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Abstract

In this paper, we present and analyze an SEIR Zika epidemic model. Firstly, we investigate
the model with constant controls. The steady states of the model is found to be locally and
globally asymptotically stable. Thereafter, we incorporate time dependent controls into the
model in order to investigate the optimal effects of bednets, treatments of infective and
spray of insecticides on the disease spread. Furthermore, we used Pontryagin’s Maximum
Principle to determine the necessary conditions for effective control of the disease. Also, the
numerical results were presented.

1 Introduction

Zika virus was first discovered in 1947 in Uganda among a certain Rhesus macaque population
[1]. The “Aedes” mosquito is the vector responsible for zika virus transmission. It has also been
established that there is potential transmission to humans during transplacental transmission
or during child delivery from mother to child [1, 2]. There are several characteristics of Zika
virus species which are associated with dengue virus and chikungunya virus [3]. Zika virus
(ZIKV), a Flavivirus closely related to dengue, is primarily transmitted to humans by the bites
of infected female mosquitoes from the Aedes genus [4]. Aedes mosquitos transmit Zika virus.
Mosquitoes become infected by taking a blood meal from an infected person and then they
pass the virus as they bite other people. There is also evidence that Zika virus can be transmit-
ted through sex [5, 6].

The signs and symptoms of Zika virus is similar to dengue fever symptoms and the disease
clinical symptoms manifest in humans within 3 to 12 days. Symptoms is often not severe and
the duration is very short, which is 2-7 days, hence, it is often misdiagnosed as dengue fever.
Nearly one in four persons infected by Zika virus is likely to develop the symptoms of the dis-
ease [2, 3]. Zika virus is currently spreading to many countries in South and Central Americas
and the Caribbean. Precisely, anywhere “Aedes” species of mosquitoes be found, Zika virus
infection is highly possible to can occur [7]. The spread of Zika virus across many geographical
regions has attracted global attention [8].
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There is presently no definite treatment for Zika virus yet, except the control of vectors
using insecticide spray and destruction of the larval breeding grounds. Recent studies have
revealed a devastating effect of Zika virus infection on pregnant women [7]. D. Gao et al. [4]
presented a mathematical model on zika virus with prevention and optimal control.

In recent decades, mathematical modeling has played an important role in the understand-
ing of disease epidemiology and control [9]. Lee and Pietz [10] developed a mathematical
model on zika transmission with vector-host structure focusing on logistic growth in human
population and dynamic growth in vector population. The authors observed that digital dis-
ease surveillance is crucial in minimizing the spread of the disease. Li et al. [11] constructed a
multi-group brucellosis model comprised sheep and cattle and found out that the best way to
contain the brucellosis is to avoid cross infection. They further suggested that the concept of
mix feeding must be avoided. While, Sun and Zhang [12] formulated and developed a sheep
brucellosis model incorporating immigration and proportional birth. The authors also took
into consideration both direct and indirect transmission through animals who have been
infected and the bacteria in the environment. Their study revealed that the best control strate-
gies were the following: elimination, vaccination, reduction of migration and disinfection. In
Xing et al., [13], the authors further proposed a mathematical model on H7N9 avian influenza
among migrant birds, resident birds, domestic poultry and human in China. They found out
that temperature cycling might be the main cause of the disease, however, controlling trading
markets would help to control the spread of the disease. While Sun et al., [14] developed a
cholera transmission model which focused on the disease dynamics in China. They further
observed that in order to reduce the spread of the disease, immunization coverage must be
improved and also the environment must be managed very well. Also, Yu and Lin [15] studied
a complex dynamical behaviour in biological systems as a result of multiple limit cycles bifur-
cation using simple predictor-prey model. The analysis indicated that bistable phenomenon
exist. A modified SIR model was developed by Gui and Zhang [16], which has a nonlinear inci-
dence and recovery rates with the main aim was to comprehend any government intervention
and hospital resources influence on diseases spread. In their studies, it was observed that the
model exhibited a backward bifurcation phenomenon, which implied that reduction in the
reproduction number to less than one is not sufficient enough to stop the spread of the dis-
eases. In Li [17], a dynamical model was constructed to explain the periodic behavour of HFRS
in China. He also found out that the critical issues associated with the spread of this disease is
periodic transmission rates and the rodent periodic birth rate of HERS in China.

These models are characterized with vivid qualitative accounts of the complex nonlinear
process involved in the transmission process of diseases and provide insight into the dynamics
of the disease. This eventually lead to proper and effective disease control strategies and man-
agement by health authorities. However, to the best of our knowledge there are very few math-
ematical models proposed on Zika virus.

With regard to some vector-borne diseases, such as malaria, dengue fever and Buruli ulcer,
there are many mathematical models that have provided insight into the management and
control of these diseases [9, 18]. For instance, Nishiura et al. [19] developed a Zika mathemati-
cal model which appeared to exhibit the same dynamics as dengue fever. While Khan et al.
[20] proposed a mathematical model with saturation function to investigate the dynamic of
typhoid fever. In Khan et al. [21], the authors developed a mathematical model on Leptospiro-
sis with saturation function to explore the dynamics of the disease. The authors in Bonyah
et al. [18] developed a SIR mathematical model to study the dynamics of Buruli ulcer and sug-
gested that medical resources should be made available for patients in order to control the
disease.
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Jinhong et al. [22] constructed a SEIR epidemic model with saturated incidence rate and
saturated treatment function and their results showed that hospital facilities should be
expanded to accommodate more patients for treatment. Wan and Cui [23] constructed mathe-
matical model to examine the impact of resources for hospitalized people and established that
sufficient number of sickbeds and medical resources are as important as disease control mech-
anism. Shi et al. [24] proposed an HIV model with saturated reverse function to study the
dynamics of infected cells. Javidi, and Nyamorady, [25] however, developed a mathematical
model with a saturated function to explore the dynamics of computer virus.

In this paper, we construct a mathematical model Zika virus. The population of human is
divided into four sub-lcasses, that is, Sy, Eg, Iy and Ry while the mosquitos population is
divided into three sub-classes, namely; Sy, Ey and Iy. This paper is two fold; initially, we con-
strict a mathematical model and explore their mathematical results, after that an optimal con-
trol problem is formulated. Different strategies are developed for the numerical results.

The paper is arranged as follow: Section 2 presents the model description and mathematical
assumptions underlying the model. In Section 3, we examine and analyze the model equilibria
and stability analysis. Section 4 is constructed to obtain the mathematical results for endemic
equilibrium and bifurcation analysis. The global stability for both the disease free and endemic
equilibrium is presented in section 5. In section 6 a sensitivity analysis of the model is
presented.

Section 7 is devoted to optimal control analysis of the model, while the numerical results
are presented in Section 8 and the conclusion is presented in Section 9.

2 Mathematical model formulation

In this section, we take into account the human to human infection as well as the vector (mos-
quito) to human transmission. The model subdivide the total human population, Ny(#), into
susceptible humans S(t), exposed human Ep(t), infected humans Iy(#), and recovered
humans Rg(t), so that Ny(t) = Sy + Exr + Iy + Ry. The entire mosquito population, denoted by
Ny(t), is partitioned into susceptible vector Sy(t), exposed vector Ey(t) and infected mosquito
Ii/(t) and hence Ny = Sy + Ey + Iy Based on the above discursion we present the following sys-
tem:

d

aSH = AH - BHSH(IV + pIH) - :“HSH,
d

EEH = BuSu(ly + pLy) — (b + 2%u)Ens
d

EIH = fuBy — (g +7 +n)ly,

d

ERH = VIH - :uHRH’ (1)
d

ESV = Ay = BySyly — 1Sy,

d

EEV = BySyly — (:uv + 5V>EV7

d

I, = 0yE, — pyIy.

dr

Recruitment of susceptible humans is denoted by A, while susceptible mosquito recruitment
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is denoted Ay. The effective contact rate between susceptible humans and infected mosquitoes
is denoted by fy. Here, By is the transmission rate from infected humans to susceptible vector.
The effective contact rate between infected humans and susceptible humans that can result
into infection is denoted by p. The disease induced mortality rate is denoted by . Natural mor-
tality rates due to each subpopulation of human and vector compartment are denoted yzr and
py respectively. y and 7 are the natural and treatment rate.

Let the total dynamics of the human population given as

Nz/{(t> = Ay — Ny — 1l (2)

NIILI(t) + Ny < Ay (3)

Now integrating both sides of the above inequality and using the theory of differential inequal-
ity due to Birkhoff and Rota [26], we get

A
0 < Nyy(Sy By Iy Ryy) < —= (1 = e7) + Ny (S(0) + Eyy(0) + I (0) + Ry, (0) ).

H

i Ay
Now, taking, £ — 0o, we get 0 < Nj; < 7£.

The total dynamics of vector population is given by
N\l/(t) = Ay — uyNy. (4)

The exact solution of Eq (4) when t — oo is given by

A
N, (t) =—2.
Ky
It is obvious that
7 AH
I = {SH,EH,IH7RH,SV7EV,IV) S R+|0 <S,+E,+I,+R, <—

Hy

A
and 0 < S, +E, +1, <—Y},
Ky

which is positively invariant, dissipative and the global attractor is attained in IT.

3 Equilibria and disease free stability

The disease free equilibrium for the model (1) is E, = (2—: ,0,0,0, :—:’ ,0, O). To obtain the

basic reproduction number for the model (1), we follow the method [27], and obtain the fol-
lowing matrices

0 utu g fuls kk 0 0 0
Hy HH
0 0 0 0 —1n ky, 0 0
F = V=
0 v o o0 0 0 k O
2%
0 0 0 0 0 0 =0, u,

where k; = pir + ¥, ko = (U + v + n) and ks = (uy + 6v). The spectral radius of the matrix
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p(FVl) is the basic reproduction number of the Model (1), given by

R, = PBuAL Iy \/ 2ﬁHAH/H 4 ﬂHAHXHﬁV(SVAV

T 2uk k, Ak k2 gk kok, =RiAR
where
_ PPulNuitn
b 2ukik,
and

R. — p ﬁHAH/{H_'_ﬁHAHXHﬁVéVAV
’ dugk,*k,’ by ke ke

3.1 Local stability disease free equilibrium
In this subsection we show the local stability of disease free equilibrium E,. We present the fol-
lowing result:
Theorem 3.1. The disease free equilibrium of model (1) is stable locally asymptotically if
R, < 1, otherwise unstable.

Proof: The associated Jacobian matrix of the system (1) at E, = (ﬁ—: ,0,0,0, t—: ,0, 0) is

given by
Bulu _ BuAn
w0 w000 A
0 —k e o o 0 s
1 HH HH
0  xy  —k 0 0 0
= 0 0 Y ~u;, 0 0 0
By A
0 0 B0 —u 0 0
o o w9 0 -k 0
Ky
0 0 0 0 0 5, —u

The three eigenvalues of the above jacobian matrix are clearly negative, that is —pg;, —pg and
—uy. The remaining four roots can then be determined through the following equation:

M a a4 ag+a, =0,

where
a, = k+k+k+u,
A
a, = (k +k +k)u, + (k +ky)k; + <k1k2 - pﬁ}juimm>7
H
A
a; = (ky+py) (k1k2 - pﬁHlugHXH) + kiks gy + Kok,
H
a, = kkkyu,(1-7R)

The above characteristics equation will give four negative eigenvalues if R, < 1 and the Routh
Hurtwiz criteria, a; > 0, for i = 1, 2, 3, 4, and a,a,a, > aja, + aj satisfy. It is obvious that the

coefficients a; for i = 1, .. .4 are clearly positive, if R, < 1 and (k k, — M) > 0. Thus, it
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follows, that the system (1) at the disease free equilibrium Ej, is locally asymptotically stable if
R, < 1.

4 Endemic equilibria and bifurcation analysis
The endemic equilibria of the System (1) at E, = (S};, Ej;, I;, R};, iy, E},, I;) is given by

S — kSAH:uV(II*{ﬁV + 1)

f kgﬂv(pﬁﬁlf-} + :“H)(I}ixﬁv + py) + BuliByoy Ay,
B — ﬂHI;IAH<k3pHV<I;IﬁV + :“v) + ﬁvévAv)

" kl(kSuV(pﬂHII*i + ”H)(Il*iﬂv +py) + ﬂHI;{ﬁvévAv)
R, = &

I
’ (5)

S* . AV

! wy + I By
o LA

! ky(py + I;By)
= IiByoy Ay

v /Jvks(.uv + Iﬁzﬁv)

The endemic equilibria Eq (5) satisfies
(a2 + b, + ¢) = 0, (6)
where

a = pBuByu kkks,
b = BuBy(kk,d,A, — kSPAHXH:uV) + kikzkg.“v(PﬁH:uv + :uHﬂV)v (7)
¢ = pypkkok, (1 — R;)

where R} = R; + 2R, (1 — R,). The coefficient a in Eq (7) is obviously positive and c is posi-
tive whenever R, < 1 and negative if R, > 1. It is the sign of b and ¢ will decide about the pos-
itive solution of Eq (7). Let R, > 1, then there exists two roots for Eq (7), one is positive and
the other is negative. ¢ = 0 if R, = 1, then a unique non-zero solution exists i.e., I;; = —b/a,
for b < 0. Equilibria depend continually on R, changes which shows that there exists an inter-
val to the left of R, on which there are two positive equilibria

—b— Vb2 — 4dac —b+ vb? —4dac

Il = 9 and I;2 = 9

There is no positive solution of Eq (7) if ¢ > 0 and either b > 0 or b? < 4ac and hence no
endemic equilibria. We establish the following:
Theorem 4.1. The system (1) has:

1. ifc < 0ifand only if Ry > 1 then a unique endemic equilibrium exists;
2. ifb<0andc=0orb” - 4ac =0 then a unique endemic equilibrium exists;
3. ifc>0and b < 0and b® - 4ac > 0 then two equilibria exists;

4. otherwise no endemic equilibrium.
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Fig 1. The plot shows the bifurcation diagram.
https://doi.org/10.1371/journal.pone.0185540.g001

Case (iii) of (4.1) shows the possibility of a backward bifurcation in system (1) when
R, < 1. The backward bifurcation can be obtained by setting b* — 4ac = 0 and solved for the
critical value of R, shown by R _ is given by

b2

R=1-—75-——.
dap, 1k k,k,

c

Thus, R, < R, is equivalent to b — 4ac > 0 and therefore, backward bifurcation would occur

for values of R, such that R, < R, < 1. This fact can be seen for choosing the parameters val-
ues of the model (1):y = 0.0022, B = 0.0002, By = 0.0009, pgr = 0.01, 8y = 0.3, py = 0.003, Ay,

=1.3,Ag=04,7=0.11, p = 0.029, y = 0.0614799. The bifurcation diagram is presented in

Fig 1, which demonstrate the existence of two locally asymptotically stable equilibria whenever
R, < 1, which confirm the occupance of a backward bifurcation in system (1).

4 1 Existence of bifurcation

In order to establish the backward bifurcation phenomenon, we use the centre manifold theory
[9, 28]. We take into account the transmission rate, By as bifurcation parameter so that R =

. . * o klkgkgllHM%, . .. . .
lifandonlyif f,, = f,; = Rorrinlhopi s o by The following variations are made in the variables

of the system (1) so that Sg = xy, Egy = X3, Iy = X3, Ry = X4, Sy = X5, Ev- = X, Iy = x7. Also, further
adopting vector notation x = (x3, X2, X3, X4, X5, X6, X7) T Zika model can then be formulated in
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the form % = F(x), with F = (f}, f3, f3, fa» fs: f» f)" as indicated below:

% = Ay — By, (% + px;) — 1,

% = Bux, (%, + px;) — Ky,

% = tu¥%s = ko

% =YXy — HpXy ' o
”Z;S = Ay — Byxxs — Uyxs

% = Pyxgx; — kx;

% = 0yXg — fyX;

The system (8) is evaluated at the Jacobian matrix for the disease free endemic state (DFE) E,
denoted by J(E,) gives

B __ pBuA _ Buhy
w0 S ¢ 0 0o A
0 —k pBuAy 0 0 0 Buly

1 Hy Hu
0 In —k, 0 0 0 0
JE)=| 0o o0 y g 00 0
vk (PPuu s —tkoki) —
0 0 EeAm 0 a0 0
uyks(ugkoky —pByAnry) _
0 0 bl 00 k0
0 0 0 0 e

has a simple zero eigenvalue, at the other eigenvalues having negative real parts. Hence, the
Center Manifold theorem [28] can be applied. For this we need to calculate a and b. We first
start by calculating the right and the left eigenvector of J(E,) denoted respectively by W = [w;,
Way W3, Way, Ws, W, W7~ and V = [y, va, V3, Va, Vs, Ve, V7). We obtain

w, = — W2k1 Wy > 0, w, = W?XH’ w, = VWQXH’ w, = W‘ZkS(pﬂHAHXH B :“Hklk2) ,
Hy kk, ik, BruAydyk,
Pru Mk )
Wyl | == —
w. — — ’ V<k2 Buly W — —w (pXH:“Hkl
6 = y Wr = 2
oy k, Buly

PLOS ONE | https://doi.org/10.1371/journal.pone.0185540 October 4, 2017 8/26


https://doi.org/10.1371/journal.pone.0185540

..@.' PLOS | ONE Zika virus transmission

and

VeﬂH(év.“V + .U%/)

v = v,=v,=0,v,>0, v, = 8. A ,
H"*HYV

Volirkk, (kky + 117) _ Vﬁ_k2
v, = , V= .

ﬁHAHXHév 5v

After some rigorous algebra computations, it can be shown that

ﬁ;;k(%_lmkl) ) . r
o k, BuAy +pﬁHXHk1 +V6:u€/k32(pﬁHAHXH — pykik;)’

v, w?
2 Hy Ik AzéiAvkzz

i

and

k 2 _ 1),
vw, M(nﬁu; L (p . )m)
H'*H 2

Hy

b:

Here, the coefficient b is positive, it is the sign of b will determine the occurrence of backward

bifurcation in the given model. It follows from Theorem [28] that the system (1) will undergo

backward bifurcation if the coefficient a is positive. This is implying that the disease free is not
globally stable.

4.2 Local stability endemic equilibrium

Theorem 4.2. The endemic equilibrium of the model (1) is locally asymptotically stable, if
R, > 1.
Proof: At E; without Ry the jacobian matrix evaluated as

—k,—w, 0 —k 0 0 —k,
k, —k, kK 0 0k
0 I —k 0 0 0
I(El) = I
0 0 —k, —k.—p, 0 0
0 0 K k, —k, 0
0 0 0 0 P

wherek, = B, (pL;; + I},), k; = pPuSy, ks =SyBv, k; =ILiBy, ks = BySy.
The associate characteristics equation of J(E,) is

e’ e + e’ e +ed+c¢, =0, 9)
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where
¢ = pgtk Ak +k 4k k420,
¢, = kik,+ (ky+k)k, + ky(ky + k, + k) + K, (ky + kg + K, + k;)+
(ky + kg + kg + ke )y + py (2 + 2k, + 2k, + 2k + 2k, + kp) — sy + 147,
¢ = kikopy — kspuky + 2kspgpy + ko + ko (ke (py + k) + ok + kskyy)

kot + ky (ks (1 + k) + ok + Kok, + ky(ky + k) + 1)
Uik, + kypy (2k, + k;) + kk, (1 + k),

o = —Aulks(kr (g + py) + ks (g + ke + 20y) + 1y 2y + 1y)) + kgkoy)
ke, (ko (pty (20 + 2k, 4+ k) + Kok + ok + 13) + ki) + kokgki,
kg (ko + kokyy 4 12) + ky(kyskyu ity + kg (ki + Kok + 12)),

¢ = —AulkeksOy(py + 1ty) + sk gty + koks (e (g + 11y) + w0y (20 + 1))
-k (ko (ks (e (20 + 2k, + ky) + ok + 12) + kigkiy) + kokok )
ke ke k kg,

¢ = ty(kikokskiki, — wyry(kksoy + kiks (k: + ),

where ko = (i + k3 + k7 + 2uv), kio = Qup + 2ka + k), kiy = (g + ko + k7 + 2uv), kia = (up +
ks + ky), ki3 = (HH + k), kya= (ky + HV)-

The Routh-Hurtwiz criteria for Polynomial Eq (9) will give six negative eigenvalues if the con-
ditions given below are satisfied: C; > 0, fori=1,2, 3, ..., 6. The relevant Routh Hurtwiz criteria
in [29] could be used to show that the model (1) is stable locally asymptotically when R, > 1

5 Global stability

This section investigates the global results for the model (1) at E, and E;. First, we give the
proof of the disease free global stability.

5.1 Global stability disease free equilibrium

Theorem 5.1. For R, < 1, the disease free equilibrium E, of the system (1) is globally asymptoti-
cally stable.
Proof: To show this result, we define the following lyapunov function

S S
L(t) = w (SH -8 - S?ilogS—OH) + wyEy; + wol, +w, (SV -8 — S?,logs—:)
H v

+wiE,, + wl,,.

Taking the time derivative of L(¢), we have

S S
L(t) = w, (1 - SH) Sy + woEy + wil, +w, (1 - SV) S, + w.E, + wel,,.

H |4
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Using system (1), we have

L(t) = w <1 - ?Ji) Ay — BuSu(l, + pLy) — O

H

+wy[BuSu(Ty + ply) — (g + %) Ey]
0

N
+W3 [XHEH - (:“H +y+ W)IH] + w, (1 - S_V> [AV - ﬁVSVIH - .“VSV]
v

+ws[BySyly — (ty + 0y)Ey] + we[0,Ey — 1]
Using $% = 2—:, S, = :—X, and after simplifications, we obtain

(SH — S?—I)Q

S + [wy, — w,]BySy (I, + ply)
H

L(t) = —pywm

A A
+[W3XH — wy(2y + :uH)]EH + [W1BH#_HP + W4ﬁvlu_v - W3(:“H +y+ 77) Iy

H v
(SV — S(x]/)z

+wy — w, By Syl — uyw, S
v

A
+[W65V - Ws(:uv + 5V)]EV + |:W1ﬁHlu_H - Wﬁﬂv] I,.

H

> . — — — __ _OvBuinAn _ __ PuxaAu
Let’s choose the constants: wy = w, = yp, w, = wy = S W = (patym), we = S, we

get

(SH — SQ{)Z _ 5VﬁHXHAH (SV — S[x]/)2
S H(Sy +uy) Sy
= (g + 20) (g + 7 +1)(1 = RY)L,.

L'(t) = —tubu

Thus, L'(¢) is negative for R, < 1 and zero ifand only if S, = S, S, = SV, Ey=Iy=Ryg=0
and Ey = Iy = 0. Therefore the largest compact invariant set in I is the singleton set E,. So, the
model (1) is globally asymptotically stable.
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5.2 Global stability endemic equilibrium

Before, we proceed to obtain the global stability of the model (1) at endemic equilibrium E;,
first, at endemic steady state we, obtain:

AH = BHS;[(I:/ + pI,*_,) + uySy
(g + 20)Ey = BuSy(L, + pl)
InEy = (g +y +n)l;

Iy + b))y +7 1) - .
(H H);H )IHZIBHSH(IV+pIH)
("

A, = ﬁVS;I;I + 1y Sy

BySyL; = (y + 5V>EC

OvE, = Iy,

e (y +0y)uy I
BVSVIH:( Vv 5V) \ %
\'4

Now, we prove the global stability of the model (1) at endemic equilibrium E,; by following
[30-32].
Theorem 5.2. If R, > 1, then the endemic equilibrium E, is globally asymptotically stable.
Proof: Consider the lyapunove function:

SH * EH * [H *
L = / (1—S—H>dx+/ <1—&>dx+w/ (1—I—H>dx
s, x E}, x ZH I X
S S; Fv E; (y +96,) [V I
—|—/ (1——V>dx—|—/ (1——V)dx+u/ <1——V)dx.
5, x 5 x Oy " X

\4

The derivative of L along the solutions of system (1) is
i = (1 ——H)S’H—&- (1 ——H)E;,er (1 ——H>1;+ (1 ——V>S’V
Sy Ey Lu Iy Sy

E; (uy +9,) I
1-YE 4+~ Y1 -2,
+< EV) V+ 5V IV v

By direct calculations, we have that:

S; S;
< - SH> S/H = (1 - SH) [AH - ﬁHSH<IV + pIH) - :uHSH]
H H
S*
= (1 - H) BuSu(Ly + pI) = BuSu(ly + pIy) + 1Sy — 1445,
S, (10)
S S S;
= 1Sy (2 —a- S—H) + (1 - S—“) BuSy(Ly + pI;)
H H H

_ﬂHSH<IV + pIH) + BHS;((IV + pIH)7
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E*
(-5 -
EH

<1 - %) [ﬁHSH(IV + pIH) - (.“H + XH)EH}

E*
= ﬁHSH(IV + pIH) - ﬁHSH(IV + pIH) E_H
H
11
— (g + %) By + (i + 100)Egy (1)
E*
= [))HSH(IV + pIH) - BuS (I + ply )_ - (ﬂH + XH)
E,
+BuSu(Ly + pI;),
I\ (y + ) o I\ (g + 1
(1 ) (b H)I = <1__H>(HhiI.I)[XHEH_(MH+V+’/I)IH]
Iy béii Iy ot
I*
= (y + xu)Ey — (M + xu)Ey I_
(o) (g v+ 1)
AH .
o Lt o) (g 7+ 0) (12)
XH "
E, I,
= (:“HJFXH) ﬁHS* (I* JF.DI*)****
E; I,
o * * IH
ﬂHSH(IV + pIH) I_*
H
+BuSu(Ly + pI;),
S* , S*
(1 S )S = (1 - S_> Ay = BySyly — 1ySy]
% v
S* % Tk s
= 1- 5 [ﬂvs Iy + uy Sy — BySyly — .uvsv] (13)
S Sy Sy
= ,uS*(Z——V——>+< —>ﬁ Sy — BySyI
% S S, S, v voviy
+BySy Ly,
E: E!
(1 - E_V)Elv = <1 - E_V> (BvSyly — (uy + 0y)E,]
v v
E;, .
= ﬁVSVIH - ﬁVSVIHE_ - (:“V + 5V)EV + (:“v + 5V)EV (14)
v
E*V % T
= BySyly — ﬁvSvIHF — (uy +0y)E, + B, S I
v
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LY (py +0y) L\ (w, +9,)
R S N U (R A R A 2N N N
( IV) Oy ! I, o, [6yE, — uy1y]
L, (uy +0,)u
= (1 +0y)Ey — (i +6,)E, T~ (véiv)vlv
v v
(ty + 6y )1ty (15)
71*
+ 5 :
B,SiI;, I, B,S.I:
= oy )E, — VIHp V. PVOVH g
(1y +0y)E, R S s
+B,S; I

It follows from Egs (10)-(15)

Su S S, S
L = wuS,(2-H-X Spl2—oF—F
”“( S SH>+””( S Sv>

s, I, IL.E, (I,+pl,) S,E:
+8 s*(1*+p1*)<3——ﬂ——*_’—H_H+ v 11— 16
R Sy i Eyly (I +pL) " SiEy (16)

S, I, EJI, I S E:
srlg_v_v_Zvv,H[]_ Vv
Ay VH( S, I E*IV+I* E,S;,

In Eq (16),
2 n_Sn) <,
St Su
(2 v S—V> < 0
Sy Sy
<3 Sy Iy LiE, (I, +pl) (1 B SHE;;)> .
Sy I Euly (I +ply) SE,)) = 7

S, I, El, I E,S; =

One can see that the largest invariant subset, L = 0 is E;. So, by LaSalle’s invariance Princi-
ple [33], E, is globally asymptotically stable whenever R, > 1.

6 Sensitivity analysis of R,

We performed sensitivity analysis to explore the model robustness to parameter values used.
This is to provide information on the parameters that have significant impact of theoretical
model for Zika virus transmission in relation to the reproduction number R,,. In order to
undertake this activity we made use of normalised forward sensitivity index of a variable to a
parameter approach vividly described in [34, 35] this technique is expressed as the ratio of the
relative variation in the variable to the relative variation in the parameter. It can also be viewed
as a differentiable function of the parameter.
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Table 1. Sensitivity indices of R, expressed in terms of R .

Parameter

n
HH
Ay
XH
B
Bv
Ny
ov
|4
0 P
https://doi.org/10.1371/journal.pone.0185540.t001

=S |O |0 |[N |||~ W[ |[=

Description Sensitivity
Human infected treatment rate -0.9004
Natural death rate in human -0.5710
Recruitment rate of humans -0.5509
The rate of exposed humans moving into infectious class 0.5508
Probability of humans getting infected 0.4630
Probability of mosquitoes getting infected 0.4490
Mosquito recruitment rate 0.4490
The rate flow from Ey to I, 0.2641
Human recovery rate due to treatment -0.1809
Human modification parameter 0.0146

Definition 6.1. The normalized forward sensitivity index of a variable h, that depends differ-
entially on a parameter 1, is defined as:

=2l (17)

The detailed sensitivity indices of R, based on the evaluation to the other parameters of the
model are presented in Table 1. The parameters are organized in such way that it begins from
the most sensitive to the least sensitive one. The most sensitive ones from the Table 1 are the
human infected treatment rate, natural death in humans, recruitment rate of humans, the rate
of exposed humans moving into infectious class, probability of mosquitoes getting infected,
mosquitoes recruitment rate, the rate flow from E, to I,, human recovery rate due to treatment
(1, ums A X By By Avs 8y and v, respectively) and the least parameter is the human modifi-
cation parameter p.

For instance, increasing (or decreasing) the human infected treatment rate 1 by 10%
decreases (or increases) R, by 9.004%; similarly, increasing (or decreasing) the natural death
in humans, pp, by 10% increases (or decreases) R, by 5.710%. In the same way, increasing (or
decreasing) the proportion of recruitment rate of humans, Ag, by 10% increases (or decreases)
R, by 5.5009%. Further, increasing (or decreasing) the rate of exposed humans moving into
infectious class yp, by 10% increases (or decreases) R, by 5.508%. In addition, increasing (or
decreasing) the probability of mosquitoes getting infected, By, by 10% increases (or
decreases)R,, by 4.630%. Wile increasing (or decreasing) the mosquitoes recruitment rate, Ay
by 10% increases (or decreases) R, by 4.490%. Furthermore, increasing (or decreasing) the rate
flow from E, to I,, 8y, by 10% increases (or decreases) R, by 2.641%. On the other hand,
increasing (or decreasing) the human recovery rate due to treatment, y by 10% increases (or
decreases) R, by 1.809%

7 Analysis of optimal control

In this section, we make uses of Pontryagin’s Maximum Principle in order to come out with
the necessary conditions that establishes the presence of optimal control of the Zika virus SEIR
model. We include time dependent controls in the Zika SEIR model and endeavour to explore
the appropriate optimal strategy for putting the Zika vius under control. We use three control
variables, the control u;(f) represents the efforts on preventing zika infections through bed-
nets, the control on treatment of zika infected individuals u,(¢) and the third control u5(t)
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represents the efforts through insecticides spray against mosquito. In this regard, the following
objective functional are taking into consideration our objective functional is similar to what is
in the literature [9, 36, 37],

a

fr a ., a
](ul,uwug):/ (BEH+CIH+DEV+EIV+—1uf+—2u§+2

2 . 18
; 2 2 ”S)dt’ (18)

where B, C, D, E are the balancing cost factors due to scales and a;, a, and as denote the
weighting constants for making uses of bednets which has the potential of reducing the spread
of the disease(prevention), effective treatment activities which include the efficacy of the drugs
and encouraging patients to take their drugs timely and effective and availability of insecticide
spraying against all stages of mosquitoes. The costs associated with prevention, treatment and
insecticide are taken be of the form of nonlinear. Thus, we endeavour to anticipate an optimal
control u}, uj and u; such that,

J(ui, wy,uy) = minJ(uy, ty,uy), T = {(u, 1y, u,)]0 <u, <1,i=1,2,3}.

%SH =Ay - (1 - ul)ﬁHSH(IV + PIH) — WSy,

Gy = (1 —u)BySy(Ly, + pIy) — (g + 1) Ens

a1y = AuBy — (g + uyy + 1)Ly,

4Ry = uyply — Ry, (19)
%Sv =A, - (1 - ul)ﬁVSVIH — Uyt Sy,

%EV = (1 - ul)ﬂVSVIH - (5V + us.uv)Eva

I, = 0yE, —uyp, Iy

The necessary conditions that an optimal solution must conform is emanated from the
Pontryagin Maximum Principle [38]. This concept translates Eqs (18) and (19) into a kind of
problem characterised with minimizing pointwise a Hamiltonian H, with respect to u;, u,
and u;

H = BE, + Cl; + DE, + EI, + a1’ + a,u3 + a1
s, ANy — (1 — 1) BuSu(Iy + ply) — 1Sy}
g, { (1 = ) BuSu(Ly + pLy) — (i + Z3) Ert}
Ay, AuEy — (y + uyy + 1)L}

+;“RH{”2VIH — uyRy, }

+ig ANy = (L= ) By Syl — yusSy }

g, { (1 — ) BySyly — (O + sy )Ey }
+24,{0yEy — pyusly}

where Ag , A, Ar,> Ar,» As,» A, and A, constitute the adjoint variables or co-state variables.
The system solution is attained by appropriately taking partial derivatives of the Hamiltonian
Eq (20) with respect to the associated state variable.
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Theorem 7.1. Given optimal controls u;, u;, u; and solutions Sy, Epp, Iy, Reps Svs Evs Iy of the
corresponding state System (18) and (19) that minimize J(uy, u,, us) over I'. Then there exists
adjoint variables As,, Ag,, A1, AR,y As,» AE,» A1, Satisfying

~d), OH
e i

where i = Sy, Epp, Ry, Iy, Svs Evs Iy and with transversality conditions

lsH(tf) = }”EH(tf) = /IIH(t:f) = )“RH(tf) = /ls‘,(tf) = )“Ev(tf) = ;le(tf) = (22)
and
Subuly(Ag, — 4 SvByly(Ap, — 4
u; = min {1, max <0, b V(AEH SH):— by H(/LEV Asv)) }7 (23)
1

a

(A, — 2
Uy = min{l, max <O,M> }, (24)
2

(25)

4t = min {1, max (O, :uVSV;LSV + pyEy g, T :uVIViIV) }
as
Proof: Corollary 4.1 of Fleming and Rishel [39] provides the condition of possible existence
of an optimal control based on the convexity of the integrand of J with respect to u;, u, and us,
a priori boundedness of the state solutions, and the Lipschitz characteristics of the state system
in line with the state variables. The Hamiltonian function determines at the optimal control
level leads to the governing adjoint variables. Thus, the adjoint equations can be rearranged as

dl
_d—:H = :UHA'SH +(1— ul)ﬁH(ASH - ;“EH)(IV + pl)
diEH
T at = —B+ (uy + XH))‘EH - XH’IJH
dilH
T = —C+ (uy +uy + ’7)}“1,, - (MZV))'RH +p(1— ul)ﬁHSH(iSH - }'EH)
+(1 - ”1)ﬁvsv(isv - }'Ev)
- d—tH = :uH)‘RH
aiy, 4
“Ta (1- ”1)[3‘/111(/“3‘, - jbEV) + (Nv”3);~sv
- d? =-D+—(0, + u3:“v)isv - 5V’11V
da

_ d;v = —E+ (1 —u)BySy(As, — Ag,) + tythsy,
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Table 2. Description of variables and parameters of the model.

Parameter
Bh
Bv
HH
Hv

XH
Ay

Description value Ref
Probability of humans getting infected 0.2 day [40]
Probability of mosquitoes getting infected 0.09 [3]
Natural death rate in humans 1/(365x60) day " [3]
Natural death rate in mosquitoes 114 [9]

The rate of exposed humans moving into infectious class 0.01 [40]
Recruitment rate of humans 100 day ™’ assumed
Mosquito recruitment rate 1000 day ™ assumed
Human recovery rate due to treatment 1000 day ™ assumed
Human factor transmission rate 0.05 day™ assumed
Human infected treatment rate 0.2 day™ [9]

The rate flow from Eyto Iy, 0.05 day'1 assumed

https://doi.org/10.1371/journal.pone.0185540.t1002

8 Numerical simulations

In this section, we present numerical simulation solutions as illustration which is obtained
using MATLAB program. The Table 2 presents the parameter values used for the simulations.

8.1 Prevention (u;) and treatment (u,) control only

In this strategy, prevention measure of providing bednets 1, and the treatment efforts u, are
employed to optimize the objective function J, and at same time the insecticide spray control
(u3) is set to zero. It is obvious in Fig 2(a) that there is a substantial difference between the
number of exposed individuals Ey; under control, compare to cases without control. Without
the presence of the two controls the number of exposed humans appear to be increasing. The
result depicted in Fig 2(b) clearly shows that the control strategy activated is effective to reduce
the infected humans I; under control, as not the case without control. The number of infected
humans increases without the control strategies. Fig 2(c) showed that there is no significant
different between the presence of control and without control in the exposed Mosquitoes. The
obvious pattern is observed in Fig 2(d) that without control the infected mosquitoes are reduc-
ing than the presence of control. Fig 2(e) shows that the Zika prevention control u; should be
maintained at a maximum effort in the entire duration of the intervention at the same time
control u, which deals with prevention should be kept about 6% during the 120 days.

8.2 Prevention (u4) and insecticide control (us) only

In this strategy, prevention effort targeting at making effective uses of bednets u; and the insec-
ticide spray control (u3) are explored while control u, is set to zero is employed to optimized
the objective function J. We can infer from Fig 3(a) that there is no difference between the
presence of the two controls activated and without the controls in the number of exposed
humans Ej; bednet u;. In Fig 3(b) the number of infected humans is increased despite the acti-
vation of controls #; and u, and this indicated that just provision of bednet and treatment of
humans would not reduce the spread of Zika virus. The control strategy in Fig 3(c) is effective
as there is a substantial difference between the presence of control and without control. in the
number of exposed mosquitoes Ey. It can be infer that if effective mechanisms of praying mos-
quitoes are put in place little attention can be put in the provision of bednets in humans. signif-
icant difference is also shown in Fig 3(b) which suggest that this control strategy. There is a

PLOS ONE | https://doi.org/10.1371/journal.pone.0185540 October 4, 2017 18/26


https://doi.org/10.1371/journal.pone.0185540.t002
https://doi.org/10.1371/journal.pone.0185540

@' PLOS | ONE

Zika virus transmission

1.8

1.6

14

1.2

_u]:uZ:US:O

---u1*0,u2*0,u3=0

Exposed Humans(Ev)

081

L - L -

40 60 80 100 120
Time (days)

(a)

w
w o S

I
w

[

Exposed Mosquitoes ( Ev )
N N

u =u,=u, =0

===u #0,u,#0,u;=0

40 60 80 100 120
Time (days)
(c)

071

Control Profile
o o o
w B (&3]

o
N
T

o
M
T

o

40 60 80 100 120
Time (days)

(e)

Infected Humans with Zika ( Iy )

3.006

3.005

3.004

3.003

3.002

3.001

Infected Moosquitoes (Iv)

T T T T

_U1=UZ=U3=0
===u #0u,#0,u,=0

40 60 80 100 120
Time (days)

(b)

—u1=u2=u3=0

---u1*0,u2:0.u3=0

60 80 100 120
Time (days)

(d)

Fig 2. Simulations of the model showing the effect of Zika prevention and treatment only on transmission. Fig 2(a)-
(e) respectively represent the behavior of exposed human, infected human, exposed mosquitos, infected mosquitos and
control profile. uy = up = uz = 0 represents system without control while uy = u, # 0, us = 0, shows control system. Fig 2(a) uy =
U, = us = 0-without control system and uy = u, # 0, us3 = 0 control system, Fig 2(b) uy = U, = us = 0-without control system and
uy = U # 0, uz = 0 control system, Fig 2(c) u; = u» = uz = 0-without control system and u; = us # 0, uz = 0 control system, Fig
2(d) uy = U = us = 0-without control system and u; = u, # 0, us = 0 control system, Fig 2(e) uy = U = us = 0-without control
system and u; = Us # 0, Uz = 0 control system.

https://doi.org/10.1371/journal.pone.0185540.g002
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Fig 3. Simulations of the model showing the effect of Zika prevention and treatment only on transmission. Fig 3(a)-
(e) respectively represent the behavior of exposed human, infected human, exposed mosquitos, infected mosquitos and
control profile. uy = up = uz = 0 represents system without control while uy = us # 0, u, = 0, shows control system. Fig 3(a) uy
= U, = Uz = 0-without control system and u; = uz # 0, U, = 0 control system, Fig 3(b) uy = up = usz = 0-without control system
and uy = uz # 0, U, = 0 control system, Fig 3(c) uy = U, = uz = 0-without control system and u; = uz # 0, up = 0 control system,
Fig 3(d) uy = u» = us3 = 0-without control system and uy = us # 0, U, = 0 control system, Fig 3(e) u; = up = us = 0-without

control system and uy = us # 0, Uy = 0 control system.

https://doi.org/10.1371/journal.pone.0185540.g003
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significant difference between the presence of the two controls and without the control as seen
in Fig 3(d). The use of bednets and insecticide pray reduces the number of infected mosquitoes
Iy and would eventually reduce the spread of the disease. The control profile in Fig 3(e) stipu-
lates that this strategy would require that control #; must be maintained for a maximum effort
of 120 days throughout the process while control #; must be kept constant for maximum effort
100% for 40 days and gradually reduce to 22% within the rest of the 120 days. The coreol u; is
kept zero throughout the process.

8.3 Treatment (u,) and insecticide (u3) only

In this strategy, treatment efforts 1, and the insecticide spray control (u3) are employed to
optimize the objective function J, at the same time the prevention control u; is set to zero. We
can infer from Fig 4(a) that there no significant difference between the number of exposed
humans Ej in the presence of control strategy and without control strategy. This indicates that
the strategy is not the best way to reduce the number of humans getting exposed to the zika
virus disease. The result in Fig 4(b) shows that the control strategy is not the best way to reduce
the number of infected humans. The control strategy is more effective in Fig 4(c) as the num-
ber of exposed mosquitoes Ey, are substantially minimized. In fact, without the presence of
control in Fig 4(c) the number of exposed mosquitoes Ey is increasing. It is clear that in

Fig 4(d) there is a vast different between the number of infected mosquitoes Iy, the presence of
control and without control strategy. There presence of control strategy is capable of minimiz-
ing the number of infected mosquitoes Iy, in the communities. The control profile in Fig 4(c)
indicates that the Zika prevention control u; should be maintained at maximum effort 100%
for 16 days and finally decreasing till the end of 120 days while control u, must be kept at a
maximum effort 5% for 5 days and immediately decreasing zero in the entire 120 days.
intervention.

8.4 Prevention, treatment and insecticide (uy, Us, Us)

In this strategy, all the three controls are explored in order to optimize (u;, 4y, us). It obvious
in Fig 5(a) that a vast significant difference between number of exposed humans Ey; in the
presence of control and without control. The activation of all the controls has the a greater
effect of minimizing the number of exposed humans in the communities. The in Fig 5(b) fur-
ther indicates that there substantial difference between the presence of control and without
control. This shows that the control mechanisms are able to reduce the number of infected
humans Iy within the communities. In the absence control the the infection will be spreading
at a faster rate. There is relatively significant difference between the presence of control and
without control as in Fig 5(c). In fact communities where zika virus are presence should be to
take precaution measures to avoid exposure to the infected virus.Fig 5(d) suggest that the there
is substantial different between the the presence of control and without control. This further
suggests that the application of all the three control is the best strategy to minimize the number
of infected mosquitoes V; which will eventually can lead to the reduction of the spread of zika
virus. The control profile in Fig 5(c) suggests that control u; ought to be kept at a maximum
100% for about 40 days and gradually reduce to 25% and kept same within the entire 120 days
period. The control u;, is just maintain at 8% and then gradually decrease and maintain in the
entire 120 days. The control u; is kept at a maximum 100% for 20 days then decrease to 25%
which is maintain throughout the entire 120 days.
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Fig 4. Simulations of the model showing the effect of Zika prevention and treatment only on transmission. Fig 4(a)-
(e) respectively represent the behavior of exposed human, infected human, exposed mosquitos, infected mosquitos and
control profile. uy = up = uz = 0 represents system without control while u, = us # 0, u; = 0, shows control system. Fig 4(a) uy
= U, = Uz = 0-without control system and u, = uz # 0, uy = 0 control system, Fig 4(b) u; = up = uz = 0-without control system
and u, = uz # 0, uy = 0 control system, Fig 4(c) uy = U, = uz = 0-without control system and u, = uz # 0, uy = 0 control system,
Fig 4(d) uy = u» = uz = 0-without control system and u, = us # 0, uy = 0 control system, Fig 4(e) u; = up = uz = 0-without control
system and u, = u3 # 0, uy = 0 control system.

https://doi.org/10.1371/journal.pone.0185540.g004
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Fig 5. Simulations of the model showing the effect of Zika prevention and treatment only on transmission. Fig 5(a)-
(e) respectively represent the behavior of exposed human, infected human, exposed mosquitos, infected mosquitos and
control profile. uy = up = uz = 0 represents system without control while uy = u, = uz # 0, shows control system. Fig 5(a) uy =
U = Uz = 0-without control system and uy = u, = us # 0, control system, Fig 5(b) u; = u» = uz = 0-without control system and
uy = Up = Uz # 0 control system, Fig 5(c) uy = U = us = 0-without control system and u; = u, = Uz # 0 control system, Fig 5(d)
uy = Up = Uz = 0-without control system and u; = up = us # 0 control system, Fig 5(e) u; = up = uz = 0-without control system
and uy = U, = Uz # 0 control system.

https://doi.org/10.1371/journal.pone.0185540.g005
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9 Conclusion

In this work, we studied a deterministic Zika virus model. The basic properties of the proposed
model is investigated in addition to the basic reproduction R, without control. The steady
states of the model is studied and both disease free and endemic equilibrium is locally asymp-
totically stable. The disease free equilibrium is found to be globally asymptotically is stable.
The central manifold theory is employed to study the stability of endemic equilibrium and also
found to be asymptotically stable. Optimal time control is incorporated into the proposed
model namely bednets, treatment and spraying of insecticide. The Pontryagin’s Maximum
Principle is explored and used to determine the essential conditions usually necessary for effec-
tive control of zika virus. The numerical simulation results obtained suggest that the best strat-
egy to minimize the the spread of zika virus is to optimize all the three controls. The reduction
of the disease can only be attained when needed attention of all the thee controls are taken into
account. The results presented are clear and the public health implications are provided.
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