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Profiles of movement speed
and positional variability based
on extended LQG for various noises

Yoshiaki Taniai

Stochastic optimal control has been studied to explain the characteristics of human upper-arm
reaching movements. The optimal movement based on an extended linear quadratic Gaussian (LQG)
demonstrated that control-dependent noise is the essential factor of the speed-accuracy trade-off in
the point-to-point reaching movement. Furthermore, the extended LQG reproduced the profiles of
movement speed and positional variability. However, the expected value and variance were computed
based on the Monte Carlo method in these studies, which is not considered efficient. In this study,

| obtained update equations to efficiently compute the expected value and variance based on the
extended LQG. Using the update equations, | computed the profiles of simulated movement speed
and positional variability for various amplitudes of noises in a point-to-point reaching movement. The
profiles of movement speed were basically bell-shaped for the noises. The speed peak was changed

by the control-dependent noise and state-dependent observation noise. The positional variability
changed for various noises, and the period during which the variability changed differed with the noise
type. Efficient computation in stochastic optimal control based on the extended LQG would contribute
to the elucidation of motor control under various noises.

Upper-arm reaching movement is one of the most common movements studied for examining motor control.
Stochastic optimal control has been studied to explain the characteristics of human upper-arm reaching move-
ment. The studies of stochastic optimal control are based on the assumption that the reaching movement is
determined to optimize an evaluation function in the presence of conceivable noise that affects the neurophysi-
ological processing of the living body. In the reaching movement, the speed profile of the hand is bell-shaped',
and the positional variability has the highest value around the middle of the movement, decreasing thereafter*=.
In addition, the trade-off between speed and accuracy of the movement is well known®.

Harris and Wolpert proposed the minimum variance model’. The noise considered in the minimum variance
model is signal-dependent noise that depends on the magnitude of the signal and is also known as multiplica-
tive noise. The signal-dependent noise increases with the amplitude of the control signal and is called control-
dependent noise. The minimum variance model is the minimization of total positional variance in the post-
movement duration. The trajectory based on the minimum variance model reproduces the trajectory and speed
profile of human upper-arm reaching movement. Todorov proposed the extended linear quadratic Gaussian
(LQG) framework to examine stochastic optimal control and sensorimotor estimation. The extended LQG is a
framework that can efficiently solve optimal feedback control under biologically conceivable noise, which is not
only signal-dependent noise but also signal-independent noise, state-dependent noise, and state-independent
noise®. The signal-independent noise is the noise that does not depend on the magnitude of the signal and is
also called additive noise. In the framework, the movement dynamic system consists of state noise, which is the
state-independent noise that does not depend on the magnitude of the state, as well as control-dependent noise.
The feedback system consists of the state-dependent and state-independent observation noise, and the state
estimation system consists of the state-independent noise, called internal estimation noise (for more details of
noises, refer to “Framework of extended LQG” in the section “Methods”). The optimal movement based on the
extended LQG demonstrated that control-dependent noise is the essential factor of the speed-accuracy trade-
off and that the optimal speed profile is bell-shaped. In addition, the extended LQG can reproduce the profile
of positional variability>®. Furthermore, aspect ratio, surface area, and orientation of variability ellipses in the
movement end vary with the direction under state-dependent observation noise’, and these characteristics have
been reported in human movements'®. On the other hand, a novel motor learning paradigm that varies the state-
dependent observation noise of visual feedback in the limbs was developed to test the optimal hybrid feedforward
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Figure 1. Simulated movements based on the extended LQG for the coefficient o, of control-dependent noise:
(a) speed, (b) positional variability. The legend of the subfigure (b) is the same as the subfigure (a).

and feedback controller based on the extended LQG!". The controller reproduced the human-adapted complex
reaching trajectory. However, in the studies mentioned above about the extended LQG, the expected value and
variance were computed based on the Monte Carlo method. The Monte Carlo method computes the expected
value by repeating many trials and requires much computation time. It is important to efficiently obtain the
expected value and variance to investigate whether the optimal feedback control can reproduce the characteristics
of human movement in environments related to the effects of various noises.

In this study, I obtained update equations to efficiently compute the expected value and variance based on
the extended LQG. Using the update equations, I computed the profiles of simulated movement speed and posi-
tional variability for various amplitudes of noises in a point-to-point reaching movement. In the computations of
simulated movements, control-dependent noise is always considered, while the other noise is considered from
the state-dependent observation noise, state noise, state-independent observation noise, and internal estima-
tion noise.

Results

Figure 1 represents the simulated movements based on the extended LQG for the coefficient o, of the control-
dependent noise. Figure 1a shows the speed profiles. The profiles were almost bell-shaped. The speed peak was
about half the movement duration when the noise was absent (i.e., 0. = 0). Although the peak appeared earlier
when the noise was slight (o, = 0.2,0.5), and when the noise was larger (o, = 1.0, 1.5, 3.0), the peak appeared
later. When the noise was further larger (o, = 3.0), the velocity at the movement’s end was far from zero. Fig-
ure 1b shows the profiles of positional variability. When the noise was absent (o, = 0), the standard deviation
of the position was zero (i.e., the line was identical with the X-axis). When the noise was larger, the variability
peak appeared later and the positional variability was larger over the movement. When the noise was even
larger (o, = 3.0), the peak disappeared (i.e., the variability increased monotonically). The optimal movement
when o, was 1.5 was the result for the basic parameter set. In the basic parameters, only the control-dependent
noise was considered. The profiles of movement speed and positional variability resembled the characteristics
reported by past studies®™.

Figure 2 represents the simulated movements based on the extended LQG for the coeflicient o, of the state-
dependent observation noise. Figure 2a shows the speed profiles. All profiles were almost bell-shaped. As the
noise became larger, the speed peak appeared later. Figure 2b shows the profiles of positional variability. Unlike
the case of control-dependent noise, no significant change occurred up to about half of the movement, although
the variability was larger in the latter half of the movement.

Figure 3 represents the simulated movements based on the extended LQG for the coefficient r of the control
cost. Figure 3a shows the speed profiles. As the control cost was larger, the speed peak appeared later. Figure 3b
shows the profiles of positional variability. Unlike the case of state-dependent observation noise, there was a large
change up to about half of the movement but little change after half the movement. In other words, as the ratio
of state cost increased, the variability around the middle of the movement became larger.

Figure 4 represents the simulated movements based on the extended LQG for the coefficient o¢ of the state
noise. Figure 4a shows the speed profiles. The profiles were mostly bell-shaped and largely remained unchanged
by the state noise. This characteristic was also confirmed for state-independent observation noise (Fig. 5a) and
internal estimation noise (Fig. 6a). The scaling factor of the state-dependent observation noise in these results was
zero (o4 = 0). Although the resulting graph is not shown, the velocity peak appears slightly later when the scal-
ing factor is not zero. Figure 4b shows the positional variability. As the state noise became larger, the variability
increased over the movement. On the other hand, the variability in the state-independent observation noise and
internal estimation noise did not change almost from the beginning to the middle of the movement (Figs. 5b, 6b).
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Figure 2. Simulated movements based on the extended LQG for the coefficient o of state-dependent
observation noise: (a) speed, (b) positional variability. The legend of the subfigure (b) is the same as the
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Figure 3. Simulated movements based on the extended LQG for the coefficient r of control cost: (a) speed, (b)
positional variability. The legend of the subfigure (b) is the same as the subfigure (a).
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Figure 4. Simulated movements based on the extended LQG for the coefficient o of state noise: (a) speed, (b)
positional variability. The legend of the subfigure (b) is the same as the subfigure (a).
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Figure 5. Simulated movements based on the extended LQG for the coefficient o, of state-independent

observation noise: (a) speed, (b) positional variability. The legend of the subfigure (b) is the same as the
subfigure (a).
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Figure 6. Simulated movements based on the extended LQG for the coefficient o, of internal estimation noise:
(a) speed, (b) positional variability. The legend of the subfigure (b) is the same as the subfigure (a).

Discussion
I obtained update equations to efficiently compute the expected value and variance based on the extended LQG.
Using the update equations, I computed the profiles of simulated movement speed and positional variability for
various amplitudes of noises in a point-to-point reaching movement. The speed peak was changed by the control-
dependent noise and state-dependent observation noise. The positional variability changes for various noises, and
the period during which the variability changed differed with the noise type. The results show that multiplicative
noise is an important factor in characterizing the profiles of positional variability and movement speed and that
additive noise is an important factor in characterizing the profiles of positional variability. These characteristics
would be helpful in how motor control based on extended LQG appears in the presence of various disturbances.
Stochastic optimal control has been studied to explain the characteristics of human upper-arm reaching
movement. In particular, the extended LQG framework has been verified for movement tasks, including vari-
ous disturbances™®*!!. The disturbances can be treated as noise in the extended LQG. However, in the previous
studies, the expected value and variance of the optimal movement were computed based on the Monte Carlo
method. The Monte Carlo method computes the expected value by repeating many trials and requires much
computation time. In this study, the updated equations provided an efficient computation of expected value and
variance. Efficient computation in stochastic optimal control based on the extended LQG would contribute to
the elucidation of motor control under various disturbances.

Methods

I computed the movement speed and positional variability based on the extended LQG® for various amplitudes
of noises. Instead of using Monte Carlo method, I obtained update equations to compute the mean and variance
of state variables.

Framework of extended LQG. The linear movement dynamic system in discrete time ¢ is given as:
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c
X1 = Axi+Bui+ &+ Y &/Cuy (1)
i=1

where A and B are the dynamic system matrices, x is the state variables, and u is the control signal. State noise &
is state-independent noise which is Gaussian with mean 0 and covariance Q% > 0. The noise ¢ related to control-
dependent noise is Gaussian with mean 0 and covariance Q° = I. Cis the scaling matrix for control-dependent
noise. The matrix C is BF, where F is the scaling factor. It is already known that the initial state is mean X and
covariance X.

The feedback system is as given below:

d
y, = Hxi+w:+ Z GfDixt 2)
i=1
where y is the feedback signal and H is the observation matrix. State-independent observation noise @ is Gaussian
with mean 0 and covariance Q” > 0. The noise € related to state-dependent observation noise is Gaussian with

mean 0 and covariance Q¢ = I. D is the scaling matrix for state-dependent observation noise.
The state estimate X is calculated as given below:

Xt+1 = AX: + Bu; + Ki(y, — Hx:) + 1, (3)
where K is the filter gain matrix and internal estimation noise  is Gaussian noise with mean 0 and covariance

Q"> 0.
Cost per step is calculated as given below:

x] Qux; 4 u] Ruy (4)

where Q is the matrix of the state cost and R is the matrix of the control cost.
The optimal control u is recursively computed in the opposite direction over a period of time, as follows:

ur = — Ltit (5)

=
Il

-1
{R + BTSfﬂB + E C;r(sfﬂ + Sfﬂ)ci} BTS;‘HA
i

Sf = Q+ATSS (A—BL)+ Y DJK]S{, KD
i

S¢ = ATSY |BLi + (A —KH)'S, (A — KH)
5 = tr{s;‘+1szg 488, (95 +Q 4 KtQ‘“KtT)} + s

where L is the control gain matrix. It is initialized as follows: SX = Q,, S5 = 0, and s, = 0. Total expected cost
is calculated as follows:

X STE A+ tr{ (ST+S5) 21} + 5. )
The optimal filter is recursively computed forward in time as follows:

Xt+1 = (A —BL)X: + Ki(y, — HX:) + 1, (8)

Ky

-1
A):fHT{HszT +QY+ ) DiSf+ BF + 55+ Efﬁ)D,T}
i
Ty o= @ +QT+A-KHZAT+Y GLEFL C]
i )
=X, = Q4+ KHSPAT + (A —BL)SX(A - BL)T
+ (A—BL)EH'K + K,HSEX(A — BLy)"
=X = (A—BL)ZF(A - KH)T — Q.
It is initialized as follows: £¢ = ¥, & = ?12.{, and ©¥¢ = 0.
Mean and variance of state variables. The update equations used to compute the mean and variance of
state variables were obtained from Eq. (1) and the following equations.

X41 = (A—BL)x; +KHe; + Kiw; + 1, + Z G;KtDi(et + %)

1

(10)
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ers1 = (A—KiH)e,+& — Kot —n,— > _&{CiLiXi — Y /KiDie: + %) (11)
i i

where the estimation error e; is x; — %;. Equations (10) and (11) are derived from Egs. (2) and (3), and Egs. (1)
and (10), respectively.
The mean of state variables can be computed sequentially by applying the following update equations.

E[x:4+1] = AE([x:]— BL: E[x{] (12)
E[X11] = (A—BLy) E[x:] + K:HE [e] (13)
Elery1] = (A—KH)E[e] (14)

The variance of state variables can be computed sequentially by using the following update equations:

var [x;41] =A var [xt]AT
— A cov [x4, &\t]LtTBT
— BLt cov [,X\t, xt]AT
+ BL; var [%:]L] BT
+Q5+> cLEilcl

1

(15)

cov [x¢11, 1] =A cov [x;, %](A — BL)T
+ A cov [x4, et]HTKtT
— BL, var [#](A — BL;)"
— BL; cov [xs, e,]HTKtT

(16)

var [%r41] = (A — BLy) var [%](A — BL;)"
+(A — BLy) cov [, e]H'K]
+K:H cov [e;, %:](A — BL;)"
+K;H var [et]HTK;r (17)
+K QUK 4 Q7
+> KDiZID] K]
i
CoV [X¢41, er+1] =A cov [x¢, e ](A — KtH)T
— BL; cov [%, e:](A — K,H)T
+Qf + > aLEiLcl
i
cov [X41, er41] = (A — BLy) cov [xs, e](A — KtH)T
+K.H var [e;](A — K H)T
—KiQ"K] — Q" =Y KD 2D/ K]
i
var [e;41] = (A — K:H) var [eJ(A — K.H)T
+Qf + KUK + Q7
+>GLEFLICT + > KDisrD KT

1 1

Application to the reaching movement. The simulated movement task was a single joint reaching
movement similar to the study®. The movement was replaced with a translational point-to-point reaching move-
ment for simplicity. The movement duration t,,7 was set to 0.5 s. The starting position was 0 m, while the target
position p* was 0.2 m.
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Parameter | Value

At 0.01 (s)
m 1.0 (kg)
7 40.0 (ms)
173 40.0 (ms)
c 1

Table 1. Parameters of the movement dynamic system.

Parameter | Value
p 0.02
wy 0.2
of 1.0

d 3

Table 2. Parameters of the feedback system.

The matrices of the dynamic system in the translational point-to-point reaching movement are depicted

below:
[1 At 0 0 0
01 At/m 0 0
A= (00 1-At/rn, At/, 0
00 0 1-—At/1 0
00 0 0o 1
0
0
B = 0
At/
L O
Cy = Bo,

where At is the time step, m is the point mass, and 71 and 7, are the time constants (Table 1). The state x
of the system is [p(t), p(t), f(t), f (), p*]T, where p is the position and f is the force. The initial state was
% =100,0,0,0 p*]"and T; = 0.

The matrices of the feedback system are depicted below:

10000
H= (01000
00100
[wp 00 0 0]
Di= 04/00000
10 0000]
0 0 00 0]
D, = 00w, 000
0 0 000]
(00 0 00]
Dy= 04/00000
00w 00

where o is the scaling factor. Table 2 shows the parameters of the feedback system.

The state noise, state—independentzobservation noise, and internal estimation noise have covariances
Qf = agl, QY = (oa,diag[wp, Wy, a)f]) ,and Q7 = a,?l, respectively. The cost matricesareR = 1,Qy, . y—1 =0,
andQ, = pp' +w' + ffT, wherep =[1, 0, 0, 0, —1]T,v =[0, 0.2, 0, 0, 0]", and f = [0,0,0.02,0,0]".

The simulated movements were obtained by changing each value of o, o¢, 04, 04, 0y, and r in the basic
parameter set (Table 3). The optimization was completed when the absolute value of the relative change in the
total expected cost became less than the convergence tolerance (1.0 x 1071).
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Parameter | Value
o 1.5
ot 0.0
Oy 0.0
(7] 0.0
oy 0.0
r le-10

Table 3. The basic parameter set.
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