axis of the flavin. These numbers were chosen (10) to give an

approximate match to a quantum spin dynamics simulation of FS for a

model of [FAD�� TrpH�þ] containing seven nuclear spins in each radical,

no electron-electron exchange or dipolar couplings, and a 1 ms lifetime. A

more detailed simulation of [FAD�� TrpH�þ] including exchange and

dipolar interactions with a total of 27 nuclear spins (20) gave a smaller

value of the amplitude b (10). Larger values of b were obtained when the

lifetime was increased to 5 ms or when TrpH�þ was replaced by either an

ascorbyl radical or a hypothetical radical with no hyperfine interactions

(10).

For the three intracellular orientations O1, O2, and O3 (Fig. 1 c), straight-

forward geometry gives the following expressions for z in a cell with po-

sition (n, k) in an eye with head direction q (Supporting Materials and

Methods):

O1 : cos z ¼ sin f sin nþ cos f sin q cos n; (2)

O2 : cos z ¼ � cos n cos k sin fþ cos f cos k sin n sin q
þ cos f cos q sin k;

(3)

and

O3 : cos z ¼ � cos f cos q cos k� cos n sin f sin k

þ cos f sin n sin q sin k: (4)

The angle f (taken to be 66�) is the geomagnetic inclination. Hiscock

et al. considered only the orientation O1, for which cosz has a simpler

dependence on the position of the cells in the retina, being a function of

n but not k (10).
Information theory

The signaling pathway can be represented by the sequence input/ encod-

ing / decoding / output. In general, encoding involves some loss of in-

formation that cannot be restored by the decoder, resulting in the output

being an imperfect reflection of the input. Results from rate distortion the-

ory (21,22), the branch of information theory (23–26) concerned with lossy

data compression, allow us to determine a lower bound on the uncertainty in

the output. Returning to magnetoreception, the input is the direction of the

geomagnetic field relative to the bird’s head direction. This information is

encoded in the yields of the radical pair reactions of the cryptochromes con-

tained in cells in the retina. The signal produced by a cell is the average of

the yields of the reaction cycles of its cryptochromes. It encodes the direc-

tion of the geomagnetic field within the cell via the position of the cell in the

curved retina. The set of signals from the whole retina is then interpreted by

some unknown decoding mechanism involving signal transduction and data

processing in the eye and the brain. The output of the signaling pathway is

an estimate of the bird’s head direction relative to the geomagnetic field

vector, which can then be integrated in the brain with directional informa-

tion from other senses. The encoding process is noisy when the number of

photons, and therefore the number of radical pairs, is limited because each

individual reaction cycle starts with a random nuclear spin configuration

and ends with a reaction event with a different timing. Only in the limit

of an infinite number of radical pairs is this reaction yield equal to that

calculated using master equation methods. The incomplete averaging of

this quantum noise degrades the information available from the encoding

and leads to an uncertainty in the estimated head direction. In the approach

devised by Hiscock et al. (10), our near-complete lack of knowledge of the

decoding process is conveniently sidestepped by assuming it to be optimal,

i.e., that it retains 100% of the information contained in the noisy reaction
yield signals and so leads to the best-case compass precision. For details of

the theory, the reader is referred to (10).
Lower bound error in the head direction

Hiscock et al. derived the following expression (a rearranged form of their

Eq. S19) for εH, the lower bound on the root mean-square error in the head

direction estimate obtained from an encoding of the true head direction by

molecules in cells distributed around the retina (10):

εH ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2p

e

1

detðSÞ exp
"Xr

i¼ 1

ln
�
s2
i;q

�#vuut : (5)

We refer to εH here as the lower bound error in the head direction. In Eq.

5, S is the r � r covariance matrix with elements

Sij ¼ F
i;q
S F

j;q
S

� �� F
i;q
S

� �
F

j;q
S

� �
þ dijs

2
i;q; (6)

in whichFi;q
S is the signal for cell i and head direction q, dij is the Kronecker

d, and

s2
i;q ¼

1

p
F

i;q
S

�
1�F

i;q
S

�
; (7)

with p the number of photons absorbed per grouped receptor cell in a certain

time interval. The overbars indicate an average over all head directions

(0 % q < 2p) in the horizontal plane.

The fundamental quantity on which Eq. 5 is based is the mutual informa-

tion between the actual head direction and the estimated head direction.

This is a measure of how much uncertainty there is in the output of the in-

formation channel for a given input (26). This is obviously impractical to

calculate, and so we use the data processing inequality (27,28) to place

an upper bound on the mutual information (which translates into a lower

bound in the error in the head direction estimate). The assumption invoked

in using this relation is that the sole source of magnetic information avail-

able to the bird is contained within the reaction yield signal and that the es-

timate of the head direction relative to an external magnetic field is

constructed using only this information. The signaling pathway therefore

forms a Markov chain, and the maximal possible information available at

the output is equal to the information contained in the encoded input, i.e.,

the total information contained in the reaction yield signal.

This mutual information can be related to the lower bound heading error

through the Shannon entropy (23) of the head direction estimate, which is

the formal quantity in the context of information theory that measures un-

certainty in a variable. Because this entropy is bounded by a closed form

expression in terms of the variance of the variable distribution, after

some manipulations (10) we can come to an expression for εH in terms

of the mutual information between the head direction and the singlet yield

signal. On substituting expressions to calculate the mutual information

(Supporting Material of (10)), we arrive at Eq. 5.

To summarize, the following steps are required to calculate εH for a given

choice of FS(z), r, p, and receptor orientation: 1) determine k and n for

each of the r receptor cells. 2) Calculate cosz (Eqs. 2, 3, or 4) and hence

FS(z) (Eq. 1) for each cell for each of K ¼ 1000 equally spaced values

of q between 0 and 2p. 3) Obtain ðFi;q
S Þ, ðFi;q

S F
j;q
S Þ, and lnðs2i;qÞ by averaging

over q. 4) Use Eqs. 5, 6, and 7 to compute εH. Numerical errors arising from

very small values of both det(S) and the exponential term in Eq. 5 can be

avoided by multiplying all elements of S by s ¼ (a(1 � a))�1 and adding

rln(s) to the argument of the exponential in Eq. 5, where a is the offset in the

model signal (Eq. 1).
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Migratory songbirds can detect the axis of the geomagnetic field with an

accuracy better than 5� (29,30). For the purposes of this work, we consider
as viable a model compass for which εH < 5�.
RESULTS AND DISCUSSION

Dependence of εH on total number of photons

The precision with which radical-pair-based sensors can
determine a magnetic compass bearing should improve as
either the number of receptor cells, r, or the number of pho-
tons absorbed by each cell, p, is increased. To explore this
dependence in more detail, we calculated εH for a range
of values of r and p using the default model signal in Eq.
1 and a uniform distribution of cells across the retina.
Fig. 2 shows εH for orientation O1 as a function of r for
four values of the product rp. Similar results were found
for orientations O2 and O3 (Fig. S1). Provided r > 100,
εH is independent of r for a fixed value of rp and decreases
as rp is increased. That is, when there are more than �100
grouped receptor cells, the precision of the compass bearing
is determined by the total number of photons absorbed
across the whole retina, i.e., the total number of photo-
induced radical pairs. One of the implications of this
finding, which only seems to break down when 1) the offset
is outside the range 0.1 < a < 0.9, 2) the amplitude of the
signal is unrealistically large (e.g., b > 0.1), or 3) its width
is exceedingly narrow (e.g., c< 0.1�), is that it is harmless to
model large groupings of cells. This finding validates the
concept of grouped receptor cells as proposed by Hiscock
et al. (10) and greatly reduces the computational burden.
The conclusion that rp is the important factor in determining
εH also holds true for any specified region of the retina as
long as the grouped receptor cells are uniformly distributed
within that region (Fig. S2).

The total number of photons (rp) impinging on the dou-
ble cone photoreceptor cells in the eye of a small songbird
FIGURE 2 Lower bound error calculated using the default model signal

(Eq. 1 with a ¼ 0.5, b¼ 0.00127, and c¼ 26�), as a function of the number

of grouped receptor cells for four values of rp, the total number of photons

absorbed across the retina.
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on a clear moonless night may be estimated as follows:
each cell receives �1 photon per second (5), there is one
cell per �40 mm2 of retina (31), and the radius of the hemi-
spherical retina is �4 mm (32). Combining these numbers
gives rp z 3 � 106 s�1. It seems likely that the signal-to-
noise ratio of magnetic sensing could be improved by inte-
grating the signal over a short period of time. An estimate
of this time comes from experiments in which birds that
had been exposed to eastward-rotated magnetic fields dur-
ing the twilight period before take-off were observed to fly
westward instead of the northerly direction of birds that
had experienced the ambient geomagnetic field (11). Quot-
ing Cochran et al., ‘‘Our data suggest that the time it takes
Catharus thrushes to determine a magnetic compass direc-
tion while aloft must be relatively short, because we re-
corded several headings of treated birds within a few
minutes after take-off and all of these headings were
already deflected’’ (11). From this, we infer an integration
period of no more than�100 s such that the total number of
photons, and therefore radical pairs, required to obtain a
compass bearing could be on the order of 3 � 108. As
can be seen from Fig. 2, rp ¼ 3 � 108 is just about suffi-
cient to achieve a lower bound of 5� when using the default
model signal (Eq. 1).
Dependence of εH on receptor orientation

Fig. 3 shows εH for the three orientations O1–O3 in Eqs.
2, 3, and 4, again using the default parameters for FS(z) in
Eq. 1. All three give εH ¼ ffiffiffiffiffiffiffiffiffiffi

2p=e
p

radians ¼ 87.1� in the
limit of small rp, dropping down to zero for large rp. For
intermediate values of the total number of photons, O2
and O3 give very similar εH-values that are significantly
smaller than those for O1 for all values of rp between
�106 and �109. For example, to achieve a lower bound
of 5�, rp must be 2.28 � 108 for O1, 5.26 � 107 for
O2, and 5.42 � 107 for O3, i.e., in the ratio
FIGURE 3 Lower bound error as a function of rp for the three orientations,

O1–O3, using the default model signal (Eq. 1). The corresponding values of

εH for O1 shown in Fig. 4, c and e of Hiscock et al. (10) were calculated using

half of the available information (i.e., �90� < q < 90�) so that artificial pro-
cessing routines could be used to estimate the attainable heading accuracy.

For this reason, the values of εH presented here, which use all the available

information (�180� < q < 180�), are larger by a factor of 2.
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4.33:1.00:1.03, respectively. O1, which gives the least
precise compass bearing, is the orientation chosen by His-
cock et al. to assess the performance of different crypto-
chrome-based radical pairs (10). It appears that O2 and
O3 are very close to optimal. Although we were able to
find orientations for which εH is slightly smaller than
for O2 and O3, this was only possible for values of rp
for which the compass is very imprecise (e.g., εH > 10�,
Fig. S3). Using the default model, we were unable to
find an orientation that gave a poorer performance than
O1 for any value of rp.

The dependence of εH on rp was found to be reasonably
well described by the empirical expression

εHz

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2p

e

 
1

1þ a1rpþ ða2rpÞ2
!vuut : (8)

Good agreement with the data in Fig. 3 is obtained with
the following values of a1 and a2:

O1 : a1 ¼ 2:718 � 10�7; a2 ¼ 0:659 � 10�7;
O2 : a1 ¼ 3:044 � 10�7; a2 ¼ 2:363 � 10�7;
O3 : a1 ¼ 3:208 � 10�7; a2 ¼ 2:348 � 10�7:

(9)
Origin of differences between orientations

We have shown above that εH is affected by the orientation of
the radical pairs within the receptor cells and that O1 performs
significantly less well than O2 andO3. Some insight into these
differences can be obtained by considering the variation of the
signal strength, FS(n, k), across the retina by means of stereo-
graphic projections of the retina onto a disk tangent to the cen-
ter of the retina using the pupil as the point of perspective.
When the projected function is FS(n, k), these projections
have been called visual modulation patterns (VMPs) (6).
Fig. 4 shows VMPs of the default signal for five head direc-
tions and the three receptor orientations. In these plots, the
dependence of FS(n, k) on k (co-latitude) and n (azimuth) is
represented, respectively, by radial and angular variations in
the VMP. The center of the retina (k¼ 0) projects to the center
of the VMP. In all three cases, the pattern changes with head
direction, providing information on the horizontal component
of the geomagnetic field. Although the patterns are quite
different for the three orientations, it certainly is not clear
from Fig. 4 why O2 and O3 are better than O1 in terms of
providing a precise compass bearing.

The lower bound error generated by a given pattern of re-
ceptor cells and a given orientation of radical pairs within
FIGURE 4 VMPs for the default signal FS(n, k)

for five head directions, q, and the three orientations,

O1–O3. The arrows and figures on the left show the

head direction, q.
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c

FIGURE 5 Stereographic projections of (a) εH(n, k), (b) the standard de-

viation of FS(n, k), and (c) A(n, k) using the default model signal for the

three orientations, O1–O3.
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them is the result of integrating the information available
from each of the cells. Hence, the fact that different radical
pair orientations result in different values of εH must be re-
flected at the level of individual receptors. We refer to the
εH generated by a pattern of r receptors absorbing p photons
per receptor as the joint lower bound, and the εH generated by
any one of the r receptors absorbing rp photons as the individ-
ual lower bound, denoted εH(n, k). The calculation of εH(n, k)
for a receptor cell located at position (n, k) on the retina can be
divided into three steps: 1) find the angle z(n, k) between the
geomagnetic field and the symmetry axis of the radical pairs
bound inside the cell, as a function of the head direction q, us-
ing Eqs. 2, 3, and 4; 2) find the signal FS(n, k) from this cell,
again as a function of q, using Eq. 1; 3) calculate εH(n, k) us-
ing Eq. 5 with r ¼ 1. We now investigate the connections
among these steps using the same projection as in Fig. 4 to
visualize, initially, εH(n, k) instead of FS(n, k).

Starting from step 3 above, Fig. 5 a shows the projection
of εH(n, k) for each of the three orientations with rp ¼ 3 �
106. In each case, there is a curve of minimal εH(n, k) (vio-
let), which is X-shaped for O1, 8-shaped for O2, and
552 Biophysical Journal 120, 547–555, February 2, 2021
p-shaped for O3. We shall call this the ‘‘minimal curve’’
on the retina surface. The patterns in Fig. 5 a bear a clear
resemblance to the corresponding projections of FS(n, k)
in the middle row of Fig. 4.

Moving up to step 2, Fig. 5 b shows the projections of the
standard deviation of FS(n, k) over all head directions. These
patterns also closely resemble the corresponding projections
in Fig. 5 a. In particular, the minimal curves exactly agree
(note that the color code in Fig. 5 b has been inverted for an
easier comparison with Fig. 5 a). This means that, somewhat
surprisingly, almost all the relational information contained
in Fig. 5 a is captured by Fig. 5 b without having to calculate
any εH(n, k) values.

One step up further, Fig. 5 c (again with an inverted color
code) shows the stereographic projections of the function

Aðn; kÞ ¼ max
q˛½0;2pÞ

jcos zðn; kÞ j � min
q˛½0;2pÞ

jcos zðn; kÞ j ; (10)

where z(n, k) is the angle between the magnetic field axis
and the symmetry axis of the radical pairs in the cell at po-
sition (n, k) in the retina. All relational information is once
again almost completely captured, even without having to
calculate FS(n, k). The reason why different orientations
lead to different joint lower bounds may therefore be traced
back to Eq. 10; the greater the variation in jcosz(n, k)j as the
eye scans the horizon, the greater the variation in FS(n, k),
and therefore the greater precision with which the geomag-
netic field direction can be determined.

A feature of the individual lower bound errors in Fig. 5 a is
that for all three radical pair orientations, themaximal andmin-
imal values of εH(n, k) are the same (87.1 and 50.3�, respec-
tively). The latter corresponds to the minimal curve
mentioned above.We thereforewonderedwhether orientations
O2 and O3 are able to generate a smaller joint lower bound
because more cells have individual lower bounds close to the
minimum. To test this, we defined the essential region for a
given radicalpair orientation as the regionsurrounding themin-
imal curve on the retina surface in which every point has an
εH(n, k) that differs from the minimal εH(n, k) by less than
27.8%. The reason for choosing 27.8% is explained by means
of Figs. S4 and S5. The essential regions for the three orienta-
tions are shown in Fig. 6. Their relative areas are O1:O2:O3¼
1.0:2.3:1.5, supporting the above conjecture. Table 1 compares
FIGURE 6 Representations of the model eye

showing the essential regions (green) for the three

orientations, O1–O3, superimposed on the retina

(yellow/orange). The pupil is shown as a blue disk.



TABLE 1 Joint Lower Bounds for Different Distributions of

Cells in the Retina

O1 O2 O3

Whole retina εH
a 12.4� 1.5� 2.6�

Essential region εH
b 4.0� 0.8� 0.6�

Parameters: a ¼ 0.7, b ¼ 0.00381, c ¼ 10�, and rp ¼ 3 � 106.
aLower bound error when the receptor cells are uniformly distributed across

the whole retina.
bLower bound error when the receptor cells are uniformly distributed in the

essential region for each orientation.

Radical Pair Magnetoreception
values of εH for the three orientationswith cells distributed uni-
formly around the retina or with the same number of cells
concentrated into the essential region for each orientation. In
each case, the latter gives a substantial reduction in εH.
Dependence of εH on FS(z)

The default parameters of the model signal in Eq. 1 were
chosen to provide an approximate match to one particular
spin dynamics simulation of a flavin-tryptophan radical
pair reaction in cryptochrome (10). For a variety of reasons,
the magnetic sensitivity of a cryptochrome magnetic sensor
in vivo could be larger or smaller than that given by the
default model signal: 1) the radical that partners FAD��

could be magnetically much simpler than TrpH�þ (19), 2)
the lifetime of the radical pair and its spin coherence could
be longer than 1 ms (33), 3) exchange and dipolar interac-
tions should be considered (34), and 4) only half the hyper-
fine interactions (those with the largest anisotropy) were
included in the spin dynamics simulation (20). 1 and 2
would increase the amplitude of the signal, whereas 3 and
4 would reduce it (35). All four would change the width
and offset. Presently, there are no experimental data that
would provide a better estimate of the signal strength, partly
because there have been no measurements of magnetic field
effects in vivo and only isotropic effects in vitro (16,17) and
partly because a purified cryptochrome (in vitro) is unlikely
to have the same behavior in the crowded milieu of a photo-
receptor cell, interacting with signaling partners and what-
a b

FIGURE 7 (a) Dependence of εH on a, the offset of FS(z), is shown: b ¼ 0.00

a ¼ 0.5, c ¼ 26�. (c) Dependence of εH on c, the width of FS(z), is shown: a ¼
ever structures serve to align and immobilize it. It is
therefore relevant to explore how εH depends on the three
parameters in Eq. 1.

Fig. 7, a–c show how εH for orientation O1 depends on a,
b, and c in Eq. 1 for different total number of photons, rp.
Relative to the default values, the heading error can be
reduced by changing the offset away from 0.5 in either di-
rection (Fig. 7 a), by increasing the amplitude of the signal
(Fig. 7 b), and by reducing its width (Fig. 7 c). The depen-
dence on the amplitude, b, is relatively simple; εH is a func-
tion of b2rp only (Fig. S6). That is, if the amplitude of the
signal is doubled, four times fewer photons in total are
required to achieve the same εH. Under similar conditions,
O2 and O3 exhibit the same kind of dependence on a, b,
and c but generally give smaller values of εH (as noted above
for the default signal).

There is thus considerable scope for optimizing the prop-
erties of the radicals and their orientation in the receptor
cells to improve the precision of the compass bearing.
This point can be illustrated by making stepwise changes
in the parameters to reduce the number of photons required
to achieve εH ¼ 5�. Fig. 8 shows εH for six cases (see
Table 2) starting with O1 and the default values of a, b,
and c and ending at O2 with a ¼ 0.9, b ¼ 0.00508, and
c ¼ 10�. Making these relatively modest changes to the
model signal and choosing orientation O2 in preference to
O1 reduces the total number of photons required for εH ¼
5� by a factor of almost 600 and reduces the value of εH pre-
dicted for rp¼ 3.94� 105 photons from 82.7 to 5� (Table 2).
This value of rp is considerably smaller than the estimated
number of available photons (3 � 108; see above).
CONCLUSIONS

We have investigated the angular precision of the light-
dependent compass sense of night-migratory songbirds us-
ing the information theory approach devised by Hiscock
et al. (10). To avoid explicit modeling of more than a million
receptor cells in the retina, neighboring cells have been
grouped together on the basis that they should have a similar
c

127, c ¼ 26�. (b) Dependence of εH on b, the amplitude of FS(z), is shown:

0.5, b ¼ 0.00127. Orientation O1 was used for all three panels.
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FIGURE 8 Dependence of εH on rp for the six sets of parameters in

Table 2 showing sequential improvements to the lower bound head direc-

tion error. The horizontal line marks εH ¼ 5�.

Ren et al.
response to the geomagnetic field. This approximation has
been validated here by the finding that the lower bound er-
ror, εH, is independent of the size of these groups provided
the total number of photons absorbed in the retina, and
therefore radical pairs formed, is fixed (Fig. 2). Doubling
the number of groups and halving the number of photons ab-
sorbed by each group, for example, has no effect on εH. The
only restrictions on this finding are that there must be at least
100 groups of cells distributed uniformly around the retina
and that the parameters of the model signal in Eq. 1 should
not have extreme values.

The conclusion that the total number of photons controls
the precision of the compass also has a bearing on a question
posed in (5): whether εH would be affected by considering
the night sky as a collection of bright stars on a dark back-
ground rather than a uniform source of dim light. The infer-
ence that can be drawn from the results presented here is that
as long as one considers the same total photon flux, the com-
pass performance should not change.

In their treatment, Hiscock et al. considered a single intra-
cellular orientation of the magnetoreceptor proteins (O1),
chosen for the simplicity of its visual modulation pattern
(Fig. 4; (10)). In terms of εH, all other magnetoreceptor
TABLE 2 Sequential Improvement in εH Obtained by

Changing the Details of the Model Signal, FS(z), and the

Orientation of the Receptors

a b c O rp/105a rp (rel)b εH
c

1 0.5 0.00127 26� 1 2290 582 82.7�

2 0.9 0.00127 26� 1 831 211 76.2�

3 0.9 0.00127 10� 1 263 67 74.1�

4 0.9 0.00127 10� 2 62.7 16 62.4�

5 0.9 0.00254 10� 2 15.7 4 29.3�

6 0.9 0.00508 10� 2 3.94 1 5.00�

See Fig. 8 for illustration.
aTotal number of photons required for εH ¼ 5�.
bRelative number of photons required for εH ¼ 5�.
cValue of εH when rp ¼ 3.94 � 105.
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orientations perform better than O1 and, other things being
equal, orientations O2 and O3 are close to optimal (Fig. 3).
Given that essentially nothing is known about how crypto-
chromes might be immobilized and aligned in the retina,
the choice of O1 can be seen as completely arbitrary.
What our analysis has shown is that the precision of the
compass bearing derived from a radical pair sensor can be
optimized by adjusting the orientation of the receptor mol-
ecules within the cells.

Furthermore, by calculating individual lower bounds,
εH(n, k), we have been able to shed light on why some recep-
tor orientations are more successful than others and to show
that by concentrating cells into the essential region for each
orientation, the performance of the compass can be
enhanced (Figs. 4, 5, and 6). It is not clear whether this
finding has biological significance.

The angular precision of the information available from a
radical pair compass sense depends on the quantum yield of
the signaling state and how it varies with the direction of the
geomagnetic field with respect to the aligned receptor pro-
teins. We have modeled this dependence by means of Eq.
1 using default values of the parameters a, b, and c that
give an approximate match to a detailed spin dynamics
simulation of the [FAD�� TrpH�þ] state of cryptochrome
(10). Although a certain amount is known about the mag-
netic sensitivity of this radical pair from spectroscopic mea-
surements on purified cryptochromes (16,17), there is no
information on the anisotropy of the magnetic field effect
in vivo. It is therefore possible, indeed likely, that the
form of Eq. 1 that best describes the behavior in vivo will
deviate significantly from the model used here. Figs. 7
and 8 and Table 2 show that there is considerable scope
for optimizing εH by making relatively modest changes to
a, b, and c.

Previous spin dynamics simulations of the magnetic
sensitivity of cryptochrome radical pairs have identified a
number of ways in which this optimization could be real-
ized. These include 1) a spin coherence lifetime longer
than the 1 ms adopted here (36); 2) asymmetric recombina-
tion, i.e., different rate constants for the reactions of singlet
and triplet radical pairs (37); 3) replacement of the TrpH�þ

component of the radical pair by a radical with fewer and
smaller electron-nuclear hyperfine interactions (19); and
4) modified reaction schemes involving paramagnetic scav-
engers (38,39). All of these factors have the potential to alter
the offset, amplitude, and width of FS(z) and so reduce the
expected error in the derived compass bearing. Conversely,
the uncertainty in the head direction can be expected to in-
crease if the amplitude of the signal in vivo is smaller than in
the default model.
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